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Mixing time of random walk on dynamical random cluster

Andrea Lelli* Alexandre Stauffer!

December 30, 2023

Abstract

We study the mixing time of a random walker who moves inside a dynamical random cluster
model on the d-dimensional torus of side-length n. In this model, edges switch at rate p between
open and closed, following a Glauber dynamics for the random cluster model with parameters p, q.
At the same time, the walker jumps at rate 1 as a simple random walk on the torus, but is only
allowed to traverse open edges. We show that for small enough p the mixing time of the random
walker is of order n?/u. In our proof we construct a non-Markovian coupling through a multi-scale
analysis of the environment, which we believe could be more widely applicable.

Keywords. Mixing time, random walk, time inhomogeneous Markov chains, random cluster.
MSC 2010 subject classifications. Primary 60K35; Secondary 60K37.

1 Introduction

We study the mixing time of a random walk on a dynamical random cluster model in T¢, the d-
dimensional torus of side-length n. In this model, each edge of T¢ can be in either of two states: open
or closed. At time 0, we take the state of the edges to be distributed according to the random cluster
measure with parameters p € (0,1) and ¢ > 0. That is, for any subset of edges w C E(T%), with F(T%)
denoting the set of edges of the torus, the probability that the set of open edges at time 0 is equal to
w 18

v(w) = %pw(l _ p) BT\l gr(e), (1.1)
where #(w) is the number of connected components obtained in the graph with vertex set T¢ and edge
set w, and Z = Z(d, p,q) > 0 is just a normalizing constant so that the above is a probability measure.
Instead of representing the state of the edges by the set w of open edges, we will often represent it by
an element 7 € {0, I}E(T‘Ti‘), with n(e) = 0 meaning that the edge e € E(T%) is closed and n(e) = 1
meaning that e is open. Thus, given 7, we have w = {e € E(T%): n(e) = 1}.

From time 0, edges change their state following a continuous-time Glauber dynamics. Thus, given a
parameter p > 0, each edge e € E(T%) has a Poisson clock of rate y, and when the clock of e rings,
the state of e is resampled (open or closed) according to the conditional probability obtained from v
in (1.1) conditioned on the states of all the other edges. This resampling can be easily described: if
the clock of e rings at time ¢, then the probability that e becomes open at time ¢ is equal to

p, if e is not a cut-edge at time t—,

if e is a cut-edge at time t—, (1.2)

p
p+(1-p)g’
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where an edge e is called a cut-edge if modifying the state of e (while keeping the state of the other
edges unaltered) causes a change in the number of connected components in the configuration. Note
that whether an edge e is a cut-edge for a configuration 7 is, in fact, independent of n(e). We let

ne € {0, 1}E(T’dl) denote the configuration that gives the state of the edges at time t.

On top of this dynamic environment we place a random walker which starts from the origin of Tfl and
has a Poisson clock of rate 1. When the clock of the walker rings, the walker chooses an edge uniformly
at random from the set of edges that are adjacent to its current location, regardless of their states. If
the chosen edge is open at that time, then the walker traverses the edge, otherwise the walker stays
put. We denote by X; € T¢ the position of the walker at time ¢, and let

{Mi}i>0 = { Xt me >0,

denote the full system composed of the walker {X;},5, and the environment {n:},5,. We note that
{M:}~¢ and {m},>q are Markov chains, while {X;},-, is not.

One can check (for example, by reversibility) that if 7 denotes the uniform probability measure on T¢
then m x v is the unique stationary distribution of {M,},.

Let Thix denote the mixing time of the full system, starting from the worst-case initial state. In other
d
words, given z € T¢ and ¢ € {0, l}E(T"), let T be the smallest ¢ such that, starting from My = (z, ),

mix
the total variation distance between the distribution of M; and 7w X v is smaller than a given constant,

which for concreteness we take to be 1/4. Then Tiyix = max, ¢ Trfl’if{.

Our main result establishes that the mixing time is of order n?/u for all small enough p. We remark
that p and ¢ are considered to be constants independent of n, while ; may depend on n; in particular,
a natural case in the context of dynamic networks is that © — 0 as n — oo.

Theorem 1.1. Given any q > 0 and any dimension d > 1, there exists a positive pg > 0 so that for
all p € (0,pg) there exists C1 = C1(d, p,q) > 0 for which

2
Trnix < C’l%, for all p=p(n) >0 and all n > 1.

Previous works were restricted to the case ¢ = 1, which is known as dynamical percolation. This is a
much simpler case: both expressions in (1.2) are equal, so edges update independently of one another.
This allowed the construction of very clean regeneration arguments to bound the mixing time and
other quantities, especially in the subcritical regime (see related works below in Section 1.2). To the
best of our knowledge, our work is the first to analyze the mixing time when edge updates are not
independent.

The regeneration arguments developed for dynamical percolation cannot be applied when ¢ # 1. We
go around this by constructing a delicate non-Markovian coupling using a multi-scale analysis of the
environment. We believe this to be a novel ideal and regard it as one of our main contributions.

In a nutshell, the idea is to develop a coupling between two random walkers moving on dynamical
random clusters. To do this, we employ a multi-scale analysis of the environment alone, so as to
control the evolution of the state of the edges. We then use this multi-scale analysis to identify good
and bad regions of the environment. Depending on whether the walkers are passing through a space-
time region that is good or bad, we employ a different coupling strategy for the walkers. It is crucial
that the multi-scale analysis does not reveal all the information regarding the environment so that,
conditioned on which regions are good and which regions are bad, there is still enough randomness in
the environment for the coupling argument to be carried out. This leads to a quite delicate coupling,
which is non-Markovian. In particular, in order to decide which coupling strategy to apply for the
walkers at a time ¢, we will use future information about the enviroment (i.e., information about the
state of the edges after time t). The reason is that, if the walkers are passing through a space-time
region that is approaching (in time) a bad region of the environment, we will already need to start
employing a coupling that prepares the walkers before they enter into the bad regions.



We believe that the idea of using a multi-scale analysis to develop a coupling argument can be more
widely applicable to analyze the mixing time of random walks on particle systems. Our proof actually
relies very little on specific properties of the random cluster dynamics, and can be readily adapted
to other settings. We decided to carry out the proof for the random cluster dynamics for the sake
of clarity, since the general conditions under which this argument can be made to work are rather
cumbersome to state.

We will give a more thorough description of the main ideas of the proof in Section 1.4, since first, in
Section 1.3, we will need to introduce an auxiliary process.

1.1 Lower bounds on the mixing time

We also derive matching lower bounds on the mixing time. We start by stating a straightforward
generalization of the lower bound from [11].

We consider a larger class of models, which we refer to as continuous-time random walks on general
dynamical percolation, where the word general is to mean that the percolation process may not be
independent. Let {Xt,m}tzo be a continuous-time Markov chain where the walker X; jumps at rate

1 and can only traverse open edges of TZ, and the environment {n;}, is a Markov chain on {0, 1}E(M)

where edges refresh their state at rate p independently of the walker. As usual p may depend on n.
Let 7 be the uniform distribution on T¢ and let v be the stationary distribution of the Markov chain

{m}t~
We recall some fundamental definitions. The spectral gap v of a reversible Markov chain is defined as

)
= ()

where the infimum is over all functions f from the state space to R with Var(f) # 0, the variance
Var(f) being with respect to the stationary distribution of the chain, and £(f, f) is the so-called
Dirichlet form. The relaxation time of the said Markov chain is defined as

Trel = 7_1'

Given a time interval I C R, we say that an edge is I-open, if it is open at some time during I. Then,
for any vertex x € T and any time interval I C Ry, we let C,(I) denote the connected component of
I-open edges from . Finally, given a subset S C T¢, let diam(S) = max, yes [|# — y|/1 be the diameter
of S, where ||z — yl|1 is the L; distance (or, equivalently, the length of the shortest path) between x
and y in T¢. We require the following two assumptions from the process {X;, Nt }i>0°

m X v is the stationary distribution of {X¢,n:}5¢, (1.3)
and

30 > 0 and Cs > 0 such that for any x € ’]I‘;il7 any = u(n) >0
and any n > 1 we have E, (D;(S) < Oy, (1.4)
where D, s = diam (C, ([0,06])) and E, denotes the expectation with respect to the stationary measure

of the environment. The assumption in (1.3) just says that the stationary measure of the walker is
uniform, while (1.4) gives that the environment is strictly subcritical.

Theorem 1.2. Let {X;,m},>q be a random walk in a general dynamical percolation satisfying (1.3)
and (1.4) above. Then, there exist a constant Cs > 0 depending only on d such that




A natural setting is when the environment starts from its stationary distribution. For this, let v; stand
for the distribution of (X, n;) where the walker starts from the origin and the environment starts from
stationarity (that is, no is distributed as v). Then, |[v; — 7 X v||pv is the total variation distance
between v; and the stationary measure of { Xy, m},.

Theorem 1.3. Let { Xy, m},5o be a random walk in a general dynamical percolation satisfying (1.3)
and (1.4) above. Then, there ezists a constant Cy > 0 depending only on d such that, for any € > 0,

ift < %6%26712 then ||jvy — T X v|[Tv > 1 —€.

Moreover, there exists a constant Cs > 0 depending only on d such that, for any t > 9,

t

Eu, (I1X; = Xoll7) < C5Ca35,

where E,, stands for the expectation with respect to vy.

The proofs of Theorems 1.2 and 1.3 are identical to the ones for random walk on dynamical percolation
from [11]. For the sake of completeness, we add the proofs in Section 8.

We want to apply the above theorems to derive lower bounds on the mixing time of a random walk in
dynamical random cluster. It is clear that (1.3) holds in this case. We will show in Section 9 that (1.4)
also holds, obtaining the corollary below. For any ¢ > 1, let p¢ be the critical probability for the
appearance of an infinite cluster in the random cluster model on Z<.

Corollary 1.4. If {X¢,m:},5¢ is a random walker in the dynamic random cluster model, then for any
q > 1 and any p < pl, there exists a constant c = c(d, q,p) > 0 such that the relazation time of the full
system and the mizing time starting from a stationary environment is at least en®/p. If ¢ < 1, then
for all small enough p the same conclusion holds.

The proof of the lower bound is much simpler than that of the upper bound, allowing us to derive
it in the whole subcritical regime when ¢ > 1. In fact, when ¢ > 1, the proof follows by using a
sprinkling lemma to compare two random cluster configurations with densities p < p’ (Lemma 9.1),
and the exponential decay of cluster sizes in the subcritical regime. When ¢ < 1, exponential decay of
cluster sizes is only known for small enough p. In fact, for ¢ < 1, even the existence of a single critical
value p? separating a subcritical phase and a supercritical phase, has not yet been proved.

We expect the upper bound of order n?/u to hold in the whole subcritical regime as well, however our
proof technique requires the percolation process to be a small perturbation of subcritical independent
percolation, in a sense that we better explain in Remark 1.5, after introducing the x-process.

1.2 Related works

We will restrict our discussion to works dealing with the mixing time of random walks on dynamic
environments, as otherwise there is simply a plethora of works. We also remark that, if the environment
is allowed to evolve in an arbitrary fashion (for example, by taking any sequence of graphs on a fixed
vertex set), then several problems may arise. For example, there may not be a stationary distribution
for the walker. Moreover, even if there is a stationary distribution, the distribution of the walker may
not converge to stationarity, or the total variation distance to stationarity may not be monotone in
time.

Random walk on dynamical percolation on ’]I‘ﬁ. This model is equivalent to the model we described
restricted to ¢ = 1. This special case is already quite challenging but some results have been obtained
recently. First note that, when ¢ = 1, the two probabilities in (1.2) become equal, and when an edge
updates, it does so independently of the other edges, becoming open with probability p or closed with
probability 1 — p. Though in this case edges evolve independently of one another, there are strong



dependences between the location of the walker and the state of the edges (especially if u — 0 as
n — 00, since edges update very slowly in comparison to the rate of jump of the walker).

The random walk on dynamical percolation model was introduced by Peres, Stauffer and Steif [11],
where it is shown that, in the whole subcritical regime’, the mixing time is of order n?/u. We remark
that in [11] both upper and lower bounds of order n?/u were derived for Tpiy. Recall that n? is the
order of the mixing time of a simple random walk on the static torus (that is, where all edges are open
at all times). So, in a subcritical dynamical percolation, the walker is delayed by a factor of 1/, which
is the expected time that a single edge takes to refresh.

Later, Peres, Sousi and Steif [10] analyzed the supercritical regime and showed that, for p large enough,
the mixing time is at most (logn)® (n2 + i) for some constant a > 0. Their upper bound is not believed

to be tight: one expects that, in the whole supercritical regime, the mixing time is of order n? + %
This remains an interesting open problem. Their proof makes strong use of isoperimetric properties
of the infinite cluster of supercritical percolation, which are only known for ¢ = 1. With regard to
the critical regime, the only known result is that the mixing time is of order at most ”—2, which is the
mixing time in the subcritical regime [7]. It is not inconceivable that the mixing time in the critical
case is in fact of smaller order than %

Random walk on dynamical percolation on other graphs. Sousi and Thomas [14] studied the case where
the torus is replaced by the complete graph. This is a simpler case due to the lack of an underlying
geometry, but for which a more detailed analysis can be carried out. They established the order of
the mixing time in that case, and also the occurrence of a cut-off phenomenon. We remark that if the
walker is at some vertex v and we know that an edge incident to v is updating to open, but we refrain
from observing which of the edges incident to v is updating, then the other endpoint of this edge is
uniform among all vertices (but v). So, by traversing this edge (call it e), after one additional step,
the walker can find itself in a location that is essentially uniform, so very close to stationarity. Though
suggestive, this is not enough to establish the mixing time, as one still needs to control that the walker
“forgets” that e is now open (that is, the walker may be close to stationarity, but the full system is
not). Still, this illustrates the kind of simplification that the lack of an underlying geometry brings.

The last work we mention for the random walk on dynamical percolation model is a recent result by
Hermon and Sousi [7]. They developed a comparison principle and showed that, for any graph G, the
so-called spectral profile mixing time for the random walk on dynamical percolation on G is at most i
times the spectral profile mixing time of simple random walk on (the static graph) G.

In all the above results, it was crucial that when ¢ = 1 edges update independently of one another.
The main objective of our work is to develop a technique that can go beyond the dynamical percolation
case and which can deal with environments whose edge updates may depend on one another, including
the case of unbounded dependences such as in the dynamical random cluster.

Other models. We end this section by mentioning two lines of work. In the first one, Avena et
al. [1,2] studied a different dynamic on the environment, where instead of dynamical percolation one
has a dynamic configuration model. This model has some intuitive similarities with the dynamical
percolation on the complete graph, in the sense that it also lacks an underlying geometry. They studied
the mixing time and the occurrence of a cut-off phenomenon in this setting, but restricted to a random
walker that is non-backtracking. This helps the walker to move away from its current location, strongly
reducing dependences between the walker and the environment.

Finally, the second line of work we mention is that of [12,13|. They considered the case of a discrete-
time random walk on a graph with a fixed set of vertices, but which evolves over time by means of
an arbitrary sequence of graphs on that vertex set. The goal of their work is very different to ours;
for example, they want to understand which conditions on the sequence of graphs one can impose to
guarantee that the mixing time is polynomial. They also derive results for the hitting time and cover
time. We refer to [12,13] and references therein for a list of known results on dynamic graphs that go

!That is, for any p < p. with p. = pc(d) being the critical probability for the existence of an infinite cluster in
percolation in Z¢



beyond the mixing time. We also refer the reader to [4] for results on a model similar to random walks
on dynamical percolation on the complete graph.

1.3 The x-process: retaining some randomness

Before giving the ideas of our proof, we need to describe a different representation of the full system,
which is inspired by [11]. Recall that each edge has a Poisson clock of rate p associated to it, which gives
the times at which the edge is updated. To each update of an edge, we can decide whether the edge
becomes open or closed by sampling an independent random variable U with a uniform distribution in
(0,1), and then making the edge open if and only if the edge is not a cut-edge and U < p or the edge
is a cut-edge and U < p+(+p)q' Now, let

. p p
in=min<{p, ———— and =max{p, ————— ¢ ;

thus, pmin = if g > 1 and pmin = p if ¢ < 1. Note that if U turns out to be in the interval

P
p+(1-p)g
(0, Pmin) U (Pmax, 1) the outcome of the update (i.e., whether the edge becomes open or closed) is
determined regardless of whether or not the edge is a cut-edge. In other words, the update is oblivious

to the current configuration, and we will refer to those updates as x-updates. We then let
Px = Pmin + 1-—- Pmax € (O, 1)

be the probability that a given update is a *-update.

We now define the update of an edge e in two stages. First, we sample an independent random variable
U,, which is uniform in (0, 1), so that if U, < p, then the update is a x-update, otherwise it is not a
*-update. Next, we use the random variable U to determine whether e updates to open or closed. More
precisely, in the case of a x-update, we make e open if U < %, otherwise e becomes closed. In the
case of a non-x-update, we need to inspect the current configuration to see whether e is a cut-edge or
not. In particular, we need to perform what we call an exploration of e, which means that we perform a
local search from the endpoints of e that traverses only open edges in order to determine what are the
open clusters of the endpoints of e. Hence, each update of e will be represented by a tuple (s, U,, U),
where s > 0 is the time at which the update occurs, U, € (0,1) is the variable used to decide whether
the update is a x-update, and U € (0,1) is the random variable governing whether the edge is to be
updated open or closed.

We use this to introduce another Markov process which we denote by {M{}1>0 = {X¢, 7} };5¢, and
which we refer to as the x-process. This process will retain more randomness than {M;}:>0 and its
state space will be

O = {(v,n*) e T¢ x {0, 1,*}E(Tz): n*(e) € {0,1} for each edge e adjacent to v} .

