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We introduce a clustering coefficient for nondirected and directed hypergraphs, which we call the quad clustering
coefficient. We determine the average quad clustering coefficient and its distribution in real-world hypergraphs and
compare its value with those of random hypergraphs drawn from the configuration model. We find that real-world
hypergraphs exhibit a nonnegligible fraction of nodes with a maximal value of the quad clustering coefficient, while
we do not find such nodes in random hypergraphs. Interestingly, these highly clustered nodes can have large degrees
and can be incident to hyperedges of large cardinality. Moreover, highly clustered nodes are not observed in an analysis
based on the pairwise clustering coefficient of the associated projected graph that has binary interactions, and hence
higher order interactions are required to identify nodes with a large quad clustering coefficient.

Real-world networks exhibit, so-called, higher order in-
teractions, which are relations that involve more than
two parties. Such higher order interactions can be repre-
sented by hyperedges, and a collection of nodes and hy-
peredges is called a hypergraph. The question arises what
are the topological properties of real-world systems that
have higher order interactions, such as, social collabo-
ration networks or product composition networks. This
problem is challenging as real-world networks can con-
sist of a large number of nodes and hyperedges. More-
over, hyperedges in real-world networks can connect up to
hundreds of nodes. To address the topological properties
of hypergraphs, we introduce in this Paper a clustering
coefficient that determines the density of quads incident
to a node, and which we call the quad clustering coeffi-
cient. Comparing the quad clustering coefficients of nodes
in real-world networks with those in random networks, we
find that real-world systems have topological properties
that are significantly different from those of random sys-
tems. Notably, real-world hypergraphs have a large frac-
tion of nodes with a maximal value of the quad clustering
coefficient. This feature is only observed when accounting
for the higher order interactions and is not seen in a classi-
cal network analysis based on binary interactions. We be-
lieve that these results are interesting for developing more
accurate null models for real-world networks with higher
order interactions.

I. INTRODUCTION

Networks consist of nodes, representing components of a
system, and relations between those nodes. When the rela-
tions are binary, they can be represented as links in a graph1–3.
However in real-world systems relations often include three
or more vertices, and these are called higher order interac-
tions4. For example, a protein-protein interaction network can
be seen as a network of binary relations, where two proteins
are connected when they bind to each other, or it can be seen
as a network with higher order interactions where a protein
complex of χ proteins corresponds to a higher order interac-

tion of cardinality χ .
Although in a first approximation real-world networks ap-

pear to be random, random networks have a smaller number
of cliques than what is observed in real-world networks1–3.
Indeed, the average clustering coefficient of a random graph,
measuring the density of triangles5 (the smallest possible
clique), decreases linearly as a function of the number of
nodes in the graph. On the other hand, the average clustering
coefficient of real-world networks is larger and approximately
independent of N6. Because of this observation, more realis-
tic models for real-world networks have been developed that
are based on a hierarchical network7 or a small-world network
structure5,8.

For systems with higher order interactions, Refs.9–12 define
a clustering coefficient that measures the degree of local tran-
sitivity, and corresponds with quantifying clustering of nodes
in the projected graph associated with a higher order network.
However, contrarily to the case of simple graphs, the cluster-
ing coefficients of Refs.9–13 do not capture the density of the
shortest cycles in hypergraphs.

In this Paper, we propose an alternative observable for clus-
tering in hypergraphs that quantifies the density of the shortest
possible simple cycle. The shortest simple cycle of a hyper-
graph is a quad. In a bipartite representation of a hypergraph,
where nodes and hyperedges represent the two parties of the
bipartite graph, a quad is a closed path of length four consist-
ing of an alternating sequence of two nodes and two hyper-
edges. The quad clustering coefficient that we introduce in this
paper quantifies the density of quads and it is reminiscent of
clustering coefficients that quantify densities of squares in bi-
partite graphs, see Refs.14–16, but there are also some notable
distinctions. For example, as we show here, the quad cluster-
ing coefficient is more effective in quantifying the density of
quads in a hypergraph than coefficients defined previously in
the literature. After a comparison with these previous works,
we study clustering of quads in random graphs and real-world
networks.

The paper is structured as follows. In Sec. II, we define
hypergraphs and introduce the notation used in this paper. In
Sec. III, we define the quad clustering coefficient and compare
this coefficient with similar coefficients studied in the context
of bipartite graphs. In Sec. IV, we derive exact expressions of
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the ensemble average of the quad clustering coefficient in a
random hypergraph model. In Sec. V, we compare the results
of Sec. IV with real-world hypergraphs and discuss notable
distinctions between real-world networks and random graphs.
In Sec. VI, we extend the quad clustering coefficient to di-
rected hypergraphs, and make a corresponding study for real-
world networks. Conclusions are given in Sec. VII, and the
Papers ends with several Appendices containing technical de-
tails on the calculations in this Paper.

II. PRELIMINARIES ON HYPERGRAPHS

A nondirected, hypergraph is a triplet H = (V ,W ,E ) con-
sisting of a set V of N = |V | nodes, a set of W of M = |W |
hyperedges, and a set E of links. We denote nodes by roman
indices, i, j ∈ V , and hyperedges by Greek indices α,β ∈W .
The set of links E consists of pairs (i,α) with i ∈ V and
α ∈W . We say that the hypergraph is simple when each pair
(i,α) occurs at most once in the set E .

A simple, nondirected hypergraph can be represented by an
incidence matrix of dimensions N×M that is defined by

[I]iα ≡
{

1 if (i,α) ∈ E ,
0 if (i,α) /∈ E .

(1)

Consequently, a hypergraph can also be represented as a bi-
partite graph whose vertices are the nodes and the hyperedges
of the hypergraph. Figure 1 shows an example of a hypergraph
represented as a bipartite graph and an incidence matrix. For
simplicity, we often make no distinction between the hyper-
graph H and its representation I.

We define the network observables that we use in this Paper.
The degree of node i ∈ V is defined by

ki(I)≡
M

∑
α=1

Iiα , (2)

and we use the vector notation

~k(I)≡ (k1(I),k2(I), . . . ,kN(I)) (3)

to denote the sequence of degrees of the hypergraph I. Analo-
gously, we define the cardinality of a hyperedge α by

χα(I)≡
N

∑
i=1

Iiα , (4)

and the sequence of cardinalities is

~χ(I)≡ (χ1(I),χ2(I), . . . ,χM(I)). (5)

As a hypergraph is a graph with higher order interactions, we
also consider the degrees

ki(I; χ) =
M

∑
α=1

Iiα δχα (I),χ (6)

that determine the number of hyperedges of cardinality χ that
are incident to node i. In (6) δn,m, with n,m ∈ N, represents

the Kronecker-delta function. We denote the number of hy-
peredges incident to node i, excluding those with cardinality
1, by the so-called modified degree

k∗i (I)≡
∞

∑
χ=2

ki(I; χ). (7)

Lastly, we define the neighbourhood set

∂iα(I)≡ { j ∈ V |Iiα I jα 6= 0} (8)

consisting of nodes that are incident to the hyperedge α that
is connected to the node i.

When χα(I) = 2 for all α ∈ W , then I represents a graph.
In this case, we can also represent the graph in terms of the
adjacency matrix A with off-diagonal entries

Ai j =
M

∑
α=1

Iiα I jα (9)

and zero-valued diagonal entries, Aii = 0. We say that the
graph is simple when Ai j ∈ {0,1}.

Given a hypergraph, we can define the so-called projected
graph by the adjacency matrix Aproj with entries

Aproj
i j = Θ

(
M

∑
α=1

Iiα I jα

)
(10)

where Θ(x) is the Heaviside function, i.e., Θ(x) = 1 when x >
0 and Θ(x) = 0 when x≤ 0. Note that this map is surjective, as
a projected graph can correspond with multiple hypergraphs.

III. QUAD CLUSTERING COEFFICIENT: DEFINITION
AND MOTIVATION

For simple graphs with pairwise interactions determined by
the adjacency matrix A, the clustering coefficient of a node
with degree ki(A)≥ 2 is given by5

Cpi
i (A)≡ Ti(A)

tmax(ki(A))
, (11)

where Ti(A) is the number of triangles incident to node i, and

tmax(ki(A)) =
ki(A)(ki(A)−1)

2
(12)

is the maximum possible number of triangles incident to a
node with degree ki(A). Hence, the clustering coefficient Cpi

i

determines the density of triangles incident to node i. If Cpi
i =

1, then all possible triangles incident to node i are present, and
if Cpi

i = 0 then none of the triangles are present. If ki ≤ 1, then
by convention we set Cpi

i = 0.
Since a triangle is the shortest cycle in a simple graph, the

clustering coefficient Cpi
i is the density of shortest cycles in-

cident to a node i, and we use this property of the clustering
coefficient for graphs with pairwise interactions to derive a
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α β

α β

I

α β

V

α β

W

E

α β

FIG. 1: Illustration of a hypergraph, its different representations, and the quad motif. The upper panel shows the three ways of
representing a hypergraph, namely, as a bipartite graph, as an incidence matrix, and as a graph with higher order interactions.

The illustrated hypergraph in the left top panel has one quad, highlighted in magenta, consisting of the hyperedges α and β and
the nodes 4 and 5. The lower panel visualises the three different components of a hypergraph, namely, the set of nodes V , the

set of links E , and the set of hyperedges W .

clustering coefficient valid for hypergraphs. To this aim, we
represent a hypergraph as a bipartite graph, see Fig. 1. In this
bipartite representation, there exist no triangles, and instead
the cycle of shortest length is a quad consisting of two nodes
and two hyperedges, see the motif illustrated in magenta in
Fig. 1 for an illustration of the quad. Specifically, the quad is
a simple cycle of four links forming an alternating sequence
of nodes and hyperedges.

A. Definition of the quad clustering coefficient

In this Section, we define the quad clustering coefficient
Cq

i (I) of a node i in a hypergraph. Let i be a node that is con-
nected to two or more hyperedges of cardinality two or higher,
i.e., k∗i (I) ≥ 2. We define the quad clustering coefficient of i
by

Cq
i (I)≡

Qi(I)
qmax({ki(I; χ)}

χ∈N)
, (13)

where

Qi(I)≡
M

∑
α<β

qiαβ (I) (14)

is the number of quads incident to node i, with ∑α<β =

∑
M
α=1 ∑

M
β=α+1 and

qiαβ (I)≡
N

∑
j=1; j 6=i

I jα I jβ Iiα Iiβ , (15)

and where

qmax({ki(I; χ)}
χ∈N)≡ ∑

α<β

min
{

χα(I)−1,χβ (I)−1
}

Iiα Iiβ

(16)
is the maximal possible number of quads that a node with de-
grees {ki(I; χ)}

χ∈N can have. In Appendix A we show that the
maximal number of quads can also be expressed by

qmax =
1
2

∞

∑
χ=2

(χ−1)ki(I; χ)

(
∞

∑
χ ′=χ

ki(I; χ
′)−1

)
, (17)
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Clustering coefficients for networks with higher order interactions 4

which makes it evident that qmax is fully determined by the set
{ki(I; χ)}

χ∈N of degrees associated with node i. If k∗i (I) < 2,
then Cq

i (I) = 0, as the number of quads incident to a node
with a degree less than two equals zero. Note that the formula
for the maximal possible number of quads, qmax, assumes that
both the degree of node i and the cardinalities of the hyper-
edges connected to i are given. Also, note that the quad clus-
tering coefficient is a density, i.e., Cq

i (I) ∈ [0,1], and in the
example of Fig. 2, Cq

i (I) = 0, Cq
i (I) = 1/2 and Cq

i (I) = 1.
The quad clustering coefficient Cq

i has two useful proper-
ties. First, for fixed degrees ki(I; χ), the quad clustering coef-
ficient is a linear function of Qi. Second, the proportionality
factor is such that Cq

i ∈ [0,1], and Cq
i = 1 is attained when

the number of quads around the node i is maximal. As will
become evident, these properties do not hold for clustering
coefficients of bipartite graphs considered previously in the
literature.

Note that quads quantify the multitude of ways neighbour-
ing nodes interact with each other, and in simple graphs we
need higher order interactions to have multiple interaction
paths. In the case of simple graphs (i.e., all hyperedges have
cardinality 2 and for each pair of nodes there is at most one
hyperedge connecting them) the quad clustering coefficient is
zero, as the only way to create multiple interactions between
two nodes is through multiple edges, which are absent when
the graph is simple.

In the next two Subsections, we compare the quad clus-
tering coefficient with two other clustering coefficients for
bipartite graphs, namely, Lind’s clustering coefficient14 in
Sec. III B and Zhang’s clustering coefficient15 in Sec. III C.
As we will see, Lind’s and Zhang’s clustering coefficients are
not functions of Qi, except when ki = 2, and in the latter case
Lind’s and Zhang’s clustering coefficients are nonlinear func-
tions in Qi. In addition to Lind’s and Zhang’s clustering coef-
ficients, other clustering coefficients have been defined in the
litureature, see Refs.17–21, but since these are significantly dif-
ferent from the quad clustering coefficient we do not discuss
them here. Specifically, the clustering coefficients in Refs.17,18

apply to nodes in standard networks without higher order in-
teractions, the clustering coefficient in Ref.19 has a denomi-
nator that does not depend on the cardinalities of the hyper-
edges incident to the considered node, and the coefficients in
Ref.20,21 do not count the number of quads.

