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Observer-based fuzzy tracking control for an
unmanned aerial vehicle with communication
constraints

Linghuan Kong, Zhijie Liu, Member, IEEE, Zhijia Zhao, Member, IEEE, and Hak-Keung Lam, Fellow, IEEE

Abstract—We investigate the trajectory tracking problem of
underactuated aerial vehicles with unknown mass in the presence
of unknown non-vanishing disturbances using an event-triggered
approach, while considering the constraint that the derivative of
the reference trajectory is not available. In contrast to existing
references where the derivative of the reference trajectory is
needed, here we first introduce a high-gain observer to estimate
the unknown derivative solely from the reference trajectory. A
disturbance observer is designed to compensate for non-vanishing
disturbances, such as wind, etc. Fuzzy logic systems are used to
approximate the model uncertainty arising from the unknown
mass of the vehicle, and then we derive a thrust command
law that follows from a desired stabilizing force. Additionally,
unlike traditional fixed and relative threshold strategies that rely
solely on control signals, we develop a new time-varying event-
triggered mechanism linked to the performance of the controlled
system, taking into account factors such as tracking errors, to
develop angular velocity commands, enhancing tracking accuracy
while efficiently conserving communication resources, especially
in the absence of Zeno behavior. We present simulation results to
demonstrate the efficacy of the proposed approach and validate
the theoretical findings.

Index Terms—Disturbance observers; fuzzy logic systems;
event-triggered control; model uncertainty; underactuated au-
tonomous aerial vehicles.

I. INTRODUCTION

Over the past few decades, there has been remarkable
progress in the development of aerial robots, particularly small
unmanned aerial vehicles (UAVs) and drones [1], [2]. These
advancements have encompassed various aspects, including
their design, operational techniques, flight capabilities, and
navigation control. UAVs are now extensively applied in a
diverse array of services, including but not limited to aerial
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photography, route optimization, search and rescue missions,
as well as the inspection of power lines and civil infrastructure
projects [3], [4]. The quadrotor UAVs consist of four indepen-
dent controlled rotors which enable them to perform landing
and take-off vertically [5]. However, due to the characteristics
of nonlinearities, strong couplings, and underactuation, etc., it
is significantly difficult to design a highly accurate controller.
In addition, unexpected disturbances, including wind and
blade flapping, etc., as well as model uncertainty render the
controller design more challenging. The paper aims to provide
a feasible solution using an event-triggered approach to the
trajectory tracking problem of a quadrotor UAV with unknown
mass in the presence of non-vanishing disturbances.

Many interesting and significant references have been re-
ported to contribute to the development of UAVs. For instance,
[6] presented a robust nonlinear control system tailored for
UAVs with unknown constant disturbances. In [7], a method
for position regulation in UAVs was put forth, operating
under the assumption of a known mass and considering that
aerodynamic disturbances dissipate in relation to the system’s
translational kinetic energy. In [8], [9], global tracking control
of thrust-vectoring UAVs were developed, respectively, which
requires the controlled system to be disturbances free, and
where the mass of the vehicle is known. In [10], a robust
tracking controller, grounded in a learning-based approach,
was formulated for aerial robots operating in the presence
of vanishing disturbances. In [11], [12], a nonlinear model
predictive control algorithm is applied to the tracking control
of UAVs, where the external disturbance is presented. How-
ever, the mass of UAVs is assumed known. UAVs frequently
operate in challenging and intricate conditions, encountering
time-varying, aperiodic, and persistent disturbances such as
wind, etc., which hinder the improvement of the tracking per-
formance. The studies cited, including [6]-[12], demonstrated
viable outcomes in the tracking control for UAVs. However,
their applicability is constrained as they presume knowledge of
UAV mass and assume external disturbances to be either con-
stant or gradually vanishing. This limitation clearly narrows
down their suitability for addressing challenges in intricate
operational environments.

In general, it is of vital importance for the realization of
tracking control to derive complete knowledge of the reference
trajectory and its derivative [13]-[15]. In the practical scenario
of UAVs tracking a mobile target, the real-time acquisition of
the target’s position is facilitated by a measurement device. Im-
portantly, this information is not known to UAVs in advance,
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meaning UAVs lack prior knowledge before data transmission,
which is prevalent in sectors like aerial photography [16],
target surveillance [17], and various civil and military applica-
tions, exemplifying the dynamic nature of real-world tracking
challenges. It is crucial to note that the velocity of the mobile
target is also unavailable, implying that the derivative of the
reference trajectory remains unknown to UAVs. Obtaining
comprehensive knowledge of both the reference trajectory and
its derivative is crucial for the successful implementation of
tracking control, as emphasized in [13]-[15]. Even though
there exist many interesting results to focus on the tracking
control of UAVs, such as [18]-[21], for the practical sce-
nario of UAVs tracking a mobile target mentioned earlier,
the unavailability of the derivative of the reference trajectory
poses a challenge, making it impractical to directly apply the
algorithms established in [18]-[21].

Currently, remote real-time control of UAVs is of significant
importance for various practical tasks, including aerial pho-
tography, route optimization, and search and rescue missions.
However, it is constrained by limited communication resources
such as energy and network bandwidth, as well as signal
delays [22]. To address this challenge, the researchers in [23]
proposed three distinct threshold strategies for designing the
event-triggered control: the fixed threshold strategy [24], the
relative threshold strategy [25], and the switching threshold
strategy [26]. However, it is worth noting that the aforemen-
tioned three threshold strategies are designed solely based on
the control signals, without real-time adjustment according to
the performance of the controlled system, such as tracking
errors, etc. Generally, while the event-triggered approach saves
and mitigates communication resources and burdens, it tends
to lose partial information in control signals due to finite
samples, resulting in a certain degree of inaccuracy [27],
[28]. To enhance the performance, it is highly desirable that
the triggering threshold has an explicit relationship with the
tracking error, such that the event is triggered frequently when
the tracking error is large and less when the tracking error is
very small. In this case, the impact of limited communication
resources and delays in control signals can be effectively
mitigated, while still achieving accurate tracking performance.