So an edge will be allowed to be in an additional state, called %, which means that in its last update
the edge underwent a *-update. However, we do not allow that edges adjacent to the walker are in
state x.

The x-process evolves as follows. If the Poisson clock of an edge e rings, we look at the variable
U, associated with this update and determine whether the update is a x-update. If the update is a
*-update and if e is not currently adjacent to the walker, then we make the state of e equal to x. If e
is adjacent to the walker, then we look at the variable U associated with this update and determine
whether e is open or closed. Finally, if the update is not a x-update, then we perform an exploration of
e as mentioned above. The difference is that, in such an exploration, we may run into edges that are in
state . For each such edge, we immediately sample whether that edge is open or closed by using the
random variable U associated with its last update. We proceed in this way until the exploration ends
and we have fully determined the cluster of each endpoint of e. At this moment, we know whether or
not e is a cut-edge, and we can use the random variable U associated to the update of e to determine



whether e is to be made open or closed. There is still one final case to be described: when it is the
clock of the walker that rings. Suppose this happens and the walker jumps from a vertex v to a vertex
w. Then, if there are edges adjacent to w at state x we sample the state of such edges (using the
random variables U associated to their last update) and switch them to open or closed, appropriately.

Note that, conditioned on the position of the walker and on the state 0, 1 or * of each edge, we gain
no information concerning whether the edges in state x are open or closed. In particular, each such
edge is open with probability p;;% (which is the probability that the random variable U associated to
their last update is at most p—*‘) Therefore, we do not need to keep track of the variables U related
to the last x-update of each edge, since we can sample U whenever needed independently of the whole
trajectory of the process. The x-process is thus a Markov process.

Remark 1.5. When ¢ = 1, we have pmin = Pmax, and so p, = 1: all updates are x-updates, as in this
case the random cluster model reduces to dynamical percolation. If ¢ # 1, then as p — 0 we have
that Pmax — Pmin — 0 and so p, — 1. Therefore, for any fixed ¢ and all small enough p, the dynamic
random cluster model can be viewed as a small perturbation of dynamical percolation. We also obtain
that edges of state x are open with probability p;;% < pe, so they form a subcritical percolation process
as well. Those are the properties that play an essential role in the constructions of the multi-scale
analysis and the coupling used to establish the upper bound on the mixing time (Theorem 1.1).

1.4 Proof overview

We will only give an overview of the upper bound, which is our main result and by far the most involved
proof. We start recalling the proof in [11] for the subcritical regime when g = 1. There they also define
the x-process (which they denote by Mt). Recall that, when ¢ = 1, we have p, = 1, so all updates are
*-updates. With this, they define a stopping time 79 as the first time at which

all edges adjacent to the walker are closed, and all remaining edges are in state *. (1.5)

Then, one can define a sequence of times 71, 72,... so that 7; is the first time after 7,_; + C'/pu, for
some fixed constant C' > 0, at which the event in (1.5) happens. These are regeneration times in the
sense that the evolution of the full system from 7; does not depend on what happened before 7;. Once
the full system is at a regeneration time 7;, with positive probability the following sequence of events
happen within time 7 + C/ pu:

(i) an edge e adjacent to the walker opens

(ii) when the walker jumps to the other endpoint of e, all the adjacent edges (which are in state x)
are sampled closed

(iii) e remains open for some time of order 1/

(iv) e closes before any of the other edges adjacent to e open, thereby locking the walker in one of e’s
endpoints, and

(v) the edges adjacent to the other endpoint of e (i.e., opposite to the location of the walker) refresh
before the edges adjacent to the walker refresh.

When these events occur, the walker does nothing more than a jump to a uniformly random neighbor,
and immediately gets back to a regeneration time (so 7,41 = 7 + C/u); such a regeneration time is
then called a simple random walk regeneration since, at the end, what the walker did was just one step
of a simple random walk in T¢.

The proof in [11] then goes by showing that the 7,41 — 7; are of order i Therefore, after time ”72, the

walker underwent an order of n? regeneration times, a positive fraction of which being simple random
walk regeneration. So it is possible to couple the full system with another copy of the full system so



that, whenever the walker does a simple random walk regeneration, we employ one of the standard
couplings of simple random walks on the torus. On the other hand, if the regeneration time is not a
simple random walk regeneration, we couple the motion of the two walkers from one regeneration time
to the next identically, so that the distance between the walkers does not change. Since an order of
n? steps is necessary to couple two simple random walks on T¢, we get that performing an order of n?
simple random walk regenerations is enough to couple the two processes, which translates to a mixing
time of order n?/p.

If we try to mimic the steps above for the case ¢ # 1, we immediately run into the issue that the
event (1.5) now occurs very rarely. In fact, since non-x-updates occur with positive probability, we will
typically have a positive density of non-x-edges. Therefore, it will take an exponential amount of time
to reach a regeneration time as in (1.5), rendering this strategy useless.

We will devise a different strategy. We will, as before, construct a coupling between two copies of the
full-system, where we see the edges “from the point of view of the walker” in the sense that whenever
the edge X; + e updates at time ¢, where X; is the position of the walker in the first copy, then in the
second copy we will do the same update to the edge X; + e, where X; is the location of the walker
in the second copy. Note that to establish the mixing time of the full system we need to couple the
environments and the walkers. For simplicity, we concentrate our discussion here in the coupling of
the walkers (which is the most delicate bit), and assume for now that somehow we managed to couple
the two environments: that is, the two copies are coupled modulo a translation of the walkers. Note
that, from this moment, if we were to employ the identity coupling (that is, the second copy mimics
all the edge updates and jumps of the walker from the first copy) we would get that the environments
will remain coupled (from the point of view of the walkers) but the distance between the walkers will
not change, thereby not allowing the walkers to couple.

Our idea is to observe “a bit” the environment and, whenever the environment looks “favorable enough”,
we attempt to do a coupling that could bring the walkers closer together, which will be a standard
coupling of simple random walks. We will refer to such moments as simple random walk moments,
as an allusion to the simple random walk regenerations described above, but with the fundamental
difference that they will not be regeneration times. On the other hand, when the environment is not
favorable enough, then doing a simple random walk moment is a bit too risky, so instead we resort to
identity coupling as a means to keeping the distance between the walkers unchanged and not spoiling
the work done during the favorable regions of the environments.

But what does it mean for the environment to look favorable enough? In short terms, it will mean
that the event (1.5) occurs locally. That is, at such times, all edges adjacent to the walkers will be
closed and all edges in a small region around the walkers will be x (for example, all edges inside a ball
of radius 3 around the walkers, excluding the edges adjacent to the walkers). At such a time, with
positive probability, the sequence of events described above for the simple random walk regeneration
occurs, and therefore we could attemp to perform one of the standard couplings of simple random
walks. However, there are two important caveats.

The first caveat is that if we succeed in doing a simple random walk moment with a coupling of simple
random walks, then the distance between the walkers will change. This means that the translation that
maps the location of one walker to the location of the second walker will change, and this map is what
we use to match the edges of the first copy to the edges of the second copy, when we view the edges from
the point of view of the walkers. As a consequence, the environments will immediately decouple. Of
course, if we only had x-edges (besides the ones adjacent to the walkers, as in the case ¢ = 1), then the
environments would not decouple since despite the change in the translation map, we would still match
*-edges in the first copy to *-edges in the second copy, so we can eagily maintain the environments
coupled. But, since ¢ # 1 implies a density of non-x edges, the environments will necessarily decouple.
Moreover, if we decide to just wait for the environments to recouple completely, this would take a time
Mﬁ, which is just too long: it will lead to an upper bound on the mixing time of %. So
we will not recouple the environments completely, but will work with partially coupled environments.

of order

The second caveat is that a simple random walk moment occurs with positive probability, so it is also
possible that it turns out that a simple random walk moment does not take place. Then, what could



happen in this case? If the environments were completely coupled, then we are guaranteed that we
can perform identity coupling and keep the distance between the walkers unchanged. But we have just
seen that the environments will typically not be fully coupled. Yet, if we knew that the environments
are coupled in a neighborhood around the walkers and that the walkers will not exit this neighborhood,
then identity coupling is still doable. That will be our strategy, but to implement it we will require a
more delicate definition of what a favorable enough environment means.

We will use a multi-scale analysis to control the environment. This will reveal future information
regarding the environment; that is, we will observe some information about the environment from time
0 to some time ¢, and then decide how to couple the walkers from time 0. Therefore, this construction
will lead to a non-Markovian coupling.

A good picture to have in mind is that the environment is a process in space-time, where some regions
are classified as good and others as bad. We observe these regions from time 0 to time t, and then
start observing the walkers which are paths in space-time that start from time 0. Whenever we see
that the walkers are passing through a good part of the environment, where good will also imply that
the walkers will not move outside some neighborhood around their current locations, we will try to do
a simple random walk moment. If successful, the distance between the walkers may change and the
environments may decouple, but we will be able to recouple the environments within a neighborhood
around the walkers using again that the walkers are passing through a good region in space-time. If,
instead, the simple random walk moment is not successful, then the walkers may move more than
just one step of a simple random walk, but again using the fact that the space-time region is good
we will obtain that the walkers will not move too far away, in particular they will remain within a
region where we know the environments were coupled. This will translate to a successful application
of identity coupling.

On the other hand, if we see that the walkers are approaching a bad region of the environment, then
we will want to do identity coupling but we will need to start preparing ourselves beforehand. The
problem is that such a bad region could be of an arbitrarily large scale, and the larger its size is, the
earlier we need to start preparing for it. So when we see that in space-time the path of the walker is
getting dangerously near some bad region @), we stop doing simple random walk moments even if in
a smaller scale around the walkers the environment looks good. By switching off the simple random
walk moments, we only apply identity coupling until the walkers reach @) or are again far enough
from any bad region. We can show that such identity couplings will succeed and, since the translation
map from one walker to the next will not change during this period, it will give enough time for the
environments to couple in a region around the walkers that is as large as needed to contain ). Then,
with the environments properly coupled, if the walkers do enter @), they can move as wildly as the
environment there allows because we can perform identity coupling throughout @. So the walkers
survive the traversal of @ without changing their distance.

The above strategy is quite delicate, since in order to define which coupling (simple random walk
moment or identity coupling) to use we need to observe which regions are good or bad from time 0
to time t. In particular, we need to compute the probability that a simple random walk moment is
successful in a region @ given any possible assignment of good and bad to space-time regions so that
Q@ is good. But such events will depend on one another. Thus, we will carefully split the definition
of a good region into two parts, one that has a larger degree of independence, and another that is
much more likely than the probability that a simple random walk moment is successful. In particular,
we will need to estimate how such probabilities depend on p so that the coupling argument can be
carried out. It becomes even more delicate to do this in more generality, which motivates our choice
for carrying out the proof only for the random cluster dynamics.

Then one can imagine that the proof ends by showing that n? instances of a simple random walk
moment are enough to guarantee that we can couple the walkers. This is partially true. The fact is
that, as mentioned above, we need to observe future information to carry out this coupling strategy.
But in order to establish that the mixing time is at most ¢, we need to show that with a large enough
probability the two copies of the full system are coupled at time ¢ without revealing any information
that goes beyond time ¢t. So our strategy to finalize the proof is to choose an appropriate time ¢’ € (0,t),



reveal the information up to time ¢ and do the coupling described above up to time ¢, showing that
within ¢ we have carried out an order of n? simple random walk moments, and that we coupled the
walkers at time ¢’ (the environments may, and typically will, be uncoupled except for a small region
around the walkers). The whole analysis will be split into three phases, and the above will be carried
out in the first two phases. We will be able to show that these first two phase succeed with positive
probability.

Next, the goal is to try to do identity coupling from time ¢’ to ¢ in a similar manner as we were doing
when approaching a bad region. In this second phase, identity coupling can only fail due to information
that we have not observed because we are limited to observe the environment up to time ¢. We will
show that, with positive probability, identity coupling will indeed succeed from ' to t, leading to a
coupling of the full system at time ¢. This is the content of the third phase. If any of the three phases
fail, then we just restart from scratch. We only need to repeat the phases a constant number of times
to guarantee that the whole coupling succeeds with probability at least 3/4.

1.5 Organization of the paper

In Section 2 we will introduce the multi-scale analysis that will allow to control the good regions of the
environment. Then in Section 3 we will give a more thorough overview of the three phases of the proof
of the upper bound, which will better explain the constructions from the tessellation of Section 2. Then
in Sections 4, 5 and 6 we will give the three phases of the coupling, with the second phase in Section 5
being the most delicate part where the non-Markovian coupling is developed. Then in Section 7 we
put all phases together to complete the proof of the upper bound (Theorem 1.1). In Section 8 we
establish the general lower bounds from Theorems 1.2 and 1.3, but which are essentially the same
proofs as in [11]; this section is added for the sake of completeness. Finally, in Section 9 we apply these
theorems to derive the lower bounds on the mixing time and relaxation time of random walks on the
dynamical random cluster model (Corollary 1.4).

2 Multi-scale setup

We start defining a multi-scale tessellation of T¢, which will consist of partitioning T¢ into boxes and
defining the event that boxes are good or bad. Those events will be then used to define the favorable
parts of the environment.

2.1 Tessellation
Let .
{=p 3, (2.1)

and m be a sufficiently large integer. For each scale k& > 1 we tessellate T¢ into cubes of length £
where

(=0 and Ly = mk3l,. (2.2)
The cubes will be indexed by integer vectors i € Z%, and denoted S°r(i) C T¢ with
Sgere(i) = ily + [0, £x)%.

We will consider a tiling of T¢ with a hierarchy as each cube of scale k is contained inside a unique
cube of scale k + 1. For simplicity we will assume ¢;, divides n for all k we will consider?. Moreover
for any subset V of the vertices of T¢, we denote by

E(V) = {(7)1,7)2) S E(Tz) 1 U1,V € V}

2If that were not the case, one could consider for each k some cubes to have length between ¢, and 2¢; to fully
tessellate the torus.
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the set of all edges incident only to vertices in V.

Now we define a multi-scale tessellation of time. At scale 1, we tessellate R into intervals of length

t, = % and then, for higher scales, we define

the1 = mkty, k> 1.
We index the time intervals by 7 € Z and denote them by T;°"(7), where

T (1) = [Tt (T4 1)tg) .

We will use the tessellations of space and time at scale k to define a space-time k-box later in (2.5).
Before that, for any i € Z%, k > 1, and 7 € Z, we define the core of the space-time k-box by

RS (i, ) = SE7(i) X TE (7).

For any subset of A C Z%, we let OA denote its inner boundary. Then, in space-time, we define the
spatial boundary of R{®*(i,7) by

Os R (1, 1) = 05;°"° (1) x TE°™ (7). (2.3)

For the time dimension, we define two time boundaries, the boundary 8t+ corresponding to the largest
unit of time in the box and the boundary 0; corresponding to the smallest unit of time in the box:
OF RP™ (i, 7) = S5 (4) x sup {T°" (1)} = S5 (i) x {(7 + 1)tx}, and
Oy R (i, m) = S () x inf {TE°"(1)} = SE°°(1) x {7tx}. (2.4)

For k > 2, each box R{°*(i,7) will be the central part of a larger box
Ry(i, 7) = U R™(i+ j, 7 +7') = Sk(i) x Ti(7), (2.5)
(5,7)€e{-1,0,41}+1

where we let

Se(i)y= |J  SiGi+j), and Tu(r)= ) TE(r+7). (2.6)
je{-1,0,+1}4 e{—1,0,4+1}

In words Ry(i, 7) is composed of a cube in space of side length 3¢5 and a time interval of length 3¢,
and it has R{°™(4, 7) as its central part (see Figure 1). For scale k = 1, we will define boxes differently
with respect to the time dimension. For this, let

log? ¢

7= : 2.7
1 . (2.7)

and set for each 7 € Z
Tl(T) = [Ttl —fl, (T+ l)tl] .

With S; defined as in (2.6) we can define Ry(i,7) = S1(i) x T1(7). We then define the space and time
boundaries of Ry(i,7) for each k,i,7 analogously to (2.3) and (2.4).

Finally we denote by Si""(i) the inner part of Si(i) which is obtained by removing all the vertices
within distance Zlog® ¢ from the boundary of S(i) (v is a constant that will be clarified later in the
definition); in symbols,

s(i) = {v € $10): o~ wly > §log? ¢ for all w € 98,(7) }. 29
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Figure 1: On the left a space-time box Rjy1(i,7) represented by a blue square, its core highlighted
in yellow, its partition into cores of scale k + 1 represented by solid black lines, and its partition into
cores of scale k in dashed lines. The horizontal axis represents space and the vertical axis represents
time. On the right a space-time box of scale 1 (highlighted in blue), and space-time cores of level 1 in
dashed lines.

2.2 Good boxes at scale 1

Definition 2.1. We say that an event A is restricted to a region R C V(T%) and a time interval
[s0,s1] if A is measurable with respect to the o-algebra generated by the updates of the edges from
E(R) from time sg to s1, together with the random variables U, U’ associated to such updates.

Denote with C.(¢) the connected component of open edges containing vertex x € V at time t. Given
a time interval [s, s’], we say that an edge is [s, s']-open if there is at least one time during [s, s'] at
which this edge is open. Then, we denote with C,(s, ") the connected component of [s, s’]-open edges
that contains z. If we denote I = [s, s, then we employ the shorter notation C,(I). Below we split the
time interval of a box into two sets of sub-intervals, and then introduce the definition of good bozes.

Definition 2.2. Recall that t; = #. We define two other tessellations of disjoint time intervals.

The first one has length #:

T1(j) = [jtr, G+ D), for j € Zy.

Moreover, we fix a constant v = 7(p,q,d) > 0 such that p;;% 4+ v < pc, where p. is the critical
probability for independent bond percolation on Z¢, and introduce a tessellation of time of length %:

TiG) = %G+ D3),  forjeZy.