B. Lind’s clustering coefficient

In Ref.14, Lind, González, and Herrmann define a clustering
coefficient by

CLind
i (I)≡ Qi(I)

qLind
i,max(I)

, (18)

where

qLind
i,max(I)≡ ∑

α<β

[
(χα(I)−ηiαβ (I))(χβ (I)−ηiαβ (I))

+qiαβ (I)
]
Iiα Iiβ (19)

with

ηiαβ (I)≡ 1+qiαβ (I). (20)

For simplicity we call CLind
i (I) Lind’s clustering coefficient.

In the example of Fig. 2, CLind
i (I) = 0 for (a), CLind

i (I) = 1/3
for (b) and CLind

i (I) = 1 for (c).
The difference between the formulas for CLind

i (I) and Cq
i (I),

given by Eqs. (13) and (18), respectively, is in the definition
of the maximal possible number of quads. For Lind’s cluster-
ing coefficient, qLind

i,max is the sum of the existing quads qi and
the number of ways (χα(I)−ηiαβ (I))(χβ (I)−ηiαβ (I)) that
the remaining edges can be combined to form quads. In gen-
eral, the number qLind

i,max overcounts significantly the number of
possible quads. For example, in Fig. 2 qLind

i,max = 3, even though
qmax = 2.

Another notable difference between the quad clustering co-
efficient and Lind’s clustering coefficient is that the former is
a linear function of Qi, while the latter is, in general, not a
function of Qi. An exception is when ki = 2, in which case
Lind’s clustering coefficient is a function of Qi, but this func-
tion is nonlinear. This feature is illustrated in the upper panel
of Fig. 3 that plots Lind’s clustering coefficient as a function
of the quad clustering coefficient for a node of degree 2 that is
connected to a hyperedge with cardinality χα and a hyperedge
with cardinality χβ . The solid lines in Fig. 3 are obtained by
taking the limit χα → ∞ with the ratio r = χβ/χα > 1 fixed,
yielding the function

CLind(q) = lim
χα→∞

CLind
i (I) =

q
χα(1−q)(r−q)+q

, (21)

where q = Qi/(χα−1)∈ [0,1] (see Appendix B). We observe
a strong nonlinearity in CLind(q) for large values of χα . In-
deed, as shown in Fig. 3(a), for q below one and large enough
values of χα , it holds that CLind(q)≈ 0, and for q = 1 it holds
that CLind(q) = 1, which can be recovered from Eq. (21) by
taking the limit χα → ∞.

For nodes with a degree ki > 2, Lind’s clustering coeffi-
cient, is not a function of Qi, contrarily to the quad clustering
coefficient, as qLind

i,max depends on all qiαβ , with α,β ∈W . For
the simplest case of ki = 3, we illustrate this feature in the
lower panel of Fig. 3. The circles and squares denote CLind

i for
two different assignments for qiαβ , qiαγ , and qiβγ , as detailed
in Appendix C. As Fig. 3(b) shows, the two curves for CLind

i
are different for different prescriptions on the q’s indicating
that CLind

i is not a function of Qi.

C. Zhang’s clustering coefficient

In Ref.15, Zhang et al. introduce the clustering coefficient

CZhang
i (I)≡ Qi(I)

qZhang
i,max (I)

, (22)
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(a)
i

α β

(b)

i

α β

(c)

i

α β

FIG. 2: The quad clustering coefficient of a node in a few simple examples. Node i is connected to hyperedges α and β with
cardinalities 3 and 4, respectively. Depending on the number of quads, Cq

i equals 0 (a), 1/2 (b), and 1 (c), respectively.

where

qZhang
i,max (I) = ∑

α<β

[
(χα(I)−ηiαβ (I))+(χβ (I)−ηiαβ (I))

+qiαβ (I)
]
Iiα Iiβ (23)

is the maximal possible number of quads. We call CZhang
i

Zhang’s clustering coefficient. Note that Zhang’s clustering
coefficient can also be written as16

CZhang
i (I) =

∑α,β ;α<β |∂iα(I)∩∂iβ (I)|
∑α,β ;α<β |∂iα(I)∪∂iβ (I)|

, (24)

which is known as the Jaccard similarity coefficient22.
Comparing CZhang

i (I) with CLind
i (I) and Cq

i (I), we see that
Zhang et al. considered yet another way of counting the max-
imal, possible number of quads. In the example of Fig. 2,
we get CZhang

i (I) = 0 for (a), CZhang
i (I) = 1/4 for (b) and

CZhang
i (I) = 2/3 for (c).
Like Lind’s clustering coefficient, for nodes with degree

ki = 2 Zhang’s clustering coefficient is a nonlinear func-
tion of Qi. Indeed, taking the limit χα → ∞ while keeping
r = χα/χβ > 1 fixed, we get

CZhang(q) = lim
χα→∞

CZhang
i (I) =

q
1+ r−q

, (25)

for q ∈ [0,1] (see Appendix B). We illustrate this function in
the upper panel of Fig. 3. Note that Zhang’s clustering coeffi-
cient is not normalised, as CZhang(1) = 1/r, and more gener-
ally CZhang

i (I) ∈ [0,1/Γi(I)], with

Γi(I) =
∑α<β max{χα(I)−1,χβ (I)−1}Iiα Iiβ

∑α<β min{χα(I)−1,χβ (I)−1}Iiα Iiβ
. (26)

For nodes with degrees ki > 2, CZhang
i is not a function of

Qi, as qZhang
i,max depends on qiαβ for all α,β ∈W .

IV. AVERAGE QUAD CLUSTERING COEFFICIENT FOR
RANDOM HYPERGRAPHS

In this Section, we determine the average quad clustering
coefficients for random hypergraphs. First, in Sec. IV A we

derive the ensemble averaged clustering coefficient in random
hypergraph models with regular cardinalities, i.e., χα(I) = χ

for all α ∈ W . For these models we obtain compact expres-
sions for the ensemble averaged quad clustering coefficient in
terms of the model parameters. Subsequently, in Sec. IV B we
deal with models that are biregular in the cardinalities, i.e.,
χα(I) ∈ {χ1,χ2}, and, as will become evident, the calcula-
tions in biregular models are significantly more difficult than
those in models with regular cardinalities.

A. Regular cardinalities

We consider three random hypergraph models with regular
cardinalities, i.e., for which χα(I) = χ for all α ∈ W . The
three models are distinguished by the fluctuations in their
degrees ki(I). In the χ-regular ensemble, considered in
Sec. IV A 1, the degrees are unconstrained; in the (k,χ)-
regular ensemble, considered in Sec. IV A 2, the degrees are
regular, i.e., ki(I) = k for all i ∈ V ; lastly, in the (~k,χ)-regular
ensemble, considered in Sec. IV A 3, the degrees are pre-
scribed by the sequence~k, i.e., ki(I) = ki for all i ∈ V .

1. χ-regular ensemble

In the χ-regular ensemble the probability of drawing a hy-
pergraph with incidence matrix I ∈ {0,1}NM is given by

Pχ(I)≡
1

Nχ

M

∏
α=1

δχ,χα (I), (27)

with the normalisation constant Nχ as derived in Ap-
pendix D 1.

The average quad clustering coefficient

〈Cq
i (I)〉χ ≡∑

I
Pχ(I)C

q
i (I), (28)

where ∑I is a sum over all possible incidence matrices I ∈
{0,1}NM , is given by (see Appendix D 1 for a derivation)

〈Cq
i (I)〉χ =

χ−1
N−1

[
1−
(

1− χ

N

)M
(

1+
Mχ

N−χ

)]
. (29)
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β
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Zhang
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β
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Zhang
i with χα /χ

β
= 0.2

C =CQuad
i universal

(a)

C

0 0.25 0.5 0.75 1

0.25
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1

q =
Qi(I)
χα−1

1

1

1

1

(b)

C

C =CLind
i with uniform case

C =CLind
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C = ΓiC
Zhang
i

C =Cq
i
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0.25

0.5

0.75

1

Qi(I)
2χα+χβ−3

FIG. 3: Comparison among the different clustering
coefficients of hypergraphs. The quad clustering coefficient

Cq
i , Lind’s clustering coefficient CLind

i , and Zhang’s
clustering coefficient CZhang

i (markers) are plotted as a
function of the number of quads Qi incident to a node i (the
scaling factor on the x-axis is chosen to make the variable’s
range [0,1]). Upper Panel: node i has degree ki = 2 and is
connected to two hyperedges α and β , with cardinalities

χα = 10 and χβ as indicated in the legend. Lines denote the
functions given by Eqs. (21) and (25) for CLind

i and CZhang
i ,

respectively. Lower Panel: node i has degree ki = 3 and
interacts with hyperedges α , β and γ , of cardinalities

χα = 15, χβ = 20, and χγ = 25, respectively. Circles and
squares represent values of CLind for different values of qiαβ ,

qiαγ , qiβγ , obtained from two different prescriptions, i.e.
uniform and biased, as explained in Appendix C). In the

lower panel, lines are a guide to the eye.

Taking the limit of large N while keeping the mean node de-
gree

c≡ M
N

χ (30)

fixed, and thus finite, we obtain

〈Cq
i (I)〉χ =

χ−1
N

[
1− e−c (1+ c)

]
+O

(
1

N2

)
. (31)

Note that the average quad clustering coefficient decreases as
1/N with the order of the hypergraph, implying that the den-
sity of quads vanishes in the limit of infinitely large, sparse,
hypergraphs. For large values of χ , but still χ � N, we get
the simple formula

〈Cq
i (I)〉χ =

χ

N
+O

(
1

N2

)
+O

(
1
χ

)
(32)

stating that the average density of quads equals the cardinality
χ divided by the number N of nodes.

2. (c,χ)-regular ensemble

In the (c,χ)-regular ensemble the probability assigned to a
hypergraph with incidence matrix I is defined by

Pc,χ(I)≡
1

Nk,χ

N

∏
j=1

δc,k j(I)

M

∏
α=1

δχ,χα (I), (33)

where Nk,χ = ∑I ∏
N
j=1 δc,k j(I) ∏

M
α=1 δχ,χα (I) is the normaliza-

tion constant.
In Appendix D 2 we derive the average quad clustering co-

efficient for this model in the limit N� 1 with fixed values of
c and χ , and with M = (c/χ)N. Neglecting subleading order
corrections, we find for the average quad clustering coefficient
the expression

〈Cq
i (I)〉c,χ =

c−1
c

χ−1
N

+O

(
1

N2

)
. (34)

In the limit of large values of k and χ , we recover Eq. (32),
indicating that in this limit the average clustering coefficient
is independent of the degree distribution. However, at finite k
and χ the average clustering coefficient depends on the degree
fluctuations, as (34) differs from (31).

3. (~k,χ)-regular ensemble

In the (~k,χ)-regular ensemble the probability assigned to
incidence matrices I is given by

P~k,χ(I) =
1

N~k,χ

N

∏
j=1

δk j ,k j(I)

M

∏
α=1

δχ,χα (I), (35)

where N~k,χ = ∑I ∏
N
j=1 δk j ,k j(I) ∏

M
α=1 δχ,χα (I) is the normaliza-

tion constant.
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Clustering coefficients for networks with higher order interactions 7

Neglecting subleading order terms, the average quad clus-
tering coefficient is given by (see Appendix D 2)

〈Cq
i (I)〉~k,χ

=
χ−1

k
2
N

k(k−1)
(
1− pdeg(0)− pdeg(1)

)
+O

(
1

N2

)
,(36)

where the overline denotes the mean value

f (k)≡
∞

∑
k=0

pdeg(k) f (k), (37)

with

pdeg(k)≡ lim
N→∞

∑
N
j=1 δk,k j

N
(38)

and f (k) is an arbitrary real-valued function defined on k ∈
N ∪ {0}. Using pdeg(k) = δk,c and pdeg(k) = e−cck/k! in
Eq. (36), we find, respectively, the Eqs. (34) and (31). Hence,
the formula (36) generalises Eqs. (34) and (31).

Notice that the first term in Eq. (36) diverges when the de-
gree distribution pdeg(k) has a diverging second moment, in-
dicating that the average clustering coefficient of random hy-
pergraphs with diverging second moments decreases slower
than 1/N as a function of N. This results is compatible with
what is known for random graphs, as the average number of
cycles of finite length diverges with the second moment of the
degree distribution (see Equation (9) in Ref.23).