Fuzzy logic systems (FLSs) are an effective tool to address
model uncertainty of nonlinear systems due to their powerful
approximation ability [29]-[32]. In addition, FLSs are also
applied to the tracking control of UAVs. For example, in
[33], a fuzzy approximator is used to address model uncer-
tainty, and an adaptive fuzzy quantized control scheme is
proposed for the tracking control of the quadrotor UAVs.
In [34], a fuzzy sliding mode controller is designed for the
positioning and path-following of a quadrotor. In [35], an
adaptive fuzzy backstepping control method is designed to
solve trajectory tracking problems of the quadrotor UAVs. In
[36], a fuzzy adaptive nonsingular fixed-time attitude tracking
control scheme is proposed for the quadrotor UAVs.

Building upon the aforementioned analysis and discussion,
our paper investigates the trajectory tracking control of the
quadrotor UAVs with unknown mass in the presence of
unknown non-vanishing external disturbances, under the con-
dition that the derivative of the reference trajectory is not avail-

able. Compared with [6]-[12], our paper assumes the external
disturbance to be unknown and non-vanishing. To address this
challenge, we propose a new disturbance observer using FLSs
to eliminate the restriction of assuming the disturbance to
be vanishing or constant. Moreover, our proposed methods
only require nominal information about the quadrotor’s mass,
eliminating the need for the actual mass. Compared with [18]-
[21], we assume, due to practical considerations in tracking
mobile targets, that the derivative of the reference trajectory
is unknown and not available to the controller. To address this
challenge, we introduce a high-gain observer to estimate the
derivative of the reference trajectory. This enhancement sig-
nificantly broadens the applicability of the proposed method,
making it suitable for practical tasks in complex environments.
Compared to the event-triggered approaches investigated in
[23]-[26], we propose a new event-triggered mechanism with
a time-varying threshold that depends on the performance of
the quadrotor UAVs, including tracking errors. This design
ensures that the event is triggered frequently when tracking
errors are large, which implies that more control information is
applied to the system, leading to better tracking performance.
Conversely, when tracking errors are small, it is necessary
to decrease the control information applied to the system,
and thus longer update intervals are obtained, implying the
triggered events are decreased. Therefore, the impact of limited
communication resources and delays in control signals can be
effectively mitigated, while still achieving accurate tracking
performance.

In contrast with existing results, the main contribution of

this paper is:

« a new disturbance observer is designed only using FLSs
and nominal quadrotor mass, and it can effectively esti-
mate the time-varying and non-vanishing disturbance;

« we introduce a high-gain observer to estimate the deriva-
tive of the reference trajectory. This addition enables
the application of the proposed algorithm to complex
practical tasks, including scenarios such as quadrotor
UAVs tracking a mobile target;

« we design a novel time-varying event-triggered mecha-
nism that depends on the performance of the quadrotor.
When the tracking error becomes large, the event is
triggered frequently, rendering more control information
to be applied to the vehicle such that better tracking
performance can be obtained. However, when the tracking
error is small, the event remains less.

II. NOTATION

Throughout the paper, R? denotes the 3-dimensional Eu-
clidean space. Bold symbols stand for multidimensional vari-
ables. The symbol 0 denotes a matrix of zeros and I an identity
matrix, both of appropriate dimensions. The transpose operator
is denoted by the superscript (-)T. The subscript (-)4 denotes
a desired quantity. The set of unit vectors on R? is denoted by
S(2). The special orthogonal group of order three is denoted
by SO(3) := {X € R**?: XXT = XTX =1, det(X) = 1}.
The skew-symmetric matrix associated with a vector a € R?
is denoted by S(a), such that, given b € R3, the cross product



between a and b can be written as S(a) b. Given x € R3, the
Euclidean norm is denoted by ||x|| := vx"x. The operator
diag(x) returns a diagonal matrix with the elements of x along
the main diagonal. Finally, for convenience, ez := [0,0,1]T
and 1 := [1,1,1]T are auxiliary vectors. If A is a real
symmetric matrix, A > 0 means that A is positive-definite.

III. MATHEMATICAL PRELIMINARIES
A. Coordinate frames and vehicle modeling

To describe the motion of the vehicle, we adopt a fixed
inertial frame {I} and a body-fixed frame { B} attached to the
center of mass of the vehicle. The rotation matrix from {B}
to {I} is represented by R € SO(3). The equations governing
the kinematics and dynamics of the vehicle are provided by
[20]

p=v, (la)
1

v=—f+ges+d, (1b)

. m

R = RS(Q), (Ie)

where m € R is the mass of the vehicle, g € R is the net
gravitational acceleration, p,v € R3 represent the position
and linear velocity, respectively, both expressed in {I}, Q €
R3 denotes the angular velocity of {B} with respect to {I},
expressed in {B}, f € R? denotes the thrust force vector
expressed in {I}, d € R? is the external disturbance, such as
wind, etc.

The thrust force in a quadrotor vehicle consistently aligns
with the vertical axis of the body-fixed frame { B}, remaining
orthogonal to the plane defined by the four rotors. Hence, we
can express this as

f = -TRes, )

where T := ||f|| is the net thrust generated by the four motors
combined, applied along the direction of -r3 € S(2), with

rs = Reg. (3)

To enable the vehicle to execute specific maneuvers, it
becomes essential to formulate a desired thrust vector f; € R3,
defined as follows:

fy == -Tyrsq, “4)

where T}; := ||f;]| is the desired net thrust to be applied along
the direction of —rsq € S(2). By combining the definitions in
(2) and (4), we obtain the following relationship:

f = fd — TdSQ(I‘g) rsq. (5)
The desired thrust direction is thus calculated as
Isq (= —l/Tdfd. (6)

It is important to note that r3,; cannot be chosen arbitrarily.
Instead, its selection is always dependent on the desired
stabilizing force fj;.