We assume throughout this paper that ¢; divides ¢; and that ~/u divides ¢, so that T, is a finer
tessellation than 7'y, which in turn is a finer tessellation than 77°.

Remark 2.3. Note that the larger p is (that is, the closer p is to p.) the smaller we need to take ~.
However, as we will need to take p small enough in several places in the proof, we will set v first (for
example, it is enough to take v = 1—(1)0). Then we make p small enough so that the condition on ~ is
satisfied.

The definition of good boxes will be done in steps. First we define some fundamental events that we
will require from good boxes.

(G}) Given a box Ry(i,7), let G}(i,7) be the event that, for any e € E(S1(i)), there are no non-x
updates on e during 77 (7) N [0, 00).
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(G3) For each j € Z and each spatial box S1(i), define Gy(4, j) the event that, for any e € E(S1(4)),
during T'1(j) edge e never gets a x-update to become open.

(G5) For each j € Z4 and each spatial box S1(2), let G4(4, j) be the event that, for each e € E(S{°(4)),
the number of x-updates on edge e during 7' (j) is at least 3p,log?¢ (for the values of £ and p
we will consider this will always be at least 1).

/ . . = . . .
+ i . )
(G)) For any j € Z, take the unique 7 such that T1(j) C T7°"(7). For any site x on the torus, if we
regard all edges closed at time 7¢; and we only consider x-updates disregarding all non-x-updates,

then let G/ (z, j) be the event that |C, (T (j))‘ < log?(0).

Now for a box Ry(i,7), define
4(7) the value j such that minT4(j) = 7t — t1; (2.9)
in other words, it is the value such that T1(j(7)) starts at the initial time of R;(i,7). Note that both
T1(j()) and T1(j(7 + 1)) are contained in Ty (7).
The event that a box Rj(i,7) is good will be composed of four events, which we denote by Gy (i, 7),
Ga(i,7), G3(i,7) and Gy(i,7). The first event regards only non-x updates and is simply
Gi(i,7) = Gy (i, 7).

The second event regards the time intervals T'1(j(7)) and T4 (j(7 + 1)), and is defined as

Ga(i,7) = Gy(i,j(7)) N Ga (i, (7 + 1)) N Ga(i',3(7)) N Ga (', j (7 + 1)).

i Seore (i) C Sy (i)

The next two events are confined to the time interval 77" (7) \ T1 (7 + 1):

Gali,7) = M Ga(i'.7)
7 i Sfore(il)csl (Z)
§: T1(G)C (Teore (I\Ty (7+1) )

and
Ga(i,7) = N Ga(, 7).
o zesin()
j: Ty (r) (T (r\Ti (7+1))

For convenience, we write
gl?(iaT) = gl(iaT) N g2(i77_) and g34(i77_) = g3(ia7-) ﬂg4(’b.,7_)

Lemma 2.4. The family of events {G1(i,7)}(; -y, {G2(4,7)}; -y and {Gs4(i,7)}(; -y are independent of
one another.

Proof. The events Gi(+,) depend only on non-x updates, so it is independent of Ga(-,-), Gs(+,) and
Ga(+,-), which only regard *updates. Then, note that Gs(-,-) are events about x-updates during
U, T1(4(7)), while G3(,-) and G4 (-, -) regard x-updates during |J, 7¢°"(7) \ 71 (7 + 1). Since these two
time intervals are disjoint, independence is obtained from standard properties of Poisson processes. [

Lemma 2.5. Let Ry(i,7) be any box of scale 1. There exist constants c,¢’ > 0 so that for all small
enough p we obtain

P (G53(i, 7)) < 02 pinas.

and
P (G54(i,7)) < exp (—c'log? () .
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Proof. We start with event Gs4(i, 7). For a given edge, an update that is not x occurs at rate (1 —py)u,
a x-update occurs at rate p,u, and a x-update that opens an edge occurs at rate p*pgf“u = Pminl-

Moreover, there are at most 2d 3%¢? edges in E(S1(i)).

For G3, note that for a given edge e € S;(i) and a given j, the number of x-updates on e during T (j)
is a Poisson random variable of mean p, log? £. Therefore, using a standard Chernoff bound for Poisson
random variables and the union bound over the edges in S1(i) and over the values of j, we obtain a
constant ¢; > 0 such that

P (0301.7)) <2036 (g e (—erp. og? ).

Note that as p decreases to 0 we have that p, increases to 1 and /¢ increases to oco. So for all small
enough p we obtain

P(G5(i,7)) <exp (—02 log? f) )

for some constant co. Regarding G4(i,7), for any j > 0 with T: (j) € Ty"(7) \ Ta(7 + 1) and any

edge e, note that the probability that e is open at the beginning of the interval T (j), given that we
only consider x-updates and consider that all edges are closed at 7t1, is at most 22 since this is the
probability that the last x-update of e (if there was any) made e open. Thus, using that 1-— eXp( —DpyY)

is the probability that e has a x-update during Ti, we obtain that the probability that e is T1 open
under the above assumptions is at most

Pmin

= + pxY < Pe-

+1—exp(—poy) <
P« Px

=7 . . .
In other words, the set of T';-open edges (under the above assumptions) forms a subcritical percolation
cluster. Therefore, using the exponential decay of cluster size for subcritical percolation, together with
the union bound over all sites and values of j, we obtain a constant ¢’ such that

P(G§(i, 7)) < 01— f exp (—cslog® ().
Y

We note that c3 increases as p decreases. So the bound on P (G$,(i,7)) follows by taking p small
enough.

Now we turn to Gi2(i, 7). From the above considerations we obtain
P(Gis(i,7)) <1 —exp (—2d3d€d ((1 — D) b (tl + fl) + Prmin log? E)) + 2d3%¢? 2 exp (—clp* log? K) ,

where the term 1 — exp(-) comes from G| and G, while the last term comes from G4 as in the case of
Gs above. Using that ¢ +#; < 2t; and that e=* > 1 — z for all x € R, we obtain

P(Giy (i, 7)) < 2437 ((1 — p«)2VL + pin log? £ + 2 exp (—c1ps log? ﬂ))
< 4d3%2 (1 — p, + punin)
4d3d£d+ (1 — Px + pmln) - 4d3d€d+2pmaxa

where we use that v// is the term that dominates inside the parenthesis as p is made small enough
(hence, ¢ is made large enough). So we can take p small enough so that ppi, log? ¢+2exp (—clp* log? 6) <

2Pmin 10g2 £ < 2pmin \/Z O
We need one more step to define good boxes of scale 1. Using a standard result for percolation with

bounded dependences [8], we will replace Gs4(i,7) by a collection of i.i.d. Bernoulli random variables.
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Lemma 2.6. There ezxists a constant Cg = Cg(d) > 0 such that letting {534(2’,7')}(‘ be a collection

of i.1.d. Bernoulli random wvariables of parameter 1 — exp (—C’6 log? 8), Then for any p small enough
we obtain that {Gs(i,7)}; ;) stochastically dominates {534(2', 7)}(

177—)

Proof. First note that if we fix 4, then Gs4(i,7) forms a collection of independent random variables
as T varies. So Gs4(i,7) depends only on events Gsa(i',7) such that Si(z) N S1(¢') # 0. Note that
this is true even for the events G} since for x € Si"™(i), the event that the component of x is of
length log? ¢ is measurable with respect to the edges in S; (7). Given i, the number of i’ such that
S1(i) N S1(i") # B is strictly smaller than A = 5%, Then, from Lemma 2.5 we obtain that by taking p
small enough the marginal probability w = P (G$,(¢,7)) can be made smaller than (A_Al#, and so
we can apply [8, Theorem 1.3| to deduce that the family Gs4(+, ) stochastically dominates a set of i.i.d.

Bernoulli random variables with parameter

wl/A
P= (1 (A-— 1)11/A> (1 — (w(A - 1))1/A)
wl/A A
> 1~ x s~ w1

A
1 _ .,1/A
~1 ()

Applying Lemma 2.5 for the value of w completes the proof since w!/2 ((A—l)ﬁ) < exp(—Cglog?0)
for some constant Cg > 0. O

Now we are ready to define good boxes at scale 1.

Definition 2.7 (Good boxes of scale 1). Let i € Z? and 7 > 0. A box Ry(i, 7) is said to be good if
the following event happens R

G(i,7) = G12(4, 7) N G3a(i, 7).
For convenience, we assume that for 7 < 0 then G(i,7) holds for all i € Z%. We also couple

{é34(i,7’)}(i ) with {934(i77)}(i,7) SO that,

)

for each (i,7), whenever Gay(i,7) holds, so does Gss(i, 7). (2.10)

The following lemma bounds the probability that a box is bad, and follows directly from the previous
lemmas.

Lemma 2.8. Let Ry(i,7) be any box of scale 1. There exists a constant C7 > 0 so that for all small
enough p we obtain
1
P(G°(i, 7)) < C7b™ 2 pinax.

Proof. This follows from Lemmas 2.5 and 2.6 O

Remark 2.9. Note that the event {R;(7,7) is good} is restricted to the cube Si(i) and the interval
Ty (7). In fact, that is why in G} we assume that all edges are closed at time 7¢1, the initial time of the
core T7°*°(7); note that the fact that all edges are closed at time 7t is implied by Ga, but by explicitly
adding the assumption in G we make Go(i,7) and G4(7,7) independent of each other. Note also that
the decision of whether a box is good is completely independent of the walker, it only depends on the
updates of the dynamical random cluster process.

Recall that X; denotes the position of the random walker at time ¢. In the lemma below, we will show

that if the walker happens to be inside a good box, then it cannot move very quickly. This will allow
us to have a better control on where the walker can be.
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Lemma 2.10. Let t > 0 be any given time and suppose (X¢,t) € R{*°(i,7), where Ri(i,T) is a good
box. Then,

sup [1Xe = Xl < I, (8)] + {
s>t

(7' + 1)t1 — t—‘ 10g2 ‘.
s€Ti (1)

v/ 1

In particular, if > 0 then

log? ¢ < log? ¢ + ﬂlogQE < ﬁ,

sup || Xy — X1 < 10g2€+ [
s>t ol 10

s€T1(7)

(T4 1)tg — t-‘
v/

where the last inequality holds for all p small enough (thus, ¢ large enough) and where ||z —yl|1 denotes
the L' distance in the torus between the positions x,y € T, in particular, ||z — y||1 does not depend
on whether edges are open or closed.

Proof. This is a direct consequence of the event G) from the definition of good boxes, and the fact
that good boxes do not have non-x-updates. There is just one caveat. The event G} is not enforced
in time intervals T4 (j) where j = j(7) for some 7; recall the definition of j(7) from (2.9). So for
example, G4(i,7) does not include the event G}(j) for j such that T1(j) = T1(7) N Ty (7 + 1), which is
the only time interval of the type T'1(-) inside T} (7). However, for such a j, we know that the connected
components inside T (j — 1) are of size at most log? £, and G (4, 7) implies that during T (j) no edge
of S1(i) gets an update to open. Therefore, the size of the connected components can only decrease
during T1(j) and the result follows. O

2.3 Good boxes at larger scales

In this section we define the concept of good and bad boxes of scale larger than 1, but first we define
a slightly relaxed version of intersection of boxes.

Definition 2.11. Since boxes are defined by semi-open intervals, we will consider boxes that are
barely non-intersecting as intersecting. That is, we consider two boxes R (i,7) and Rg(i',7’) as non-
intersecting if and only if

inf i, s) — i o S 9
j,5)€ Ry (i, 1G,8) = (758 =
(j',8")ER (i’ ,")

Definition 2.12. A k-box Ry(i, 7) with & > 2 is said to be bad if it contains at least two non-
intersecting bad boxes of scale k — 1. Otherwise, Ry(i, 7) is called good.

Remark 2.13. The event {Rg(i,7) is bad} is strictly restricted to the cube Si(i) and the time in-
terval Ty (7). Moreover, by translation invariance, for any pair (,7), (¢/,7') and any scale k we have
P(Ry (i, 7) is bad) = P(Rg (¢, 7’) is bad). Therefore if Ry(i,7) and Ry(i',7’) are two non-intersecting
boxes then

P(R(i, 7) and Ry (i, 7') are bad) = P(Ry(i, 7) is bad)?.

Definition 2.14. Define pj as the probability that a k-box Ry(i, 7) is bad, that is,
pr = P (Ry(i, 7) is bad) .

As noted in Remark 2.13, this probability does not depend on (i, 7).

Recall that m is the variable that appears in the definition of £ from (2.2).

Lemma 2.15. For any m > 0, by setting p small enough we obtain

2](372
pr < p1
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Proof. We prove the lemma in a slightly stronger version: we prove that we can set values ¢, satisfying

cp > % for all k, so that

e < p52
We prove this by induction. For k = 1 the statement is trivially satisfied by setting ¢; = 1. Assume
the statement is true up to k. Now, by the definition of bad box we have

2
34y, d 3tk
Pk+1 < (( £+1> 1 Pr
k tg
_ 32d+2(mk2)2d+2pi
D)
< 32d+2(mk2)2d+2 (Pim 1)

_ 92d+2 2\2d+2 (ck—cpt1)2% cpii2®
=37 (mk”) ™ py P

Setting cxyr1 = ¢ — ﬁ gives that

k
32d+2(mk2)2d+2p§cw%+1)2’“ _ 32d+2(mk2)2d+2p1u2W <1,

for all k > 1, provided p; is small enough with respect to m. Given m, p; can be made small enough

by setting p small enough, as in Lemma 2.8. Notice that ¢, > ¢1 — > ooy 10112 > %, which proves the

lemma. O

2.4 Enlargement of boxes

As we discussed in the proof overview, whenever the walkers are in a favorable region of the environ-
ment, we will try to use a simple random walk coupling to bring the walkers together. However, when
the walkers are in an unfavorable region of the environment, which essentially means that the walkers
are approaching a bad box (at some scale), then we will have to refrain from doing this simple random
walk coupling, and will just do a naive identity coupling in order to let the environments couple around
the walkers before they can reach the bad box. Here we will define two types of enlargements of boxes
so that when the walker enters the enlargement of a bad box we will need to stop doing the simple
random walk coupling.

Definition 2.16 (1-enlargement). The I-enlargement of a box Ry (i, 7) of scale k, is the set of boxes

RM(i, ) = U Ri(i+j,7+ B).
(4,8)e{-3,-2,...,3}d+1
We also denote

Sp(i) = U Sk(i+j), and Tg'(r) = U nGE+5)
je{-3,—-2,..,3}4 Be{-3,-2,..,3}

Note that RZ“H (i,7) is a parallelogram of spatial length 9¢; and time length 9¢; for d > 2 and 7t; + 1
ford =1.

Remark 2.17. The l-enlargement is a (d 4 1)-dimensional parallelogram centered in Ry (i, 7) defined
to obtain the following property. Let Ri(i,7) be a bad box, whose whole 1-enlargement R (i, 7)
is contained inside a good box of scale k + 1. Then, we know that the only boxes of scale k inside
the (k + 1)-box that can be bad are those intersecting Ry(i,7). Let I be the set of tuples (i',7')
such that Ry(i,7) N Ri(i',7') # 0. Note that Rg(i,7') C R (i, 7) for all (i',7') € I. Moreover,
the property that we get is that (g ey B57°(¢,7') does not exhaust RePL(j,7) in the sense that
U ryer By, 7') is separated from the outside of Re™ML(i,7) by at least one layer of cores. We
define this layer of cores as

Rgenll(l-’ 7_) _ RZHH (’i,’T) \ U Riore(il’ 7_/)
(¢, el
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Figure 2: In black a box Ry(¢,7), with its 1-enlargement in blue and its 2-enlargement in purple. The
figure is not to scale and illustrates the case k > 2; recall that the time intervals are defined differently
at scale 1.

Definition 2.18 (2-enlargement). The 2-enlargement of a box Ry(i, 7) of scale k is the set of boxes

R{™M2 (i, 7) = U Ry(i+j, 7+ B),

j€{-20,-19,...,20}¢,
pe{~18,~17,...,3}

and we also denote

SR (i) = U Se(i+4), T (r) = U T (1 + B).
j€{—20,-19,...,20}4 Be{—18,-17,...,3}

Note that the 2-enlargement is a larger (d + 1)-dimensional parallelogram centered in Ry(i,7) so that
sup {T" (1)} = sup {T™2(7)}; See Figure 2.

We will require a different type of boundary for the second enlargement.

Definition 2.19 (2-enlargement boundary). We define 92 R$"2 (i, 7), the 2-enlargement boundary
of R$™2(i, 1), as the set of space-time points (z, s) € R{™2(i,7) such that (z,s) € R(i’, ') for some
(i',7") with Ry(7',7") C R$™2(i,7) and Ry (i', ') N OsR$M2 (3, 7) # 0.

2.5 Feasible Paths

In this subsection we introduce the concept of feasible paths. For any graph G = (V| E), we denote
the neighbors of a vertex v € V by Ng(v) = {w € V : (v,w) € E}. A path P : R — V on a graph
G = (V, E) is a cadlag function of time such that for any s € RT, if we take s’ to be the smallest value
that is larger than s and such that P(s’) # P(s) then P(s') € Ng(P(s)). Note that a path, as defined
above, does not consider whether edges are open or closed and is thus allowed to jump across closed

edges. The same is true in the definition below. Recall the definition of the time intervals ?']1 from
Definition 2.2 and the inner part Si* (i) of box i from (2.8).
Definition 2.20 (Feasible path). A path P is said to be feasible if for any times s,s’ with s, €

Ti (1) C T{°*¢(7) for some j and 7 > 0, and such that P(s) € Si"™(4) for some i € Z? for which Ry (i,7)
is a good box, then
|P(s") = P(s)|l1 < log®t.