B. Biregular cardinalities

Having studied in detail the case with regular cardinalities,
including the effect of degree fluctuations, we now analyze
how fluctuations in the cardinality affect the average quad
clustering coefficient. We focus on the simplest case of bireg-
ular ensembles, where M1 hyperedges have cardinality χ1 and
the remaining M−M1 have cardinality χ2. In this case, the
probability of incidence matrices I ∈ {0,1}NM takes the form

Pχ1,χ2(I) =
1

Nχ1,χ2

M1

∏
α=1

δχ1,χα (I)

M

∏
β=M1+1

δχ2,χβ (I), (39)

where as before Nχ1,χ2 is the normalisation constant.
In Appendix E, we show that the average clustering coeffi-

cient, defined by

〈Cq
i (I)〉χ1,χ2 ≡∑

I
Cq

i (I)Pχ1,χ2(I), (40)

is given by

〈Cq
i (I)〉χ1,χ2 =

M1

∑
u=2

M2

∑
v=0

Λ2,0(u,v)
Φ(u,v)

+
M1

∑
u=1

M2

∑
v=1

Λ1,1(u,v)
Φ(u,v)

+
M1

∑
u=0

M2

∑
v=2

Λ0,2(u,v)
Φ(u,v)

(41)

where M2 = M−M1 and we introduced the functions

Λa,b(u,v)≡ 2(N−1)
(

M1

a

)(
M2

b

)
×
[(

N−2
χ1−2

)]a [(N−2
χ2−2

)]b

×
(

M1−a
u−a

)[(
N−1
χ1−1

)]u−a [(N−1
χ1

)]M1−u

×
(

M2−b
v−b

)[(
N−1
χ2−1

)]v−b [(N−1
χ2

)]M2−v

, (42)

and

Φ(u,v)≡
(

N
χ1

)M1
(

N
χ2

)M2[
(χ1−1)(u+ v)(u+ v−1)

+ v(χ2−χ1)(v−1)
]
. (43)

We have not been able to simplify the expression (41)-(43)
further, not even in the sparse limit. Hence, although models
with degree fluctuations are analytical tractable, as shown in
Sec. IV A 3, it is significantly more difficult to deal with mod-
els with heterogeneous cardinalities.

Setting χ1 = χ2 = χ in Eq. (41), we find the Eq. (29).
Hence, the formula (41) generalises Eq. (29).

We understand each term in Eq. (41) as follows: the first
and last terms consider quads consisting of two hyperedges
with the same cardinality, and the middle term considers the
case where the two hyperedges have different cardinalities.

V. QUAD CLUSTERING COEFFICIENT IN REAL WORLD
HYPERGRAPHS

Having established a theoretical understanding of quad
clustering coefficients in random hypergraphs, we focus now
our attention on the quad clustering coefficient in real-
world hypergraphs. To this aim, we build hypergraphs out
of six datasets, which are related to Github, Youtube, NDC-
subtances, food recipes, Wallmart, and crime involvement. As
detailed in Table I, the real-world hypergraphs have diverse
topologies: their order ranges from N ≈ 103 to N ≈ 105, their
mean degree ranges from k≈ 3 to k≈ 60, and their mean car-
dinality ranges from χ ≈ 3 to χ ≈ 10 [see Appendix F for
more detailed information about these data sets].

A. Mean quad clustering coefficient

The mean quad clustering coefficient

Cq
(I)≡ 1

N

N

∑
i=1

Cq
i (I) (44)

is a real number Cq
(I) ∈ [0,1] that quantifies the density of

quads in the hypergraph represented by I. In Figure 4, we
compare the mean clustering coefficients Cq

(Ireal) for the six
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Clustering coefficients for networks with higher order interactions 8

TABLE I: Characteristics of the real-world hypergraphs considered in this Paper: number of nodes N and hyperedges M, mean
degree k and mean cardinality χ , mean quad clustering coefficient Cq

(Ireal), mean Lind’s clustering coefficient CLind
(Ireal),

mean Zhang’s clustering coefficient CZhang
(Ireal), the average mean quad clustering coefficient 〈Cq

(I)〉, the average mean
Lind’s clustering coefficient 〈CLind

(I)〉 and the average mean Zhang’s clustering coefficient 〈CZhang
(I)〉 of the corresponding

configuration model with fixed degree sequence~k(Ireal) and cardinality sequence ~χ(Ireal). For more details see Appendix F.

Dataset N M k χ Cq
(Ireal) CLind

(Ireal) CZhang
(Ireal) 〈C

q
(I)〉 〈CLind

(I)〉 〈CZhang
(I)〉

NDC-substances 5,556 112,919 12.2 2.0 0.2760 0.1418 0.1792 0.0252 0.0012 0.0093
Youtube 94,238 30,087 3.1 9.8 0.0920 0.0094 0.0225 0.0142 0.0001 0.0043

Food recipe 6,714 39,774 63.8 10.8 0.1118 0.0178 0.0501 0.0658 0.0054 0.0271
Github 56,519 120,867 7.8 3.6 0.1129 0.0408 0.0329 0.0084 0.0001 0.0029

Crime involvement 829 551 1.8 2.7 0.0369 0.0243 0.0169 0.0037 0.0010 0.0013
Wallmart 88,860 69,906 5.2 6.6 0.0120 0.0046 0.0046 0.0010 0.0001 0.0003

1

1

1

1

1

1

1

1

1

1

1

1

1

Cq
(Ireal),

〈Cq
(I)〉

N

10−6

101 102 103 104 105 106

10−5

10−4

10−3

10−2

10−1

100

χ-uniform hypergraph estimation
NDC-substances
Youtube
Food recipe
Github
Crime involvement
Wallmart

FIG. 4: Comparison between mean, quad clustering
coefficients Cq

(Ireal) (unfilled, circles) in real-world
hypergraphs, and average, mean clustering coefficients
〈Cq

(I)〉 (filled, squares) in random hypergraphs with
prescribed degree and cardinality sequences~k(Ireal) and

~χ(Ireal). Estimates of 〈Cq
(I)〉 are based on 100 hypergraph

realisations, and error bars show the error on the mean,
whenever they are larger than the marker size. The dashed

line represents the prediction Eq. (31) for χ-regular
hypergraphs with χ = 5.9 and c = 20/χ , which are,

respectively, the average cardinality and mean degree of all
hyperedges and nodes in all real-world datasets.

canonical hypergraphs under study, represented by Ireal, with
those of the configuration model24 with a prescribed degree
sequence ~k(Ireal) and cardinality sequence ~χ(Ireal) (see Ap-
pendix G for a description of the algorithm used to gener-
ate hypergraphs from the configuration model). The results
in Fig. 4 reveal that the quad clustering coefficients of real-
world networks are significantly larger than the average clus-
tering coefficient 〈Cq

(I)〉 of the corresponding configuration
models (〈Cq

(I)〉 ≈ 0.10Cq
i (Ireal), see Table I). Hence, the den-

sity of quads in real-world networks is higher than what is ex-

pected in the configuration model, similarly to previous find-
ings for clustering coefficients in networks with pairwise in-
teractions, see, e.g., Ref.2. Similar conclusions can be drawn
from comparing Lind’s and Zhang’s clustering coefficients be-
tween real-world and random networks (see Table I). How-
ever, the corresponding values of Lind’s and Zhang’s cluster-
ing coefficients are one order of magnitude smaller than the
quad clustering coefficient, consistent with the behaviour of
the clustering coefficients as a function of the number of quads
as shown in Fig. 3 and discussed in Sec. III.

B. Distribution of quad clustering coefficients

As real-world hypergraphs exhibit a larger number of quads
than expected from random models, we investigate the fluctu-
ations in the quad clustering coefficient. We quantify the fluc-
tuations of the quad clustering coefficient by its distribution

P(Cq;I)≡ 1
N

N

∑
i=1

δ (Cq−Cq
i (I)). (45)

Figure 5 shows the distribution P(Cq;Ireal) for the six real-
world hypergraphs under study. We highlight a few notewor-
thy features of these plots. Firstly, a significant proportion of
nodes possess a near zero quad clustering coefficient, viz., be-
tween 50-70 % in the Hypergraphs (a)-(d) and over 90% in
the Hypergraphs (e)-(f). Secondly, for the remaining nodes
the distribution of Cq

i is broad. This latter feature stands in
contrast with the average distribution 〈P(Cq;I)〉 in the cor-
responding configuration model with prescribed degree se-
quence ~k(Ireal) and cardinality sequence ~χ(Ireal), generated
by a standard stub-joining algorithm25, also plotted in Fig. 5.
Thirdly, the hypergraphs in Fig. 5 exhibit a peak at Cq ≈ 1,
which is most clearly visible in the NDC-substances hyper-
graph (a) and the Github hypergraph (hypergraph (d)).

As discussed in Sec. III, quad clustering can also be quanti-
fied with the Lind and Zhang clustering coefficients. As shown
in Fig. 6, the peak at Cq ≈ 1 also appears when quantify-
ing quad clustering with the Lind clustering coefficient or
the Zhang clustering. However, the distributions P(CLind;Ireal)
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Clustering coefficients for networks with higher order interactions 9
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real )
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FIG. 5: Distribution of quad clustering coefficients in nondirected hypergraphs. Comparison between the distributions
P(Cq;Ireal) of quad clustering coefficients in real-world hypergraphs (light grey histograms) and the average distribution
〈P(Cq;I)〉 (dark grey histograms) of the corresponding configuration model with a prescribed degree sequence~k(Ireal) and

cardinality sequence ~χ(Ireal). The estimate of 〈P(Cq;I)〉 has been obtained from 100 graph realisations. The inset shows the
distribution P(Cpi;Aproj

real ) of pairwise clustering coefficients in the projected network Aproj
real formed from pairwise interactions

obtained with the formula (10). Note that the distributions P(Cq;Ireal) show a peak at Cq = 1, while the distributions
P(Cpi;Aproj

real ) do not show a peak at Cpi = 1 [except for Hypergraph ( f )]. The real-world hypergraphs considered are: (a)
NDC-substances, (b) Youtube, (c) Food recipe, (d) Github, (e) Crime involvement and ( f ) Wallmart; see Table I.

and P(CZhang;Ireal) have a larger peak at the origin, while
the number of nodes with an intermediate value (not zero or
one) is smaller. This result is consistent with the nonlinearity
observed in Fig. 3. Indeed, since the CLind and CZhang clus-
tering coefficients are nonlinear, nodes accumulate at values
CLind ≈ 0,1 and CZhang ≈ 0,1, and hence these clustering co-
efficients are less effective at discriminating nodes based on
their density of quads.

Importantly, disregarding for now Hypergraph (f) on which
we come back later, the peak at Cq(I) ≈ 1 peak is not cap-
tured by the pairwise clustering coefficient evaluated on the
corresponding projected graphs represented by Aproj. Indeed,
as shown in the inset of Figure 5, the

P(Cpi;Aproj)≡ 1
N

N

∑
i=1

δ (Cpi−Cpi
i (Aproj)) (46)

where Aproj is the adjacency matrix of the projected graph
as defined in (10), does not exhibit a peak at large valuees.
Hence quad clustering captures a characteristic distinct to hy-
pergraphs and that is not captured by pairwise clustering co-
efficients.

As shown in Fig. 5, Hypergraph (f), exhibits clustering
properties that are different from those of the other networks.
Specifically, Hypergraph (f) exhibits a peak at 1 in the dis-
tribution of pairwise clustering coefficients of the projected
graph, and does not have a peak at 1 observed in the distri-
bution of quad clustering coefficients. To understand this pe-
culiar property of Hypergraph (f), we examine the network
motifs formed by the nodes i for which it holds that both
Cq

i < 0.5 and Cpi
i > 0.8 (a total of 38,520 nodes out of the

88,860 satisfy this condition). We have found two type of
structures among such nodes: In particular, 75% of the nodes
have ∑

∞
χ=3 ki(I; χ) = 1, and hence their quad clustering co-

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.10

63
/5.

01
88

24
6



Clustering coefficients for networks with higher order interactions 10

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1

1

(a)
1

0.9

0.7

0.5

C =CZhang
C =CLind
C =Cq

10−1

10−3

10−5

10−6

P(C;Ireal)

0.1 0.4 0.7 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(b)
1

0.9

0.7

0.5

10−1

10−3

10−5

10−6
0.1 0.4 0.7 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(c)
1

0.8

0.6

0.4

10−1

10−3

10−5

10−6
0.1 0.4 0.7 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(d)
1

0.9

0.7

0.5

10−1

10−3

10−5

10−6

P(C;Ireal)

0.1 0.4 0.7 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(e)
1

0.9

0.7

0.5

10−1

10−3

10−5

10−6
0.1 0.4 0.7 1

Cq

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

1

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.90.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

( f )
1

0.9

0.7

0.5

10−1

10−3

10−5

10−6
0.1 0.4 0.7 1

FIG. 6: Comparison of distributions of three clustering coefficients examined in the real-world hypergraphs. The light grey
histograms represent the distributions of the quad clustering coefficient P(Cq;Ireal). The grey bar graphs show the distributions

of Lind’s clustering coefficient P(CLind;Ireal). And the dark grey histograms denote the distributions of Zhang’s clustering
coefficient P(CZhang;Ireal). Panels represent different real-world hypergraphs, as explained in the caption of Fig. 5. Note the

discontinuous scale on the y-axis, with a linear scale for y > 0.5 and a logarithmic scale for y < 0.5.

