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Abstract

This thesis presents aspects of noncommutative spectral geometry as an approach
to formulate a model of gravity and particle physics, while addressing open is-
sues associated with this approach. We propose a novel definition of the bosonic
spectral action using zeta function regularisation, in order to address the issues of
renormalisability, ultraviolet completeness and spectral dimensions. We compare
the zeta spectral action with the usual (cutoff based) spectral action and discuss
its purely spectral origin, predictive power, stressing the importance of the issue of
the three dimensionful fundamental constants, namely the cosmological constant,
the Higgs vacuum expectation value, and the gravitational constant. We empha-
sise the fundamental role of the neutrino Majorana mass term for the structure of
the bosonic action. We subsequently show that the regularised zeta spectral action
gives a stable linearised gravitational theory despite being a 4th-order derivative
theory. Afterwards, we explore the notion of Lorentzian noncommutative geom-
etry, where the bosonic action is not well-defined. However, in such a case, the
dynamics of fermions is still well-defined. We have shown that one could give a

geometrical meaning to the energy-momentum dispersion relation of fermions.
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Chapter 1

Introduction

The study of noncommutative geometry (NCG) was inspired by the idea that
spacetime will reveal its quantum nature at some very high scales; the coordinate
algebra of spacetime will be replaced by a noncommutative operator algebra. Such
an idea leads to several formulations of noncommutative geometry; in this thesis
we focus on the noncommutative spectral geometry (NCSG) approach. The notion
of spectral geometry is inspired by the duality between a commutative C*-algebra
and a topological space i.e. the commutative algebra is nothing but the algebra
of functions living on some topological space. Since any Riemannian manifold is
a topological space with a differential structure, it is shown by Alain Connes [1]
that by adding a Dirac operator together with some axioms, one can reconstruct
a Riemannian spin manifold from the commutative pre—C*-algebra. When the
commutative algebra is replaced by a noncommutative one, the duality leads to
the discovery of a new kind of geometrical objects such as noncommutative tori
2], noncommutative spheres, and almost commutative manifolds, which will have

a central role in this thesis.



Physics from almost commutative geometry

An almost commutative manifold (AC manifold) is, roughly speaking, a manifold
whose coordinate algebra is given by a matrix algebra. The geometrical structure
of the AC manifold is equivalent to a product between a Riemannian manifold M,
and an internal space F. In the case that the matrix algebra is the direct sum
of smaller matrix algebras, the internal space is the disjoint union of topological
spaces. Ignoring the structure of each internal space, one may think of M x F' as
a disjoint union of Riemannian manifolds. However, the distance between these
disjoint manifolds can be either finite or infinite.

Although the dimension of M x F' and that of the Riemannian manifold M are
equal, the AC manifold has the larger symmetry group. The symmetry group of
the AC manifold is, roughly speaking, the product of the Diffeomorphism group
of M and the symmetry group of the internal space. Choosing an appropriate AC
manifold such that its symmetry group contains the gauge group of the Standard
Model (SM)[3, 4] leads to a model of particle physics coupling to gravity. In
this model, gauge fields and scalar fields (which will become SM Higgs field) are
generated by the fluctuation of the metric, and the four forces are given by the
curvature induced by the symmetry of the AC manifold. Hence, one can say that
the almost commutative geometry approach offers a fundamental description of
SM as a gravitational theory on an AC manifold.

NCSG provides not only a fundamental picture of SM, but also phenomenologi-
cal predictions. The mass of the Higgs boson was predicted to have the same order
of magnitude to the experimental value. It was suggested that the inaccuracy of

the prediction may stem from the big desert hypothesis [4]. By introducing a new



scalar field [5], which does not exist in the original approach, the experimental
value of the standard model Higgs mass can be obtained. The inclusion of this

scalar field into the model has been realised by various approaches [6, 7, 8, 9].

A hint towards quantum gravity

A goal of NCSG is to construct a geometrical space associated with a certain op-
erator algebra, therefore, given a quantum algebra, e.g. the Heisenberg algebra,
deformed Hopf algebras (quantum groups), one would expect a quantum gen-
eralisation of Riemannian manifold. The Heisenberg commutation relation was
generalised into the language of NCSG in Ref. [10]. It was shown that the spectral
geometry satisfying the generalised commutation relation leads to the decomposi-
tion of a Riemannian manifold into disconnected spheres of unit volume (Planck
units). Such a granular structure is a common feature one finds in quantum space-
time associated with many theories of quantum gravity. This result seems to
suggest an approach towards quantum gravity.

Since there are various approaches to quantum gravity, one may ask: what
are benefits of presenting a quantum gravity theory in the language of NCSG.
The first benefit is that, in principle, the ambiguity of passing from a classical
theory to a quantum one can be eliminated. Traditionally, the construction of a
quantum gravity theory begins by choosing a gravitational action on a Riemannian
manifold (pseudo-Riemannian manifold), then quantising the theory. However,
NCSG provides an idea that one may first choose a quantum (noncommutative)
algebra, then construct a quantum spacetime, and then define a theory of quantum

gravity, hence, eliminates the need of quantisation. The research in this direction



has been pursued in Ref. [11, 12, 13]. The second benefit is that NCSG offers a
candidate for the line element in quantum gravity [14]; there is a natural notion
of line element given by the inverse of the Dirac operator (A brief discussion on

the distance function in NCSG can be found in section 2.2).

About this thesis

Applications of NCSG can be found in both low energy phenomena such as the
quantum Hall effect [15, 16], and high energy ones such as physics of the Standard
Model. In this thesis, our main interest lies within the area of high energy physics.
Although NCSG has promising potential as a fundamental theory of gravity and
particle physics, so far this approach can only provide an effective theory, due
to various open issues. The aim of this thesis is to improve this potential by
addressing some of those open issues.

This thesis is based on three publications [17, 18, 19]. The contents of the
thesis are organised as follows. We start with some necessary elements of noncom-
mutative spectral geometry in Chapter 2, including C*-algebra, distance formula
in NCSG, inner perturbations, and spectral invariants. In Chapter 3, we discuss
various open issues associated to the conventional spectral action such as locality,
renormalisability, hierarachy problem, and then we introduce another spectral ac-
tion, based on the spectral zeta function, which partially addresses these issues.
Then in Chapter 4, we discuss the gravitational part of the spectral action, and
show that one could avoid negative energy that is a generic problem in higher
derivative gravitational theories. In Chapter 5, we explore the origin of energy

momentum dispersion relation in the context of Lorentzian spectral geometry. Fi-



nally we summarise our results and discuss some open questions and future research

directions which arise from the investigations presented in this thesis.



Chapter 2

Elements of spectral geometry

Spectral geometry refers to the idea that one can construct a geometrical space
from the spectral data of operators. This idea originates from the theorem pro-
posed by Gelfand and Naimark in 1943, which offers a duality between commu-
tative operator algebras and topological spaces. Later the duality was developed
such that it enables one to construct a Riemannian spin manifold from a com-
mutative operator algebra, therefore, leads to the well-defined notion of spectral
geometry. Since operator algebra can be noncommutative, one may ask, what
kind of geometry would arise when replacing the commutative operator algebra
with a noncommutative one. A partial answer based on existing examples is that
one obtains a generalised geometrical structure that retains some of the features
of Riemannian spin geometry such as a metric, a spin structure, while it offers
new features such as an internal symmetry and inner fluctuations (this will be dis-
cussed in more details later on). Such geometry is called noncommutative spectral
geometry (NCSG) which is a type of noncommutative geometry.

The elements of spectral geometry, which we will use in the subsequent Chap-



ters, can be summarised into the following three topics; elements of spectral triples,
geometrical structures, and spectral invariants. In section 2.1, we first highlight
the motivation behind the notion of spectral geometry, which then leads to the
definition of spectral triple that has become the standard notion of spectral ge-
ometry. In section 2.2 we introduce the notion of distance defined purely from
the spectral data. In section 2.3 we discuss the definition of symmetry group, its
role in spectral geometry, and how it gives rise to gauge fields. The last section
concerns spectral invariants of the Dirac operator such as heat kernel trace, zeta
function and index. We then define the dynamics on spectral geometry based on

these spectral invariants.

2.1 From C*-algebra to geometry

As mentioned above, the notion of spectral geometry is developed from the dual-
ity between a commutative C*-algebra and a topological space. A C*-algebra is

defined as follows:

Definition 2.1.1. Let A be an algebra over the field of complex numbers C with
anorm || -] : A— C. A is a Banach algebra if it is complete under the norm

and satisfies

||abl| < ||lall||b]] Va,be A . (2.1.1)

A C*-algebra is a Banach algebra equipped with a conjugate linear map * : A —

A with properties (a*)* = a, and (ab)* = b*a*, satisfying the equality
la*all = [la]*. (2.1.2)
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Example 2.1.2. C is a C*-algebra, for z € C the star operation and norm are

defined by z* := z and ||z| = |2|.