Assumption 1. The external disturbance d is continuous,
differentiable and bounded.

Remark 1. We assume that the external disturbance d af-
fecting the quadrotor UAVs is continuous, differentiable, and

bounded. This assumption is practical and easily met in
real-world situations. In general, the external disturbances
often exhibit characteristics of having low variability and
being persistent, such as in the case of wind, among others.
Nevertheless, as stated in references [37], [38], these external
disturbances are considered to be vanishing, a perspective that
contrasts with the assumption made in our design.

Lemma 1. [39] Suppose that a system output y(t) (y(t) =
x1(t)) and its n-order derivative are bounded, we consider
the following linear system:

6711'1':7TZ‘+1,Z':1,...,TL—1, (7)

€Ty = —MTp — Aoyl — « o — Ap—_1T2 — T —‘r.’lﬁl(t), ()

where € is any small positive constant, and the parameters
Al ...y An_1 are properly selected such that the polynomial
s+ A" 4+ A\y_15+1 is Hurwitz. Then, the following
property holds:

Tk (k=1
—1 1

& = = k=101 )

€
where ¢ = m, + MTp_1 + ... + Ap_1m1 With (b(k) being
the k-order derivative of ¢. In addition, there exist positive
constants &, and t* such that || < & holds for ¥t > t*.

Lemma 2. [40] Consider the continuous and differentiable
bounded function ¢(t), for to < t < t1, if |¢(t)| satisfies
|p(t)| < & with the positive constant 6, then ¢(t) is bounded.

Remark 2. The linear system in Lemma 1 can serve as a

state observer to estimate the unknown signals xikil), k=
2,...,n—1, and due to this merit, the linear system will be

used in the following design to estimate the derivative of the
desired trajectory. Lemma 2 will be employed in the design
of observers responsible for estimating the disturbance d.

B. Fuzzy Logic Systems

Fuzzy logic systems (FLSs) are divided into four compo-
nents: 1) the knowledge base, which stores information; 2)
the fuzzifier, which converts crisp inputs into fuzzy sets; 3)
the fuzzy inference engine, which processes fuzzy rules; and
4) the defuzzifier, which converts the fuzzy output into a crisp
result.

In this paper, the fuzzy logic system consists of a set
of [ fuzzy IF-THEN rules, where each rule specifies con-
ditions based on linguistic variables associated with inputs
Z = [z,.. .,zn]T € R"™ and results in an output linguistic
variable y € R. In this paper, the fuzzy logic system is

() = Z%l s [y (20)]
> k=1 [H?:WA?(ZZ-)]

where u 4 (2;) is the membership function which is selected
as the Gaussian function defined as

(Zi-*cmﬂz]’

war () = exp [ :
‘ ik

; (10)

(11)



where c;i, & > 0. To provide clarity, let us define the weight

vector and fuzzy basis function vector as ©® = [y1,...,y] €
R and w(Z) = [@w1(Z), ...,=(Z)]" € R! with
1w ak (2
w(Z) = ——— ar () k=1, (12
D k=1 [H?=1“A§(Zi)}
Hence, (10) is written as
y(z) = O w(Z). (13)

Lemma 3. For any continuous function f(Z) that operates
within a specific, well-defined region Y, there exists a fuzzy
logic system described by (13) such that supgc~y |f(Z) —
©"w(Z)| < ¢, with any small constant & > 0.

FLSs and neural networks are powerful tools for handling
model uncertainty [15], [41]. However, in contrast to neural
networks, FLSs not only exhibit online self-studying capabili-
ties, but also incorporate expert experience to enhance control
effectiveness. Motivated by this, the paper will further explore
the use of FLSs to address uncertainties associated with the
quadrotor UAVs models.

C. Control Objective

Let p; € R? be a curve of class at least C' whose time
derivatives are bounded. Hence, given a reference trajectory
Pa, the objective of this paper is to design a control scheme
driving the vehicle’s position p to accurately track the refer-
ence trajectory pg, in the existence of model uncertainty and
even external time-varying (non-vanishing) disturbances.

Assumption 2. [/9] The reference trajectory py and its first-
order derivative py are continuous and bounded.

IV. CONTROL DESIGN

Before designing controllers in detail, the tracking errors ey
and e, are defined as

(14)
15)

ep:pfpde]Rga
e, =v—acR3

where pg € R? is the reference trajectory, o € R3? is the
output of a first-order filter defined later.

A. Position Control

According to (la), (14) and (15), the derivative of ey with
respect to (w.r.t.) time yields

ep = e, +a—py, (16)
where o is governed by the first-order filter defined as
(o +a=a, (17)

where ¢, € R? is a positive-definite gain matrix, and & € R?
is a virtual controller. Building upon (17), let us define the
filter error as yp, = a — &, leading to @ = yp + &. As a
result, using the above filter error, (16) is written as

ép:ev‘i’y‘p‘i’d*pdv (18)

where the virtual controller & is designed as

a=-Kiep + pa, (19)

where K € R3%3 is a positive-definite symmetric matrix, and
pd € R? denotes the estimate of py and is defined as pd =2,
with 7o and e satisfying the following linear system

(20a)

{ €] = T3,

€y = —A\1 T2 — W1 + Pd, (20b)
where € is a positive constant. In fact, the size of the estimate
error h := p;—pg € R? depends on the constant ¢, and a small
e renders the error h smaller. According to Assumption 2,
it is found that p4 and p4 are continuous and bounded, which
implies the linear system described by (20) is also continuous,
and therefore pg (pg = 72) in (19) is also continuous.