(a) (b) (c)

i

1

2

3

4

i

1

2

3

4

i

1 2

34

FIG. 7: Illustration of motifs in the Walmart network (Hypergraph (f)) centered around nodes i for which both Cq
i = 0 and

Cpi
i = 1. Panel (a): motif with degree ∑

∞
χ=3 ki(I; χ) = 1; Panel (b): motif with degree k∗i > 1, but nevertheless Cq

i = 0 and

Cpi
i = 1; Panel (c): projected graph for the networks illustrated in Panels (a) and (b), yielding Cpi

i = 1.

efficient equals zero and their pairwise clustering coefficient
equals one; see Fig. 7(a) for an illustration of such a motif.
The remaining 25% of the nodes have a structure similar to
those in Fig. 7(b): the neighbourhoods of the hyperedges in-
cident to the central node are disjoint when we exclude the
central node. However, each pair of nodes j1, j2 that are inci-
dent to hyperedges incident to the central node, are themselves
directly connected by a hyperedge. Consequently, also in this

case Cq
i = 0 and Cpi

i = 1. Note that in the real-world exam-
ples, the latter motifs are slightly different from those shown
in Fig. 7(b), and hence values of Cq

i ∈ [0,0.5] and Cpi
i ∈ [0.8,1]

are observed.
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Clustering coefficients for networks with higher order interactions 11

C. Quad clustering coefficients as a function of degree and
cardinality

In this Subsection, we make a study of the topological prop-
erties of nodes that have a large quad clustering coefficient
Cq

i ≈ 1.
First, we address the correlations between Cq

i (Ireal) and the
modified degree k∗i (Ireal), as defined in Eq. (7). We consider
the modified degree k∗i instead of the degree ki, as by default
hyperedges with unit cardinality do not contribute to the quad
clustering coefficient. In Fig. 8 we present scatter plots con-
taining all the pairs (k∗i (Ireal),C

q
i (Ireal)) for the six canonical

real-world hypergraphs that we consider in this Paper, one
marker for each node in the hypergraph. The red dashed line
is a fit to the scaling relation Cq ∼ (k∗)−β and it shows the
decreasing trend of the quad clustering with the modified de-
grees. This demonstrates that highly clustered nodes have on
average lower degrees than nodes with small quad clustering
coefficients. Nevertheless, up to modified degrees k∗i ≈ 100
there exist nodes with Cq

i (I) ≈ 1, and hence real-world hy-
pergraphs contain highly clustered nodes that have large de-
grees. This result is surprising, as the denominator of the quad
clustering coefficient increases fast as a function of ki, see
Eqs. (13) and (17), hence one may have expected that the
highly clustered nodes with Cq

i (I) ≈ 1 consist exclusively of
nodes with small modified degrees.

This results is confirmed by Fig. 9 that compares the distri-
bution

P(k∗;I)≡ 1
N

N

∑
i=1

δk∗,k∗i (I) (47)

of the modified degrees k∗i sampled uniformly from the set V
of hypergraph nodes with the distribution

P(k∗|Cq = 1;I)≡
∑

N
i=1 δk∗,k∗i (I)δCq

i (I),1

∑
N
i=1 δCq

i (I),1
(48)

of nodes that have a clustering coefficient equal to one. As
expected, the modified degree of highly clustered nodes with
Cq

i = 1 are concentrated on small values of the modified de-
grees. Surprisingly, however, in the real-world hypergraphs
(a), (d) and (f), highly clustered nodes can have modified de-
grees as large as k∗i ≈ 100. As an illustration, for the NDC-
substances network, Fig. 9(a), the maximum value of k∗i
amongst nodes with Cq = 1 is k∗i = 192. This is unexpectedly
large, as it implies that the 192 hyperedges connected to node
i form a fully clustered configuration.

To further describe the topological properties of the neigh-
bourhood sets of highly clustered nodes, we analyse the car-
dinalities of the hyperedges that are incident to a highly clus-
tered node. We expect that strongly clustered nodes (Cq

i (I) ≈
1) have neighbouring nodes with small cardinalities, as the
denominator in the quad clustering coefficient increases fast
as a function of the cardinalities of the neighbouring nodes.
To quantify fluctuations in the cardinalities of hyperedges, we

define the joint distribution

W (k,χ;I)≡
∑

N
i=1 ∑

M
α=1 Iiα δk,ki(I)δχ,χα (I)

∑
N
i=1 ∑

M
α=1 Iiα

, (49)

of degrees and cardinalities of randomly selected links con-
necting nodes with hyperedges. Its marginal distribution

W ∗(χ;I) = ∑
M
k=1 W (k,χ;I)

∑
M
k=1 ∑

N−1
χ=2 W (k,χ;I)

, (50)

quantifies the fluctuations of the cardinalities of hyperedges at
the end point of a randomly selected link, and excluding nodes
with cardinality one.

In Fig. 10, we compare the distribution W ∗(χ;I) with the
related distribution W ∗(χ|Cq = 1;I) defined on nodes with a
quad clustering coefficient equal to one. The latter distribution
is defined by

W ∗(χ|Cq = 1;I) = ∑
M
k=1 W (k,χ|Cq = 1;I)

∑
M
k=1 ∑

N−1
χ=2 W (k,χ|Cq = 1;I)

, (51)

where

W (k,χ|Cq = 1;I)≡
∑

N
i=1 ∑

M
α=1 δCq

i (I),1
Iiα δk,ki(I)δχ,χα (I)

∑
N
i=1 ∑

M
α=1 δCq

i (I),1
Iiα

.

(52)
Interestingly, Fig. 10 reveals that nodes with Cq

i (I) = 1 can
have a large cardinality χ ≈ 2000. This highlights that the
neighbourhood sets of highly clustered nodes can have a large
number of quads, as they contain hyperedges with large car-
dinality. Comparing Figs. 9 and 10, we observe that support
of the distribution W ∗(χ;Ireal) is in most cases equal to the
support of W ∗(χ|Cq = 1), while the support of the distribu-
tion P(k∗;Ireal) is significantly smaller than the support of
P(k∗|Cq = 1). Hence, highly clustered neighbourhoods are
more biased towards low degree nodes than towards nodes of
low cardinality, which is consistent with the formula (17) for
the maximal number of quads a node can have.

VI. QUAD CLUSTERING COEFFICIENT FOR DIRECTED
HYPERGRAPHS

In this Section we define a quad clustering coefficient for di-
rected hypergraphs and we analyse its properties in real-world
directed hypergraphs.

A. Preliminaries on directed hypergraphs

A directed hypergraph is a quadruplet H ↔ =
(V ,W ,E in,E out) consisting of the set V of N = |V |
nodes, the set W of M = |W | hyperedges, and the sets
E in ⊂ V ×W and E out ⊂ V ×W of directed inlinks and out-
links, respectively. Both inlinks and outlinks consist of pairs
(i,α) with i ∈ V and α ∈ W , albeit the former represents
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Clustering coefficients for networks with higher order interactions 12

(a) (b) (c)

(d) (e) ( f )
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i (Ireal)
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i (Ireal)

k∗i (Ireal)
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FIG. 8: Scatter plots constructed from the pairs (k∗i (Ireal),C
q
i (Ireal)) of all nodes i ∈ V (Ireal) in the canonical, real-world

hypergraphs. The lines are a fit to Cq ∼ (k∗)−β with the fitted values for β and their 95% confidence intervals equal to
0.17±0.01 (a), 0.15±0.01 (b), 0.06±0.01 (c), 0.24±0.01 (d), 1.2±0.2 (e), and 0.72±0.02 ( f ). Panels represent different

real-world hypergraphs, as explained in the caption of Fig. 5.

links directed from a hyperedge to a vertex, while the latter
represents links directed from a vertex to a hyperedge.

We represent simple, directed, hypergraphs with a pair of
incidence matrices I↔ ≡ (I→,I←) defined by

[I→]iα ≡
{

1 if (i,α) ∈ E out,
0 if (i,α) /∈ E out (53)

and

[I←]iα ≡
{

1 if (i,α) ∈ E in,
0 if (i,α) /∈ E in.

(54)

Figure 11 illustrates different ways of representing hyper-
graphs with an example.

The out-degree and in-degree of node i ∈ V are defined by

kout
i (I→)≡

M

∑
α=1

I→iα and kin
i (I
←)≡

M

∑
α=1

I←iα , (55)

and we also use the notations

~kin(I←)≡ (kin
1 (I
←),kin

2 (I
←), . . . ,kin

N (I
←)) (56)

and

~kout(I→)≡ (kout
1 (I→),kout

2 (I→), . . . ,kout
N (I→)) (57)

for their sequences. Analogously, we define the out-
cardinality and in-cardinality of hyperedge α ∈W by

χ
out
α (I←)≡

N

∑
i=1

I←iα and χ
in
α (I→)≡

N

∑
i=1

I→iα , (58)

and we also use the corresponding sequences ~χ in(I→) and
~χout(I←). In addition, we define the modified out- and in-
cardinalities

χ
out
α,i (I

←)≡
N

∑
j=1;
j 6=i

I←jα and χ
in
α,i(I

→)≡
N

∑
j=1;
j 6=i

I→jα (59)

excluding the stubs used to connect to a given node i.
Lastly, we define the set of hyperedges incident to the node

i as the union

∂i(I↔)≡ ∂
out
i (I→)∪∂

in
i (I←) (60)
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Clustering coefficients for networks with higher order interactions 13

(a) (b) (c)

(d) (e) ( f )

P(k∗;Ireal)

P(k∗|Cq = 1;
Ireal)
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FIG. 9: Distributions of degrees of highly clustered nodes in real-world hypergraphs, and comparison with the full hypergraph
degree distribution. The plot shows the degree distributions P(k∗;Ireal) (blue, circles) and P(k∗|Cq = 1;Ireal) (red, squares) for

the six canonical real-hypergraphs considered in this paper. The number of nodes with Cq = 1 are 490 (a), 560 (b), 18 (c),
1683 (d), 12 (e), and 288 ( f ). Panels represent the different hypergraphs, as explained in the caption of Fig. 5.

of the two hyperedge neighbourhood sets ∂ out
i (I→) and

∂ in
i (I←) where

∂
out
i (I→)≡ {α ∈W |I→iα 6= 0}, (61)

and

∂
in
i (I←)≡ {α ∈W |I←iα 6= 0}. (62)

To each directed hypergraph we can associate a projected,
directed graph of order N, such that there exists a directed
edge that points from i to j in the projected graph whenever
there exists a hyperedge α ∈ W such that (i,α) ∈ E out and
( j,α) ∈ E in. The adjacency matrix of the projected graph is
given by

Aproj
i j (I↔) = Θ

(
M

∑
α=1

I→iα I←jα

)
, (63)

for all i, j ∈ V , where Θ(x) = 0 if x ≤ 0 and Θ(x) = 1 for
x > 0. If Aproj

ii = 0 for all i ∈ V , then we call the projected
graph simple.

Note that there exists a one-to-one correspondence between
simple, directed hypergraphs H dir and pairs I↔ of incidence
matrices, while the mapping between H and Aproj is not one-
to-one, and hence the projected graph is a coarse-grained rep-
resentation of the hypergraph.

B. Clustering coefficient for directed graphs with pairwise
interactions

We review the definition of the pairwise clustering coeffi-
cient for directed graphs, as introduced in Ref.26.

Let A be the adjacency matrix of a simple, directed graph,
such that [A]i j = 1 whenever there exists a directed link that
points from i to j, and [A]i j = 0 whenever such a link is absent.
The directed clustering coefficient of node i is defined by26

Cpi↔
i (A)≡ T↔i (A)

t↔max(k
tot
i (A),k↔i (A))

, (64)
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Clustering coefficients for networks with higher order interactions 14

(a) (b) (c)

(d) (e) ( f )
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W ∗(χ|Cq = 1;
Ireal)
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FIG. 10: Distributions of the cardinalities of hyperedges that are incident to a highly clustered node, and comparison with the
corresponding distribution for generic nodes Comparison between the distributions W ∗(χ;Ireal) (blue circles) and

W ∗(χ|Cq = 1;Ireal) (red squares) as defined in Eqs. (50) and (51), respectively, for the six canonical real-world hypergraphs
considered in this Paper. Panels represent different real-world hypergraphs, as explained in the caption of Fig. 5.

where

T↔i (A)≡ 1
2

[
(A+Aᵀ)3

]
ii

=
1
2

N

∑
j=1

N

∑
h=1

(Ai j +A ji)(Aih +Ahi)(A jh +Ah j) (65)

counts the number of directed triangles centered on node i,
and where

t↔max(k
tot
i (A),k↔i (A))≡ ktot

i (A)(ktot
i (A)−1)− k↔i (A) (66)

is the maximum possible number of directed triangles incident
to a node with a given total degree ktot

i (A) ≡ ∑
N
j=1; j 6=i(Ai j +

A ji), and a given degree of symmetric links k↔i (A) ≡
∑

N
j=1; j 6=i A jiAi j. The denominator in the definition of the pari-

wise clustering coefficient is independent of the directionality
and the symmetry (i.e., whether it is unidirectional or bidi-
rection) of the links between node i and its neighbours. Ad-
ditionally, for simple and nondirected graphs (Ai j = A ji,) the
clustering coefficients in Eqs. (11) and (64) are equal.