Example 2.1.3. The algebra B(H) of bounded linear operators on a Hilbert space

H is a C*-algebra. Let T € B(H) and x € H, the operator norm is defined by

T
17 = sup 1221
el

(2.1.3)

and the x-map is defined by the adjoint operation. In particular, for H = C™ one

can deduce that M, (C) is also a C*-algebra.

Example 2.1.4. An operator T is compact if for any bounded subset U C H, the
closure of T(U) is compact. The collection of such operators, denoted by IKC(H),

is a C*-algebra, and also a closed subalgebra of B(H).

Actually any C*-algebra A is isomorphic to a closed subalgebra of B(#). The
connection between C*-algebras and operator algebras leads to the notion of the
spectrum of an element of a C*-algebra. For a unital C*-algebra, the spectrum of

an element a € A is defined by
Sp(a) ={ e C; a—A¢& A}, (2.1.4)

where A denotes the group of invertible elements. The definition of spectrum
Eq. (2.1.4) is applicable to a nonunital C*-algebra, providing that one unitises
(adding a unit) the algebra. A unitisation can be achieved by embedding a
nonunital C*-algebra A in a larger C*-algebra A = A x C with the product
defined by

(a, N)(b, ) = (ab+ Ab+ pa, i) , (2.1.5)

11



and the norm

[(@, M| = sup{[lab + Ab][ 5 [[b]] <1} . (2.1.6)

Next we will define the notion of character, which plays a crucial role in the

Gelfand-Naimark theorem that we will discuss later.

Definition 2.1.5. A character is a nonzero surjective homomorphism pu : A —

C. The collection of all characters is denoted by M(A).

One can show that u(a) € Sp(a). Assuming p(a) ¢ Sp(a), so that a — p(a)l is

invertible, then

@ — p(a)L) = pu(a) — pu(a) = 0. (2.1.7)

Since 4 is a homomorphism, it maps an invertible element to another one. This
leads to a contradiction since 0 is not invertible. If A is commutative, then we
call M(A) the Gelfand spectrum. In the case of A = C(X) is the algebra of
continuous functions on a compact Hausdorff space X, the Gelfand spectrum is
the collection of evaluation maps €, : f — f(x) at z € X. It is obvious that the
map from ¢ : M(C(X)) — X defined by €, — x is a bijection. By imposing the

weak™ topology on M (C(X)), the map ¢ is a homeomorphism [20].

Lemma 2.1.6. The Gelfand spectrum of a unital commutative C*-algebra is a

compact Hausdorff space.

In the case of nonunital algebra A, one applies Lemma 2.1.6 to M (A) (recall
that A is the unitisation of A), and then extracts the topological structure of

M(A). Let (a,\) € A and € M(A), characters on A given by

fla,\) = p(a) + X and  po(a,\) =\, (2.1.8)

12



therefore,

M(A) = M(A) U {uo} . (2.1.9)

Since M (.A) is compact, the space M (A)U{uo} is also compact. By removing the
point {xo}, we have that M(A) is a locally compact (Hausdorff) space.
Alternatively, one may identify a point on a space with a pure state of a com-

mutative C*-algebra, defined as follows.

Definition 2.1.7. The set of states S(A) is the collection of positive linear func-
tionals of norm one. The set S(A) is convez, and its extreme points (any state that

cannot be written as convex combination of other states) are called pure states.

The set of pure states will be denoted by P(A).

Although the sets M (A) and P(A) are the same in the commutative case, since
their elements are given by the evaluation map €,, they are not necessary equal
in the noncommutative case. In mathematical physics (and also in this thesis),
the generalised notion of point on a noncommutative geometry is often defined as

pure states, instead of Gelfand characters.

Theorem 2.1.8. (Gelfand-Naimark Theorem)
Let A be a unital commutative C*-algebra, there exists an isometric *-isomorphism

such that A= C(M(A))

If the algebra is not unital, then it is isomorphic to the algebra of continuous
functions vanishing at infinity denoted by Cy(M(.A)). One should notice that the
Gelfand-Naimark theorem and the lemma 2.1.6 imply that the compactification of
a locally compact Hausdorff space is equivalent to the unitisation of a nonunital
C*-algebra

C(M(A)) = C(M(A) U {uo}) = Co(M(A) & C . (2.1.10)

13



Hence, we have a generalised notion of compactness in the language of C*-algebra.

One deduces from the Gelfand-Naimark theorem that any unital commutative
C*-algebra can be realised as an algebra of continuous functions on some compact
Hausdorff space (and a locally compact Hausdorff space for a nonunital one). Since
a compact Hausdorff space is the basic ingredient for any smooth compact mani-
fold, one may ask what kind of extra ingredients are needed in order to upgrade
M(A) from a topological space to a manifold. An answer was first suggested,
and subsequently proven by Alain Connes [21, 1] showing that one can obtain a

manifold by introducing the notion of spectral triples.

Definition 2.1.9. Spectral Triple

A spectral triple is a collection of data (A, H,D), where A is a C*-algebra (or
pre-C*-algebra, which is not necessary complete), H is a Hilbert space carrying a
representation of A as bounded operators, and D is a Dirac operator i.e. a densely

defined self-adjoint operator such that
e the resolvent of D is a compact operator.
e for each a € A, the commutator [D,a| is a bounded operator on H.

Remark. Having a compact resolvent, which means that for X ¢ Sp(D) the re-
solvent operator R(\, D) := (D — X))~ is compact, implies that D has discrete

spectrum [22].

A spectral triple is even if there exists a grading operator 7 such that

va = a7y, and yD = —Dr, (2.1.11)

14



and it is real if there exists an anti-linear isometry J : H — H such that

J*=¢, JD=¢€DJ, Jy=¢"vJ (even case), (2.1.12)

where €, €/, ¢” € {—1,1}. There are only 8 possible KO-dimension of a real spectral
triple [21, 4]. The justification of the axioms (2.1.12) are in the analogy with the

periodicity modulo 8 in Riemannian spin geometry.

Table 2.1: KO-dimension of Riemannian spin manifolds

nmod8 |0 1|2 3|4 |5|6|7
€ 11 -1]-1}{-1}-1}]1/|1
¢ 1/-1y 1|11 }-1]1/|1
e’ 1 -1 1 -1

Suppose A acting on H by a left action, the existence of real structure allows
one to define the right action ha® = Ja*.J*h, for h € H. The right action needs

to satisfy two additional axioms

[a°,b] =0 (2.1.13)

[a°, Db] =0, (2.1.14)

which are often called zero-order and first-order axioms. Both axioms are necessary
for the reconstruction of a Riemannian spin manifold, which we will shortly discuss.
Note that, there is an example of real spectral triple in which the first-order axiom
is relaxed [23].

A spectral triple (A, H, D) can be constructed from a compact four-dimensional

Riemannian spin manifold with a spinor bundle S — M in the following way.

15



e A is given by the set of smooth, infinitely differentiable functions C°°(M)

with pointwise multiplication.
o H := L*(M,S) is the Hilbert space of square-integrable spinors on M.

e the Dirac operator D := —iv“Vf is defined in terms of the spin Levi-Civita

connection V* and the Dirac gamma matrices .

e the grading is given by 7° := 7014243

e the real structure is Jy; := 792 o cc (also known as the charge conjugation

operator), where cc denotes complex conjugation.

Such spectral triple is called the canonical triple. Conversely, given a commuta-
tive spectral triple, one can reconstruct a four-dimensional Riemannian manifold.
Note that, this result holds for any even-dimensional manifold but for the pur-
pose of this thesis we often assume manifolds to be four-dimensional, unless state

otherwise.

Theorem 2.1.10. (Manifold reconstruction theorem [1])
Let (A, H,D,~,J) be a commutative even graded real spectral triple satisfying the
five conditions given in Ref. [1]. There ezists a compact (even dimensional) Rie-

mannian spin manifold M such that A = C*(M).

For a locally compact manifold, the algebra is replaced by the algebra of smooth
functions vanishing at infinity C§°(M ), which is a nonunital algebra.

The manifold reconstruction theorem shows that spectral data can characterise
the geometry of ordinary Riemannian manifolds, in the sense that the canonical

spectral triple (A, H, D) encodes the manifold structure. Then, if the definition of

16



spectral triple is regarded as a notion of generalised geometry, one would expect
a new kind of geometry to emerge when A is a noncommutative algebra: such
geometry is dubbed noncommutative spectral geometry (NCSG).

The study of noncommutative spectral geometry is directly connected to a fun-
damental model of particle physics. The essential properties of a particle physics
model such as symmetry, particle content, and mass matrices can be nicely en-
coded in the language of spectral triple. Inspiring by the local gauge group of the
Standard Model (SM)

Gen = U(1) x SU(2) x SU(3) |

one may choose an algebra that contains such a gauge group, e.g.