=J
Intuitively, a feasible path can move at most log? ¢ during any interval T, in which it is inside good

boxes. Even though the definition of feasible paths does not consider whether edges are open or closed,
this is aligned with the fact that in good boxes the clusters are of size at most log? ¢.
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We will refer to a path that leaves the box Ry(i,T) from the time boundary as a path P such that
(P(s),s) € R°™(i,7) for some s > 0 and if s’ > s is the smallest value such that (P(s'),s’) ¢ Ri(i,7)
then P(s’) € Si(i). In other words, it is a path that exits Ry (i,7) through 9; Ry (i,7). In the following
two lemmas we will prove that a feasible path always leaves good boxes from the time boundary. Recall
the definition of C,(I), the connected component of x during a time interval I, from the paragraph
preceding Definition 2.2.

We define the spatial core of a box as follows:
Ry (i, 1) = Sp (i) x Ti(T). (2.11)

Lemma 2.21. For all p small enough (hence, ¢ large enough) the following holds. Let (i,7) be such
that Ry(i,7) is a good box. Let P be a feasible path such that (P(s),s) € Ry™(i,T) for some s.
Assume that either s > 11 or |Cps)(s)| < Velog® (. Then, P leaves Ry(i,T) from the time boundary
and

sup |P(s) — P(s)]|1 < Vlog® L.

s'€[s,max Ty (7)]

Proof. For any (v,s) € Ry“"(i,7) and any (v',s") € OsR1(4,7), |[v —v'[|1 > £ as well as |s" — s| < 3t;.
Recall that 77 (7) is split into intervals T]l(r) of length % Assume first that s > ¢;. Then the subinterval

T{ (7) containing s consists only of positive times; hence, Cp(y)(s) has cardinality at most log? ¢. From
the definition of feasible paths we obtain

3t
sup  ||P(s) — P(s)|h < 22 10g2 0.
s'€[s,max T ()] Y

For all small enough p we have ‘“T”‘ log? ¢ = 37\/2 log? ¢ < ¢log® ¢, recalling that 7 is set before we take
p small enough as in Remark 2.3.

If s €[0,%1) then s € T}(O) C T1(0) and we use that during 7} (0) no edge in S; (i) opens. Therefore,

3t
sup [P(s) —P(s)]1 < ICp(s) ()] + Tw log? ¢ < \/Zlog?’ /.

s'€[s,max T1(7)]

The next lemma is the analogue of Lemma 2.21 for higher scales.

Lemma 2.22. For all m large enough and all p small enough with respect to m, the following holds.
Let k > 2 and let (i,7) be such that Ry (i,7) is a good box. Let P be a feasible path such that (P(s),s) €
Ryere(i,7) for some s. Assume that either s > t1 or |Cp(s)(s)| < Velog® (. Then P leaves Ry(i,T)
from the time boundary. Moreover, while the path is inside the box, from time s up to time (T + 2)tx,
the path must be within distance ly/9 from P(s).

Proof. For any (v, s) € R;°"(i,7) and any (v',s") € OsRi(i,7), |[v—0'|[1 > ¢ as well as |s" —s| < 3ty
We do a proof by induction on k. The case k = 1 is a direct consequence of Lemma 2.21. We will
actually assume a slightly stronger induction hypothesis. Take ¢; = ﬁ, cy = %0 and, for j > 2,
set cj11 = ¢ + %—;Q We take m large enough so that ¢; < % for all j > 1. Now, for a scale k,
assume that if P(s) € Ry (i, ) for some (i,7) and some s as in the statement of the lemma, then
SUDyels, (r2)t] |P(8) — P(s)[l1 < cxly. We want to prove the above for scale k + 1.

We split into two cases, starting with k& > 2 (thus, £ + 1 > 3). Let now P be a feasible path such
that (P(s),s) € Ry{9°(4,7), and Ryy1(i,7) is a good box. Thus there are no pairs of non intersecting
bad boxes of scale k inside Ryy1(i,7). By Remark 2.17, if Ryy1(i,7) contains at least one bad box
Ry (i',7'), then all bad boxes contained in Ry41(i,7) are contained in R{™ (i, 7). Inside RS (4, 7')
a feasible path has no restriction on how quickly it can move and it could potentially traverse Sgnll (")
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instantaneously. The remaining boxes of scale k that are in Ry41(4,7) are good and by the inductive
hypothesis we can use that in these ones the maximum displacement of the path is bounded above by
cily, so for k > 2 it follows that

2t
sup HM@—mﬂmg%ﬁ(m+ “ﬁ%@
s'€[s,(T+2)tg41] 2t

<90k + (12 + k*m) cxly,

9 n 12¢; n 0
= ——+—% +c
2 Tk k| Ck+1
< crg1liy1.

The term <12 + 27;’;%) accounts for the following boxes. FEach time the path P finds itself at the

starting time of a k-core, it spends at least time 2t inside the corresponding k-box, and after that
amount of time it finds itself at the starting time of another k-core. This gives at most 2’;’;:1 k-cores for
which we can apply the induction hypothesis. There are situations, however, that we cannot guarantee
that the path P is at the starting time of a k-core. One such situation is the very first box. We can
still apply the induction hypothesis in such cases, since the hypothesis requires only that the path is
inside the spatial core, regardless of it being the starting time of a core or not, but can give rise to at
most 12 additional boxes to the counting: the first box, the boxes right before and after Rin” (', 7",

and the 9 time intervals contained in RSP (7, 7).

Now we turn to the last case, which is £ = 1 (that is, £k + 1 = 2). We proceed in the same way as
before, but taking care of the fact that boxes at scale 1 have a different length in the time dimension.
We have

2t
sup HMﬁ—m@ms%+(u+ﬁqa
s'€ls,(742)t2] 1

<941 + (12 + 2m) 1y

9 12
= < + a + 261) EQ
m

m
§ 6262.

The proof is concluded by taking m large enough to guarantee that cxy1 = ﬁ + 11—0 + 72770 Zf:z %2 < %

for all k. O

Next we will prove that if a feasible path enters the 2-enlargement of a box Ry(i,7) from its spatial
boundary, and all the k-boxes inside R$™2 (i, 7) \ R¢™!(4,7) are good, then the path remains far from
the box Ry (i, 7). For this lemma, recall the definition of OS2 RS2 (7, 7) the 2-enlargement boundary
of Ry (i, 7) from Definition 2.19.

Lemma 2.23. Let P be a feasible path such that (P(s),s) € OSM2R{M2(i, 1) for some (i,7) and s >
0. Assume that either s > t1 or |Cp(5)(s)| < Villog? (. Assume also that Ry(i',7') is good for all
Rin(#,7') € RE™2(i,7)\ R (i, 7). Then,

inf |P(s") — vy > 12¢.
vESERIL(4)
8/28, SIETEDIQ(T)

Proof. By hypothesis every box Rg(,-) C R™2(i,7) \ R (i,7) is good. For any s’ € T2(7),
|s — §'| < 24t. Assume without loss of generality that during [s,s’] the path never visits a box
Ry(-,-) which is not contained in Rznm(’iﬂ'); otherwise we can carry out the proof separately to each
portion of the path that only traverses boxes Rj(-,-) contained in R{™2(i,7). Let (i/,7') be such
that (P(s),s) € R;*(i',7'). Since Ry(i',7’) is a good box, letting s” = sup {T}(7’)} we have that
|P(s) —P(s")|1 < % by Lemma 2.22. If s” < s/, we can iterate the above argument obtaining that
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|P(s) — P < 246’“, where 24 amounts for the largest number of iterations. Since boxes have
length 2t; in the time dimension, it would be enough to replace 24 by 12 for k£ > 2, but we just use
the larger bound 24 to accommodate also the k& = 1 case, for which the length of a box in the time
dimension is smaller.

Now since % is smaller than 13¢j, which is the distance between P(s) and the spatial boundary of
Senll () enlarged by all boxes Ry(-,-) that intersects it, the path can only traverse good k-boxes while
inside R$2(7, 7). In addition, for any v € S¢™1(4) one has

24¢ 24/
lo —P(s) > Jo —P(s)[l — —’“ > 150, — Tk > 120,

2.6 Great Boxes

We will need a stroger notion for boxes of scale 1, which we will call great boxes.

Definition 2.24. A box R;y(i,7) is said to be k-great if for all ¥/ < k, for all Ry (i/,7') such that
ReM2(i 7Y intersects Ry (i,7) then Ry (i, 7') is good. Moreover, we define

Gr ={(@,7) : Ri(i,7) is k-great}

to be the set of k-great boxes.

Later we will see that the walker has to traverse a feasible path. The next lemma will be used to say
that if the walker traverses a k-box that is good with a large neighborhood of good k-boxes, then it
is necessarily the case that the walker has to traverse enough k-great boxes. Such great boxes will be
the places where we will attemp a simple random walk coupling later.

Lemma 2.25. Let P be a feasible path such that (P(tty), Tty) € Oy R (i, 7T) for some (i,7). Assume
that either 7 > 0 or |C'p (rtn) (Tt < Vllog? (. Then there exists Cy > 0 such that letting r = C’g— we
can find times s1 < --- < s, and distinct space-time indices (i1,71), ..., (ir, 7r) such that the followmg

all hold:

e Forall j, (P(sj),s;) € 0 R{°(ij,7;) and P exits Ry(ij,7;) from the time boundary.
e Ry(ij,7j) C Ri(i,7) are k-great for all j.

o Tt > Tty ande ZTj_l—i-QfO’l“ allj€{2,3,...,r}.

Proof. First, note that if a box Ry(7,7) is (k — 1)-great and is contained in Ry(i,7) then it is also
k-great. We will prove the statement of the lemma replacing Cg with cg, some function of k. Then the
lemma follows by showing that there is a universal value Cg such that 0 < Cg < ¢ for all k. We will
do a proof by induction on k. Case k = 1 is trivially verified by choosing c¢; = 1 because in this case
r=c; = 1 and we take (i1, 71) = (4,7).

Now, for k > 2, assume the lemma is true up to scale k — 1 and consider a feasible path that at time
Tty is inside O; R;°™(i,7) such that every box of scale & whose 2-enlargement intersects Ry (i,7) is
good. By Remark 2.17, the bad boxes of scale k — 1 inside Ry(i,7) (if there are any) are all contained
in RML(3/, 7') for some #/,7. We then regard all boxes of scale 1 which are in at least one of the
2-enlargement of the boxes contained in RS (i/,7') as potentially not (k — 1)-great. By Lemma 2.22

we know that P crosses 0; Ry(i,7) before OsRi(i,7). In words the path stays for time at least 2t in
the box S (7).

Since the path starts from 9y R{*(4, 7), it starts on 9; R§"S (", 7") for some i” and 7”. In this (k—1)-
box we can apply the inductive hypothesis, so after time 2¢;_; the path has gone through at least
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ck_lt’jgl distinct (k — 1)-great boxes. Since this path remains inside Ry(7,7), we immediately obtain

that such boxes are all k-great boxes. When the path reaches 9;" Ry_1(i”, 7”) we have that the path is
now on J; R$S(i" + j, 7" +2) C Ri(i,7) for some j € Z¢ and from here we can reapply the inductive
hypothesis. So it remains to count how many times we can iterate this procedure before 2t; amount
of time has passed.

To do this, we first count how much time the path can spend inside the 2-enlargement of a bad (k —1)-
box. It suffices to count how much time is spanned by the boxes whose 2-enlargements intersect
ReML(i 7Y, which is [T ()| + 2|2 (+)| = 57t,—1. Hence, the number of times the above procedure

can be iterated is at least
2ty — 5Tt tr 57
= 1— .
th—l tk—l Qm(k — 1)2

From the inductive hypothesis, the path will traverse at least

tr 1 57 te_1 tr
Rk B . it
te_1 2m(k: — 1)2 k-l t1 ktl

(k — 1)-great boxes, by setting ¢ = (1 — %) cp—1- These boxes are k-great by the properties of

Ry(i,7). The lemma is then concluded by setting

- 57
:1' = 1— .
ca=tim =] (1- 500z) >0

3 Overview of the Proof

In this section we give a high-level description of the proof. Consider two processes {M}}i>0 =
(X1, mf b0 and {M} }s0 = {X4, 7 b0 with starting states Mg, My € . We will construct a
coupling of the two processes so that for some time T' = A; + Ao + Ag of order 22 the two configu-
rations agree with positive probability. Since {M;}+>0 can be recovered from {M/}+>0, by sampling
independently the edges with status x, we will obtain our result.

The coupling will consist of three different phases which we will describe in a high level way below.
The coupling of each phase will have a small, albeit positive, probability of failing. If the coupling of
a phase fails, we declare the whole three-phase procedure to have failed, let the two processes evolve
arbitrarily until time 7" and restart everything again from phase 1. The detailed analysis of each phase
will be given in sections 4, 5 and 6. Then in section 7, we will put all phases together and complete
the proof of Theorem 1.1.

3.1 First phase: the local coupling

During the first phase we let the two processes evolve independently, and wait for the first time the
graphs of the two processes agree on a ball of radius 2¢ around the walkers, that is, we wait for a time
t such that

n; (Xe +e) = (Xe +e),

for all edges e € E(B37(0)), where B°(x) is the vertices inside the Lo, ball of radius r around . We

will show in Lemma 4.1 that this will happen within time A; with large enough probability, where Aj
2

has order long. This is the shortest of the three phases.

If the first phase does not end within time Aq, we declare the whole three-phase procedure to have
failed. This phase will be handled in section 4.
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3.2 Second phase: the non-Markovian coupling of the walkers

This is the most involved phase. After the first phase has been completed successfully, the graphs of
the two processes are the same on a ball of radius 2¢ around the walkers. Then, in the second phase
we wish to couple the motion of the walkers. We use the tessellation to decide when to couple the
walkers identically (so that they jump in the same way) and when to perform a better coupling aiming
to decrease the distance between the walkers.

Intuitively, whenever the walkers are passing through a “bad” region of the environment (which in
our case will be the 2-enlargement of a bad box) we will just do identity coupling to make sure the
distance between the walkers does not increase. In fact, we will only be able to do identity coupling
because we will use the annulus between the 2-enlargement of the bad box and the bad box itself
(which is composed of good boxes) to give time for the graphs around the walkers to get coupled in
both configurations, allowing identity coupling to be carried out. If instead the two walkers are in
a great box, then we try to do a better coupling, which we shall refer to as a simple random walk
moment.

More precisely, translate time so that the second phase starts from time 0. Then, we create the multi-
2

scale tessellation described in Section 2 up to time As + Ag where As and Ag are of order ”7 We will

fix a largest scale kpax and will look at how many times the walkers enter kpyax-great boxes.

When the walkers are in great boxes, Lemma 5.14 will give that the environment is favourable enough
so that with positive probability the displacement of the walkers will have the same distribution as
that of a simple random walk on T¢ (i.e., where all edges are open). Phase 2 ends at time A, where
we check whether the walkers are coupled and the graphs are coupled on a ball of radius 2¢ around
the walkers.

Lemma 2.25 says that the walkers will cross an order of n? great boxes during [0, As] and, therefore,
by time As the walkers are expected to have done an order of n? simple random walk steps. Since two
simple random walkers on T¢ can be coupled in a way that they coalesce after a time of order n?, we
can ensure that with high probability phase 2 ends successfully. The details are carried out in section
5.

3.3 Third phase: the coupling of the graphs

The third phase starts at time As; as before we translate time so that the second phase starts at time
0. At the beginning of the third phase the walkers are coupled and the graphs are coupled as well on
a ball of radius 2¢ around them. The idea of this phase is to keep performing identity couplings until
the graphs couple together everywhere. We will show that this simple idea works.

There is one tricky issue. During the second phase, we needed to construct the tessellation all the way
to time Ag + Ags, while the second phase ends already at time Ay. The reason for this is that, in order
to know whether we can perform a simple random walk moment, we need to observe a little bit of
future information about the environment. Therefore, as we performed the second phase, we observed
some information from the updates after the end of phase two.

So the goal of the third phase is simply to let time pass until we get to a point where no information
regarding future times has been observed, meanwhile doing identity coupling. With this, during the
third phase we aim to keep the walkers coupled at all times, while we finish to couple the graphs before
time Ag + Ag.

We do not use any further information from the tessellation than what we already observed for phase
2. The delicate point is that in order to apply identity coupling of the walkers, as we explained in
the second phase, we have to ensure that the graphs around the walkers are coupled. How large a
region we require to be coupled depends on the environment of good and bad boxes that is ahead of
the walker, but now we cannot observe anything beyond what we have already observed in phase two;
otherwise we would keep observing future information.
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As hinted above, we just proceed with identity coupling “blindly”. That is, we perform identity cou-
plings up to time As 4+ Ag assuming that any information that we have not yet observed is “good”, and
simply “hope for the best”. It will turn out that this procedure succeeds with large probability leaving
the two processes completely coupled (both the graphs and the walkers) by time Ag + As. The details
of this phase are given in Section 6.

3.4 What if a phase fails?

If any of the three phases does not successfully end, we let the two processes run independently (modulo
what has already been observed) until the end of the third phase. This is needed as we might have
observed some information about the environment up to that time. After that, we repeat the procedure
from phase 1. Since the three phases succeed with positive probability, we only need to repeat the
whole procedure a constant number of times. The end of the proof of the upper bound is given in
section 7.