Following the example of pairwise clustering coefficients,
we define in the next Subsection a quad clustering coefficient

for directed hypergraphs, which is an extension of the corre-
sponding clustering coefficient for nondirected hypergraphs.

C. Quad clustering coefficient for directed hypergraphs

We define a quad clustering coefficient for directed hyper-
graphs. Similarly to the pairwise clustering coefficient for di-
rected graphs Cpi↔

i , we require that the quad clustering coeffi-
cient counts the number of directed quads incident to the node
i of a hypergraph, and we require that for nondirected hyper-
graphs the directed quad clustering coefficient equals the quad
clustering coefficient defined in Eq. (13).

We define the quad clustering coefficient Cq↔
i (I↔) of a

node i in the directed hypergraph represented by I↔, for which
∑α∈∂i(I↔)(χ

in
α,i +χout

α,i )≥ 2, as follows,

Cq↔
i (I↔)≡ Q↔i (I↔)

q↔max(
{
Xiα(I↔), I↔iα

}
α∈∂i

)
, (67)
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Clustering coefficients for networks with higher order interactions 15

α β

α β

α β

I→ I←

FIG. 11: Representations of directed hypergraphs. The figure illustrates with an example the three hypergraph representations,
viz., with incidence matrices, as a bipartite graph, or as a graph with higher-order interactions.

where

Q↔i (I↔)≡
N

∑
j=1; j 6=i

M

∑
α<β

I↔iα I↔jα I↔iβ I↔jβ , (68)

is the number of directed quads centred on the node i, and
we have used the notation I↔iα ≡ I→iα + I←iα . The denomina-
tor q↔max({Xiα(I↔), I↔iα }α∈∂i

) denotes the maximum possible
number of directed quads incident to node i, given the sets

Xiα(I↔)≡
{

χ
in
α,i(I

→),χout
α,i (I

←)
}

(69)

of modified in- and out- cardinalities of the hyperedges α ∈
∂i, and the corresponding values of I↔iα . We omit the explicit
mathematical expression for q↔max here, as it is elaborate, but
it can be found in Appendix H. If ∑α∈∂i(I↔)(χ

in
α,i + χout

α,i ) <

2 then Cq↔(I) = 0. To illustrate how quads are counted by
Q↔i (I↔), consider the example in Panel (b) of Fig. 12. In this
case, Q↔i (I↔) = 4, as the motif contains the four quads in the
left column of Panel (a) of Fig 12.

Alternatively, we can express Q↔i (I↔) in terms of the num-
ber of closed paths of length 4 (see Panel (a) of Fig 12 for all
possible types of closed paths of length 4) with the formula

Q↔i (I↔) =
1
2

[
(I↔ (I↔)ᵀ)2

]
ii
− 1

2
([I↔ (I↔)ᵀ]ii)

2

− 1
2 ∑

j; j 6=i

(
[I↔ (I↔)ᵀ]i j

)2
. (70)

The first term
[
(I↔ (I↔)ᵀ)2

]
ii

counts the total number of paths
of length 4 starting and ending in i. The second and third terms
subtract off the contributions to the first term arising from
paths returning to site i via backtracking paths of length one
and two, respectively. The prefactor 1/2 corrects for double
counting arising from counting the same path with the oppo-
site orientation.

Next we turn to the denominator of the right-hand side
of (67). Similarly to the pairwise, directed, clustering coef-
ficient Cpi↔

i (A), the denominator q↔max({Xiα(I↔), I↔iα }α∈∂i
)
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FIG. 12: Counting the number of directed quads incident to a
node i. (a) The 16 directed quads that contribute to Qq

i (I).
(b) Example graph with Cq,↔

i = 1. (c) Two example graphs
with Cq,↔

i =Cq,↔
j = 1.
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Clustering coefficients for networks with higher order interactions 16

normalizes the directed quad clustering coefficient Cq↔
i (I↔)

such that its value is independent of both the directional-
ity and symmetry (i.e., unidirectional or bidirectional) of the
links that connect node i to its neighbouring hyperedges. This
means that if two nodes i and j have the same motif of inlinks,
as shown in Panel (c) of Fig 12, then the quad clustering co-
efficient of the two nodes, Cq↔

i and Cq↔
j , must be the same,

even if the motifs of outlinks are different.
Note that for nondirected hypergraphs the directed quad

clustering coefficient, defined by Eq. (67), equals the quad
clustering coefficient for nondirected hypergraphs, defined by
Eq. (13) (see Appendix I).

D. Clustering in directed, realworld, hypergraphs

In Sec. V we found that the density of quads in nondirected
real-world hypergraphs is large compared to the density of
quads in the configuration model. In this Section, we inves-
tigate whether an analogous phenomenon can be observed in
directed hypergraphs. Specifically, we build directed hyper-
graphs from three data sets related to the DNC-email network,
the English thesaurus, and the Human metabolic pathway (see
Appendix F for more detailed information about these data
sets).

In Table II we present the mean quad clustering coeffi-
cient Cq↔

(Ireal) ≡ 1
N ∑

N
i=1 Cq↔

i (Ireal) for the three real-world
hypergraphs under study, and compare their values with the
corresponding directed configuration models, which have the
prescribed degree sequences~kin(I←real) and~kout(I→real), and the
prescribed cardinality sequences ~χ in(I→real) and ~χout(I←real). We
observe that the real-world networks have significantly larger
directe quad clustering coefficient, up to 500 times larger than
those of corresponding random models. Hence, the density of
directed quads in real-world directed hypergraphs is signifi-
cantly higher than their density in the corresponding configu-
ration models, consistent with earlier findings for nondirected
hypergraphs.

Furthermore, we determine the distribution of directed,
quad clustering coefficients in real-world hypergraphs defined
by P(Cq↔;I↔real) ≡

1
N ∑

N
i=1 δ (Cq↔−Cq↔

i (I↔)real, and present
the results in Fig. 13. Also in directed real-world hypergraphs,
we observe a a peak at Cq↔ ≈ 1 in the quad clustering distri-
bution. In the specific examples considered, the peak is most
pronounced in the DNC-email hypergraph.

TABLE II: Network characteristics of the real-world directed
hypergraphs: number of nodes N and hyperedges M, mean

directed quad clustering coefficient Cq↔
(I↔real) and the

average, mean directed quad clustering coefficient
〈Cq↔

(I↔)〉 of the corresponding configuration model.

Dataset N M Cq↔
(I↔real) 〈C

q↔
(I↔)〉

DNC-email 2,029 5,598 0.3419 0.0715
English thesaurus 40,963 35,104 0.2371 0.0004

Metabolic pathways 1,508 1,451 0.0684 0.0179

VII. DISCUSSION

We have introduced a clustering coefficient, called the quad
clustering coefficient, that captures the multiplicity of inter-
actions between neighbouring nodes in (non)directed hyper-
graphs with higher order interactions. We have shown that for
random hypergraphs the mean quad clustering coefficient has
a value near zero, while for real-world networks it is one or-
der of magnitude larger taking values ranging from 0.01 to
0.34, which is a smaller range than the one observed for pair-
wise clustering coefficients in real-world networks27; we note
however that the distribution of quad clustering coefficients
is supported on the whole [0,1] range of values. Hence, the
quad clustering coefficient describes a feature of real-world
networks that is not captured by the current random hyper-
graph models.

We have determined the average quad clustering coefficient
in several random hypergraph models. We have obtained ex-
act expressions for models with fluctuating degrees and fixed
cardinalities. Our analysis shows that it is significantly more
difficult to deal with fluctuating cardinalities.

Analysing the distribution of quad clustering coefficients in
real-world networks we have found that there exist a signifi-
cant fraction of nodes that take its maximal value. Analysing
the topological properties of the neighbourhood sets of these
highly clustered nodes we have found that they can exhibit
large degrees, and their neighbouring nodes can have large
cardinalities.

The results of this paper show that the configuration model
is not a good null model for real-world networks with higher
order interactions. This in itself is not a surprising result, as
the configuration model is also not a good model for net-
works without higher order interactions, see e.g., discussions
in Ref.6. However, what is surprising is that the distribution
of quad clustering coefficients exhibits a peak at its maximal
value. This result has, to the best of our knowledge, no counter
part in systems without higher order interactions.

This raises the question of what type of random hypergraph
model can generate statistical properties similar to those ob-
served in real-world networks with higher order interactions,
see e.g., Ref.5,7,8 for related questions in networks without
higher order interactions. Another pertinent question concerns
the implications of nodes with high quad clustering coeffi-
cients on dynamical processes, such as, percolation. Since
highly clustered nodes do not appear in random hypergraphs,
they may play an important role in dynamical processes gov-
erned on real-world networks.
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(a) (b) (c)

P(Cq↔;I↔real),

〈P(Cq↔;I↔)〉

Cq↔
0.1 0.4 0.7 1 0.1 0.4 0.7 1 0.1 0.4 0.7 1

0

0.2

0.4

0.6

0.8

1

FIG. 13: Distribution of quad clustering coefficients in directed hypergraphs. The light grey histograms represent the
distributions of the directed quad clustering coefficient measured in real-world hypergraphs. The grey bar graphs show the
distributions of the directed quad clustering coefficient measured in the hypergraph configuration model that preserves the

in-/out-degree and in-/out-cardinality sequences extracted from the real-world hypergraphs. Each plots are extracted from (a)
DNC-email, (b) English thesaurus, (c) Human metabolic pathways

DATA AVAILABILITY STATEMENT

We used the databases NDC-substances28, Youtube29,30,
Food recipe31, Github29,32, Crime involvement29 and
Wallmart33 as the real-world undirected hypergraph.
And as a directed hypergraph, we used DNC-email29,

English thesaurus34 and Human metabolic pathways35

database. And we implemented computation algorithms
in Fortran to compute nondirected and directed quad
clustering coefficients in a hypergraph, available from
https://github.com/Gyeong-GyunHa/qch.

Appendix A: Alternate expression for the denominator of the quad clustering coefficient

In this Section we show that qmax, defined by Eq. (16), can also be expressed by Eq. (17).

We can express Eq. (16)

2 qmax = ∑
α,β ;

χα (I)≤χβ (I)

χα(I)Iiα Iiβ − ∑
α,β ;

χα (I)=χβ (I)

χα(I)Iiα Iiβ + ∑
α,β ;

χα (I)≥χβ (I)

χβ (I)Iiα Iiβ −∑
α,β

Iiα Iiβ −∑
α

(χα(I)−1)Iiα .
(A1)

To proceed, we introduce the definitions

Ωi(I)≡
M

∑
γ=1

Iiγ χγ(I) (A2)

and

qi,χ(~χ(I);I)≡ ∑
α;χ≤χα (I)

Iiα = ∑
α

Iiα Θ(χα(I)−χ), (A3)
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Clustering coefficients for networks with higher order interactions 18

where Θ(χα(I)−χ) is the Heaviside function defined below Eq. (10). Using these definitions in Eq. (A1), yields

2qmax =
M

∑
α=1

χα(I)Iiα qi,χα (I)(~χ(I);I)−
M

∑
α,β=1;

χα (I)=χβ (I)

χα(I)Iiα Iiβ +
M

∑
α,β=1;

χα (I)≥χβ (I)

χβ (I)Iiα Iiβ − k2
i (I)−Ωi(I)+ ki(I) (A4)

= 2
M

∑
α=1

χα(I)Iiα qi,χα (I)(~χ(I);I)−
M

∑
α=1

χα(I)Iiα

[
qi,χα (I)(~χ(I);I)−qi,χα (I)(~χ(I)−~1;I)

]
− k2

i (I)−Ωi(I)+ ki(I) (A5)

=
M

∑
α=1

χα(I)Iiα

[
qi,χα (I)(~χ(I);I)+qi,χα (I)(~χ(I)−~1;I)

]
− k2

i (I)−Ωi(I)+ ki(I) (A6)

=
M

∑
α=1

χα(I)Iiα

[
qi,χα (I)(~χ(I);I)+qi,χα (I)(~χ(I)−~1;I)−1

]
+ ki(I)− k2

i (I) (A7)

=
N

∑
χ=1

χ ∑
α

δχ,χα (I)Iiα

[
qi,χα (I)(~χ(I);I)+qi,χα (I)(~χ(I)−~1;I)−1

]
+ ki(I)− k2

i (I) (A8)

=
N

∑
χ=1

χ

(
∑
α

δχ,χα (I)Iiα

)[
qi,χ(~χ(I);I)+qi,χ(~χ(I)−~1;I)−1

]
+ ki(I)− k2

i (I) (A9)

=
N

∑
χ=1

χ

[
qi,χ(~χ(I);I)−qi,χ(~χ(I)−~1;I)

][
qi,χ(~χ(I);I)+qi,χ(~χ(I)−~1;I)−1

]
+ ki(I)− k2

i (I) (A10)

=
N

∑
χ=1

χ

[(
qi,χ(~χ(I);I)