Ap =Ca e M(C) . (2.1.15)

The fermions of SM are represented by a finite-dimensional Hilbert space Hp =

(C32)®3, where each C*? is divided into
HoH,oHdH;=C'a (C'aC)aC' e (C'e C%) . (2.1.16)
Each (H;®&H,®H;®H;)" represents fermions in the generator i-th, ¢ = 1,2, 3, with

the basis {v(i)g, v(i)r, (i)r, 0(i)r}, for v(i) = v;, €;, uf, df where ¢ =r,g,bis

the colour index. The representation of a = (A, ¢,m) € C @& H & M3(C) on the

17



Hilbert space is defined by

A0 0 0 A0 0 0
0OX 0 0 0N 0 0
Ty, (a) = : Ty, (a) = ® 1
00 a p 00 o p
00 —3 & 00 -3 &
Ty (a) = Ay, Ty, (a) = 1y @ m,

where «, § € €. The Dirac operator is a self-adjoint operator Dy that encodes

the mass matrices of fermions

Dp = . (2.1.17)

Here T'(v;))r = (Yr)ik(Vk)r, where Yg is the 3 x 3 Majorana mass matrix, and

Tv = 0 on any other basis of (H; & H,)’, and

0 0 Y, 0 0 0 Y, 0
0 0 0 Y. 0 0 0 Y

S’Hl@a = , S|7—l§93 (%9 ]13 s
Y 0 0 0 Y) 0 0 0
0 Y 0 0 0 Yy 0 0

where Y,,, Y,, Y, and Yj; are the 3 x 3 Yukawa mass matrices. The spectral triple

(Ar, Hr,Dr) , (2.1.18)

18



is called the finite spectral triple. The grading and the real structure are given by

Yro(i)r = v(i)r,  YFv(i)r = —v(i)r
vro(i) g =0(i)g, YrU(i)L = —0(i) , (2.1.19)
and
JFU<Z')R’ L = @(i)& L > and JFTJ(Y:)R L = U(i)R’ L - (2120)

Hence we have a real even spectral triple of KO-dimension 6. From this example,
one should not conclude that the choice of algebra Ap is arbitrary as long as it
contains Ggy. As it was shown in the Ref. [24], the finite spectral triple that
(i) contains the algebra (2.1.15), (ii) gives the particle content of SM must have

KO-dimension 6 and its algebra must be of the form

M, (H) & Moo (C), a € N . (2.1.21)

For a > 2. For the case a = 2, the spectral triple with the zero-order and first-order
axioms yields exactly the algebra (2.1.15). Note that, Choosing a larger algebra
or relaxing the first-order axiom may add a new particle into the model as in Ref.
6, 7, 8, 25].

We have learned from the commutative case that the pure states of the algebra
are equivalent to points on a topological space. By generalising this idea one finds
that the spectral triple (Apr, Hp, Dr) describes a finite set of disjoint topological
space, since P(Ap) = [[. P(A;) =: F. Although the finite spectral triple by itself

19



gives a trivial structure, its product with the canonical spectral triple, namely

(Ce(M) ® Ap, L* (M, S) @ Hp, —iV @ Idp +v° @ D) , (2.1.22)

together with the grading operator v° ® vr and the real structure Jy; ® Jp, yields
a nontrivial noncommutative structure [4] (note that the tensor product of two
real spectral triples does not always give a well-defined real spectral triple. We
refer to Ref. [25] for more details on the graded tensor product of spectral triples,
which always yield a real spectral triple). The spectral triple (2.1.22) is called the
almost commutative spectral triple.

A geometrical object that one recovers from an almost commutative spectral
triple is called almost commutative manifold (AC manifold). The topological struc-
ture of the AC manifold is given by the topology on the set of pure states, which

is homeomorphic to a product space

PC¥(M) ® Ap) ~ P(C®(M)) x P(Ap) ~ M x F (2.1.23)

or in other words, to a collection of disjoint manifolds. One should note that
this is not just a topological space. The space M x F' possesses similar structure
to a Riemannian spin manifold, since it has a well-defined KO-dimension (which
indicates a generalised notion of spin structure), and the distance function given
by the inverse of the Dirac operator (which will be discussed in the next section).
The notion of AC manifold allows one to treat the forces of interaction between
gauge fields and the force of gravity in an equal footing; all forces arise from the

curvature on the AC manifold.

20



2.2 Infinitesimal and Connes’ distance formula

From the manifold reconstruction theorem, it is clear that all geometrical data of a
compact Riemannian spin manifold can be encoded into the form of spectral data,
therefore, one should anticipate that the geodesic distance can be rewritten in the
spectral language. To do so, we begin with the notion of infinitesimal distance.
Consider an integrable function f defined on [0, 1], and let {s,}nen C (0,00) be a
monotonically decreasing sequence. Let N € N such that sy < 1, then for n > N
we have 1 = ms, + r,, for some m € N, and 0 < r, < s,. The integral of the

function f is defined by

| sty = i (Z f(ci>sn+f<cm>m> , (2:2:21)

where ¢; € [x;,x; + 8,], for 1o = 0and i = 0,....m — 1, ¢, € [Tp_1, Tm_1 + T0l.
Hence, the infinitesimal du can be defined if there exists a monotonically decreasing
sequence {s,}nen such that s, — 0 as n — oo. This is exactly the property of
nonzero eigenvalues of a self-adjoint compact operator, which can be arranged
in a decreasing order such that A\, — 0 as n — oo [26]. Recall that from the
definition of spectral triple, the resolvent of Dirac operator is a compact operator.
The compactness of the resolvent operator implies that the inverse D! is also

compact on the orthogonal complement of its kernel [22], so we define

ds := |D| ™, (2.2.25)

21



where |D| = vV D?. The existence of infinitesimal suggests that the distance func-
tion

d(z,y) = inf/ds : (2.2.26)
gl

B!
where 7 is a curve connecting x and y, can be reformulated in terms of Dirac
operator. It was shown by Connes that for a Riemannian manifold (equivalently

a canonical spectral triple) the distance function can be rewritten as

d(x,y) = sup{ |f(z) = f(y)l ; [ e CF(M), I[P, flIl <1}, (2.2.27)

which is known as the Connes’ distance formula or the spectral distance formula.

Example 2.2.1. To show that the formula (2.2.27) yields a distance function, let
us consider the close interval [0, 1], which is a compact one-dimensional manifold
with the distance function (metric) d(x,y) = |x—y|. Our goal is to confirm that the
rhs of the formula (2.2.27) agrees with the distance function. From the condition
1> ||[D, f]ll, we have

df
1>||[D == 2.2.28
> [P, )l = |2 (22.28)
which implies that
1> (2.2.29)
22 . 2.

Integrating inequality (2.2.29) from x to y, and then taking supremum one obtains

sup [f (@) = fy)] <[z =yl (2.2.30)
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Clearly, the equality is given by f(x) =z, so

dp(z,y) = |z — y| = d(z,y). (2.2.31)

Notice that using the Gelfand-Naimark theorem, the two points x and y in Eq. (2.2.27)
can be replaced by evaluation maps €, and ¢, which are pure states of the C*-
algebra. In this way, one can define a distance function even on a noncommutative

spectral triple, namely

dp(w,w’) = sup{ |w(a) —'(a)] ; a € A, ||[D,d]|| <1}, (2.2.32)

where w,w’ € P(A). Let us extract some properties of the spectral distance on an
almost commutative manifold. Recalls that the set of pure states of almost com-
mutative spectral triple is given by Eq. (2.1.23), the following theorem establishes
the Pythagorean relation between the geodesic distance on M and the distance

between pure states of the finite-dimensional algebra [27].

Theorem 2.2.2. Let w; € P(A;) and w; € P(A;), and p is a projection such that
pH = H,DH,;, where H;, H; are corresponding Hilbert space of A;, A; respectively.
If [Dp,p] = 0, then the square of spectral distance between €, ® w; and €, @ w; is

given by [27]

d*(ex ® wi, €, ® wj) = d*(z,y) + d*(w;, w;)

= d3(z,y) + dP(wi,w;) | (2.2.33)

where dy(x,y) is the geodesic distance on M.
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Note that for ¢ = j, d(w;,w;) = 0, therefore, one may think of P(.A4;) as a point
in F', while for ¢ # j could give positive number or infinity. Hence, geometrically, F'
is a finite set of points with finite or infinite separation. If the separation between
these points are finite, one can embed the almost commutative manifold M x F' in
an (n + 1)-dimensional Riemannian manifold M x R. The metric of M x {e;, e;}

inherited from the ambient manifold is given by

Juv 0
gw=| " , (2.2.34)

0 1/dF(ei7€j)2
where greek indices p, v € {0,1,2,3}. In the case of a two-sheets space M x {0, 1}
described by the product of the canonical spectral triple with the finite spectral

triple

0 m
Arp=C@C, Hp =C? Dp= , (2.2.35)

m* 0

where m € C is a complex parameter, we have dp(0,1) = 1/|m)|.