Remark 3. For practical application, this paper specifically
considers scenarios where the desired trajectory pq is not
predetermined but can be determined in real-time at each
time step. According to [42], an illustrative example involves
a quadrotor tracking a mobile target, with the target’s position
continuously updated by a measurement device. To elaborate
further, pq is obtained in real-time, but its derivative pq is not
known. To address this challenge, the paper introduces a high-
gain observer, described by (20), which is used to estimate the
unknown desired velocity pg. This means that the proposed
method only requires the collection of position information
from the desired trajectory pq to make accurate tracking.

The time derivative of e, in (15), using (1b), yields

mey = f +m(ges — &) + md. 21

In practice, it is difficult or even impossible to obtain
accurate mass of a quadrotor, and hence it is assumed that
the mass of the quadrotor, m, is unknown. In order to further
implement the backstepping design, the actual mass m is
separated as nominal parts denoted by m, and unknown parts
denoted by Am, i.e., m = m,+Am. Utilizing this separation,
(21) is written as

meey = f +m,(ges — &) + Am (ges — & — éy) + md.

(22)

Note that the term Am (ges — & — €) in (22) depends on
the unknown part Am and is thus unavailable. To address
this challenge, FLSs are introduced to approximate model
uncertainty. Fuzzy approximation is given in the form of

(2) =

where ® = blkdiag [, 0, 03] € R*3 denotes the de-
sired weight matrix, @ (Z) € R! denotes the fuzzy mem-
bership function, with [ being the number of fuzzy sets,
Z= [ep, el geg] € R, and Ace is the approximation error
that is assumed to be bounded, i.e., there exists a positive
constant € such that || Ae|| <&

Using fuzzy approximation in (23), (22) is written as

0w Am (ges — & — éy) + Ag, (23)

Mmeéy = f +my(ges — &) + ©'w(Z) + D, (24)



where D = md — Ae € R3. To mitigate the influence of both
the external disturbance d and the approximation error Ae,
a disturbance observer will be designed. First, the auxiliary
variable 17 € R3 is defined as

n=D—®(e,) € R?, (25)

where ® (e, ) : R® — R? is a nonlinear function vector. The
derivative of m in (25) w.r.t. time, using (24), yields

. 1
n=D- —K, (f +mo(ges — @) + O w(Z) + ’D) 7
mo
(26)

where K,, = % € R3*3. For simplification and imple-

mentation, it is general to choose ® (e, ) as a linear function
of ey such that K, is a constant matrix.

Define ) € R? as the estimate of 1, and the dynamics of
7] is designed as

. 1 A T
n= —m—K77 (f + mo(ges — &) + (")TW(Z) + D) » 27)

where © and D are the estimates of © and D, respectively.
Now, it is ready to design a disturbance observer defined as

D =7+K,e,. (28)

Then, the observer error D € R? is defined as D=D-D.
By using (25) and (28), it follows that D = D-D —
D = f7 — n. Utilizing (26) and (27), we have

- . 1
D=-D-—

~T ~
Ka (@ w (Z) + ’D) . (29)
Substituting (5) into (24) yields
meeéy =f; — TdS2(r3) rsq +mo(ges — &)
+ @TW(Z) + D, (30)

where the desired stabilization force f; is obtained from a
first-order filter defined as

Cofa + 4 = fa,

where ¢, € R3*3 is a positive-definite gain matrix, and f; €
R3 is an intermediate stabilization force. Define the error of
the filter (31) as yr = f5 — f, = f;= yr + f;. Using the
transformation, (30) is written as

€2V

meey =fq +yr — TuS?(r3) r3q + m,(ges — &)

+0"w(Z) +D. (32)

The intermediate stabilization force f; is designed as

f; = —Ksey —ep —my, (ges — &) — @TW(Z) — ’15, (33)

where K, € R3*3 is a positive-definite symmetric matrix, D
is obtained fArom the observer (28), and the adaptation law for
the weight © is designed as

©;,=-T (w(Z)ev,i + oéi) L i=1,2,3, (34
where T' € R¥*! is a positive-definite symmetric matrix, and o
is a positive constant that is used to enhance robustness under
disturbances.

Up to this point, we have finalized the design of the
intermediate desired stabilization force f; to achieve position
control for the quadrotor. Subsequently, the primary focus in
the next design phase is to stabilize the attitude subsystem,
aiming to compel the vehicle to generate the specified force
f; described by (33).

Remark 4. Adaptive techniques are effective tools for ad-
dressing model uncertainty and automatically adjusting system
behavior [43]. Motivated by this, we design the adaption
law C:')Z-,z' = 1,2,3, as displayed in (34) to automatically
adjust the weight of FLSs for approximating the unknown
part of the quadrotor’s mass, Am. In addition, 1 is also
adaptively changed according to its dynamics, as designed
in (27), such that the disturbance observer ’15, as shown in
(28), is synthetized to compensate the external disturbance d
and the approximation error Ae.