)2−
(

qi,χ(~χ(I)−~1;I)
)2
−qi,χ(~χ(I);I)+qi,χ(~χ(I)−~1;I)

]
+qi,1(~χ(I);I)− (qi,1(~χ(I);I))2

(A11)

=
N

∑
χ=2

qi,χ(~χ(I);I)
[
qi,χ(~χ(I);I)−1

]
, (A12)

where~1 is the vector of M entries, all equal to one. Note that the passage from (A8) to (A9) we have used

∑
α

δχ,χα (I)Iiα
[
qi,χα (I)(~χ(I);I)

]
= ∑

α

δχ,χα (I)Iiα

[
∑

β 6=α

Iiβ Θ(χβ (I)−χα(I))

]

= ∑
α

δχ,χα (I)Iiα

[
∑

β 6=α

Iiβ Θ(χβ (I)−χ)

]
= ∑

α

δχ,χα (I)Iiα

[
∑
β

Iiβ Θ(χβ (I)−χ)

]
(A13)

Using the degrees ki(I; χ) as defined in Eq. (6), we can express qi,χ by

qi,χ(~χ(I);I) =
N

∑
λ=χ

ki(I;λ ), (A14)

and using this expression in Eq. (A12) we find

qmax({ki(χ)}χ∈N) =
1
2

N

∑
χ=2

qi,χ(~χ(I);I)
[
qi,χ(~χ(I);I)−1

]
=

1
2

N

∑
χ=2

[(
∞

∑
λ=χ

ki(I;λ )

)(
∞

∑
λ=χ

ki(I;λ )−1

)]

=
1
2

N

∑
χ=2

(χ−1)ki(χ)

(
∞

∑
χ ′=χ

ki(χ
′)−1

)
, (A15)

which is the equality (17) in the main text, which we were meant to show.
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Appendix B: Asymptotic expression of Lind’s and Zhang’s clustering coefficients for large cardinalities

We show that Eqs. (21) and (25) recover Eqs. (18) and (22) if i is connected to two hyperedes α and β and if the cardinality
χα → ∞ with the ratio r = χβ/χα > 1 fixed.

1. Lind’s clustering coefficient

If node i is connected two hyperedges α and β , Lind’s clustering coefficient takes the form

CLind
i =

Qi

(χα −1−Qi)(χβ −1−Qi)+Qi
. (B1)

For large values of χα , we can set χβ = rχα and Qi = qχα , which yields, after neglecting leading order terms, the expression

CLind
i =

qχα

χ2
α(1−q)(r−q)+χα q

=
q

χα(1−q)(r−q)+q
. (B2)

2. Zhang’s clustering coefficient

If node i is only connected to hyperedges α and β , then Zhang’s clustering coefficient takes the form

CZhang
i =

Qi

(χα −1)+(χβ −1)−Qi
, (B3)

For large values of χα , we can set χβ = rχα and Qi = qχα as same as previous subsection. After neglecting leading order terms,
the expression

CZhang
i =

Qi

(χα −1)(1+ r)−Qi
=

q
1+ r−q

. (B4)

Appendix C: Explanation of the two configurations for CLind
i considered in the lower panel of Fig. 3

In the lower panel of Fig. 3 we consider motifs consisting of a central node i, three hyperedges α , β , and γ , and a given number
Qi(I) of quads. There are different ways of assigning quads to a given node i and three hyperedges, and this leads to different
values of the Lind clustering coefficients CLind

i , as shown in Fig. 3. In this Appendix, we specify the two ways of assigning quads
to i that have been considered in Fig. 3 and which we call the uniform and the biased case. Since there are three hyperedges, the
different ways of assigning quads to these three hyperedges are fully determined by the numbers qiαβ (I), qiβγ(I), and qiαγ(I)
that denote the number of quads incident to node i and two given hyperedges (see Eq. (15) for the definition). The example
considered in Fig. 3 has cardinalities χα = 15, χβ = 20, and χγ = 25, and therefore we focus on this case.

1. Uniform case

In the uniform case, we assign uniformly and sequentially quads to the three hyperedges α , β , and γ . This gives

qiαβ (Qi(I)) =
13

∑
a=0

Θ(Qi(I)−3a), qiαγ(Qi(I)) =
13

∑
a=0

Θ(Qi(I)−3a−2), (C1)

and

qiβγ(Qi(I)) =
13

∑
a=0

Θ(Qi(I)−3a−1)+
46

∑
b=42

Θ(Qi(I)−b), (C2)

where Θ(x) is the Heaviside function as defined below Eq. (10). We illustrate this configuration in Panel (a) of Fig. 14 for the
case of Qi(I) = 6.
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(a)

i

α

β

γ

×22

×12

×17

(b)

i

α

β

γ

×18

×14

×13

FIG. 14: Illustration of the configurations of quads in the uniform and biased case as defined in Appendices C 1 and C 2,
respectively, for the case Qi = 6. The yellow shaded area bounded by a dash-dotted line denotes hyperedge α; the blue shaded

area bounded by a dashed line represents hyperedge β ; and the orange shaded area with a dotted border represents hyperedge γ .
Panel (a): Three nodes, viz., i and two other nodes, are incident to the three hyperedges α , β , and γ , yielding Qi = 6. Panel (b):

Seven nodes, viz., i and six other nodes, are incident to the two hyperedges γ and β , yielding Qi = 6.

2. Biased case

This the opposing case where quads are fully assigned to one hyperedge, before assigning them to the other hyperedges. In
this case, we get

qiαβ (Qi(I)) =
28

∑
a=24

Θ(Qi(I)−a)+
38

∑
b=34

Θ(Qi(I)−b)+
46

∑
c=43

Θ(Qi(I)− c),

qiαγ(Qi(I)) =
23

∑
a=19

Θ(Qi(I)−a)+
33

∑
b=29

Θ(Qi(I)−b)+
42

∑
c=39

Θ(Qi(I)− c),

(C3)

and

qiβγ(Qi(I)) =
18

∑
a=0

Θ(Qi(I)−a). (C4)

In Panel (b) of Fig. 14 we illustrate the biased case when Qi(I) = 6.

Appendix D: Average quad clustering coefficent for random hypergraph models with regular cardinalities

Building on random graph methods as developed in Refs.1–3,25, we derive in this Appendix the expressions (31), (34) and (36)
for the average quad clustering coefficients of random hypergraph models with regular cardinalities. In Appendix D 1, we derive
Eq. (31), and in Appendix D 2, we derive Eq. (36). Since (34) is a special limiting case of (36), we do not discuss it separately.

1. χ-regular ensemble

We derive the formula (31) for the average quad clustering coefficient of hypergraphs drawn from the ensemble Pχ(I) as
defined in Eq. (27).

a. Normalisation constant of Pχ

The normalisation constant in Eq. (27) is given by

Nχ = ∑
I

M

∏
γ=1

δχ,χγ (I) =

[(
N
χ

)]M

, (D1)
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as each hyperedge is connected to χ nodes that are randomly selected from the N available options.

b. Average clustering coefficient

Substituting the definition of the quad clustering coefficient, Eq. (13), into the expression (28) for the ensemble average
clustering coefficient yields

Nχ〈Cq
i (I)〉χ =

1
χ−1

〈
∞

∑
q=2

δq,ki(I)δχ~1,~χ(I)
∑α,β ,α<β ∑g/∈{i} Igα Igβ Iiα Iiβ

∑α<β Iiα Iiβ

〉

=
∞

∑
q=2

2
q(q−1)(χ−1) ∑

α,β ,α<β

N

∑
j=1; j 6=i

〈
δq,ki(I)δχ~1,~χ(I)I jα I jβ Iiα Iiβ

〉
χ

=
∞

∑
q=2

2
q(q−1)(χ−1)

∫ 2π

0

dq̂
2π

eiq̂q
∫
[0,2π]M

M

∏
ξ=1

dΞ̂ξ

2π
eiΞ̂ξ χ

× ∑
α,β ,α<β

N

∑
j=1; j 6=i

〈
e−iq̂ki(I)

M

∏
ξ ′=1

e−iΞ̂
ξ ′ ∑o Ioξ ′ I jα I jβ Iiα Iiβ

〉
, (D2)

where we have used the notation

〈 f (I)〉 ≡ ∑
I∈{0,1}NM

f (I). (D3)

Performing the sum over all the entries I jα of the incidence matrix I yields

Nχ〈Cq
i (I)〉χ =

∞

∑
q=2

2
q(q−1)(χ−1)

∫ 2π

0

dq̂
2π

eiq̂q
∫
[0,2π]M

M

∏
ξ=1

dΞ̂ξ

2π
eiΞ̂ξ χ

× ∑
α,β ,α<β

N

∑
j=1; j 6=i

e−2iq̂e−2iΞ̂α e−2iΞ̂β ∏
γ /∈{α,β}

[
e−iq̂e−iΞ̂γ +1

]
×
(

e−iΞ̂ε +1
)N−1(

e−iΞ̂α +1
)N−2(

e−iΞ̂β +1
)N−2

. (D4)

Expanding the power expressions in (D4) and integrating over the Ξ̂γ variables we get

Nχ〈Cq
i (I)〉=

∞

∑
q=2

M(M−1)(N−1)
q(q−1)(χ−1)

∫ 2π

0

dq̂
2π

eiq̂qe−2iq̂
(

N−2
χ−2

)2(( N−1
χ−1

)
e−iq̂ +

(
N−1

χ

))M−2

. (D5)

Further, expanding the power in (D5) and integrating over q̂ reduces the expression into

Nχ〈Cq
i (I)〉=

χ−1
N−1

{[(
N−1
χ−1

)
+

(
N−1

χ

)]M

−
[(

N−1
χ

)]M

−M
(

N−1
χ−1

)(
N−1

χ

)M−1
}
. (D6)

Lastly, dividing (D6) by the normalisation constant (D1) gives Eq. (31), which we were meant to derive.

2. χ-regular with prescribed degree sequence

We derive the formula (36) for the average quad clustering coefficient of the χ-regular hypergraph ensemble with a prescribed
degree sequence~k, as defined in Eq. (35), in the limit N→ ∞ with fixed ratio

µ ≡ M
N

=
c
χ
, (D7)

and where

c≡
∑

N
j=1 k j

N
. (D8)
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The calculations are facilitated by rewriting the expression for P~k,χ in the following form

P~k,χ(I) =
1

M~k,χ

N

∏
i=1

M

∏
α=1

[p∗δIiα ,1 +(1− p∗)δIiα ,0]
N

∏
j=1

δk j ,k j(I)

M

∏
α=1

δχ,χα (I) (D9)

where M~k,χ is the new normalisation constant that depends on the value of p∗ ∈ [0,1]. When p∗= 1/2, we recover the expression
Eq. (35). Introducing a value p∗ 6= 1/2 is a calculation trick that does not affect the average value of observables, such as 〈Cq

i 〉~k,χ ,
but it does alter the normalisation constant.

In Appendix D 2 a, we determine the normalisation constant M~k,χ , and in Appendix D 2 b we calculate the average clustering
coefficient.

a. Normalisation constant of P~k,χ

From the definition of M~k,χ as the normalisation constant of P~k,χ , as defined in Eq. (D9), it follows that

M~k,χ = ∑
I

∏
i,α

[p∗δIiα ,1 +(1− p∗)δIiα ,0]
N

∏
j=1

δk j ,k j(I)

M

∏
γ=1

δχ,χγ (I)

= ∑
I

∫
[0,2π]N

N

∏
j=1

dk̂ j

2π
eik̂ jk j

∫
[0,2π]M

M

∏
γ=1

dΞ̂γ

2π
eiΞ̂γ χ

∏
i,α

[p∗δIiα ,1e−ik̂ie−iΞ̂α +(1− p∗)δIiα ,0], (D10)

where we have expressed the Kronecker delta functions as integrals in order to get an expression that factorises in the I variables.
Summing over the I-variables we get

M~k,χ =
∫ N

∏
j=1

dk̂ j

2π
eik̂ jk j

∫ M

∏
γ=1

dΞ̂γ

2π
eiΞ̂γ χ

∏
i,α

[
p∗e−ik̂i−iΞ̂α +1− p∗

]
. (D11)

We set p∗ = ρ∗/N and take the limit N→ ∞ for fixed M/N to obtain

M

∏
α=1

[
1+

ρ∗
N

(
e−ik̂i−iΞ̂α −1

)]
= exp

[
ρ∗M

e−ik̂i

N
∑

M
α=1 e−iΞ̂α

M
− ρ∗M

N
+O(1/N)

]
, (D12)

where O(1/N) represents a subleading order term that decays as∼ 1/N for large valus of N. The constant ρ∗ ∈R+ is an arbitrary
constant that determines the normalisation constant but disappears in the final expression of the average clustering coefficient.
Identifying the term ∑

M
α=1 e−iΞ̂α in the exponent, and introducing the Dirac distribution∫

R
dιδ

(
ι− ∑

M
α=1 e−iΞ̂α

M

)
= 1 (D13)

yields

M~k,χ =
∫
R2

dιd ι̂

2π

N

∏
j=1

(∫ 2π

0

dk̂ j

2π
eik̂ jk j+ρ∗Mιe−ik̂ j /N

)
M

∏
γ=1

(∫ 2π

0

dΞ̂γ

2π
eiΞ̂γ χ+iι̂e−iΞ̂γ /M

)
e−iι̂ ι e−ρ∗M+ON(1). (D14)

We determine the integrals by expressing the exponentials in terms of their Taylor series,∫ 2π

0

dk̂ j

2π
eik̂ jk j+ρ∗Mιe−ik̂ j /N =

∫ 2π

0

dk̂ j

2π
eik̂ jk j

∞

∑
`=0

(
ρ∗Mι

N

)` e−i`k̂ j

`!
=

(ρ∗Mι)k j

Nk j k j!
, (D15)

and analogously we get ∫ 2π

0

dΞ̂γ

2π
eiΞ̂γ χ+iι̂e−iΞ̂γ /M =

(iι̂)χ

Mχ χ!
. (D16)

Using the expressions (D15) and (D16) in Eq. (D14) gives

M~k,χ =
∫
R2

dιd ι̂

2π

(
N

∏
j=1

1
k j!