2.3 Symmetry, inner fluctuation and gauge fields

It is well-known that the theory of general relativity is invariant under coordi-
nate transformation, or putting in the algebraic language, it is invariant under
the action of the diffeomorphism group Diff(M). A goal of the almost commuta-
tive geometry approach is to unify all forces in the spirit of general relativity i.e.
all forces arise from curvatures on an almost commutative manifold, hence, one
expects the symmetry group to be the “diffeomorphism group” on an almost com-

mutative manifold. To define the analogous notion of the diffeomorphism group,
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one observes that for f € C*°(M) and ¢ € Diff (M) the map

as(f)=foo! (2.3.36)

is an automorphism on C*°(M), therefore, Diff(M) = Aut(C*(M)). Hence, we

define the diffeomorphism group on an almost commutative manifold to be

Diff(M x F) := Aut(C®(M, Ar)) . (2.3.37)

To recover the gauge group of SM, let us consider a particular subgroup of the

automorphism group [4]

GAH) = {U =uJuJ" ; u € U(A), det|, u=1}

= Gsum X 2 (2.3.38)

where Ggy is the gauge group of SM (one should note that Ggy contains ele-
ments that act trivially on bosons and fermions). Another important subgroup
is the inner automorphism group, denoted by Inn(A), which is the collection of
automorphisms

ay(a) — uau™ | (2.3.39)

where u € U(A) is an element of the unitary group of the algebra. The group

Inn(A) is isomorphic to the quotient group

Inn(A) = U(A) [U(Z(A)), (2.3.40)
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where Z(A) denotes the center of the algebra. Next we will show that gauge
fields arise naturally when a spectral triple (A, H,D) is perturbed by the inner
automorphism. The algebra of the perturbed spectral triple is given by B :=
a,(A) = A, but we need the notion of strong Morita equivalence to construct
the whole spectral triple.

The Morita equivalence between two C*-algebras B and A means that there
exists a finitely generated projective right .A-module £ (more details on C*-module

can be found in [20]) such that

B = Endy(€) . (2.3.41)

A finitely generated projective module is basically a projection of A", for some

N € N, or more precisely, there exists a self-adjoint element p € My (.A) such that
p = p? and

&= pAY. (2.3.42)

If any two algebras are Morita equivalent, then one can define the Hilbert space

H = ER4H R4 E° where 9 = {£;¢€ € £} is the conjugate module equipped

with a left action aé = £a*, for a € A. Suppose £ admits a hermitian connection

V: & — £ ® QO that satisfies the following conditions [22]

V(€a) =(V&a+ERda, VE€E, ac A, (2.3.43)

d<€7 77)./4 :<€7 VTI>.A - <V£, 77>.A ,Vf, ne & ) (2344)

where QL denotes the algebra of one-form, da := [D,a], and (-,")4: E x & = A
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denotes the hermitian product. Then the Dirac operator can be defined by

DERNRE) =E@DNREF (VERRE+E@nVE. (2.3.45)

Since we have B ~ A and A is Morita equivalence to itself, and we take £ = A.
In this case, we denotes the Dirac operator by Dy, which actson ) = 1®@n®1 €

AR4H R4 A as follows

DA(1@n®1)=10Dne 1+ (Vl)pel+1enVl

= Dip+ Ay + € JAT ) | (2.3.46)

for A:= V1 =73 a;[D,b;] € Qp(A) is a self-adjoint one-form. The one-form A
is called inner fluctuation, which will play the role of gauge potential.

To confirm that the inner fluctuations represent gauge fields one needs to ob-
serve their behaviour under the unitary transformation. First we introduce the

notion of unitary equivalence between spectral triples.

Definition 2.3.1. Two real spectral triples (A1, H1, D1, J1,71), (Az, Ha, Do, J2,72)
are unitary equivalent if Ay = As, and there exists a unitary operator U : Hi — Hs

such that for a; € Ay and as € Ay

UalU*GAg, UDlU*:DQ

UJlU* = JQ, U’}/lU* = 2. (2347)
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Given the Dirac operator of the unitary equivalent spectral triple

UDAU* = UDU* + UAU* + ¢UJAJU*, (2.3.48)

we will determine the transformation rule of the inner fluctuations. For the first

term in Eq. (2.3.48), we have

UDU* = uJu*J*DJuJ u*
= e'uJ(D + u*[D,u]) J*u*
= uDu" + € Ju[D,u*|J*

= D+ u[D,u"] 4 € Ju[D, u*]J* . (2.3.49)

Note that we have used the axioms Eq. (2.1.12) for a real spectral triple. Since

the right action commutes with any element of A

UAU" = uw(Ju" J)AJ uJu* = vA(Ju*J*) J*uJu* = uAu*. (2.3.50)
Similarly,
UJAT'U* = JuAu*J*, (2.3.51)
therefore,
UDAU" =D+ A, +€JA,JY, (2.3.52)
where
A, = uAu" +u[D,u"] . (2.3.53)

The transformation rule Eq. (2.3.53) is exactly the transformation rule of gauge
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fields, hence, the gauge fields can be derived as inner fluctuations of a Morita
equivalent spectral triple.
Let us now compute the inner fluctuations of the spectral triple (2.1.22). Con-

sider a,b € C3°(M, Ap), the inner fluctuations read

A+ €JAJ" = [a,Db] + J[a, Db]J*

= AV + E/JAVj* + ADF + G,JADFJ* , (2354)
where Ay := a[—iv*V, @ Idp,b] and Ap, = a[y® @ Dp,b]. Consider

Ay + € JAyJ" = a[—iv"V, ® Idp, b] + Ja[—iy"V, ® Idp, b]J*
= — v ®ad,b+iy"J ® ad,bJ”
= V" ® (—iad,b + iJpad,bJy)

— " ® B, , (2.3.55)

where B, := —iad,b + iJpad,bJy, and we have used that Jyy* = —v*Jy. Next

consider

Ap, +€JAp,. J* = a[y’ @ Dg,b] + Ja[y® @ Dy, b J*
=" ® a[Dp,b] +7° @ Jra[Dr, b T

=Y R¢. (2.3.56)
Hence the fluctuated Dirac operator is given by
Da=—i"Vi®@Idp+1°" Q@ , (2.3.57)
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where fo = Vﬁ ®Idp +114® B, is the gauge connection of the principal bundle,
and ® := Dp + ¢. Using Eq. (2.3.53), one can check that ® obeys the transforma-
tion rule of a scalar field, hence, we shall call it the scalar inner fluctuation.

In addition, the square of the Dirac operator gives a generalised Laplacian
Dy =—g" (ViVE -1,V - Q, (2.3.58)

the linear map () is defined by

1 1
Q= ZR ® Idg + 5@'7“7” ® F,, —i"y" @ D,® — 1, ® ®? (2.3.59)

where R denotes the Ricci scalar, D, ® := [Vf, |, and
F,, =0,B, —0,B,+1B,, B, . (2.3.60)

The generalised Laplacian will play an important role in the next section where

we define spectral invariants on an almost commutative manifold.

2.4 Spectral invariants of Dirac operators

Spectral invariants are topological invariants derived from the spectrum of an
operator. In this section, we introduce the three important spectral invariants,
namely the index of the Dirac operator, the heat kernel, and the spectral zeta
function. These invariants can be written in terms of local geometrical invariants
e.g. curvatures (for the heat kernel this is true in a certain limit). In addition,

we argue that one can define dynamics on spectral geometry by choosing the
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appropriate spectral invariant.

Fredholm index

Let (A,H,D,v) be an even graded spectral triple. The Hilbert space can be

decomposed into the direct sum of positive and negative eigenspaces of 7 i.e.

H=H"®H, (2.4.61)

where

W = @’H and H = " (2.4.62)

Since the grading operator is anticommuting with the Dirac operator, we have

py+ — pU )
5

= @DH CH. (2.4.63)

H

Similarly, DH~ C H™", hence, the Dirac operator can be represented in the form

of a 2 X 2 matrix

D= , (2.4.64)

D, 0

where D, : Ht — H~ and D_ : H~ — H*'. Since the Dirac operator is self-

adjoint, we have D_ = D . The resolvent of the Dirac operator is an inverse of D
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up to a compact operator i.e.

DD—-N"'—Idy = (D -2+ X)(D—- )\ —1dy

=AXD-N"'eK(H), (2.4.65)

similarly (D — \)7!'D — Idy, € K(H). By Atkinson’s theorem [20], the Dirac
operator is a linear operator with finite dimensional kernel and Cokernel i.e.
dim Ker(D), dim H\Ker(D) < oco. Such an operator is called a Fredholm op-

erator, and we define the Fredholm index for D, by

Index (D, ) := dim Ker(D,) — dim H\Ker(D, )

= dim Ker(D,) — dim Ker(D7) . (2.4.66)

Note that, the index of a sefl-adjoint operator is zero. In particular, one cannot
define a nontrivial index for a Dirac operator on an odd dimensional manifold,
since there is no grading operator on its spinor bundle.

In the following example, we show that the index of the Dirac operator on
the Riemannian manifold coincides with the well-known topological invariant, the

Euler characteristic number x(M).