B. Attitude Control

To stabilize the attitude subsystem, according to the desired
thrust direction rz4 defined in (6) and the actual thrust direc-
tion r3 defined in (3), we define the attitude error as

e, =r3 —r3g € R®. (35)

Inspired by the idea of triggered threshold strategy in [44],
we design an event-triggered rule with a time-varying thresh-
old which depends on the tracking errors of the closed-loop
system. Let the angular velocity €2 be synthesized according
to an event-triggered mechanism defined as

Q) =Q (), VEE [tr, togr), (362)
the1 = inf{t > t;| b'b(V1ejep + Vaejey
+ 935S (rs) raql|* + y) > 1}, (36b)

where € is the intermediate angular velocity to be designed
later, ¥;, ¢ = 1,2, 3, and y are positive constants, b = Q—-Qis
the measure input error, ¢, with k € z™ is the controller update
time. It is found from (36) that when the above triggering
condition is satisfied, the angular velocity Q(¢) will be updated
to Q(tk+1), and otherwise, it will keep a constant, i.e., Q(t) =
fl(tk) Then, the intermediate angular velocity Qs designed
as

Q = — 82(63) |:RTS(I‘3d) f‘3d + %S(eg) RTI'3d

r

T R
+ 225 (es) RTeV} + Qse, (37)

ky
where, w, and k, stand for positive constants. Additionally,
Q3 : R — R denotes an arbitrary time-dependent function
representing the third component of the vector Q. The term
Q13e3 can be applied, for instance, to modify the vehicle’s yaw
using a proportional control law.

The development of the observer-based fuzzy event-
triggered control algorithm is now complete, as depicted in
Fig. 1. Detailed results regarding the proposed algorithm will
be provided in the following theorem.
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Figure 1. The observer-based fuzzy event-triggered control scheme.

Theorem 1. For the unmanned aerial vehicle system described
by (1), coupled with the disturbance observer in (28), under
the action of the event-triggered control scheme (36) as well as
the intermediate desired angular velocity (37), with £ and £,
given in (5) and (33), respectively, given some positive number
pu, for all initial conditions satisfying 2V < p,, the errors ep,
ey, ©;,1=1,2,3 D, yp yr and er are uniformly ultimately
bounded (UUB) where V3 = ep + 2ypyp + 52 ele, +

5 ZZ 1 @ 1"_1@) + 1’D ’D+ nyyf + k‘"eTer
Proof. Please refer to Appendix. O

According to Theorem 1, it is obtained that ey, ey, (:)Z-,
i = 1,2,3, D, yp, yr and e, are bounded. According to
Assumption 2, p; is bounded, and with the help of the high-
gain observer (20), it follows that f)d is bounded. Hence, &
in (19) is bounded. The intermediate stabilization force f;
in (33) is a function of the above bounded variables, and
therefore also bounded. According to the first-order filter, we
have that the desired stabilization force f; in (31) is bounded.
The intermediate angular velocity Q in (37) is a function of
the above bounded variables, and therefore also bounded. With
the aid of Lemma 2, it follows that Qis bounded. As a result,
There exist a positive constants ¢ such that ||Q| < c.

Now, let us discuss the Zeno behavior of the event-triggered
mechanism (36). According to the triggering condition given
in (36), Q(t) will be updated to €(t;) if and only if
bTb(d1elep + Vzeley + J5[S(rs) rsal|* + y) > 1, which
implies that b™b(d; el ep+12e] ey +U3]|S(rs) raq||*+y) < 1
for all t > 0. Since b = Q— € for V¢ € [tk, tk41), there exists

dfb _dvb™ _ b'> _ |jb|||b]
= = < =9l G8)
dt dt vbTb bl
By noting that lim; ., ||bH = 0 and lim; 4, ||b]| =
where N = thus there ex1sts

\/ﬁle;ep+19291ev+193\|S(r3)rdd\|2+y
a positive constant ¢* such that

z

R
Tl ©

{tk+1 ) (39)

which implies that the Zeno behavior is ruled out.

Remark 5. In [23], [45], fixed threshold and relative thresh-
old strategies are proposed for event-triggered control of
uncertain nonlinear systems. In [46], a novel dynamic event-
triggered mechanism is designed to effectively reduce the
signal transmission frequency. However, establishing a direct,
explicit relationship between the triggering thresholds and
the tracking error of the controlled system is challenging. To
address this, the paper introduces a time-varying triggering
threshold linked to the tracking error, as defined by (36b).
More specifically, it is evident from (39) that 1) when the errors
ep, ey, and ||S(r3) r3q|| become large, X will decrease, which
implies that a smaller threshold makes more precise control
applied to the system such that better system performance can
be obtained; and 2) when the errors ep, ey, and ||S(rs) r3ql|
are very small, X will increase, which implies that the consec-
utive time interval between two events will increase, and thus
longer update intervals are obtained. In this way, the number
of the triggered events will be decreased effectively, while still
remaining accurate tracking.

Remark 6. The parameters ¥;, i = 1,2,3 and y in (36b)
are crucial for reducing the number of triggered events.
However, it is worth noting that a decrease in triggered events
generally comes at the expense of accuracy. Therefore, there
exists a trade-off between the tracking control accuracy and
the number of triggered events. In addition, when ¥; = 0,
1=1,2,3, the triggering mechanism (36b) will degenerate to
the fixed threshold approach in [23].

Remark 7. The dynamic surface control (DSC) technique has
proven effective in mitigating the computational load resulting
from the repeated differentiation of the virtual control in
iterative backstepping designs [47]. Notably, this approach
employs the first-order filters, as shown in (17) and (31), for
the design of the virtual controllers & and fq. Note that the
matrices G, and €., in (17) and (31) act as cut-off frequencies,
which can be tuned in practice. In Theorem 1, the quadrotor’s
initial values must adhere to the condition 2V3 < p;. Nev-
ertheless, given the allowance for p; to be arbitrarily large,
this condition does not pose significant restrictions, which is
consistent with the result in [47].

Remark 8. This paper utilizes the disturbance observer (28)
to estimate the composite disturbance D (D = md — Ac).
As stated in the proof of Theorem 1, the derivative of the
composite disturbance D is shown to be only bounded, which
implies that the disturbance can be non-vanishing.