)[
ρ∗Mι

N

]ρ∗M [ (iι̂)χ

Mχ χ!

]M

e−iι̂ ι−ρ∗M+ON(1). (D17)
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Using M = µN and making the transformation ι̂ → µN ι̂ , we get the saddle point integral

M~k,χ =
µe−ρ∗MN

(χ!)M ∏ j k j!

∫
R2

dιd ι̂

2π
eNΨ(ι ,ι̂)+ON(1) (D18)

with exponent

Ψ(ι , ι̂) =−iµι̂ι + c logρ∗µι +µχ log iι̂ . (D19)

In the limit of N→ ∞, the saddle point dominates, and we get the expression

M~k,χ = Φ~k,χ eNΨ(ι∗,ι̂∗)+ON(1), (D20)

where ι∗ and ι̂∗ solve the saddle point equation

iµι̂
∗
ι
∗ = c = µχ, (D21)

and where

Φ~k,χ =
µe−ρ∗M

(χ!)M ∏ j k j!
1√

detH
(D22)

with H the Hessian of the function Ψ evaluated at the saddle point. Using Eq. (D21) in (D20) we obtain the final expression

M~k,χ = Φ~k,χ eNc(logρ∗c−1)+ON(1). (D23)

As will become evident, the prefactor Φ~k,χ cancels out with an identical prefactor that appears in the numerator of the derivation
for 〈Cq

i (I)〉~k,χ , which we do in the next Section.

b. Average clustering coefficient

Using the definition of the clustering coefficient, given by Eq. (13), and the fact that in this model all cardinalities are fixed to
χ , i.e., χα = χ , we get

〈Cq
i (I)〉~k,χ =

2
ki(ki−1)(χ−1)

[
1− ∑

N
i=1(δ0,ki +δ1,ki)

N

]
× 1

M~k,χ
∑
I

∑
α,β ,α<β

N

∑
j=1; j 6=i

δ~k,~k(I)δχ~1,~χ(I)I jα I jβ Iiα Iiβ

N

∏
g=1

M

∏
ε=1

[p∗δIgε ,1 +(1− p∗)δIgε ,0]. (D24)

We represent the Kronecker delta functions in Eq. (D24) as integrals, and then sum over the I-variables, yielding

M~k,χ〈C
q
i (I)〉=

2
ki(ki−1)(χ−1)

[
1− ∑

N
i=1(δ0,ki +δ1,ki)

N

]∫ N

∏
n=1

dk̂n

2π
eik̂nkn

∫ M

∏
ξ=1

dΞ̂ξ

2π
eiΞ̂ξ χ

× ∑
α,β ;α<β

N

∑
j=1; j 6=i

(p∗)4e−2ik̂ie−2ik̂ j e−2iΞ̂α e−2iΞ̂β

′

∏
(g,ε)

[
p∗e−ik̂ge−iΞ̂ε +(1− p∗)

]
, (D25)

where ∏
′
(g,ε) is a product over all pairs (g,ε)∈ V ×W , but excluding {(i,α),(i,β ),( j,α),( j,β )}. Setting p∗ = ρ∗/N and taking

the limit N→ ∞, we get for all g /∈ {i, j} that

M

∏
ε=1

[
ρ∗
N

e−ik̂ge−iΞ̂ε +(1− ρ∗
N
)
]
= exp

[
ρ∗M

e−ik̂g

N
∑

M
ε=1 e−iΞ̂ε

M
− ρ∗M

N
+O(M/N2)

]
(D26)

and for g ∈ {i, j} we get

M

∏
ε=1;

ε 6={α,β}

[
ρ∗
N

e−ik̂ge−iΞ̂ε +(1− ρ∗
N
)
]
= exp

[
ρ∗M

e−ik̂g

N
∑ε /∈{α,β} e−iΞ̂ε

M
− ρ∗(M−2)

N
+O(M/N2)

]
. (D27)
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Introducing ∫
dιδ

(
ι− ∑

M
α=1 e−iΞ̂α

M

)
= 1 (D28)

this simplifies into

M~k,χ〈C
q
i (I)〉=

2
ki(ki−1)(χ−1)

[
1− ∑

N
i=1(δ0,ki +δ1,ki)

N

]∫ dιd ι̂

2π
∑

α,β ;
α<β

N

∑
j=1; j 6=i

N

∏
n=1

(∫ dk̂n

2π
eik̂nkn+ρ∗Mιe−ik̂n/N

)

×
M

∏
ξ=1

(∫ dΞ̂ξ

2π
eiΞ̂ξ χ+iι̂e

−iΞ̂
ξ /M

)(
ρ∗
N

)4
e−2ik̂ie−2ik̂ j e−2iΞ̂α e−2iΞ̂β e−ρ∗Me−iι̂ ι+ON(1).

Integrating over k̂n and Ξ̂ξ and using the formula∫ dk̂n

2π
eik̂nkn+ρ∗Mιe−ik̂n/N =

∫ dk̂n

2π
eik̂nkn

∞

∑
`=0

(
ρ∗Mι

N

)` e−i`k̂n

`!
=

(ρ∗Mι)kn

Nknkn!

yields

M~k,χ〈C
q
i (I)〉=

µN(µN−1)χ2(χ−1)
(χ!)M ∏ j k j!

[
1− ∑

N
i=1(δ0,ki +δ1,ki)

N

]∫ dιd ι̂

2π

×
N

∑
j=1; j 6=i

(
ρ∗
N

)4
k j(k j−1)e−ρ∗Me−iι̂ ι

(
ρ∗Mι

N

)ρ∗M−4( iι̂
M

)Mχ−4

eON(1).

After the transformation ι̂ → µN ι̂ , we can write this expression as the following saddle point integral

M~k,χ〈C
q
i (I)〉=

µ3χ2(χ−1)e−ρ∗M

N(χ!)M ∏ j k j!

[
1− ∑

N
i=1(δ0,ki +δ1,ki)

N

] N

∑
j=1;
j 6=i

k j(k j−1)
∫ dιd ι̂

2π

eNΨ(ι ,ι̂)+ON(1)

(µiι̂ ι)4 (D29)

where Ψ(ι , ι̂) is given by Eq. (D19).
In the limit of N→ ∞, the saddle point dominates. However, since the exponent is identical to the one appearing in Eq. (D18)

for M~k,χ , we get the simpler expression

〈Cq
i (I)〉=

χ−1

(Nµχ)2

[
1− ∑

N
i=1(δ0,ki +δ1,ki)

N

] N

∑
j=1; j 6=i

k j(k j−1)+O

(
1

N2

)
=

χ−1

k
2
N

k(k−1)
(
1− pdeg(0)− pdeg(1)

)
+O

(
1

N2

)
, (D30)

which is identical to Eq. (36) in the main text. A comparison between Eq. (D30) and the average quad clustering coefficient of
large numerically generated random graphs shows an excellent agreement (results not shown).

If all terms of the degree sequence are equal (i.e., it is (c,χ)-regular hypergraph), then Eq. (D30) becomes 〈Cq
i (I)〉 = (c−

1)(χ−1)/(cN)+O
(
1/N2

)
.

Appendix E: Average quad clustering coefficient for biregular cardinalities

We obtain the Eq. (41) for the ensemble averaged quad clustering coefficient of the model (39) with biregular cardinalities.

a. Normalisation constant of Pχ1,χ2

By assumption, there are M1 hyperedges with cardinality χ1 and M2 =M−M1 hyperedges with cardinality χ2. The hyperedges
and nodes are connected randomly, given their prescribed cardinalities. Therefore, the normalisation constant in Eq. (39) is given
by

Nχ1,χ2 = ∑
I

M1

∏
α=1

δχ1,χα (I)

M

∏
β=M1+1

δχ2,χβ (I) =

[(
N
χ1

)]M1
[(

N
χ2

)]M2

. (E1)
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b. Average clustering coefficient

Using the definition of the clustering coefficient, Eq. (13), in the definition of the average clustering coefficient, Eq. (40),
yields

Nχ1,χ2〈Cq,i(I)〉χ1,χ2 =
M1

∑
u=0

M2

∑
v=0

2
(χ1−1)(u+ v)(u+ v−1)+ v(χ2−χ1)(v−1)

× ∑
α,β ,α<β

N

∑
j=1; j 6=i

∑
I

δu,ki(I;χ1)δv,ki(I;χ2)

M1

∏
ε1=1

δχ1,χε1 (I)

M

∏
ε2=M1+1

δχ2,χε2 (I)
I jα I jβ Iiα Iiβ . (E2)

Representing the Kronecker delta functions with integrals, we get

Nχ1,χ2〈C
q
i (I)〉χ1,χ2 =

M1

∑
u=0

M2

∑
v=0

∑
~q∈NN

2
(χ1−1)(u+ v)(u+ v−1)+ v(χ2−χ1)(v−1)

×
∫ 2π

0

dû
2π

eiûu
∫ 2π

0

dv̂
2π

eiv̂v
∫
[0,2π]N

N

∏
n=1

dq̂n

2π
eiq̂nqn

∫
[0,2π]M1

M1

∏
ξ=1

dΞ̂ξ

2π
eiΞ̂ξ χ1

∫
[0,2π]M2

M

∏
ξ=M1+1

dΞ̂ξ

2π
eiΞ̂ξ χ2

× ∑
α,β ,α<β

N

∑
j=1; j 6=i

∑
I

e−iû∑γ Iiγ δχ1 ,χγ (I)e−iv̂∑γ Iiγ δχ2 ,χγ (I)
N

∏
n′=1

e−iq̂n′ ∑µ In′µ
M

∏
ξ ′=1

e−iΞ̂
ξ ′ ∑o Ioξ ′ I jα I jβ Iiα Iiβ . (E3)

Summing over the I variables, and subsequently integrating over the q̂n and Ξ̂ξ variables, we get the expression

Nχ1,χ2〈C
q
i (I)〉χ1,χ2 =

M1

∑
u=0

M2

∑
v=0

2(N−1)
(χ1−1)(u+ v)(u+ v−1)+ v(χ2−χ1)(v−1)

∫ 2π

0

dû
2π

eiûu
∫ 2π

0

dv̂
2π

eiv̂v

×
[
(p∗)χa(1− p∗)N−χa

]M1 [(p∗)χ2(1− p∗)N−χ2
]M2

×

{[(
M1

2

)((
N−2
χ1−2

)
e−û
)2((N−1

χ1−1

)
e−iû +

(
N−1

χ1

))M1−2((N−1
χ2−1

)
e−iv̂ +

(
N−1

χ2

))M2

+

(
M1

1

)(
M2

1

)(
N−2
χ1−2

)
e−û
(

N−2
χ2−2

)
e−v̂
((

N−1
χ1−1

)
e−iû +

(
N−1

χ1

))M1−1((N−1
χ2−1

)
e−iv̂ +

(
N−1

χ2

))M2−1

+

(
M2

2

)((
N−2
χ2−2

)
e−v̂
)2((N−1

χ1−1

)
e−iû +

(
N−1

χ1

))M1
((

N−1
χ2−1

)
e−iv̂ +

(
N−1

χ2

))M2−2]}
. (E4)

Lastly, integrating over the variables û and v̂ yields

Nχ1,χ2〈C
q
i (I)〉χ1,χ2 =

M1

∑
u=2

M2

∑
v=0

2(N−1)
[
(p∗)χ1(1− p∗)N−χ1

]M1
[
(p∗)χ2(1− p∗)N−χ2

]M2

(χ1−1)(u+ v)(u+ v−1)+ v(χ2−χ1)(v−1)

×
(

M1

2

)[(
N−2
χ1−2

)]2(M1−2
u−2

)[(
N−1
χ1−1

)]u−2 [(N−1
χ1

)]M1−u(M2

v

)[(
N−1
χ2−1

)]v [(N−1
χ2

)]M2−v

+
M1

∑
u=1

M2

∑
v=1

2(N−1)
[
(p∗)χ1(1− p∗)N−χ1

]M1
[
(p∗)χ2(1− p∗)N−χ2

]M2

(χ1−1)(u+ v)(u+ v−1)+ v(χ2−χ1)(v−1)

×M1M2

(
N−2
χ1−2

)(
N−2
χ2−2

)(
M1−1
u−1

)[(
N−1
χ1−1

)]u−1 [(N−1
χ1

)]M1−u(M2−1
v−1

)[(
N−1
χ2−1

)]v−1 [(N−1
χ2

)]M2−v

+
M1

∑
u=0

M2

∑
v=2

2(N−1)
[
(p∗)χ1(1− p∗)N−χ1

]M1
[
(p∗)χ2(1− p∗)N−χ2

]M2

(χ1−1)(u+ v)(u+ v−1)+ v(χ2−χ1)(v−1)

×
(

M2

2

)[(
N−2
χ2−2

)]2(M1

u

)[(
N−1
χ1−1

)]u [(N−1
χ1

)]M1−u(M2−2
v−2

)[(
N−1
χ2−1

)]v−2 [(N−1
χ2

)]M2−v

, (E5)

which gives the Eqs. (41-43) in the main text after dividing by the expression (E1) for the normalisation constant.
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Appendix F: Datasets for real-world hypergraphs

In Secs. V and VI of this Paper, we have considered six nondirected hypergraphs. These are:

1. NDC-substances28: The nodes are substances, and the hyperedges are commercial drugs registered in by the U.S. Food
and Drug Administration in the National Drug Code (NDC). A node is linked to a hyperedge whenever the corresponding
substance is used to synthesise the drug.