Example 2.4.1. de Rham complex
Let M be a compact Riemannian manifold of dimension 2n. The exterior derivative
is a map d : QP(M) — QPTY(M), and the codifferential is d* = *dx : QP(M) —

QP=Y(M), where x is the Hodge star operator. We define the inner product between
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p-form w,n € QP(M) as follows

(w,n) = /Mw A ). (2.4.67)

The space of p-forms QP (M) with the above inner product yields a Hilbert space
(the completion of space of p-forms with respect to the norm defined by the above
inner product is a Hilbert space), and the Dirac operator is defined by D := d+ d*.
One can decompose exterior algebra into a direct sum of even p-forms and odd-p-
forms, Qeven(M) @ Q°44(M). Then we have (d + d*); : QV*(M) — QY(M) and
(d+d*)_ : QM) — QV(M). The index of the de Rham complez is

Index(d + d*); = dim Ker(d 4+ d*); — dim Ker(d +d*)_ . (2.4.68)
Note that the elements of Ker(d + d*), are all even p-forms satisfying
dw =0, and d'w=0. (2.4.69)

Hence, w is a harmonic form, and therefore, by Hodge decomposition theorem
Ker(d + d*)y = @, H*(M,R), the even cohomology class on M (the similar

argument applies for Ker(d + d*)_).

n n—1
dim Ker(d + d*); — dim Ker(d +d*)_ = Y dimH*(M,R) - Y dimH**'(M,R)

= i(—l)jdimHj(M, R)
= x(M). (2.4.70)
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From the above example, one concludes that the index offers a connection between
two different worlds of operator theory and geometry. The notion of index is not
limited to differential operators, it is well-defined for any 7" € B(#) as long as the
dimensions of Ker(7") and Ker(7T™*)(equivalently Coker(7")) are finite, and therefore,

it can be generalised to an invariant of a noncommutative spectral triple.

Heat kernel

From the Dirac operator, one defines a Laplacian A := D* = D*D, + D, D*,
which has Sp(A) C [0,00). Inspired by the integral kernel of heat equation, the

heat kernel is defined by

1
—tA —tA -1
= — A—)N)"dA 2.4.71
where C' is a contour enclosing the spectrum of A, and ¢ > 0. The heat kernel

(2.4.71) is a trace class operator on the Hilbert space [26], hence we define the

trace of the heat kernel

Try (e‘tA) .

For t sufficiently small, one can think of the heat kernel trace as a way of “count-
ing” the eigenvalues that are smaller than t~!. Suppose A, denotes for a nonzero

eigenvalue of A, then

Try (e %) = dim(KerA) + Z et

~dim(KerA)+1+1+....+14+C, (2.4.72)
—_——
N
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for some N such that tA\y << 1, and C is a real number. Suppose A is a differential
operator on a even dimensional Riemannian manifold. The expansion (2.4.72) can

be realised as an expansion in Fourier modes

Try (e7'*) Zt / d"x+/|glag(z, A) :Zt : (2.4.73)
k=0

where each even Fourier coefficient ay,,(x,A) is a linear combinations of invari-
ant polynomials of curvature and their derivatives, while odd one vanishes i.e.
agm+1(z, A) = 0. Although the heat trace expansion is an approximation at t — 0,

it allows one to write an alternative formula for the index of the Dirac operator.

Proposition 2.4.2. Let D be the Dirac operator on an even spectral triple. The

index is given by
Index (D, ) = Try (fye’m) = Try (e*mim’) — Try (e*tDJFD*Jr) (2.4.74)
Proof. Since D} D, and D, D share the same nonzero eigenvalues, we have

Tl"q.[ (eitD:'D"') — TI‘H (eitD'*D:') = TI'HP+ — TI"HP_

= dim Ker(D’ D, ) — dim Ker(D, D7)

where P, and P_ are projections onto kernels of D7D, and D, D7 respectively.
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Since A = D2, it is clear that Ker(A) = Ker(D), hence,

Ker(D} D) ® Ker(D, D) = Ker(A)
= Ker(D)

= Ker(Dy) @ Ker(DY) .

The domains of Di D, and D, both lie within #*, while the domains of D, D7

and D7 lie within H ™, therefore,
Ker(D}Dy) = Ker(Dy), and Ker(DyD}) = Ker(D?) .
Hence

Try (e7P+P+) — Try (e *P+P+) = dim Ker(D,) — dim Ker(D?)

= Index(D, ) .

O

In the case that the Dirac operator is a differential operator, using the propo-

sition 2.4.2 and the heat trace expansion, we have
Index(D,) = 3405 / 2o/l (an(2, D2 D) — an(w, DaD)) . (2.4.75)
k=0 M

Since the lhs of (2.4.75) is independent of ¢, one concludes that the index is given
by
Index(D, ) — / &"e\/[9] (an (2, D D) — an(x, D1D5)). (2.4.76)
M

36



Hence we prove the well-known local index formula using the heat kernel expansion.
We mentioned in the previous section that the square of Dirac operator Eq. (2.3.58)

gives a second order differential operator, therefore, the heat trace expansion can

be applied to an almost commutative manifold. In such a case the first three

Seeley-DeWitt coefficients are given by

ag(A) = (4m) 72 / d*z/|g|Try, (Id)
azs(A) = (4#)_2/d4x\/HTrH (—g + Q)
ay(A) = (47) 2 / d*z/]g|Try (12AR + 5R? — 2R, R™ + 2R, pe R

—60RQ + 180Q* — 60AQ + 3002, (7)), (2.4.77)

uv

where R0, R, and R stand for the Riemannian curvature, the Ricci tensor
and the Ricci scalar respectively. The linear map () is previously defined by Eq.
(2.3.59), and the curvature two-form is given by the commutator of the principal

connections

E E E
Q;w = [Vp ) vy]
= V5, V)] ®1dp +il, ® 9,B,
— 114, ®0,B, — 1,4 ® [B,, B,]

1
= ZRMV/JU’Y’O’YU & 1d + 2]14 & Fl“’ s (2478)

where F,, := 0,8, — 0,B, +i[B,, B,|. Notice that, as(A) contains the Einstein-
Hilbert action, and a4(A) contains the kinetic terms of gauge fields. Such terms in-

spire the definition of the bosonic spectral action, which gives dynamics to bosonic
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fields on an almost commutative space (in the next Chapter we will see how the
spectral action gives the action of SM coupled to gravity). The bosonic spectral

action 1is

Sy = Try f(D?/A?) = / T F(t)Trye PN (2.4.79)
0

where f is a positive cutoff function and A a cutoff scale. The fermionic part of

the action, which does not involve the heat kernel, is defined by
Sy = (Ju, DY) . (2.4.80)
for 1 is a grassmann variable in +1-eigenspace of the grading ~.

Zeta function

Let P be an elliptic operator with Sp(P) C (0,00). The spectral zeta function
((s, P) is defined as

1
((s,P):=TrP = — [ X *Try(P —N)"td\, (2.4.81)

™ Jo

where C'is a contour enclosing Sp(P). The expression is the meromorphic exten-
sion (the extension is well-defined and analytic except at countably many poles)

of the zeta function

(s, P) = i&f : (2.4.82)

which converges for sufficiently large Re(s). Since a Laplacian can have zero eigen-

values, to define the zeta function for a Laplacian, one needs to modify the operator
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in the following way

A=A+ ePyer (2.4.83)

for € > 0 and Pk, is the projection onto the kernel of A. Using the definition of

the gamma function

AT (s) = / t e Mdt (2.4.84)
0

one can rewrite the zeta function in terms of the heat kernel trace

C(s,A.) =T(s)7! /OOO Ty (e7'%%) dt . (2.4.85)

The dependency on ¢ can be separated from the zeta function as follows

(8= F<S)1/ £ ey (e771r) di 4+ ()™ / £ Traso (%) dt
0 0
= F(S)—l/ ts_le_EtTr’H (PKer) dt 4 F(S>_1/ ts_lTr)\>0 (e—tA) dt
0 0

= ¢ *dim Ker(A) + F(s)_l/ ' Trasg (e72) dt . (2.4.86)
0

The notation Try-o denotes the trace on the eigenbasis e, with A\, # 0, while
Trger(a) denotes the trace on the kernel of A. The immediate consequence of
Eq. (2.4.86) is that the ¢ function is independent of ¢ at s = 0. The regularity of
the zeta function at s = 0 is discussed in [28] in the context of almost commutative
manifolds, and in [29] in a more general noncommutative setup. In particular, we

have

((s,7A:) = e* (dimKer(Dy ) — dimKer(D?)) = e *Index(Dy) , (2.4.87)
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therefore

Index(Dy) = ¢(0,7A,) . (2.4.88)

In the following we will write (0, A) instead of ((0,A.), since the function does
not depend on the choice of ¢.