V. SIMULATION RESULTS

In this section, some examples will be used to verify the
effectiveness of the proposed method. Consider the reference
trajectory pq as

sin(t)
cos(t)
2 4 0.5sin(t)

Pd = (40)

(m).

The initial position of the quadrotor is set to p(0) =
[00.82]" (m). The practical constants of the vehicle de-
scribed by (1) are m = 0.53 kg and g = 9.81 m/s. The



initial conditions of 71 and 7, as given by the linear system
(20), are set to vy = [0 1 2.2]7 (m) and 75 = [0 0 0]" (m/s).
For the FLSs, nine fuzzy sets A; (i=1,...,97=1,...,9)
are characterized by the following membership functions:

tap(2i) = exp (ZZ;Q)Q} sup2(z;) = exp [W]
a3 (2i) = exp —(Zl—;l)Q} s Upd (2;) = exp [_(ZZ—;OE))?
ugs(2i) = exp —2’2] sugs(zi) = exp {_(%_205)2} 7
uAZ(Zi) =P _(%_21)2} U s (2i) = exp [—(%_215)2]
w9 (%) = exp —(222)2} :

The initial conditions of FLSs weights are set to 6, =0,
1 =1,2,3. To fully show the merits of the proposed method,
the whole simulation will include two cases. Detailed results
are as follows.

A. Case 1: the external disturbance d = 0.

This case aims to confirm the effectiveness of the pro-
posed method without the effect of external disturbances. The
controller gains and event-triggered condition parameters are
provided in Table I. Please note that nominal mass m, is
known to simulation, but actual mass m is unknown. Note
that the event-triggered parameters in Table I aim to adjust
the triggering threshold, i.e., when bTb(deJep + daejey +
93]|S(r3) r3q4]|? + y) > 1, an event will be triggered.

Table I
SYSTEM PARAMETERS - SIMULATION
Symbol Value
K, 21
Ky diag(9,9,9)
Ko diag(2.3,1.2,1.4)
. Cps Gy 0.021,0.04I
Control gains o o 2,12
T,o 20I,0.6
A1, € 1.6,0.08
Event-triggered parameters 1, 79;’ U3 0.5, %g ;0.7

Simulation results are shown in Figs. 2-8. Fig. 2 plots
the reference trajectory py and the actual position p of the
quadrotor UAV, respectively, and it is found from this figure
that the quadrotor initiates the maneuver relatively far from the
reference position and remains close to it even in the presence
of model uncertainty caused by the unknown quadrotor mass.
As illustrated by Fig. 3, the tracking error ey, quickly decreases
and ultimately converges to a neighborhood of zero, which
is definitely consistent with the result provided by Fig. 2.
Fig. 4 provides the evolution of the thrust 7. In Fig. 5, the
angular velocity €2 is plotted. Fig. 6 gives the evolution of the
norm of FLS weights, and from this figure, it is obtained that
FLSs adaptively adjust the weight to compensate for the model
uncertainty of the vehicle to enhance the tracking accuracy. In
Fig. 7, the evolution of the disturbance observer is plotted.

Although the external disturbance d is moved in Case I,
due to the unknown approximation error Ae caused by the
FLSs, the disturbance observer does not converge to zero, as
shown by Fig. 7. From Fig. 8, the event is triggered frequently
in the initial stage, because the large initial errors make the
triggered threshold become small. However, when the errors
are very small, the triggering threshold will become large,
which implies that the number of the triggering events are
" decreased, as presented in Fig. 8.
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Figure 2. Reference curve pg vs. actual position p of the quadrotor UAV
for Case 1. (Circle and star mark denotes the starting and ending positions of
each trajectory, respectively.)
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Figure 6. Evolution of the norm of fuzzy system weights for Case 1.

B. Case 2: the external disturbance d is characterized as
random signals, as defined in (41).

This case aims to validate the robustness of the proposed
method in the presence of unknown disturbances. The con-
troller gains and event-triggered condition parameters are
provided in Table II. For more explanations about gain and
parameter choice in Table II, please refer to Case I. Further-
more, in order to obtain more practical results, it is assumed
that the vehicle is exposed to a significant source of contin-
uously changing external disturbances following a Brownian
motion pattern. To be more precise, these disturbances are
not characterized by a regular or repeating pattern, but rather

influenced by a factor denoted as
d = 10diag(13.5 15 14) " [—d + diag(8 7.5 11)wd], (41)

where wd € R3 is a vector of zero-mean white Gaussian noise
sequences generated from different seeds.

Table II
SYSTEM PARAMETERS - SIMULATION
Symbol Value
Ky, 54.91
K diag(8,9,9)
Ko diag(1.8,1.6,0.91)
. Cpr Gy 0.02I,0.041
Control gains o o 2,12
To 51,0.2
A1, € 1.6,0.08
Event-triggered parameters 1, 1;2’ Vs 0.5, (1];’ 0.7

Simulation results are presented in Figs. 9-15. The reference
trajectory pg and the actual position trajectory p are given in
Fig. 9, and from this figure, it is found that the quadrotor
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Figure 7. Evolution of the disturbance observer D for Case 1.
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Figure 8. Consecutive time intervals for Case 1.