2. Youtube29,30: Nodes represent YouTube users and hyperedges represent Youtube channels with paid subscription. A user
is linked to a hyperedge when the user pays for the membership service.

3. Food recipe31: Nodes are ingredients and hyperedges are recipes for food dishes.

4. Github29,32: Nodes are GitHub users and hyperedges are GitHub projects. A node is linked to a hyperedge whenever the
corresponding user contributes to the GitHub project.

5. Crime involvement29: The nodes are suspects, and the hyperedges are crime cases. Nodes are linked to hyperedges when-
ever the corresponding suspects are involved with the crime investigation.

6. Wallmart33: Nodes are products sold by Walmart, and the hyperedges represent purchase orders. Nodes are linked to
hyperedges whenever the corresponding products are part of the purchased order.

In Sec. VI D, we have considered three directed hypergraphs:

1. DNC-email29: Nodes are users sending and receiving emails and hyperedges are emails that are part of the 2016 Demo-
cratic National Committee (DNC) email leak. Hyperedges are directed from the sender to its recipients. Since an email
always has a single sender, all hyperedges have an in-cardinality equal to one.

2. Human metabolic pathways35: Nodes represent metabolic compounds in the human metabolism, and hyperedges are
metabolic reactions. A hyperedge is directed from the reactants towards the products of the metabolic reaction, and
metabolic reactions with very small rates are omitted, yielding a directed hypergraph.

3. English thesaurus34: Nodes are English words and hyperedges represent synonym relations between words. Hyperedges
are directed from a root word to target words. Since not all words occur as root words, the hypergraph is directed. The
in-cardinality of each hyperedge equals to one.

Appendix G: Configuration model for hypergraphs

We describe the algorithm used to generate a single instance from the configuration model for hypergraphs. There are two
type of configuration models: the microcanonical ensemble that specifies the degree~k(I) and cardinality ~χ(I) sequences and
the canonical ensemble that specifies the distributions P(k) and P(χ) for the degrees and cardinalities of nodes and hyperedges,
respectively. In the microcanonical ensemble links are generated randomly between nodes and hyperedges given the specified
sequences, while in the canonical ensemble we first generate these sequences, and then generate the links.

In Section V and VI, we use a micro-canonical ensemble with the number of nodes N, hyperedges M, degree sequence~k, and
the cardinality sequence ~χ as given by the real-world hypergraph under study. The links between the nodes and hyperedges are
generated as follows. We associate a number of stubs to the nodes and hyperedges of the graph corresponding to their degrees
and cardinalities. Subsequently, we randomly connect the stubs of nodes with those of hyperedges with the additional constraints
that there are no multiple links connecting the same pair of nodes and hyperedges. The upper Panel of Fig. 15 shows an example
of this process for the case of~k = (1,1,1,2,2,1,1,1) and ~χ = (5,5). An analogous process applies to directed hypergraphs and
is illustrated in the lower Panel of Fig. 15 for~kin

i = (0,0,0,1,1,1,1,1),~kout = (1,1,1,1,1,1,1,0), ~χ in = {3,4} and ~χout = {2,3}.

Appendix H: Denominator of the quad clustering coefficient for a directed hypergraphs

In this Appendix, we provide an explicit expression for the maximum number of directed quads, q↔max({Xiα(I↔), I↔iα }α∈∂i
),

that a node i can have when it is connected to a set of hyperedges α ∈ ∂i for which (i) the cardinalities of the hyperedges α are
given by those in the sets Xiα =

{
χ in

α,i(I→),χout
α,i (I←)

}
and (ii) the symmetry of the links connecting node i to the hyperedges

α are determined by the values I↔iα . The expression for q↔max can be decomposed into

q↔max({Xiα(I↔), I↔iα }α∈∂i
)≡ ∑

α,β ;α<β

(I↔)iα (I↔)iβ W
(
Xiα(I↔),Xiβ (I↔)

)
, (H1)
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FIG. 15: Example of two sets of nodes and hyperedges with their stubs (one nondirected and another one directed), and an
example of two random hypergraphs generated from these initial configurations.

where W is an integer valued function that is independent of the symmetry of the links (i,α) and (i,β ) (as determined by
I↔iα and I↔iβ ). In what follows we specify W

(
Xiα ,Xiβ

)
for the four possible scenarios, viz., (1) χ in

α,i = χout
α,i and χ in

β ,i = χout
β ,i

(see Appendix H 1); (2) χ in
α,i = χout

α,i and χ in
β ,i 6= χout

β ,i , or χ in
α,i 6= χout

α,i and χ in
β ,i = χout

β ,i (see Appendix H 2); (3) χ in
α,i 6= χout

α,i and
χ in

β ,i 6= χout
β ,i . Additionally, |Xiα ∪Xiβ | 6= 4 (see Appendix H 3); (4) χ in

α,i 6= χout
α,i and χ in

β ,i 6= χout
β ,i . Additionally, |Xiα ∪Xiβ | = 4

(see Appendix H 4).

1. χ in
α,i = χout

α,i and χ in
β ,i = χout

β ,i

i Cq
i = 0

α β

i Cq
i = 1

α β

FIG. 16: Two motifs consisting of a node i linked with two hyperedges α and β and for which χ in
α,i = χout

α,i = 1 and
χ in

β ,i = χout
β ,i = 2, corresponding with Appendix H 1. Left panel shows an example with Cq

i = 0 and the right panel has Cq
i = 1.

In this case

W
(
Xiα(I↔),Xiβ (I↔)

)
≡ 4min

(
Xiα(I↔)∪Xiβ (I↔)

)
. (H2)
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Figure 16 shows two examples, one for which Cq
i = 0 and another one for which Cq

i = 1.

2. χ in
α,i = χout

α,i and χ in
β ,i 6= χout

β ,i

We define the minimum cardinality by χmin ≡ min
({

χ in
α,i,χ

in
β ,i,χ

out
β ,i

})
and the maximum value by χmax ≡

max
({

χ in
α,i,χ

in
β ,i,χ

out
β ,i

})
. In case the three values χ in

α,i, χ in
β ,i and χout

β ,i are distinct, we use the notation χmed for the median
value. Using this notation, we can express

W
(
Xiα ,Xiβ

)
≡


4χmin, if min

(
Xiα ∪Xiβ

)
= χ in

α,i,

2χmin +2χmed, if min
(
Xiα ∪Xiβ

)
6= χ in

α,i and
∣∣Xiα ∪Xiβ

∣∣= 3,

2χmin +2χmax, otherwise.

(H3)

Fig. 17 shows examples with Cq
i = 0 and Cq

i = 1 for each the three above cases.

(a)
i Cq

i = 0

α β

i Cq
i = 1

α β

(b)
i Cq

i = 0

α β

i Cq
i = 1

α β

(c)
i Cq

i = 0

α β

i Cq
i = 1

α β

FIG. 17: Motifs consisting of a node i linked with two hyperedges α and β and for which χ in
α,i = χout

α,i and χ in
β ,i 6= χout

β ,i ,
corresponding with Appendix H 2. Left panels show examples with Cq

i = 0 and for the right panels Cq
i = 1. Panels (a)-(c)

correspond with the different cases in Eq. (H3). Panel (a): χ in
α,i = χout

α,i = 1, χ in
β ,i = 2, and χout

β ,i = 3. Panel (b): χ in
α,i = χout

α,i = 2,
χ in

β ,i = 3, and χout
β ,i = 1. Panel (c): χ in

α,i = χout
α,i = 2, χ in

β ,i = 2, and χout
β ,i = 1.

For the case with χ in
α,i 6= χout

α,i and χ in
β ,i = χout

β ,i an analogous expression applies with the two indices α and β swapped.
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3. χ in
α,i 6= χout

α,i , χ in
β ,i 6= χout

β ,i , and |Xiα ∪Xiβ | 6= 4.

As in Appendix H 2, we use the notation χmin ≡ min
({

χ in
α,i,χ

out
α,i ,χ

in
β ,i,χ

out
β ,i

})
and χmax ≡ max

({
χ in

α,i,χ
out
α,i ,χ

in
β ,i,χ

out
β ,i

})
. In

addition, if
∣∣Xiα ∪Xiβ

∣∣= 3, then a third medican value exists, which we denote by χmed. Using this notation , we get

W
(
Xiα ,Xiβ

)
≡



3χmin +χmax, if
∣∣Xiα ∪Xiβ

∣∣= 2,

3χmin +χmed, if
∣∣Xiα ∪Xiβ

∣∣= 3 and min(Xiα) = min
(
Xiβ

)
,

2χmin +2χmed, if
∣∣Xiα ∪Xiβ

∣∣= 3 and either max(Xiα) = min
(
Xiβ

)
or max

(
Xiβ

)
= min(Xiα),

2χmin +χmax +χmed, if
∣∣Xiα ∪Xiβ

∣∣= 3 and max(Xiα) = max
(
Xiβ

)
.

(H4)

Fig. 18 shows examples with Cq
i = 0 or Cq

i = 1 for each of the four cases mentioned in formula (H4).

4. χ in
α,i 6= χout

α,i , χ in
β ,i 6= χout

β ,i , and |Xiα ∪Xiβ |= 4.

In this case, the four cardinalities in the set
{

χ in
α,i,χ

out
α,i ,χ

in
β ,i,χ

out
β ,i

}
are all different. We order them from small to large and use

the notation χsmallest < χsmall < χlarge < χlargest so that χsmallest ≡min
({

χ in
α,i,χ

out
α,i ,χ

in
β ,i,χ

out
β ,i

})
, and so forth. The expression for

W takes then the form

W
(
Xiα ,Xiβ

)
≡

{
2χsmallest +2χsmall, if max(Xiα)< min

(
Xiβ

)
or min(Xiα)> max

(
Xiβ

)
,

2χsmallest +χlarge +χsmall, otherwise.
(H5)

Fig. 19 shows the examples of Cq
i = 0 and Cq

i = 1 for both cases in Eq. (H5).

Appendix I: For nondirected hypergraphs Cq↔(I↔) =Cq(I)

For a nondirected hypergraph I→ = I← = I, such that (67) reads

Cq↔
i (I↔) = 4

∑ j; j 6=i ∑α,β ;α<β Iiα I jα Iiβ I jβ

∑α,β ;α<β Iiα Iiβ W
(
Xiα ,Xiβ

) . (I1)

Furthermore, as the hypergraph is nondirected, χ in
α,i = χout

α,i and χ in
β ,i = χout

β ,i , and hence the case of Appendix H 1 applies for W

and its expression is given by Eq. (H2). Using this formula we obtain

Cq↔
i (I) =

4∑ j; j 6=i ∑α,β ;α<β Iiα I jα Iiβ I jβ

∑α,β ;α<β

(
Iiα Iiβ

)
4min

{
(∑ j,i 6= j I jα),(∑ j,i6= j I jβ )

} (I2)

Eliminating the 4 from both the numerator and the denominator in the right-hand side of (I2), we recover the quad clustering
coefficient Cq

i as defined in Eq. (13), which completes the derivation.
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α,i , χ in
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FIG. 19: Motifs consisting of a node i linked with two hyperedges α and β and for which χ in
α,i 6= χout

α,i , χ in
β ,i 6= χout

β ,i , and
|Xiα ∪Xiβ |= 4, corresponding with Appendix H 4. Left panels show examples with Cq

i = 0 and the right panels have Cq
i = 1.

Panels (a)-(b) correspond with the two different cases in Eq. (H5). Panel (a): χ in
α,i = 2, χout

α,i = 1, χ in
β ,i = 4, and χout

β ,i = 3. Panel
(b): χ in

α,i = 3, χout
α,i = 1, χ in
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β ,i = 2.
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