Since the zeta function can be expressed in terms of heat kernel trace, its
local formula can be derived from the heat kernel expansion. The proof of this
statement can be found in Ref. [30, 26]. The local formula of the zeta function on

an n-dimensional manifold is given by

Q(O,A):/Md”x lg|lan(x, A) . (2.4.89)

Unlike the heat kernel whose local formula (heat trace expansion) only valid for

small ¢, Eq. (2.4.89) is always valid on a closed manifold.
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Chapter 3

Spectral action with zeta function

regularisation

The spectral action Eq. (2.4.79) of an almost commutative manifold is defined
based on the heat kernel trace of a Laplacian. This definition allows one to write
down the full action in a compact form, but it is practically impossible to perform
any calculation. The actual calculation which leads to phenomenological predic-
tions is only possible through the heat trace expansion. However, the need of the
expansion raises the question of the physical meaning of the cut-off scale A, and
other issues such as convergence, locality, and renormalisability. The main aim of
this Chapter is to introduce a new action functional on an almost commutative
space, which addresses some of these open issues.

The contents of this Chapter are organised as follows. In the first section, we
describe how one can obtain the action of the Standard Model from the spectral
action of an almost commutative space, and the phenomenological predictions

from the spectral action. In section 3.2 we list some open issues in the cut-off
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spectral action approach, and then in section 3.3 we address some of these issues
by introducing a new action defined by the spectral zeta function. In the last
section we study the ultraviolet behaviour of the gravitational action derived from

the zeta spectral action by calculating its spectral dimension.

3.1 Asymptotic expansion of a spectral action

In the previous Chapter we introduced the formal expression of the spectral action,
which is practically impossible to extract phenomenological information. To obtain
an action that will allow us to extract physics, one needs an approximation scheme
that preserves the relevant information of SM. First, note that the highest energy
we can observe in the laboratory is in the TeV scale. One can always pick an energy
scale A that is much higher than the TeV scale and assume that the physics at an
energy higher than A does not interfere with physics at TeV scale. Since A=2 is
very small the heat kernel trace can be expanded, and the action (2.4.79) can be

approximated by
TI'Hf(Di/AQ) ~ 2f4a0(DA)A4 + 2f2a2(DA)A2 + f(O)CL4(DA) + O(A_2) s (311)
where D, is the inner fluctuated Dirac operator defined previously, and

fack = /000 R f(2)de , 0<k<4. (3.1.2)

From Eq. (2.4.72), since A is much higher than TeV scale, the dominated term in
the expansion corresponds to the eigenvalues that are relevant to the physics at

TeV scale. Substituting the coefficients from Eq. (2.4.77) in the above expansion,
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the spectral action reads [4, 31]

S, ~ /\/— {48f4A4 sz f( )+ <4f2 Cf(o)) R 37(0 )Cuupoowpa

472 2 2472 1072

1
4z Y Ypu+ Wa W,ul/a_|_ Gz G,uz/z —|D H’Z—ERH2

4 4 py
2af2A2 - ef( ) 2 brr? 4] 4
— H +—H\d'z2+ 0O 3.1.3
af0) 242 (0) (A7) (313
where
11
D,H :=0,H + §ngWMU H— izglAuH : (3.1.4)

and the constants a,b,c,d and e are derived from Yukawa and Majorana mass
matrices. The field strength tensors Y, W,, and G, are derived from the gauge
fields A,, W, and G, which belong to the Lie algebra of the symmetry groups
Uy (1), SU(2) and SU(3) respectively. The field H, representing the Higgs field, is

derived from the scalar inner fluctuation as follows

_ 472

Try, (D, ®D'D) =: m|D,ﬂ|2
Try, (92) = Jffzr)myuzc
4br? Sem?
Tros (8) = Fgyzaal I+ oy I + 24

The requirement that the kinetic terms of gauge fields are normalised, results

in the following relation between gauge couplings

—Gi =0 =0, (3.1.5)

for g1, g» and g3 are the couplings associated with the three gauge fields A,,, W, and
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G, respectively. Hence, the action should be naturally defined at grand unification
scale (GUT scale). Although it is well-known that the renormalisation group
flow of the Standard Model does not allow the equality (3.1.5) at any energy
scale, the Eq. (3.1.5) approximately holds around the energy scale A ~ (10* —
10'") GeV. We shall proceed by assuming that the spectral action is defined at
A = 10'7. Since the spectral action is defined at such a high energy scale, the
predictions are obtained by solving the renormalisation group equation of masses
and coupling at the energy scale where the experiment is conducted (note that the
calculation is performed on flat spacetime). It is shown [4] that these predictions
are in agreement with the experimental values, except the mass of the Higgs boson
which is predicted to be around 170 GeV. The correct Higgs mass was achieved
by proposing the existence of a new scalar field [5], which could be obtained by
modifying the algebra, or relaxing the first order axiom [6, 7, 8, 9].

Despite the considerable achievements of almost commutative geometry (ACG)
approach to the Standard Model, the spectral action Eq. (3.1.3) still leaves open

some important issues.

3.2 Open issues in the cut-off spectral action ap-
proach

The following are the list of some open issues in the cut-off spectral action ap-
proach.
1. Locality in the high momentum regime: The spectral action is highly depen-

dent on the cut-off scale A. Although in the low momentum regime the expan-
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sion (3.1.1) recovers the Standard Model action, the high momentum regime does

not contain positive powers of the field derivatives [32, 33], exhibiting the structure
A ) A4 A4
SAN/dI(OélA hu,,h“”—i—ozggb@gb—l—agfl#@fl“) s (326)

where ¢ and A, are bosons of spin 0 and 1 respectively; ;23 are constants de-
pending on the particular realisation of the model. The transverse and traceless
fluctuations hy,, of the metric tensor g,, are defined as follows

P
Mpy’

G = O + (3.2.7)

where Mp is the Planck mass, i.e. they have canonical dimension of energy. This
opens the question of the meaning of the cut-off scale A, and what happens beyond
it.

II. Renormalisability: It is shown in Ref. [34] that on the flat space the action
Eq. (3.1.3) is renormalisable, given that the O(A™2) is suppressed by the cutoff.
However, the full spectral action is certainly not renormalisable, as it stands, since
at high momenta the bosonic propagators do not decrease. For instance, in contrast
to conventional QED, the diagram presented in Fig. 3.1 is divergent, therefore
one has to add four fermonic interactions (1E¢)2 in order to subtract the infinity.
Theories with four fermonic interactions are well known to be nonrenormalisable.

II1. Convergence and predictive power: The spectral action (3.1.3) is calculated
via the asymptotic heat kernel expansion. This expansion can be divergent and
generally speaking does not coincide with the spectral action [35]. From a predic-

tive point of view there is also an unpleasant dependence on the particular shape
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Figure 3.1: We present an ultraviolet divergent diagram leading to the introduction
in the theory of four fermionic vertex, i.e. making it nonrenormalisable. Wavy lines
present photon propagators, arrowed lines correspond to electrons and positrons.
of the cutoff function, whose momenta f,, appear in the asymptotic expansion
in inverse powers of A [36]. Strictly speaking this dependence introduces infinite
number of extra parameters.

IV. Naturalness: Another issue is that the magnitude of the dimensionful pa-
rameters appearing in the model, the cosmological constant, the Higgs vacuum
expectation value and the gravitational coupling have to be put in (3.1.3) by
hand. We emphasise that independently of the choice of the almost commutative
manifold, the physical values of these quantities necessitate an experimental input
which goes beyond the data encoded by the spectral triple. All these quantities
have to be substituted by a subtraction point which fixes their value by hand
to fit the experimental data. This drawback is closely related to the naturalness

problem.
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V. Lorentzian signature: The spectral action is derived in an almost commuta-
tive space M x F', where M is a four-dimensional Riemannian manifold, hence, the
tensors appearing in the asymptotic expansion are SO(4) invariants; the asymp-
totic action describes nonrelativistic dynamics. To obtain relativistic theory, one
performs the Wick rotation that turns SO(4) invariant tensors into SO(1,3) in-
variant tensors. Although a, can be written in terms of SO(1, 3) tensors, the heat
kernel trace itself is ill-defined on a pseudo-Riemannian manifold (this is related
to the fact that the heat kernel trace and the expansion do not generally coincide).
Hence, strictly speaking, one cannot directly obtain an action of the Standard
Model from the spectral action of an almost commutative geometry, but rather
the action “inspired by the asymptotic expansion of the spectral action.”

The problems [-IIT will be addressed in this Chapter, while in order to deal
with the problems I'V-V, we believe that more experimental input and a better un-
derstanding of Lorentzian spectral triple (a practical definition is given in Chapter

5) are required.

3.3 Zeta function regularisation

Going back to the origins of the bosonic spectral action, one notes that this is a
regularised version of the number of eigenvalues of the square of the Dirac operator.
The number of eigenvalues of an unbounded operator is of course infinite and one
has to (classically) regularise this sum, which would be otherwise 1+1+1.... The
spectral action does it with the introduction of the cutoff scale A.