starts to approach the reference trajectory py from the initial
position (p(0) = [0 0.8 2]T (m)) and remains close to it
even in the presence of model uncertainty stemming from
the unknown quadrotor mass and the time-varying external
disturbance d governed by (41) and plotted by Fig. 14. Due
to the FLSs approximating for model uncertainty and the
disturbance observer compensation for the external disturbance
d, the proposed method will force the quadrotor to accurately
track the reference trajectory, with strong robustness, which
is also intuitively illustrated by the evolution of the tracking
error ep, as presented by Fig. 10. The thrust T" and the angular
velocity €2 are presented in Figs. 11 and 12, and high-frequent
oscillations are observed in 2 because the quadrotor UAV
needs to adjust its attitude to resist the disturbance. From Fig.
13, it is obtained that the norm ||®| adaptively evolves in
the initial stages of adaptation and ultimately converge to a
neighborhood of their true values, which implies an effective
compensation for model uncertainty. Finally, the actual distur-
bance D and its estimation D are presented in Fig. 14, and
from this figure, it is observed that the designed disturbance
observer can accurately estimate the disturbance D. From Fig.
15, the event is triggered frequently in the initial stage, because
the large initial errors make the triggered threshold become
small. However, when the errors are very small, the number
of the triggering events is reduced, as presented in Fig. 15.
By examining the aforementioned two cases, it is concluded
that despite the partial loss of information regarding the
control signal €2 caused by the event-triggered mechanism,
the introduction of compensation methods, such as FLSs and
disturbance observers, not only substantially decreases the fre-
quency of triggering events but also ensures that the quadrotor
exhibits satisfactory performance. According to Figs. 3 and
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Figure 10. Evolution of the tracking error ep for Case 2.

10, the tracking error ey, for Case 2 is obviously larger than
one of Case 1 because the disturbance d described in (41)
is acted. Additionally, based on Figs. 3 and 10, it is also
observed that high-frequency oscillations exist in ep. These
oscillations can be attributed to: i) rapid unmodeled dynamics
and external disturbances that are not entirely compensated for
by the FLSs and disturbance observer, respectively; and ii) a
lack of compensation for the measurement error b under the
event-triggered condition.

VI. CONCLUSION

In this paper, we developed an event-triggered control
scheme for trajectory tracking of an underactuated autonomous
aerial vehicle with model uncertainty, in the presence of
unknown non-vanishing disturbances, under the constraint that
the derivative of the reference trajectory is not available. A
high-gain observer was first introduced to estimate the un-
known derivative of the reference trajectory. A disturbance ob-
server was then designed to compensate for the non-vanishing
disturbances. FLSs were introduced to address model uncer-
tainty. A new event-triggered mechanism associated with the
performance of the closed-loop system was designed. The
errors of the closed-loop system were proven to be UUB,
which has been verified by simulation results. An intriguing
avenue for future research is to propose an optimization
scheme using adaptive dynamic programming for the tracking
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Figure 11. Evolution of the actual thrust 7" for Case 2.
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Figure 12. Evolution of the angular velocity €2 for Case 2.

control of underactuated autonomous aerial vehicles in the
presence of model uncertainty and unknown disturbances.

APPENDIX

The proof of Theorem 1 is divided into three parts, which
are outlined below.

Part I: Applying the virtual controller & given in (19) to
(18) yields

ép = _Klep+ev+h+Yp7 (42)

where according to Lemma 1, h is bounded such that there
exists a positive constant / such that ||h|| < k. Note that the
boundedness of h implies that P4 can accurately estimate pg.

Then, to show the boundedness of ey, a Lyapunov function
candidate is introduced as V; = %e;ep + %y;yp, whose
derivative w.r.t. time is

Vi = —egKlep + elT, (ev +h+yp) + le)}"Ir 43)

Due to the fact that y, = o — & and with the help of

the filter (17), it follows that y, = ¢ —a = yp =
—Cp 1yp — o Therefore, (43) is written as

Vi=—-elKiep+el(ey+h+yp) —yp (¢plyp + &)
(44)

Part II: Applying the intermediate stabilization force f; in
(33) to (32) yields

~T ~
moév - - KQEV — ep -+ @ W(Z) — D
+ye — T4S?(r3) 134, (45)

where © = © — ©.
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Figure 14. Actual disturbance D vs. observer estimation D for Case 2.

Then, a Lyapunov function candidate is introduced as

V2:V1—|—7e ey + - 2@ r'e,

17~ 1
+5D D+ yiye, (46)

whose derivative w.r.t. time, using (29), (34), (43), and (45),
is
VQ = — e;Klep
3
~T A ~
—aZ@i Q; —eID+erf+e;(h+yp)
i=1
_ - . =T,
~yp (¢plyp+@) +yiye—D D
1 ~T ~T ~
- —D K,(® w(Z)+ D).
Mo

T T Q2
—e,Koe, —e,TyS”(r3) rsq

(47)

Due to the fact that yr = f; — £, and with the help of
the filter (31), it follows that yr = = f; — fd = yr =
—Cv yi — f,. Therefore, (47) is written as

Vo=— e;Klep —elKse, — el T,8%(r3)rsy
3
~T _ . _ -
- UZGi O —yp (Cp'yp + &) —¥f (CVI.Yf + fd)
i=1

~ ~T .
—eID+erf+elT)(h+yp)fD D

L 5K, (6w (2) + D). (48)

04

Time Interval t, — t,_; (s)

Figure 15. Consecutive time intervals for Case 2.

Part I1I: Then, our final Lyapunov function is introduced as

ke
Vs=Vo+ Eejer =Vo+ke (L—rirs), (49

where ||rs3q]| = ||rs|| = 1 is employed. Using (Ic) and (47),
the derivative of V3 w.r.t. time yields
3
. ~T ~
Vs = —e;Klep —elKse, — O’Z 0,0, + elT) (h+yp)
i=1

T.
+ krr;—dRS(rS) (Q - RTS(I‘gd) r3q — k—dS(eS) RTev>
~vp (Co'yp +0&) —¥i (CJIYf + fd) —elD+elyr

~T . 1 ~T
—-D D—- —D K77 (50)

— (éTw (Z) + ’ZND) .