4 First Phase

During the first phase we let the processes M} = (X, 1) and M, = (X;,7}) evolve independently.
Let W, : V — V be the translation that maps X; into X¢; we will abuse notation and use the same W,
to denote the corresponding translation map E — E of the edges. For any i € Z, U {co}, we define

E(B'(v)) = {(v1,12) € E:vi,v3 € Bi(v)} and Bi(v)={v1 €V :|v—ui|; <r};

thus E(B:(v)) is the set of edges in the ball of radius r around v according to the norm L;. We omit
7 from the superscript whenever ¢ = 1. Define the event

By ={Ve € E(B1(X:)), n;(e) = 7; (Vi(e)) = 0}
N{Ve € E(By (X)) \ E(B1(X¢)), n(e) =77 (Vi(e)) = *} (4.1)

that the edges in an Lo ball of radius 2¢ around the walkers are all x at time ¢, except for the ones
adjacent to the walkers which are closed; recall that £ is the size of the core of boxes of scale 1, whose
value is given in (2.1). Let

g = inf {t > 0: B, holds} . (4.2)

2
Note that 7p is a stopping time. Define A; = %, for some constant Cy(p) > 0, and define the
event

F; = {TB < Al}, (43)

which we shall take as the event that phase 1 succeeds. This event is a bit more restricted than the
one announced in the previous section, but this will be convenient for us in the next phase.

We then run phase 1 until 75 or A, whichever occurs first. If it turns out that Fy does not occur,
phase 1 is then stopped at time A and we declare the whole procedure to have failed at time Aj. In
this case, we do not proceed to the second phase, and define Ay as the failing time of the procedure
and, as we will explain more thoroughly in Section 7, we will restart from phase 1 from A;.

The following lemma establishes the probability that the first phase is successful.

Lemma 4.1 (Phase 1 success probability). For any 0 > 0, there exists po = po(d,d) > 0 such that
for any p < po, there exists Cy(p,d,d) > 0 in the definition of A1 so that for any initial configurations
n5, g € O we obtain

P(F7) <9

for all large enough n.

Before showing that phase 1 succeeds with good probability, we need to establish a simple result on
percolation. We then prove Lemma 4.1 in Section 4.2.
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4.1 Percolation on cylinders and open upwards paths

Let G = (V, E) be a finite graph whose maximum degree is dpax; in our case, it would be enough to
take G to be the d-dimensional torus T¢ of side length n, where nearest-neighbors are defined according
to the £o norm. We consider the discrete cylinder Vi1 = V' x Z and define a site percolation process
on Vey with parameter ¢ > 0. In other words, we declare each site of Vy to be open with probability
o0, independently of one another; a vertex that is not open is said to be closed. For two vertices of
x,y € V, we write x ~ y to denote that the graph distance between x and y is at most 1 in G; thus,
for example, x ~ x for all z € V.

Definition 4.2 (open upwards path). An open upwards path in Vg is defined as a sequence of sites
(i0,70), (i1,71), (i2,72), ..., (ir, 7) such that i; € V, 7; € Z, i; ~ ij41 and the following holds for all
j. If (ij,7;) is open, then 7j41 = 7; + 1; otherwise, 741 — 7; € {0,1}. In other words, the path is
compelled to move “upwards” in the cylinder when it visits open sites.

Note that an open upwards path is allowed to visit a vertex more than once. We say that an open
upwards path (ig, 70), (41, 71), (i2,72), . . ., (ir, ) traverses m levels if 7, — 19 = m. When p is close to
1, an open upwards path cannot visit too many closed sites. This is quantified in the next lemma.

Lemma 4.3 (Open upwards path). Let (i9,0) € Viy1 be fized. For any « > 0, there exists o/ =
¥y

0 (a, dmax) € (0,1) such that if o > o then the probability that there exists an open upwards path from

(10,0) that traverses m levels and visits at least am distinct closed sites is at most e”“™ for some

constant ¢ = c(a, dpax) > 0.

Before proving the above result, we need the following estimate on the number of subgraphs of G that
contain a given vertex.

Lemma 4.4. Given a vertexr v € V, let A, be the number of induced connected subgraphs of V' con-
taining v and having r vertices. There exists a constant ¢ = c¢(dpax) > 0 such that A, < e for all
r.

Proof. This proof is quite standard and a version for the lattice can be found in [6, Proof of Theorem
4.20]; we include a proof here for the sake of completeness. Let A, s be the number of induced connected
subgraphs of V' containing v and having r vertices and s boundary vertices, where a boundary vertex
is a vertex that does not belong to the subgraph but has a neighbor who does. Hence, 4, =) A, .
Note that for any ¢ € (0, 1), if we perform percolation on V', we obtain

> Al (-0 =1 (4.4)

For any vertex u € V denote d(u) its degree in G. Let S € V be one subgraph counted in A, , denote
m(S) the number of edges between vertices of S and 9S the number of edges between vertices in S
and vertices in V' \ S. Then,

dnaxr > Y d(u) = 2m(S) + 05 > 2(r — 1) + 5.
u€esS

Thus, s < (dmax — 2) 7 + 2. Plugging this result into (4.4) and taking o = § we obtain

1 Z ZAT,SQT(]- - Q)(dmax—2)'f'+2 f ZAT732_(dmax—1)7‘—2 — ZAT2—(dmax—1)7~_2‘

T8 T8

Thus, A, < 2(@max—1r+2 o1 each 7. O]
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Proof of Lemma 4.3. Let m be an integer and, for convenience, set 7p = 0. Consider an open upwards
path (ig, 70), (41, 71), (i2,72), ..., (ir, 7r) such that 7, — 70 = m; that is, the path traverses m levels. Let
s1 be the number of distinct closed sites visited by the path before it traverses 1 level, and for 7 > 2
let s; be the number of distinct closed sites visited by the path after having traversed j — 1 levels and
before traversing j levels. So Z;n:l sj is the total number of distinct closed sites visited by the path.
Note that, the sites counted in each s; must be of the form (-,j — 1) and must form a connected set
with respect to the relation ~ over G. Using Lemma 4.4, given s1, sa,. .., Sy, the number of possibles
ways to pick the set of distinct sites within (ig,70), (i1, 71), ... i8

m
(dmax + 1)™ [ 55,
j=1

where ¢ is the constant from Lemma 4.4, and the term s; in the product counts the number of sites
at level j that can be selected to be the last vertex visited by the path before going to level j 4 1.
Then, (dmax + 1) accounts for the number of ways to choose the first site at level j given the last site
at level j — 1; this amounts to at most dpax + 1 choices per level. If we fix Z;”Zl sj = S, the number
of ways to select the s; is (S”Lgf_l). Finally, given all sites in the path with s; as defined above, the
probability that this path is an open upwards path is at most H;”Zl(l — 0)% since each site counted in
the s; must be closed. Therefore, the expected number of open upwards paths that traverse m levels

and visit at least am closed sites is at most

Z <S+7§— 1) (dmax+ 1)mH€c'.9ij<1 _ Q)sj

S>am j=1

= (dax + )" Y (S +7;—1> (e - 0)°,

S>am

where we used that given ¢ there exists a constant ¢’ such that ze€'* < ¢’e¢"# for all z. It is enough to
use the trivial bound (S+g“1) < 25+m=1 i the above expression to obtain the upper bound

(2dmax +1)™ D (27 (1 - Q))S <2 (2o + )" (27 (1= 0))

S>am

with the inequality hold whenever g is close enough to 1 so that 2¢”e” (1 — p) < %. Then the lemma
11 «
holds by setting o further closer to 1 so that 4(dmax + 1) (20’/66 (1- g)) <e“ O

By using a result by Liggett, Schonmann and Stacey [8], the above result can be extended to percolation
on Ty X Z4 with bounded dependences.

Lemma 4.5. Let C > 1 be a constant. Consider a site percolation process on Ty X Zy where the
probability that a given site is open depends on at most C other sites. Then Lemma 4.3 holds with the
lower bound on ¢ depending on C.

Proof. For any g, provided p is large enough we can apply Liggett, Schonmann and Stacey [8, Theo-
rem 0.0] to obtain that the dependent site percolation process stochastically dominates an independent

site percolation process of parameter g. The lemma then follows by applying Lemma 4.3 to this inde-
pendent site percolation process. O

4.2 Proof of Lemma 4.1

Now we are in a position to establish the occurence of the first phase.
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Proof of Lemma 4.1. Let T be the first time ¢ > ¢; such that X; and X; are both isolated, meaning
that all edges adjacent to them are closed. We will show that T]’B occurs before time Ay — t1 + ¢3.

For each process My and M, we create a tessellation of T¢ x [0, A;] into boxes of scale 1 using the
values for ¢ and t; from Section 2. The event that a given box is good is defined as in Definition 2.7.
We let M} and E evolve independently of one another until a stopping time st; where X, and Ystl
are both in good boxes and s > 1. Note that good 1-boxes form a dependent site percolation process
on T¢ x Z, so that we can apply Lemma 4.5. Let (ig,1) and (ip, 1) be the boxes visited by X; and
X; at time ¢ = t;. Now, since random walks must traverse a feasible path, and since feasible paths
leave good boxes from the time boundary (cf. Lemma 2.21), we obtain that from (ig,1) and (i, 1)
the random walks X; and X; must traverse an open upwards path. Therefore, the probability that
up to level m = A1/t; — 1 we have that X; and X, each visited more than 7 bad 1-boxes is at most
2e~“™ provided p is small enough (which makes the probability that a 1-box being good large enough).
Under this event, there must exist % instances of time s < m at which X, and Ystl are both in good
1-boxes. when this happens, at time st; +¢; both X and X, .3 areisolated in a vertex (i.e., all
edges adjacent to them are closed). Therefore,

st1+t1

P (1 > A1 —t1 + 1) < n*P (s >m) < 2ne” ™,

2d

where the term n?? accounts for the number of choices for iy and 7.

Now let F be the o-algebra generated by M and M during ¢ € [0,75]. We want to establish a lower
bound on the probability that Bﬂ% 47, given F. Since X; and X, are isolated in t = T, it is enough to
compute the probability that all edges inside a Lo ball of radius 2¢ around the walkers do a x-update
but no non-x update, and the edges adjacent to the walkers do not open or do a non *-update during
[T}, T3 + t1]. This probability is

— — d —
exp (—tw(l — Px)2 (45)‘1) (1 —exp (~T1pps)) "™ exp (~T1ppmindd) |

where the first term is the probability that no edge in the Lo, ball of radius 2¢ around the walkers
does a non x-update, the second term is the probability that those edges do a x-update and the last
term is the probability that the edges adjacent to the walkers do not open. Therefore,

_ 7 Z < 2(40)%
P(FY) <2ne “" 41 —exp (—tl,u(l —p,)2(40)" — tlupminéld) (1 —exp (—t1upy)) (40
<2ne " +1-—exp (—fl,u(l — Dy)2 (4€)d - fl,upmméld) -2 (4€)dexp (—flup*) .

Recall that A; = %“52", t = log” £ ond t, = 7’5, where ¢ is just a large enough constant that is
set before letting p be small enough. Now we show that we can make the above smaller than §. We
start with the term 2 (4€)dexp (—fl,up*), which can be made, say, smaller than %. We will do this by
adjusting £ only, but this term involves also p though p,. However, note that p, goes to 1 as p goes to
0. So, since £y is of order log? ¢, we can choose ¢ large enough so that 2 (4€)dexp (—flup*) < g for
all p so that p, > % After fixing ¢, we can take p close enough to 0, which makes puyi, goes to 0 and

P« goes to 1, so that exp (—il,u(l — )2 (40) — fl,upminéld) >1- g. Finally, after fixing ¢ and p, we

can take n large enough so that 2ne " < % since m = %1 — 1 is of order logZn as a function of n.
This concludes the first phase.

O

5 The Second Phase: non Markovian Coupling

To describe the coupling during the second phase we will use the full multi-scale space-time tessellation
described in section 2. For simplicity, we translate time so that this phase starts at time 0 and that
X is at the origin. Hence, X can be arbitrary, and 13 and 7§ can be any configuration for which the
event By from (4.1) holds.
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5.1 Largest scale

We begin by creating the multi-scale space-time tessellation of T¢ x [0, As] and with largest scale
kmax = logy logn. (5.1)
We consider a positive constant Cio(p) > 0 to be chosen later so that tg,___ divides 010%, and define

n2 n2
Ag = Ay + ; and Ay = 010;. (52)

The following lemma shows that with large probability there are no bad boxes of scale kpyax or larger.
This will allow us to restrict our analysis to boxes of scale at most kpax. We will consider all the
boxes contained into the tessellation T¢ x [0, A3], which in particular are all the boxes intersecting the
tessellation of T¢ x [0, Ag].

Lemma 5.1. For any 6 > 0, there exists po = po(9,d) > 0 such that for all p < py and n large enough
P (Rk(i,’i') is bad for some Ry (i,7) C T¢ x [0, As], with k > kmax) < p%kmaxig.

Proof. The number (;, of boxes of scale k in T¢ x [0, A3] is trivially bounded as

n d Ag
G < <Ekz> E < (Cro+ 1)nd+2'

Using Lemma 2.15 the probability that there exists a box of scale kpax or bigger that is bad is bounded
above by
ST Gk < (Cro+ 10t 3T 2 <20y + 1t
k>kmax k>kmax
Using the value of knax and the fact that p; can be made arbitrarily small by taking p small concludes
the proof. O

5.2 The coupling

Recall the map ¥; introduced in Section 4 which maps X; into X;. In order to define the coupling of
the two processes, we will use a different map ®;. The idea is that our new map will be equal to ¥; in
good parts of the environment, but when the walker enters the enlargement of a bad box, we will stop
changing ®; and will keep it “frozen” until the walkers exit the enlargements of all bad boxes. The
idea is that in the enlargement of bad boxes we want to couple the graphs in a large region around the
walkers so that if the walkers enter a bad box, then they do so with their graphs coupled within the
box. We stop updating ®; because when ®; changes many edges uncouple.

More precisely, given a time ¢, denote with
S =sup{s <t : (Xg,s) is inside a kyax-great box}
the last time before ¢ the walker is in a kpax great box. We will consider the new map @, defined as

@t == \Ijgt.

We will show that this change of map actually will not create any problems; in fact, we will show
that ®; = W, for all ¢t because in the way we construct the coupling, when the walkers are in the
enlargement of a bad box, we will succeed in applying identity coupling, hence the translation map
remaing constant. So, the introduction of ®; here is a formalism so that the coupling procedure is well
defined. This will imply that our application of identity coupling later on will be successful, which in
turn implies that &; = U,.

As soon as the second phase begins we check whether the box Ry (i, 0), such that (Xo,0) € R{°*(7,0),
is kmax-great (the reason we do this will be clarified later, see Remark 5.9). If that is the case then we
can begin the coupling procedure relative to the second phase. The coupling is composed of two parts:
the coupling of the graphs (that is, the coupling of n} and 7j;) and the coupling of the walkers.
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5.2.1 Coupling of the graphs

We let the process {n} };>0 evolve. Denote with C,(t) (resp., Cy(t)) the cluster that contains vertex v
at time ¢ in the process 0} (resp., 77 ). When an update (s,U’,U) occurs at an edge e in 0} we update
the process 75 as follows.

e If the update is a x-update we refrain from looking at U and instead simply set n%(e) = * and
g —
5 (®s(e)) = *.

e If the update is not a x-update we must check in both configurations n} and %; whether e is a
cut-edge or not. We do this by looking at the connected components of the endpoints vy, vy of
the edge e. If an edge €’ is such that n¥(¢/) = x and €’ is incident to a vertex in Cy, ($) UCy, (), we
sample its current status, open or closed, according to its last update. Note that this last update
is itself a tuple (5,0, U), so this step boils down to checking the value of U. If i(Ps(e) = *
we set 775 (Ps(e')) = nk(e’) as well. We continue this procedure until the components of v; and vy
have been fully explored in n; and proceed analogously for the process 7 until the components
of ®4(v1) and P4(vy) have been fully explored. A potential disagreement n}(e) # 75(Ps(e)) can
happen only if, by revealing the components of vy, vy, ®5(v1) and P4(vy), we find that e is a
cut-edge in 7} but P4(e) is not a cut-edge in 7%, or vice-versa.

In this way edges whose status is * can always be coupled equivalently whereas non x-updates cause the
reveal of the status of other edges, potentially creating disagreements between the two configurations.

Remark 5.2 (Momentaneous change of coupling). At some times we will carry out a different coupling
of the environment. This will be done by simply introducing another map ® of the environments, and
the coupling of the graphs will go as described above with ®, replaced with ® until we specify that @,
is again the map to be used.

5.2.2 Coupling of the walkers

During this discussion the reader should refer to Figure 3. Our goal is to define a coupling that can
bring the walkers together. For this we will use the multi-scale tessellation. The coupling of the
walkers will be composed of two different couplings. When the walker X, enters the core of a great
box R{°*°(i,7), we will try to take advantage of the nice environment that a great box provides to
perform a coupling that we refer to as a simple random walk moment. This coupling aims to change
the distance between the walkers, so that eventually the walkers may find themselves at the same site.

On the other hand, whenever X is not in a great box, then we do not have a good enough control
on the environment around the walker to do a simple random walk moment. In such cases, we will
just resort to a simple identity coupling that keeps the distance between the walkers unchanged. An
identity coupling will only be able to be performed if the environment around the walkers are the same.
For this, we define the following event:

B, = {ve € B(BE,(X0), i (e) =7 (@u(e)) } (5.3)

If B, holds for all s € (s1,s2), then in this time interval the walkers can perform the same jumps
and not change their relative distance. In other words, identity coupling is successful. In fact if the
environment around the walkers is the same (as a matter of fact we only need the environments to
agree on a ball of radius 1 around the walkers), by doing identity coupling the walkers are able to
perform the same jumps.