To cure some of the drawbacks of the conventional bosonic spectral action

outlined above, we need an action functional with the following basic properties:
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e represent the regularised sum of the number of eigenvalues of D?
e can always be written as integral of local invariants

e does not depend on any parameter

The spectral zeta function (0, D?) has all of these properties, hence we propose

the following definition.

Definition 3.3.1. Let (A, H,D, J,v) be a real even spectral triple. The zeta spec-
tral action is given by

Se = ¢(0,D?) . (3.3.8)

From Eq. (2.4.89), we write the zeta spectral action in terms of local curvature

invariants

SC:/d4x gay(D?, x) ::/d4x\/§$. (3.3.9)

Here we use the zeta function to define the classical action, while in a slightly
different context the zeta function regularisation is also commonly used to reg-
ularise functional determinants appearing upon quantisation [37]. The spectral
action (3.3.9) is nothing but the conformal anomaly in a theory of quantised
fermions [38] where the bosonic fields are a classical background, the relation
between the cutoff spectral action and the anomaly can be found in Refs. [39, 40,

41, 42]. The Lagrangian density obtained from the { spectral action has the form:

ZL(x) = aid+ axcR+ azcH?
FanY, Y™+ asWe WHe 4 agGe, GH
R
+ary H (—VQ — E) H+ OégH4 -+ OégC/Wpo-C’qug + aloR*R* y
(3.3.10)
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where aq, .., a9 are dimensionless constants determined by the Dirac operator
(whose particular form is not relevant here); R*R* is the Gauss-Bonnet density
and C' is the Weyl tensor. The number d and ¢, which are the same as in the

spectral action (3.1.3), are defined by

d=tr((YiYr)?), and c=tr(Y;Yz) , (3.3.11)

where Yy is the Majorana mass matrix. Clearly d and ¢ have mass dimension 4
and 2 respectively.

Let us comment here on the fundamental role played by the dimensionful con-
stant M appearing in the position corresponding to the Majorana mass in the
Dirac operator. The bare values of the cosmological constant, Higgs mass param-
eter and the gravitational constant must be renormalised, so at a first look these
terms do not carry any predictive power. This is not correct: these terms define
the structure of the counter terms needed to eliminate divergences upon quanti-
sation when one uses dimensional regularisation. Indeed, if one has Yz = 0, since
there are no dimensionful constants in the bare Lagrangian anymore, divergences
proportional to 1, R and H? would not appear, and there would be no necessity
to introduce the corresponding counter terms. Correspondingly, the cosmological
constant, Higgs mass parameter and the gravitational constant would never come
out from renormalisation. In the context of the spectral action the Majorana mass
term already plays a fundamental role for the phenomenological viability of the
model; in the present context its role is even enhanced.

The bosonic spectral action S¢ contains only terms needed for the Standard

Model and Einstein gravity and nothing else (e.g. higher dimensional operators)

49



therefore it is local, renormalisable and unitary'. This means that one can use
renormalisation and safely compute an arbitrary loop order corrections. Another
strong advantage of the definition (3.3.9) is the fact that the Lagrangian (3.3.10) is
an exact result, therefore there is no need to consider asymptotic expansions and
their convergence. From the noncommutative geometry point of view the added
advantage is that S; is purely spectral, i.e. it is defined just via the Dirac operator
and there is no dependence on a cutoff function.

Substituting the Weyl square and Gauss-Bonnet density expressions via R2,

R, R" and R,,.3R"*% we can rewrite our Lagrangian as a linear combination

12
ZL(x) =Y n;0;, (3.3.12)
j=1
where

Or=1, Oy=R, O3=H?* 0O,=Y,Y" O5= W, WHe,
Os = G,,G",  O7= HV?*H, Og=H?R, Oy=H"' O= RuasR",

011 = R ,/RV, 012 = R2 . 3313
"

The Lagrangian given by Eq.(3.3.13) is the most general renormalisable Lagrangian

for QFT in curved spacetime?, and correspondingly the complete spectral action

S = (Ji, Dah) + S (3.3.14)

'For the issue of renormalisability and unitarity gravity is still a classical background. We
comment more in the outlook.

2For renormalisation of QFT in 4-dimensional curved spacetime and corresponding counter
terms see e.g. Ref. [43].
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is a renormalisable theory describing the Standard Model. Upon quantisation all
twelve composite operators O; in Eq. (3.3.13) must be renormalised and after
proper introduction of the renormalisation matrix and counter terms the coeffi-
cients 7; by the end of the day must be replaced by renormalised physical pa-
phys

rameters 7).

;. Quantum field theory never predicts the physical values of the

: h
coefficients n™*®

;- and they must be fixed at some energy scale by normalisation

conditions. Usually such normalisation is done using the values obtained from
experiment at low energy®. For the spectral action however it is natural to fix the
scale at the unification point, and this fixes the relations with all other coefficients,
which likewise are normalised at the unification point, with their value given by
the spectral action. We emphasise that this normalisation procedure is not a con-
sequence of the spectral geometry framework, but is a natural prescription. This
prescription gives predictive power, and we will use it considering the scale at
which the ¢ spectral action is written to be ~ (10* — 10'") GeV. In analogy with
the conventional bosonic spectral action discussed in Sec. 2.4, we will still call this
scale A. In conclusion, the bosonic spectral action is written as an action valid at

a particular scale, whilst the action is itself independent of this scale.

Remark. [t is useful to compare our approach with the one of Ref. [44] where the
spectral action was defined by the ansatz of the (generally divergent) asymptotic

eTpansion

N
Z f2nA4_2na2n[D]a (3315)
n=0

where f, are arbitrary and N > 2. This makes the theory local and super renor-

malisable, with A a cutoff, not a physical scale.

3Here “low” may mean TeV scale, which is still much lower than the unification scale.
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The higher terms are a particular kind of higher derivative reqularisation [45],
in particular when N = 3 we have the following action for the gauge field

FuFg P o S o, (3.3.16)

which improves the ultraviolet behaviour of the propagator

1 1
_2 % m. (3-3.17)
p P+ unzP

At finite values of A such theories are known to be super renormalisable (but with
ghosts) and in the limit A — oo one recovers the original renormalisable (without
ghosts) theory. Since there are still divergent one loop fermionic diagrams one
would then have to regqularise the theory with dimensional reqularisation, thereby
creating an artificial hybrid of higher-derivative and dimensional regqularisations
[46]. For N = 2 in flat spacetime the action is renormalisable and unitary. How-
ever, the coefficients ag and as that are supposed to introduce the cosmological
constant, Higgs vacuum expectation value and Einstein-Hilbert action term do not
have by themselves predictive power, since all these parameters have to be nor-
malised using experimental values. If, keeping N = 2, one removes them by hand,

the definition (3.3.15) will lead to our definition (3.3.8).

There remains to discuss in more detail the issue of lower (less than four)
dimension operators, especially in relation to the different scales which have to be
introduced, and the corresponding hierarchy. The predictive power of the lower
heat kernel coefficient ay and a5 is substantially different from the one of a4, which

contains all dimension four operators. In particular, the coefficients in front of
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lower dimensional operators are not obtained from spectral data, therefore their
normalisation must be imposed by hand using experimental data. This is closely
related with the problem of the hierarchy of their numerical value (often called the
naturalness problem).

The minimal Standard Model Lagrangian in the presence of gravity can be

written as*

_ M2
SSM:/d4x\/§(A+FP1R—|—/\(H2—UQ)2—I—...> : (3.3.18)
™

and involves three dimensionful parameters, which we express as energies:
e the cosmological constant: A ~ (10712GeV)* ;
e the Higgs vacuum expectation value: v ~ 103 GeV ;
e the Plank scale: Mpy ~ 10 GeV .

All three parameters are empirical quantities: the first one describes the rate of
expansion of the Universe and its value is deduced from observational cosmological
data [47], the second one is responsible for the experimentally obtained masses of
quarks and electroweak bosons [48], while the last one has to do with the Newtonian
attraction, namely the gravitational constant, and its value is also known from
from experiments [49]. The vastly different values of these three scales lead to
the hierarchy problem in the minimal Standard Model. Clearly any input on the
origin of these dimensionful constants and their vastly different values would be

an important achievement. Several attempts have been made; some rely on the

4Here X is a quartic dimensionless coupling and “...” stand for other terms of the SM La-
grangian, that contain only dimensionless Yukawa and gauge couplings.
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geometry of spacetime, like the addition of extra spatial dimensions leading to a
large value of Mp; as an effective value from a scale of a few TeV.

The spectral approach is very successful giving restrictions on dimensionless
parameters like Higgs quartic coupling, gauge couplings and Yukawa couplings,
etc. For the zeta spectral action in its present formulation the issue is the value of
the dimensionful constants in the lower dimensional terms in the action. We have
already seen that the presence of the Majorana mass term in the Dirac operator
introduces the correct lower dimensional operators, however the corresponding
coefficients are physically inappropriate. Therefore these three numbers can not
be taken from the spectral action, and one has to normalise the lower dimensional
operators by hand, thereby leaving the naturalness problem unsolved.