Due to introducing the measure error b, substituting (37)

into (50) yields

Vy=— e;Klep - eIKQeV - — wy||S(r3) I'3d||2

3
~T ~
UZ@ C)

=1
~-yi (Clef+fd)
—eI’IN)—FeIT) (h+yp)

1 ~7 ~T ~ T

-—D K, (@ w (Z) —|—’D) +elys.

— vy (Colyp + &)

+ k] RS(r3) b )

(G

According to Theorem 1, we obtain that all the ini-
tial conditions of the quadrotor are bounded and satisfy
2V3 < p;, where p; is a positive constant, such that the
set IT, {Vz : R Rl 213 < p} is com-
pact in R18+3l Since, for any positive constant B, the set

Iy = {(pd,pd,pd) € B[ [|pall + [IPall + IBall < Bo} is
compact in R®. Therefore, IT, x I, is compact in R?73!,
which implies that & and f,; are norm-bounded, i.e., there
exist positive constants . and f. such that |a| < a. and
Ifall < f.. According to Assumption 1, we have that
the disturbance d is continuous and bounded, and therefore
it is concluded that the compound disturbance D is also
continuous and bounded. With the help of Lemma 2, it
is concluded that D is norm-bounded, i.e., there exists a
positive constant (unknown) D, such that |D| < D.. As
a result, with the aid of the Young’s inequality, it follows that

~T 52~T~ T
-0,0,; < ——1(-) ®, + 2529 0, i =1,2,3, —ypa <

IyTyp+La2 —yIfs < Iylye + 172 —elD < %ele, +



%ﬂ?D —ey (h+yp) < dfeley + 557 (B> +ypyp).

; IRTR L 172 1 357 -~ =
—D'D<1D D+ LD —ED K, (@ @ (Z)+D) <
~T /52 ~ 3 ~T~
2D (YKK] —Ky) D+ 5 @ (@) L, 6, O,

2
and elyr < %elev + #yfyf, where 01, 02, 63 > O.
2

Since ||rsq|| = 1, = /3, and ||S(r3)| = V2 using
the Frobenius norm, it will follow that k.r],RS(r3)b <

262r3dR82(r3)RTr3d+ bSipTh — kerl RS(rs)b <
35"; 74bTb, where §4 > 0.

4
Based on the above inequalities, a bound of Vs in 51 is

Va<—e Klep —e, (K2 — 2521) ey — w||S(r3) r3ql?

2\ 3. T+
_1(05%_ I (2)] ) 576,
2 83m, pat
3ky k54bTb

—Yp (C _1(1+52)I) Yp + 53

1 1 o
- -1 = & 72: T
Yf (Cv 2(1 + 62 )I) yr + 252 P 61 @

~T/ 1 52 1 1 ~
-D | —K 2K, KT I|D
<m0 " 2m, ( + 52)>
+% <a3+f3 62h2+D3>. (52)

Remark 9. For a quadrotor UAV, the measurement error b
must not be too large. If the measurement error b is too large,
it implies that the actuator cannot generate a sufficiently high
angular velocity to maintain system stability [48]. Considering
the controllability of a practical system, it is reasonable to
assume that b is bounded by a constant, specifically ||b|| < b
with b > 0.

With the help of Remark 9, (52) is written as

3
. ~T ~
Vs < — e;Alep - eIAQeV — a3|S(r3) r3q||* — as Z CHCH

i=1
—yTAsyy — yTAgys - D A D+ C
YpAsYp — Y¢ AeYf 7D+ C, (53)
where A1 = Ky € R3x3’ Ay, = Ky — 2(5%1 S R3X3,
2
as = wr € R, a4 = 05%—% e R, A; =
3

Gl =31+ T ERYS, Agi= (7 — 5 (1+ )T € R,

A7 = LK, - SK,K] - L1+ L) € R, and
me - N 2m, N 62

C= ﬁzfﬂ@I@ﬁ%(a +f2+52h2+D2) + 3 4

"'”—2‘5252 eR.

Controller gains K, Ko, o, ¢, P’ ky, wy and disturbance
observer gains K,, as well as the parameters 6;, ¢ = 1,...,4,
should be properly selected in practice to satisfy A, Ao, Asj,
Ag, A7 >~ 0 and as, a4, C > 0. It should be emphasized
that the parameters d;, ¢ = 1,...,4, are not control design

parameter and are solely auxiliary analysis variables related
with the positive definition of the above variables.

Define the total error of the closed-loop system as

~T ~T ~T ~T
T ::{e;,«ﬁmoez,l"_éé)l,F_5@2,I‘_§®3,’D vy,

k T
o elsen) | ere

~T ~ ~T ~
and || ®[* = elep +moele, + Zle 0, I'e,+D D+
Yo¥p + Yive — k- eI'S%(r;) e,. Since ||S(rs) || = v/2 using
the Frobenius norm, it follows that | ¥ [|*> < elep+moeley+
PO @ ', +D D+ ylyp +yiye + krele, = 2V3,
which 1rnp11es that || ®]? < 2V;3 < p;. Furthermore let us
define an aux1hary block-diagonal matrix given by II :=
blkdiag(A1, -2 Ay, aaT', asT', asT, A7, A5, Ag, 2221) €
R(18+30)x (18+3l) Obviously, IT = 0. As a result, using the
above definition, (53) is written as

(54)

Vs < —OTHE 4+ C < Ay (I TP+C, (55
where Apin(IT) is the minimum eigenvalue of the matrix IT.
In addition, from (55), it is found that as Ap;,(IT) > %,

Vs < 0 on || ®||? = p;. Thus, the set II, is an invariant set,

e., if 2V3(0) < p;, then 2V5(t) < p; for all ¢ > 0, which
implies that the total error of the closed-loop system, W, is
UUB. According to the definition of W, it is concluded that
the errors ep, ey, ©;,1=1,2,3, D, yp, yr and e, are UUB,
which completes the proof.
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