So the proof is now split into three steps. Since ®; does not change when the walker enters the 2-
enlargement of a bad box, we will show in Section 5.3 that when ®; does not change the graph couples.
Next, we deal with showing that identity coupling can be successfully implemented as the walker enters
the 2-enlargement of a bad box (i.e., when the walker is not in a great box). This is carried out in
Section 5.4. Then in Section 5.5 we deal with the simple random walk moments.
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Figure 3: In red the bad boxes, in blue their enlargement, in black the tessellation and the walker’s
trajectory. In bad boxes there is no control over the displacement of the walker, whereas in good boxes,
the walker always leaves the box from its time boundary. Whenever the walker enters the enlargement
of a bad box, we start doing identity coupling. Otherwise, the walker is in great boxes, and we attempt
to check whether a SRWM occurs, in which case a coupling of simple random walks is performed.

5.3 Coupling of the graphs with ¢, unchanged
Given I ¢ Z% and k > 1, let

Se(I) = Se(i) and Sp(I) = [ Sk(i),

1€l i€l

for any o € {core,enll,enl2}. Recall the value m in the definition of ¢; in (2.2). Recall also #
from (2.7). Then, for k > 2, we define
- 61

b= G (5.4)

We start this section showing that the graph gets coupled in regions of good boxes if ®; does not
change.

Lemma 5.3 (Graphs couple in good boxes). Let m be large enough, and then let £ be large enough with
respect to m. Let Ry(i,7) be a good boz, and let s1 be any time instance so that [s1,s1 + 2t C Ty(7).
If ®; does not change during [s1,s1 + 2ty|, then

there exists t € [s1, s1 + 2tx] such that nf(e) =73 (Pi(e)) for all e € Sk(i). (5.5)

Proof. If k = 1 then the proof follows since each edge of S (i) receives only x-updates and gets updated
at least once during [s1, 81 + 2tx]. For k > 2, we assume that the statement of the lemma holds up to
scale k — 1. Let s = max Ty (7). Let 7/ be the first time index such that 7't;_1 € [s1, s2] and all boxes
Ry_1(-,7") C Ri(i,7) are good. Let I be the set of indices containing all (k — 1)-boxes that are inside
Sk (7); more precisely,

I={i: Sp_1(i') C Si(i)}.
Then, by induction, by time 7/tx_1 + 2t;_1 we obtain that Sg_1(I) = Sk(i) has been coupled.

Now it remains to show that 7/¢;_1 42,1 < s1+2t,. Note that since Ry (i, 7) is a good box, there exist
7,7 such that all (k — 1)-bad boxes contained in R(i,7) are contained in RS (7, 7). Since the amount
of time spanned by the enlargement at scale k — 1 is 9¢;_1, we obtain that 7/tx_1 < s1 4+ 9tp_1 + tr_1,
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where the last ¢;_1 is to account for the possibility that s is not a multiple of t5_1. Hence using the

notation a4 = max {a, 1} for consistency with the case k = 2, and noting that #; < = ) provided
¢ is made large enough once m has been fixed, we have
T/tk;_l 4+ 21 < 51+ 10tg_1 + 2t5_q
6
< tp—1 | 10 + 2-——5—
<t (1025
Ty 12
= —— 104+ ———
k=12 ( T 2)1m>
Ly 12
= 104 ———
TG < i (k—2>im>
< s+ QEk.
O

Recall the definition of Si" (i) from (2.8). For k > 2, define

Slnl’l( ) U SCOI‘e( ) (56)

3+ SR (H)CSk(9)

For a set of indices I, we write

1nn U Smn

Jel

Note that by taking m large enough, then S¢™¢(I) C Si"(I) C Si(I). We start with a simple result
about the connected component of a vertex.

Lemma 5.4. Let m > 2 and let £ be large enough with respect to m. Let I C Z% be a set of indices,
k > 1 a scale and 7 > 1 a time index such that Ry(i,T) is a good box for all i € I. Then, for any
v € S™(I) and any t € Ty(7), the connected component of v is contained in Bgy /m( v), where we recall
that B2°(v) is the Lo ball of radius r around v.

Proof. For k = 1, the result follows by the fact that components have size at most log?¢ in good
I-boxes when 7 > 1, and ¢ is large enough so log?/ < 5//m. For k > 2, let (i’,7') be such that
v e Sp(i’') and t € Typ—1(7") C Ti(7); there could be more than one choice for 7/, it is irrelevant
which one we pick. Note that since v € SI"([)

Se_1(i") € SM2(i") € Sy (i) for some i € 1.

If Ry_1(i',7') is good, then the connected component of v is contained in Bsy, | /im(v) C Bsg, jm(v)
by applying the induction hypothesis at scale k — 1 and set of indices {i'}. Otherwise, note that by
Remark 2.17 we have that R$™1(i’, 7') contains all bad boxes in Ry (i, 7). If the connected component

of v is contained in S{" (i) then it is contained in Bsg, , (v) D S¢U(i'). Since 551 = 5t ( e < %
the lemma holds on this case as well. In the final case, when the connected component of v is not
contained in Sg‘ll%(z’ ), it may sound contradictory but we can get an even smaller bound for the
component of v. The reason is that there must exist 7/ such that v is at the same component of a
vertex u with u € S{¢(i") and S¢(i") NS¢ (i) = ) but Sg_1(i") N S (3') # (). But since (u,t)
is in the box Ry_1(i",7"), and S_1(i") C Sg™2(i’) C Sk(i), we have that Ry_1(i”,7") is a good box.
Thus, by induction we obtain that the connected component of v is inside B5gk_1/m(u) C Blogk_l/m(v).

Since 10&; = 102(1971) < % for all k as long as m > 2, the proof is completed. O

With the help of the above lemma, we can show that the graph cannot uncouple in regions surrounded
by good boxes.
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Lemma 5.5 (Graphs remain coupled if ®; does not change). Let m be large, and let £ be large enough
with respect to m. Let Ri(i,7) be a good boz, and let sy < sy with s1,s2 € T(7) and s1 < (7 + 1)ty.
If ®; does not change during t € [s1, s2] and

15, (€) =775, (®s, (€)) for all e € E(Sk(i)),
then nf(e) =15 (®i(e)) for all e € E(S™(i)) and all t € [s1, ).

Proof. For k = 1 the lemma is obvious, since for any e € E(Sk(7)), e only receives x-updates during
Ty (7). Therefore, nf(e) = 73 (Pe(e)) for all ¢ € [s1, s2]. For k > 2, assume the lemma holds up to scale
k—1. Let
T ={7": Tho1(7') N [s1,52] # 0 and Tj,_1 (') C Tis(7) } .
Let 74 = min 7. Note that either
s1 € T2T () or s € T27(m — 1), (5.7)

where the latter happens when s is near the starting time of Tx(7). Because s; cannot be near the
ending time of Tj(7) due to the condition s; < (7 + 1), we obtain that 7 is not empty. We will first
show that

Sinn (5 is coupled during [s1, so] for all j such that Sg_1(j) C Sk(i)
and for which Ry_1(j,7’) is good for all 7/ € T. (5.8)

To see this, let r1 = sup Ty_1(71) and note that r1 > s1 + tx_1 because of (5.7). Now, induction gives
that Smn 1 (j) remains coupled up to time 1. We would like to reapply the induction hypothesis on the
box Sk 1( ) in the next time step, but for this we need Sk_1(j) to be coupled, not only Sinn (5). Thus,
we first apply Lemma 5.3 from time r; — 2{;_1 to obtain that there exists a time 7] € [rl — 21, 71]
for which the whole of Si_1(j) is coupled. Let 7 be such that ] € T{7(m2) and note that 75 > 7+ 1.
Thus, we repeat the induction hypothesis and the application of Lemma 5.3 to obtain a sequence of 7,,
r, and r] until a certain value 7] € [sy — 2tx_1, $2]. At that time, the induction hypothesis gives that
Sinn (5 is coupled at time sq, establishing (5.8).

Now we turn to establish the lemma. If Ry(é,7) has no bad (k — 1)-box intersecting the time interval
[s1,s2], then (5.8) and the fact that (k — 1)-boxes overlap give that U;. g, . (jcs,.0) Sinn () > Sinn(4)
is coupled during [s1, s2].

Now assume that Ry (i,7) contains bad (k — 1)-boxes that intersect [s1, s2]. From Remark 2.17, there
exists Ry_1(i’,7') so that all (k — 1)-bad boxes contained in Rj(i,7) are contained in RSN (i/,7/). Let

T = {3 k1) € Suli) and Se1(5) € S @)

and note that Ry_1(j,7”) is good for all j € J and 7" € T. Therefore, (5.8) gives that Si" (j) is
coupled during [s1, s9] for all j € J. The remaining of the proof is split into two cases. Flrst assume
that Senu(' ) is separated from infinity by J, which means that any path from Sen”( ") to the outside
of Sj(i) must enter S;°'{(j) for some j € J. In fact, letting

T = {j e J: 8 (s )Csenll( )}7

we get that the path must enter S (j) for some j € J'. Besides, Lemma 5.4 gives that for all v €
S (J) and all s € TP} (') we have that the connected component of v is contained in B /m(v)

Therefore, all connected components intersecting S¢™1 (i) must be contained in | J, Senll (i) B5 1 /m( v),
which is a spatial region contained in the interior of S{"(J’). Therefore, since Si™ (J) D> Si™ (J')

remains coupled throughout [s1, so] by (5.8), non-x updates inside SCEH( "} cannot uncouple the graph.

Turning to the second case, we assume that S¢U1(i’) is not separated from infinity by . This means
that S¢L(i) is so close to the boundary of Si(i) that it does not intersect Si"(i). More formally, for
any v € S¢U1(i) we have that BfG,, _ (v) cannot be contained in Sk(i). But this implies that any 7"

with Sgrs(i”) C Sznli(') we have that Sgni2(i”) ¢ Sin(j). Therefore, applying (5.8) to the boxes in
J already gives that Si"™ (i) is coupled during [s1, s2]. O

32



5.4 Identity coupling

We prove that, by doing identity coupling, as long as the particle X; is in a point (v,t) € T? x Rt
in space-time that is part of a 1-box Ri(-,-) that is good, it is always possible to keep the distance
between X; and X; constant. Recall the event B, from (5.3), the event B; from (4.1), and the definition
of the spatial core of a box in (2.11). We will need a weaker version of B; which we define as

B = {¥ee E(By(x)), nie) = (@u(e)) } (5.9)

Recall that in the second phase we assume that Ry(0,0) is a kyax-great box and By holds; we do not
restate these conditions on the lemmas.

Lemma 5.6 (Identity coupling succeeds in good boxes). Let s1 be a time so that Bl holds and
(Xs,,81) € Ry (i, 7) with R1(i,7) being a good box. Let so € T1(T), so > s1. If we attempt to do
identity coupling for the entire time interval [s1,s2], then the coupling succeeds and Vs, = U, for all
t € [s1,s2].

Proof. Let B be the Ly ball of radius ¢/3 around X,,; B is a fixed region in space, not changing in
time. The edges in E(B) are coupled at time s since BY, holds. By Lemma 2.22 the walker never
leaves S1(i) C B during the time interval [s1, s2]; if 51 < ¢, then we know that the component of the
walker is at most log2 ¢ since By holds and the box R;(0,0) is kmax-great by the properties of the second
phase. Since there is no non-+ update in E(B) during [s1, s2], B remains coupled with its translate
throughout and identity coupling is successful. O

The lemma below is a composition of the previous lemma when the walker traverses a sequence of
good 1-boxes. We assume that the stronger event B holds at the start time to be able to guarantee
that B} holds during the entire time interval covered by the lemma.

Lemma 5.7 (Identity coupling succeeds in sequences of good boxes). Let s1 be a time so that B,
holds. Let sy > s1 be such that during [s1, s2] the walker only traverses 1-boxes that are good. Then, if
we attempt to do identity coupling for the entire time interval [s1, s2], the coupling succeeds, B} holds
and Vg, = W, for all t € [s1,s2]. Moreover, B, holds for all t € [s1 + 2t1, s2].

Proof. Let Ry(i,7) be the box the walker is in its core at time s;. Since Ry(i,7) is a good box,
Lemma 5.6 gives that identity coupling works up to the end of 77(7) and Lemma 5.3 gives that 51 (7)
couples at some time during [s1, s1 +2t1]. Moreover, for any ¢ € [s1, s1 +2t1], BY holds since B, holds.
For t € Ti(7) N [s1 + 2t1,00) we have that B, C B} holds by Lemma 5.5. Hence, if R;(i',7) is the
box whose core the walker is in when exitting Ry (i, 7), we can apply Lemma 5.6 again to show that
identity coupling succeeds. Repeating this argument over and over again establishes the lemma. [

Now we analyze what happens in the neighborhood around a bad 1-box, supposing that the walker en-
ters the 2-enlargement of that box. Two things can happen, either the walker enters the 2-enlargement
of the box from the space boundary dsR$™2(-,-) or it enters from the time boundary 9, R$™?(-,-). If
it is from the space boundary, then the walker does not get too close to the bad box and B; would
still be verified for all t. Moreover, as long as the walker is in the 2-enlargement, identity coupling
can be applied successfully. In the other case, if the walker enters from the time boundary, then it
could eventually reach the bad box but the environment in the 2-enlargement of the bad box will be
coupled before that. In particular, the environments will be coupled at all times in Tf“ll(-, -) thanks
to the abundance of x-updates in T{™2(-,-) \ T¢™ (-, -). This reasoning gives that the relative distance
between the walkers does not change and the graphs remain coupled in E(S{™2(i)) when the walker
cross a bad box of scale 1.

In the lemma below we will require m to be large enough so that the following holds:

For any (k,4,7) and any (¢/,7') so that R{J7(¢',7") intersects Ry (i,7) we obtain that

Ryy1(7',7') contains all k-boxes that intersects Rg"(i, 1), and Spf (i') contains S{™2(i).  (5.10)
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Lemma 5.8 (Identity coupling in enlargement of bad boxes). Let m be large enough so that (5.10)
holds. Let Ry(i,7) be a bad box of scale k such that Ry41 (7', 7") is good for some (k + 1)-box for which
RES(i,7') N Ry(i,7) # 0. Denote with 7,7 = maxT™?(7), and with 7, = minT™2(7). Let s, be
a time at which the walker enters RS™2(i, 1) so Xs, € SP2(i) but X — & SP2(3) or sc = 1. Let
se = inf{t € (s¢, 7] X ¢ S2(i)} the first time the walker exits RS™M2(i,T) after s.; we take the
convention that s = 7,0 if Xy € SP2(0) for all t € [s¢, ;7). Thus

if B holds, then for all t € [sc, se] Wy remains unchanged and Bi holds; (5.11)
consequently, identity coupling succeeds during [sc, s¢|. Moreover,
if s¢ > 7, , the walker does not enter RM(i, 7). (5.12)
Ultimately, letting J = {j: Sk(j) N Sg™2 (i) # 0},

if se =1, then n;(e) =77 (P¢(e)) for all e € E(S,ignn(J))
and all t € [sc, s¢] with t > min Tg™ (7). (5.13)

The proof uses induction on k, so we treat the case k = 1 separately.

Proof of Lemma 5.8 for k = 1. We start with the case s, > 7, , meaning that the walker entered the
2-enlargement of the bad box from 9sR$™2(4,7). We need to establish (5.11) and (5.12) in this case.
We establish (5.12) by showing that the walker never gets closer than 12¢ from S§"(7). To see this,
from (5.10) we have that Ra(i’,7’) contains the 2-enlargement of R;(i,7), and Ra(¢/,7’) is a good
box. Moreover, Remark 2.17 gives that the l-enlargement of Rj(i,7) contains all bad 1-boxes inside
Ro(i',7'), and Lemma 2.23 gives that the distance between the walker and S§" (i) is at least 12¢,
establishing (5.12). To establish (5.11), note that the walker only traverses good boxes during [sc, sel,
o (5.11) follows from 5.7.

Now we consider the case s, = 7; , and need to establish (5.11) and (5.13). The idea in this case is to
use the time interval between s, and min 7¢"!(7), which is large enough for the graphs to couple. In
fact, applying Lemma 5.3 to the box Ry (i, 7') from time s., we obtain a time s € [s., s. + 2¢3] so that
S5(i') is coupled. From this time onwards Lemma 5.5 gives that Si"(i') O S§™!2(7) remains coupled
up to time s.. From Lemma 2.22 we know that the walker does not leave Si"(i') during [sc, s¢]. So
if identity coupling succeeds up to time s. + 2to, then it succeeds up to time s.. Moreover, note that
2ty = 12t9/m = 12t; is smaller than the distance between s, and min Tf“u(T), which is 15t1. So
Sinn(3') couples before the walker can enter R§™! (i, 7) and (5.13) is established.

It remains to show that the coupling succeeds and B} holds for all ¢ € [s., s + 2t3], completing the
proof of (5.11). For this, we only need to note that during this time interval the walker only traverses
good 1-boxes, so (5.11) follows from Lemma 5.7. O

Proof of Lemma 5.8 for k > 2. We have already established the case k = 1. Now we proceed via
induction. Assume all claims of the lemma are proved up to scale k — 1. Let Ry(i,7) be a bad box
and Ry1(¢',7") as in the statement of the lemma be a good box. All bad boxes in Ryy1(i',7') are
contained in R{™M (i, 7).

We first prove the case s. > 7,7, which requires establishing (5.11) and (5.12). In this case we use
the same argument as in the case k = 1; that is, (5.12) follows from Lemma 2.23. To show that
identity coupling can be performed and B} holds, notice that if at time s, the walker is inside a bad
box Ry (i",7") for some k" < k, then since R1(0,0) is kmax-great, we have that in a previous time the
walker was in the boundary of szl,lz( , 7). If there are more than one tuple (k”,i",7") satisfying the

property above, we take the one with the largest k” (breaking ties arbitrarily if there still are more

than one such tuples). Since the walker must have entered the 2- enlargement RZ?,D( 7") at some time
s we obtain by induction that while traversing the bad box Ry (i"”,7") identity coupling is successful

and B; holds up to the end of Tyr(7"), since (5.13) implies Bj. Therefore, when the walker leaves
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Ry (i",7"), we can apply the induction hypothesis again if the walker is inside another bad box. It
remains to check that identity coupling can be performed while the walker passes through space-time
locations that belong to good boxes at all scale, in particular, while the walker passes through good
1-boxes. But since Bj holds at that time, identity coupling succeeds by Lemma 5.7, concluding the
proof of (5.11).

We now prove the case s, = 7, , which requires establishing (5.11) and (5.13). Assume that s, >
min 7" (7), otherwise (5.11) follows from the same argument above and (5.13) is irrelevant. We can
do the same argument as for k = 1; i.e., we show that the time interval between s. and min Tlf“ll (1)
is large enough for the graphs to couple. By Lemma 5.3 we obtain a time s € [s., s, + 2tx4+1] so that
Sk+1(i) is coupled and, by Lemma 5.5, S;°%, (i) D S¢™2 (i) remains coupled until s.. Since Lemma 2.22

gives that the walker does not leave S,i;fl (') during [sc, Se], if identity coupling succeeds up to time

Se + 2tg4 1, then it succeeds up to time s.. Besides, 2t;1 = 122’“2;11 = 12¢;, is smaller than the distance
between s, and min 7™ (7), which is 15¢;. So S, (i') couples before the walker can enter R{™ (i, 7)
and (5.13) is established. To establish (5.11), we need to show that B} holds for all t € [s¢, s¢ + 2t541],

but during this time the walker only traverses good 1-boxes, so (5.11) follows from Lemma 5.7. O

Remark 5.9. The 2-enlargement of a bad box is chosen so that whenever the walker crosses it, by
doing identity coupling the two processes have time to couple the environment before the walker crosses
the bad box. For this exact reason we want the first box whose core the walker is at, at the beginning
of the second phase, to be knax-great, so we know that the walker does not start inside the enlargement
of a bad box, meaning that if the walker encountersa bad box during the second phase, it must first
traverse its enlargement.

5.5 Simple random walk moment

Now we handle the case when the walker traverses great boxes, during which we do not perform identity
coupling but try a different coupling. This coupling will be based on what we call a simple random
walk moment (SRWM), which is a given condition of the evolution of the environment that makes the
walker performs a simple random walk step.

Definition 5.10 (Simple random walk moment). Let Ri(i,7) be a great box such that (X, ,7t1) €
R$°™(i, 7). We consider three consecutive intervals Iy, I2, I3 of lengths
t 1
hl=5 and |Bf = |kl =,

such that I; begins at time 7¢; = min 77°"(7); note that 7¢1 + 22:1 || < (7 + 2)t1 = max T{°™(7).
Let v € S1(i) be the position of the walker X, ; note that since R;(i,7) is a good box then all edges
adjacent to v at time 7t are closed. All the events below consider only x-updates during I; U Iy U I3,
ignoring all non-x updates. Then, a simple random walk moment (SRWM) is said to occur in Ry (i, 7)
if the following events happen consecutively:

(E1) During I1, one of the edges adjacent to v, say e = (v, u), receives an update to become open, and

the edges adjacent to u with status x are sampled closed. Moreover, the other edges adjacent to

v or u do not open during I, and after e opens, e does not close for at least time %

(E2) During I, edge e closes and does not open, while the edges adjacent to e, that were closed, do
not open; note that at the end of I, the walker is in either u or v.

(E3) During I3, the edges adjacent to u or v do a x-update, and the edges adjacent to the walker do
not open.

See Figure 4 for an illustrative realization of a simple random walk moment. Define

H?BXM to be the indicator for the event that SRWM occurs in Ry (¢, 7). (5.14)
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Figure 4: A possible realization of SRWM in a kyax-great box. (a) configuration at time 7t — #1,
with dashed lines representing closed edges, solid lines representing open edges, and the black ball
representing the walker. (b) During [rt; — t1,7t1] all edges close, trapping the walker in a vertex v.
(¢) During I1, edge (u,v) adjacent to the walker opens, edges adjacent to u are closed, and the other
edges receive a x-update. Blue lines represent edges that are updated . (d) Edge (u,v) closes at some
time during Io, trapping the walker in one of its endpoints, in this case endpoint u. (e) During I3 all
edges adjacent to v receive a x-update, while the edges adjacent to the walker do not open.

Remark 5.11. Given v, the position of the walker at time 7t1, the event SRWM depends only on
the updates in E(S51(7)) during the time interval I U Iy U I3. In particular, it does not depend on
the jumps of the walkers during I1 U Is U I3, and does not depend on non-x updates that could occur
during 1 U I, U I5.

Note that from 7¢; to time 7¢; +|1; UI2UI3| the walker essentially performed a simple random walk step
since the edge e adjacent to v that is chosen to open during I; is a uniformly random edge. Now assume
that the walker enters R{°'®(i,7) with Ri(i,7) being a kpax-great box; i.e., (X, 7t1) € R{™(7, 7).
We define the coupling we employ in this situation.

Definition 5.12 (Coupling on great boxes). At time 7t; both walkers are trapped at some vertices
v =X, € 55°7(i) and v = P4, (v). Then we perform the following steps.

1. Sample whether a simple random walk moment occurs in R;(i,7). If not, sample the updates of
the edges in S1 (i) during I U I U I3 from the distribution conditioned on ]ISZ.P};\‘“’I = 0, apply the
coupling of the graphs from Section 5.2.1 and apply identity coupling for the walkers. Identity
coupling succeeds since the graphs are coupled inside S (i) and we obtain that ®; does not change
during Iy U Iy U Is. This concludes the coupling when ]I?LP)YM =0.

2. If H?fgl\'[ = 1, choose a coordinate j € {1,2,...,d} and a sign s € {—1, +1} uniformly at random.

If v and T agree in that coordinate, let e = (v,v + se;) and € = (7,7 + se;) be the edges chosen
to open during [; in the configurations n* and 77, respectively, where eq, es, . .., eq stands for the
standard basis of Z%. In this case, during I», we let the walkers perform the same jumps across
e and € (i.e., we perform identity coupling), and note that ®; maps e into € during this time.
Then we couple the graphs using ®;, as described in Section 5.2.1, until the end of I3. In this
case, the map ®; does not change during I; U I U I3.
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3. If H?fgl\’l = 1, and v and ¥ do not agree in the jth coordinate, we set e = (v,v + se;) and
€ = (U,U — se;). This is the most delicate case as we will need to change the coupling of the
graphs from the time e opens to the end of I; UloUI3. For this, we will use the map ® which maps
v to T and is a translation map in all coordinates but the jth one, where it is a reflection map
around e. In particular, ® maps e onto e. Then the graphs will be coupled as in Remark 5.2;
that is, the graphs are coupled as in Section 5.2.1 but using the map P instead of ®;. Note
that any update to e translates to an update of €, so they open at the same time and close at
the same time. Let { be the time that e and e open for the first time during ;. Then, they
remain open during [¢, ¢ 4+ C11/p] since H?Z.;‘)'Yl\'[ = 1. We couple the position of the walkers at time
¢+C11/p as follows. Let ¢ be the probability that X¢, ¢, /, = v and 1§ be the probability that
Xetren/u = u. Then we make X¢ o,/ = Y(+CII/M with probability min {6, 1 — §}; otherwise,
we sample them accordingly. Then, we let the graph and the walkers evolve up to the end of the
interval I; U I U I3, coupling the jumps of the walkers so that they jump at the same times after
time ¢ + C11/p; note that the walkers do not move after e and € close for the first time after
¢+ Cui/p.

Now, let s = 7t1 + |11 U Iy U I3| be the end time of the simple random walk moment. Note that if
SRWM occurs then || X, — X,|[1 may differ from || X}, — X2 ||, and as a result the translation map
@, may be different from ®,4, as well. So it could be the case that an edge that was coupled before the
simple random walk moment (in the sense that 7., (€') = 7,4, (®7, (¢/))) may get uncoupled because
the map ® changes. On the other hand, after I; all the edges in the box receive a x update. So at
the end of the SRWM, all edges in S;(7) are » with the only exception being the edges adjacent to the
walker which are closed. So the configurations are coupled locally, in particular, B holds. Moreover,
as Ry (i, 7) is great (so it is also good) the particles will stay in S; (i) for the whole time interval 71 (7).
In other words we obtain that the edges in Si(i), where the random walk moment is occurring, are

coupled after the simple random walk moment ends.

More formally, we will implement this by assigning a “hidden” random variable to each 1-box, which
tells whether the box will undergo a SRWM should the walker pass there. We will not try the above
coupling at each great box the walker enters, since we do need a bit of time separation between two
simple random walk moments because of the overlapping of the boxes. But whenever we decide to
attempt a simple random walk moment inside a great box the walker is in, the hidden random variable

will tell whether SRWM occurs. The main point is that we can obtain a lower bound on P (]I%ZR)‘)“ = 1>

that is uniform on the location of the walker at time 7¢;. Because of this uniform bound, we can couple
the outcome of the hidden variable with the evolution of the processes M} and M so that the simple
random walk moment takes place, regardless of the location of the walker within the box. The content
of the hidden variable is just a Bernoulli random variable of parameter Clgp%, which is the bound we
derive in Lemma, 5.14 below, so the event of successfully performing a SRWM stochastically dominates
the hidden variable. Whenever we decide to look at the hidden variable of a box, we perform the
coupling described above. Otherwise, we just do identity coupling.

Before establishing a bound on P (]I(SZRY)H\I = 1) we need to show that the environments recouple locally
after a SRWM.

Lemma 5.13 (Recoupling the graphs after SRWM). Let Ry (i,7) be a kmax-great box such that X4, €

S{re(i) and By, holds. Suppose the walkers perform successfully a simple random walk moment. Then

nr(e) =5 (®y(e)) for all e € E(S$™2(i)) and all t € [s, (T + 1)t1],
where s = 1t1 + |1 U Iy U I3] + ;.

Proof. R1(i,7) is kmax-great, and in particular 1-great. Thus, every 1-box R(j,7) such that Si(j) N
Sen2(4) £ () is good. After s — 1y = 7ty + |I; U Iy U I3], we have that the edges in Sy (i) are coupled
and we start performing identity coupling of the walkers. The coupling is succeessful so ®; does not
change from that moment onwards and all edges in S1(j) with Sy(5) N S§™2(i) # () receives a x-update
and couples. O
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Now we bound the probability of a SRWM. Recall from Definition 2.7 that the event that a box Ry (i, 7)
is good is based on the events Gi2(i,7) and Gs4(i,7). Define J to be the set of all tuples (i, 7) such
that Ry(i,T) is a box of the tessellation of the second phase. Let ¥ = {0,1}27 be the set of all possible
assignments of occurrence or non occurrence to the events Gi2(7, 7) and (534(2‘, 7). Then for each 0 € X
and each (i,7), the values o12(i,7) and o34(7,7) will be used to specify whether the events Gya(i,7)
and 334(1',7) occur, respectively. In this way, given ¢ € X, we abuse notation and denote by o the
event that the realizations of Gi2(7,7) and 534(@ 7) match the values of o12(i, 7) and o34(7, 7) for each
(i,7) € J, and write P(- | o) for the corresponding conditional probability. More precisely,

P(lo)=P (| () {onlir) =1 (G} 0 {oulir) =1 (Gut.n) |

(i,7)eT

Note that once we condition on some o € %, then which boxes of all scales are good or bad is a
deterministic function of o. Let F; be the o-algebra generated by the trajectory of the walker X and
the value of the map Wy, s € [0,¢], and all the updates of the graph up to time ¢. Let ¥; ; C ¥ be the
set of assignments o for which R;(i,7) is a kpax-great box.

Lemma 5.14. Let (i,7) be such that R(i,T) is a kmax-great box. There exists po > 0 and C12 > 0 such
that for all p < po, for all 0 € ¥; 7, and all F € Fr, for which P (o N F) > 0, then the probability of
performing a simple random walk moment in Ri(i, T) is

P (H(SZRKM —1|Fn a) > Crop5a (5.15)

Proof. Start with the following simplification of o. Recall the definition of j(7) from (2.9). So j(7) and
j(741) are the first and last interval of the type T (-) inside T1 (7). Recall that o34(-, -) correspond to the
events 334(~, -), which are i.i.d. events coupled with the events Gs4(-,-). Since Gs4(+,-) are independent
of Gi2(-,-) by Lemma 2.4, we have that also Gs4(-,-) are independent of Gi5(-,-). Moreover, for any
x, we have that Gs4(i’,7) is independent of Fy 4, since Gs4(i’,7) only considers updates on the edges
during the interval T7°"(7) \ T1(7 + 1). Since for any fixed x we have that Gs4(¢’,7") are independent
for different s, we have that ?34(2" ,7) is independent of Fr4,. So now we collect in J34 all tuples from
J for which H?ﬁ;\)“’l depend on o34(+, -):

j34={(i/,7')251( )ﬂSl 7'&@} and j/:j\j34.

We will not need to split o12(+, ) into two groups since those events are already independent of ]I?ZR)\)\I

For any o € ¥ denote

S=8(0) = ﬂ o12(i’, ) ﬂ o34(i’, ')

@' eg (&, meJ’
Sy = 534(0') = ﬂ 0'34(1',,7',).
(&, 7)ET3a

Then,
P (H?ﬁ)‘j’“ —1|Fn a) =P (H?R““ —1 ‘ Fnsn 834>

(i,7)
- P(S34| FNS)

2]P’<]I?R““_1‘FHS> P(SS,|FNS).

R ]P’(]ISR““_l‘FmS) P (S5, | FNS)

Note that 77°"(7) \ Ti(t + 1) D [; U Iy U I3, so H%R\Xh'l does not depend on F'NS given the position
of the walker at time 7t1. Letting S7(i) = Uuescore( ) Blog ,(u), which are the places where the walker
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can be at time 7t1, we write

P(H?})‘)M - 1‘Fﬂ$> -y P(H%{‘}‘)M - 1‘F080{Xm :v})IP’(Xm —v|FNS)
veS] (@)

-y P(]ISR“M - 1‘Xm —U)P(XTtl —v|FNS)
veS] (i

We are left with the following lower bound on P (]1??;\)'1\'1 =1|Fn a):

S IP(]I?R“M_I’XTtl _U)Mxm —v|FNS)—P(S5,|FNS)

veS] (i)
> ot P (H%ﬁ)‘“ ~1 ) Xy, = u) —P(SL|FNS). (5.16)

We start with the first term in (5.16) to derive a lower bound on P (]ISR“M =1 ’ X, = ’U) that is

(
uniform in v. Since H?RWM is composed of the events Fq, Ey and E3, which are independent of one

another since they involve disjoint time intervals, we will derive a lower bound for each of them. For
the event Fq, we will require that an edge adjacent to v (call it e) opens during the first half of I, so
that e has time to remains open for time Cj;/p during I;. Recall that I; has length ¢1/2, so its first
half has length t1 /4, and the rate at which an edge opens due to a x-update is up*p]‘;% = UPmin, and
the rate at which an edge close due to a x-update is 1 — ppax. We obtain

2d—1
O (e o) B
Px

In the product above, the first term corresponds to an edge adjacent to the walker (call it e) opening
during the first half of I, the second term is the probability that all 2d — 1 edges adjacent to e are
closed at that time, the third term is the probability that none of the 4d — 2 edges adjacent to e open
until the end of 7, and the fourth term is the probability that e remains open for at least time C11/pu.

Recalling that t; = % and that ¢ = p‘é we obtain

2d—1
P (El | XTtl = ’U) = (1 — e_dpmm ) (1 — pmax) e_(Qd—l)pmin\/ze—Cll(l_pmax).
D«

Using that px < 1 in the second term, pnin € [%q,p} in the first and third terms, and pmax > 0 in the

dpV/¢
4(1+q)

_g-p_VE
fourth term, and then making p small enough so that pmin < Pmax < % and e ek <1- we

obtain
Ve
(El |X7't1 = 'U) (1 — e diq2> (1 _pmax)2d_1 e_(Qd_l)P\/ze—Cn

dpV/'t 92041 ,—(2d-1)pvE,~Cri
~ 4(14q)
e~ g

_ ~(@2d-1)pVe
22d+1(1 +q)p\/ze .

Now note that pv/{ = pl_é goes to 0 as p — 0. Thus, we can take p small enough so that
p\/@ze_(zd_l)f"‘/Z > ;%/E to otain

e~C1q

) > e—Cl1d 1
- 22d+2(1 +q)

AV ———— (5.17)

P(Ey| Xoty, =0 22d+2(1 +q)
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The event Fj is the main one governing the probability that SRWM occurs, since it involves the
opening of an edge, which has small probability. For Fy and E3 we will just derive simple bounds that
will not go to 0 as p — 0. Recall that I, and I3 are time intervals of length 1/u, so

1 R S _ 1
P (EQ ‘ X’T‘tl = U) = (1 _ 67#(1*pmax)ﬁ> efﬂpmmue (4d Q)y,pmmu’

where the first term is the probability that e has a x-update to close, the second term is the probability
that e does not get a x-update to open, and the final term is the probability that all 4d — 2 edges
adjacent to e do not receive a x-update to open. Recall that pnin and pmax both go to 0 as p — 0, so
we obtain that

1

P(Ey| Xry =v) > 1—2—. (5.18)

e

Regarding I3, we obtain
1

T 9e2d-1°

P (B3| Xoi, = 0) = (1 - e‘(“"d‘”“”*i) e~ 2dkpmingy > (5.19)

where the inequality follows for all small enough p since p, — 1 and ppin — 0as p — 0. Putting (5.17), (5.18)
and (5.19) together we have a constant ¢ = ¢(d, q) so that for all small enough p we obtain

P (]1?1.’)‘)“ —1 ‘ Xy, = v) > cpl—aa.
Plugging the bound above into (5.16), we obtain
P (H?f})“)’M =1|Fn a) > cpl=ia — P (S5, |FNS). (5.20)

Now as we explained in the beginning of the proof, Ss4 is independent of Fr;, and of S. Moreover,
S34 is composed of an intersection of independent events Gsq (-, 7) since o € %, ; so that Ry(i,7) is
kmax-great. Therefore,

P (]I(Sf}y)q\[ =1|Fn 0) > cplTe — P U §§4(2”,7’)
(i, 7)ET34

>l - > P(G)
(i, 7)ET3a

> cplffilfd —5%exp (—CG log? €) ,

where the last inequality follows from Lemma 2.6. Since as p — 0 the second term is much smaller
than the first one, the lemma follows. O

5.6 Concluding the second phase

Recall that for simplicity we are assuming that (Xo,0) = (0,0), and recall the value of Ay from (5.2).
Denote with I : V — V the identity map, then we define

Fy = {(07 0) is kmax‘great} N {(I)AQ = Id} N B/Az (521)

If Fy is verified, the second phase is successful and the third phase can start, otherwise we let the two
processes evolve independently until the end of phase 3, and only then restart the coupling from phase
1.

Lemma 5.15. Assume F is verified at time 0. For any § > 0 and for all p small enough, there exists
Cho = Cro(d, p,0) > 0 in the definition of Ay and ng < oo such that for all n > ng

P(Fy) >1— 0.
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Proof. Let P be any feasible path and consider

YT =inf {r > 0: (P(rt1), 7t1) € R$™®(i, 7) where Ry(,7) is a kmax-great box},
T;D = inf {7 > Tf_lz (P(t1),7t1) € R{*(i,7) where Ry(i,T) is a kmax-great box},

for j > 2. For any feasible path P we let kp be the largest value such that Tfp < %2 —2. Recall that X
represents the set of all possible realizations of occurrences and non occurrences for the events Gya(-, -)
and Gay(-,-), so the good and bad boxes at all scales are deterministic functions of o. Let (o) be the
set of all feasible paths for a given o. Given the uniform bound from Lemma 5.14, we let Y7, Y5, ... be
a sequence of i.i.d. Bernoulli random variables of parameter C’lgp% where Y; gives whether the jth
SRWM will succeed when we try to perform it during the coupling. Let

Cs

CsCio o
40 at, 2 ( )

where Cg is from Lemma 2.25 and Cj¢ from the definition of Ag in (5.2). Define the following events

¢

— ¢y 2 :
By = {ijl Y; > con } , with ¢ to be chosen later, and
Ey = {kp > ( for all feasible paths P € §(o)}.

In this stage we want to couple the position of the walkers. From Lemma 5.8, by doing identity coupling
whenever the walkers are not in a great box, their relative distance does not change. Their relative
distance changes only when they are in a great box and a simple random walk moment is successfully
performed. Let Ecoup = {®a, = Ia} N Bj,. Hence

P(F5) < P((0,0) is not kmax-great) + P (E1 N Ea N Eg,,,) + P (EY) + P (ES).
We start by bounding the first term. Notice that {(0,0) is not kmax-great} does not depend on the
configuration at time 0. Moreover, at time 0, the walkers are stuck in a vertex, so X has to leave

R1(0,0) from the time boundary if R;(0,0) is a good box. Using Lemmas 2.8 and 2.15 to bound p;,
we obtain

k;m ax ktnax

. k-2 )
P ((0,0) is not kmax-great) < cq z; pj <cql|p+ z; o2 < 3cgp1 < T
j= j=

where ¢4 is a constant that counts the number of boxes whose 2-enlargement intersects R;(0,0), and
the last inequality follows for all p small enough. Next we bound

§
P (E1NEyN Eg,,) < 1

Under By N Ey, we know we performed at least cyn? simple random walk moments. So, P (E1 N Egoup)

can be bounded by the probability that two random walkers performing SRW on Tfll are not coupled
after con? steps. Taking co = co(d, §) large enough we obtain that they have coupled with probability

é
at least 1 — .
Next, we bound P (ES). From Lemma 5.1, with probability at least 1 — p2™™ " all kmax-boxes in the

tessellation are good. Thus, Lemma 2.25 gives that while traversing the first good kpax-great box any
feagsible paths will traverse at least

Ol Kmax
L

kmax-great 1-boxes. After the feasible path exits the first knac-great box, it enters into another one
and we obtain again another set of kpax-great 1-boxes. The total number of steps we can iterate this
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procedure up to reaching time Ag is % —-1> 4tkA? . Therefore, any feasible path must traverse at

least H;dx A max A
oo L2 _ g 22 _
t1 4t Kmax 4t

kmax-great boxes. Hence,

P (B < {0 <

I

by simply having n large enough.

Finally we bound P (EY). This is a simple Chernoff bound for the sum of independent Bernoulli random
variables, where P(Y; = 1) = Cmp%. Since

CsC19Cr2p 64 n2 08010012]?6%4_%”2 _ 08010C12pn2‘
i i 4 4

¢
6d—1
E ZYJ =Chop 6d ( =
j=1

Now we take Cg large enough so that the above is larger than 2con?, which gives a constant ¢ so that

¢

o
P(E}) <exp [ —cE E Y; < exp (—c2con?) < -,
=1 4
where the last inequality follows by taking n large. O

To conclude the second phase, once the walkers are coupled after one SRWM, we just perform identity
coupling up to time Ag. If ¢ is a time where a SRWM ended, notice that Lemma 5.13 gives that B;
holds. So we succeed performing identity coupling up to As by Lemmas 5.6, 5.7 and 5.8.

6 Third Phase

The third phase starts at time As, at which time the walkers are coupled and B/AQ holds. During the

third phase we let M, mimic the evolution of M} by doing identity coupling on both the motion of

the walkers and the updates of the edges. We now check whether the processes are fully coupled by
2

time Az = Ay + %

Define o
F5 = {XA3 = Xa, and nj,(e) =M, (e) Ve € E(’]I‘)fl} . (6.1)
If F3 is not verified, we restart the coupling at time Ag from phase 1.

Lemma 6.1. For any 6 > 0, if p s small enough and n large enough, we obtain

P(F3) > 1-0. (6.2)

Proof. Recall that boxes contained in [0, As] have been sampled as good or bad during the second
phase. By Lemmas 5.6, 5.7 and 5.8, identity coupling is successful provided we cannot enter a bad box
without first entering its 2-enlargement. Therefore, for the walkers to get uncoupled during [Ag, As],
it must so happen that the walkers entered a bad box of some scale & whose 2-enlargement intersects
[0, Ag] and which was not observed during the second phase because it is not contained in [0, Az]. We
now count the number of such boxes.

We start by deriving bounds on ¢; and tj, the size of the boxes of scale k, for which the above can
happen. When k > kpax, we can choose n large enough so that for any m, ¢ fixed

2Kk < 0, = mF (k)20 < 063,
IV < pty, = mF(RN2VE < VIR,
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Recall that kmax = logslogn from (5.1). Then, uty_ . < VIES08218M 5o ich smaller than a poly-
nomial in n. Therefore, any box whose enlargement intersects [0, Ag] and is not contained in [0, As]
must be of scale larger than kpyax. So

P(F)>1—P (Hk > kmax: Ry (i, 7) is bad and Ay € T,S“lz(r)) :

Next, using the bounds we derived above for ¢ and ti, the number (i of boxes of scale k that intersect
T¢ x Aj is bounded above and below by

d d
n 24n
>l =— ) 24> ——5
Cr = <3£k> = 3dygdj3dk’
24n?

d
n

In the upper bound of (; we add a 1 to the fraction to consider the case when k is so large that we
cannot find a box all contained in the tessellation. Using Lemma 2.15 the probability that there exists
a box of scale kpax or bigger that is bad is bounded above by

> Gor< ) Grt

kzkmax kzkmax

moreover using the inequalities above for (. it is easy to see that, for any k > kpax,

kmax—2
> Gk < 2P :

kzkmax
Since 2Fmax = logn, by taking p small enough we make p; small enough, which gives that

P(Fy) > 1 0.

7 Completing the proof of Theorem 1.1

Proof of Theorem 1.1. Let {M}};>0 and {M] };>0 denote two copies of the process, each starting from

an arbitrary configuration in T¢ x {0, 1}E(TZ). Recall the events Fy, Fy and F3 from (4.3), (5.21)
and (6.1). If the three events hold then Xa, = X, and NA; = Na,- So from Ag onwards we can
keep the processes coupled. We can now set § = % so that F1 N Fy N F3 all hold with probability at
least %. If any of the above fails, we just let the processes evolve independently up to time Ajs and
restart from scratch. Since Ag is of order n?/u from (5.2), we obtain that the mixing time is of order

n? concluding the proof. O

8 Proof of the lower bound (Theorems 1.2 and 1.3)

The proof of the lower bounds are identical to the ones in [11]. We add them here for completion.

Proof of Theorem 1.2. First we introduce a discrete time Markov chain M), = (Xk, 7)) which is defined
by sampling the continuous time chain M; = (Xy,7;) on intervals of length J; that is,

Xy = Xps and 7 = nis,

where ¢ is given from (1.4). Let 4 = (M) and v = (M) be the spectral gaps of the discrete time
and continuous time chain, respectively. We obtain

1 -7 =exp(=07).
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For all 4 < 1/2 we simply use the bound v < ?. The lower bound on the relaxation time follows by
taking the function f(z,&) = d(z,0), so f(X,n:) is the distance between the walker and the origin of
Td. Since the stationary distribution of the walker is uniform by (1.3), it follows that Var(f) > en?
for some constant ¢ > 0. Moreover, from (1.4), we have

6@ﬁ=§2ﬂ@%§3ﬂ@&@%wwmmﬂmww
z,§ z’ &
< %E$N7T (D%(S) < %027

where E;r denotes the expectation where x is a random variable sampled according to 7, the uniform
measure on T¢. From the above we obtain

- < Co
7= 92
If the above is at most 1/2 we obtain
Cy
7=
Otherwise, if 4 > 1/2 we obtain that 7 is of order 1/4. The above establishes the relaxation time of
the chain. O

Proof of Theorem 1.3. We use the following nice result from [9], which appeared implicitly already
in [3].

Lemma 8.1. Let {Y}},cp be a discrete-time, stationary, reversible Markov chain with finite state space
S, and let h: S — R™ for some m € Z,. Then, for each k >0

E (|I(Ye) = h(Y0)[17,) < KE ([[h(Y1) = h(¥0)7,) -
where || - ||z, denotes the Euclidean norm on R™.
Letting g,,: T¢ — R?? the function
gn(T1,22,...,24) = (ncos (2mx1/n),nsin (2rx1/n),...,ncos (2rxy/n),nsin (2rxg/n)) .

For x € T¢ and ¢ € {0, 1}E(Tg) we let h(z,€) = gn(x). Then, noting that g, is bi-Lipschitz with some
constant ¢ we have

E_., (HXk . Xon) < PErx ((gn(ffk) - gn(ffo))Q)

< B (305~ )’

< Ak, (||5(1 - XO)H%) < AKErs (Dim) < Aok

Hence for any t > § we have
t
Ervy (X — Xoll}) < *Co [£] < 2c4025.

Now for the total variation starting from a stationary environment, we simply make

3

2e
— (1= _ < (l/d _ =
(1 P(th Xol1 < e n)) (1 3)
E (|| X: — Xol13) 2¢
( I (1 2)
2¢*Cyt 2¢
< (1-5ams) (- 5).

we have that ||lv; — 7 X v||pv > 1 —€. O

2
o =7 x vl > P (10~ Yol < ) (1= %)

24d
€ d on
6c2Co

Therefore, if t <
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9 Proof of Corollary 1.4

In order to apply the above to the random walk on dynamical random cluster model, we first need a
certain sprinkling lemma, for the random cluster model. Given ¢ > 1 and p > 0, let v, 4 be the measure
of a random cluster model with parameters p,q. Let 7 be a configuration sampled from v, We
construct a sprinkling by associating to each edge e an independent Bernoulli random variable Z(e) of
parameter €. Define the configurations

m+Z)(e)=1(nle)+ Z(e) > 1) foree E(’]I‘fl)
and
(n—2)(e) = 1(n(e)(1 - Z(e)) =1) for e € E(TY).
So n+ Z (resp., n — Z) is the configuration obtained from 1 by opening (resp., closing) all edges e with
Z(e) = 1. Given two elements &, & of {0, 1}E(Ti) we say that & < & if £(e) < €(e) for all e € E(T2).
Lemma 9.1 (Sprinkling lemma). Let ¢ > 1,0 < p < p' < 1 and € > 0 be fized. Let {Z(e): e € E(T%)}
be a collection of i.i.d. Bernoulli random variables of parameter e. Letn and n' be random configurations

with distributions vy 4 and vy 4, respectively. If

p Y
e+ (l—ep<p and e+ (1—c¢ < 9.1
(1= ( )p+(1 —plg P+ 1-p)q &)

then there exists a coupling between v,v', Z such that (n+ Z) < n'. Similarly, if

P p
/ 1_ / Z 1_
P+1-p)g  p+(1-p)g

then there exists a coupling between v,v', Z such that (' — Z) > .

(1—ep' >p and (1—¢) (9.2)

Proof. Let {n:}, and {n,}, be the single-site Glauber dynamics Markov chains on the random cluster
model with parameters (p, ¢) and (p/, ¢), respectively. Let {Z;}, be a Glauber dynamics Markov chain

on the state space {0, 1}E(Tg) with stationary distribution given by a product of Bernoulli measures with
parameter €. Start with arbitrary configurations such that 79 = 1, and Zg(e) = 0 for all e € E(T%).
Assume that n; + Z; < n; at some time ¢. We will show that we can couple the next transition of the
chains so that 911+ Zy41 < 1), ,. This establishes the lemma. For any edge e and configuration 7, let

a(e,n) = 1 (e is a cut-edge in 7).

In the coupling we will choose the same edge to be updated in all chains. Let e be such an edge. Then,
note that

P (41 + Zeg1) (€) = 1 | ne,mt, Zy)

— # — e, Nt .
_e—|—(1—6) <Oé(€,’l7t)p+(1_p>q+(1 ( ,77))1?>

Since n; < n; we have that a(e,n;) > a(e,n;). So if a(e,n;) = 0 we have that a(e,n;) = 0, which gives
P ((g1+ Zegr) (e) =1 i, Ze) = e+ (L—e)p <p' =P (niy1(e) = 1| me 1, Ze)
where in the first inequality we used (9.1). If a(e,n;) = 1, then we use the second part of (9.1) and

that p’—}—(fi—p’)qép/ to write
b
P (941 + Zig1) (e) =1 77777’7Zt =e+(1l—-—€)——r——
(1 + Zesa) () = 1l Z2) = e (1= )
/
<
P+ (1-p)g
/
p / /
gae,n'—+ 1—ale,n;))p
( t)p/ + (1 _p/)q ( ( t))

=P (nj,1(e) =1 |ne,mt Z1) -
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Therefore, it follows that we can couple the next transition of the Markov chains so that n11 <
(41 + Zit1) <y 41- Consequently, we can couple the stationary measures of such chains to obtain
that (n+ 2) <7/’.

For the second part of the lemma, we use the same strategy and analyze the transition probabilities
for n; — Z;. We have

/
P (1~ Z — 1 [ Ze) = (1 — N+ (1—ale,n)) D) .
((nt+1 t+1) (e) | e, My, t) ( €) (a(eﬂlt)p, T (1-p)g + ( oz(e,nt))p>
If a(e,n;) =1 then a(e,n;) = 1, yielding

/

p - p
(1-p)g ~p+(1-p)g
=P (g1 =11 n,m, Z).

P ((nie1 — Ze1) (€) =1 [ i, Zy) = (1 — f)p, n

If a(e,n;) =0 then

P((niy1 — Zet1) (€) =1 i, Z) = (1 —e)p’ > p

> ale,nt) + (1 —ale,n))p

N
p+(1—p)g
=P (nt+1 =1] 77t7771/3,Zt) .

Therefore, there exists a coupling such that n;41 < (771’,/Jrl - Zt+1) and we obtain (' — Z) > n. O

Proof of Corollary 1.4. We only need to check that assumptions (1.3) and (1.4) hold for the random
walk on dynamical random cluster model. For any ¢, p we have that (1.3) holds. For ¢ > 1, (1.4) holds
for all p < pd using the following argument. Take p’ = % € (p,pl). Take € > 0 small enough so
that (9.1) is satisfied. We choose § = €/ and take 1 to be a random cluster configuration of parameters
p,q. Note that the probability that a given edge gets refreshed during [0, J] is

l—e ™ —1_¢e“<e

Therefore, if Z(e) is a Bernoulli random variable of parameter of parameter €, we can couple Z(e)
with the refresh clocks of the dynamical random cluster so that if e gets refreshed during [0, ] then
Z(e) = 1. Therefore, this coupling gives that C,([0,0]) is contained in the cluster of = inside the
configuration 1 + Z, which by Lemma 9.1 is contained inside 7/, a random cluster configuration with
parameters p’, g. Then it follows by the sharpness of the phase transition [5] that the cluster of z in n/
has an exponential decay, establishing (1.4) and allowing us to obtain the conclusions of Theorems 1.2
and 1.3 for the random cluster model with ¢ > 1.

Regarding the case ¢ < 1, one can deduce the exponential decay of the cluster n + Z only when p is
small enough. This becames rather trivial as regardless of the state of the other edges, we obtain that
an edge e is open during [0, 6] with probability at most

D p
maxy —————,ppt+e=——F"—""+¢€
{p+(1—p)q } p+(1—-p)g

which for small enough p can be made smaller than p., the critical probability for independent perco-
lation. O
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