The above discussion leads us to propose the following formulation of the nor-
malisation procedure.

By definition:

e all dimensionless constants, i.e. all except the three involved in the natural-

ness problem are normalised to their spectral values.

e three parameters, the cosmological constant, the Higgs mass parameter, and
the Planck mass creating the naturalness problem are normalised using ex-

perimental input.

We emphasise, that although we weaken the conventional normalisation pre-
scription in the “hierarchy problematic sector”, we do not lose predictive power
with respect to the original approach, where the cosmological constant, the Higgs
mass parameter and the gravitational constant were as well not predicted from

the spectral data, while in addition in the cutoff spectral action approach one had

o4



the additional freedom to adjust parameters using the ambiguity of choice of the

cutoff function.

3.4 Gravitational spectral dimension

The spectral dimension is the dimension of spacetime as observed by a diffusing
test particle. The diffusion equation is controlled by a Laplace-Beltrami operator,
which is an elliptic operator. This notion can be extended to a more general elliptic

operator P such that its spectrum is bounded from below

Definition 3.4.1. Let a vector space V be a fibre of a vector bundle with a base
manifold M. Let K(x,2',T), for T € R, be the heat kernel of an elliptic operator
P C®(M,V) = C>®(M,V) such that Sp(P) C [c,00), for some ¢ € R. The

running spectral dimension [50] is a complex value function defined by

—~ dlog Try K (x,z,T)
Dy(T) := -2 , 3.4.1
(T) dloa T (3.4.1)
and the spectral dimension is given by the limit
D, := lim Dy(T) (3.4.2)

T—0

It was shown in Ref. [50] that for a polynomial function p(z), the spectral dimen-

sion of the operator p(9?) in four-dimensional spacetime is equal to ﬁ, where

Ny is the order of the polynomial. From this result the spectral dimension of the

cut-off spectral action can be determined as follows. Suppose h,,, A, and H are

g

small fluctuations of metric, gauge fields and the Higgs field respectively. The heat
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kernel expansion can be rewritten in the form of the power series of derivatives of

these fluctuations i.e.

S[huwA H] ~ /d4$Z(Qn 1hw( ii) o

+Qn+1z4”( 82) 4, +@”H( 82) H) ,

A2 A2
(3.4.3)
where @, Q). and Q)" are proportional to f, defined in Eq. (3.1.2). Hence,
D, = lim = — (3.4.4)
o= dm =0 4

Unlike the cutoff formalism, we will show in this section that the spectral di-
mension of the zeta spectral action is nontrivial. Since the actions for the Higgs
scalar and the gauge fields have the same behavior in the ultraviolet, like in the
infrared, their corresponding spectral dimensions coincide with the topological
dimension of the manifold and are equal to four. The gravitational spectral di-
mension can be also defined in a viable way, however such a definition requires
some analytical continuation, therefore we elaborate carefully on this point.

The gravitational part of our theory consists of the Weyl square contribution
coming from Eq. (3.3.9) and the Ricci scalar R appearing after the renormalisation
discussed in the previous section:

M2 N
Sgr = /d433’ (16F7;'1R - 16F2 Cﬂ”nfcﬂl”ﬁ) ) (345)

where Ny is the dimension of the finite Hilbert space.
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To compute the spectral dimension one has to extract the quadratic part of S,

for transverse and traceless fluctuations h,, of the metric tensor g,,, leading to

M3 2],
S = gin | i [(0) —a oY v o0 @)
where
_ 2Np
a:= M (3.4.7)

To define the spectral dimension one needs the heat kernel P(T, z,z') correspond-

ing to Eq. (3.4.6), given by

d4 . / 2 4
K(z,2',T) :/ P_eine—a)o=(v"-ar")T (3.4.8)

Note that, because a is positive the spectrum of (—9% — a(—9?)?) is bounded from
above, but not bounded from below. Hence, setting = = a2/, the integral K (x,z,T)
diverges, whilst is well-defined for negative a. In spherical coordinates the relevant

integral is proportional to

(2v=aTexp(£) - el (3520)T — /7T ) e i

[t~ L
0 8 (—aT)

where the rhs is an analytic function on the complex plane without a ray, that
we can choose as a lower half of imaginary axis [0, —ico). It means that there
exists an analytic continuation in a region of positive a; we define our integral for
positive a as the analytic continuation.

Note that D, only give meaningful information when it is real, and in our case
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we will show that the spectral dimension is indeed real. We write

o 2v—aT(4a+T)exp ({;) —T(2a+T)\/m [erf (5 ¢-GTT> N 1]
=, (2v=aTexp (£) - vmert (35 2) T = y7T)

(3.4.10)
and plot /DVS(T) in Fig. 1. Although we are interested in the limit 7" — 0, it is
worth to note that in the limit 7" — 400 the “running” spectral dimension is also

real

Figure 3.2: Running spectral dimension B;(T) for a = 1. The blue line and the
red line represent the real and the imaginary part of Dg(T) respectively.

Returning to the conventional spectral dimension, we see, that for all nonzero
real a we get
D, = lim Dy(T) =2 . (3.4.11)
T—0
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Finally, although in the intermediate range of the parameter T' the spectral “run-
ning” dimension is imaginary, there exists a sensible “low energy ” limit of Dg,
valid again for all real a, with

D := lim Dy(T) =4 . (3.4.12)

T—o00

Our result Eq. (3.4.11) is in agreement with the fact that the gravitational
propagators in our theory decrease faster at infinity, due to the presence of the
fourth derivative, thereby improving the ultraviolet convergence of the Feynman
loop diagrams. From another point of view our “low energy” result is in agreement
with the fact that at very low energies the dynamics does not feel the Weyl square

terms.

Remark. In principle relaxing the normalisation condition discussed in the pre-
vious section, one can also renormalise the coefficient in front of the Weyl square
action to a positive constant, that would corresponds to negative a in Eq. (3.4.6).
In this situation, the running spectral dimension Z/DVS(T ) is real for all T, not just

at T =0 and T = oo, and the corresponding plot is presented in Fig 3.3.
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Figure 3.3: Running spectral dimension B;(T ) for a = —1. The running spectral
dimension remains real for all T > 0.

Although the spectral dimension shows improvement in ultraviolet convergence,
the presence of fourth derivatives in the theory is well-known for causing linear
instability. In the next Chapter we suggest a method that allows one to evade

such a problem.
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Chapter 4

Linear stability of spectral action

It is clear that the gravitational action (3.4.5) can be derived from both the cut-
off spectral action (3.1.3) and the zeta spectral action (3.3.8). One notices that
in addition to the Einstein-Hilbert action, the action (3.4.5) carries fourth-order
derivatives of the metric tensor. It is well-known result in quantum theory on
curved spacetime that the fourth-order derivative terms arise naturally as correc-
tions to the Einstein-Hilbert action [51] at a high energy scale where quantum
nature of matter fields manifest. The presence of the fourth-order derivative terms
in the spectral actions (3.1.3) and (3.3.8) agrees with fact that the actions are
naturally defined at the high energy scale (more precisely, at the approximate
unification scale (10 — 10'7) GeV).

An interesting feature of higher derivative theories are their renormalisability
as it was shown in Ref. [52] that the linearised action of (3.4.5) is power-counting
renormalisable. Moreover, in the section 3.4 we have seen that the theory has the
spectral dimension 2, which is a feature of UV finite or renormalisable quantum

gravity models [53]. However, a higher derivative theory can be linearly unstable,
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which would lead to a nonunitary quantum gravity theory. For the spectral action
(3.1.3), the instability is not a serious problem if it is treated as an effective theory
i.e. one can introduce some constraints that eliminate unwanted degree of freedom
[54, 55] providing that the constraints do not affect the physics below the cut-
off scale. In contrast, there is no such an energy scale for zeta spectral action,
therefore, imposing a constraint will eliminate a relevant physical information.
In this Chapter we show the linear stability of the spectral action on a four-
dimensional manifold with torsion and in the absence of any matter fields, adapting
the approach proposed in Ref. [5]. We subsequently extend this approach in the
nonvacuum case.

The outline of this Chapter is the following. We give a brief background on the
Ostrogradski instability, and the Dirac method of solving Hamiltonian constraints
in the first two sections. In section 4.3 we add a particular type of torsion into
Riemannian geometry and show how to avoid the linear instability in the spectral
action. Then in the last section, we use the Dirac method to show that the
Hamiltonian of the spectral action on an almost commutative manifold is bounded

from below, therefore, the theory does not suffer from linear instability.

4.1 Linear instability

The regularised zeta spectral action, and the asymptotic expansion of the cut-off

action (3.1.3) yields the gravitational action of the form

- 1
Sgr[g;u/] = / \V4 ‘g‘ <A+ ER — Oéo||0||2> d413 , (411)
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where A denotes the cosmological constant, x? := 16w /M2, , oy is a positive con-
stant and ||C|* := C*"*°C,,,,, is the Weyl invariant. Such an action could have an
unbounded from below Hamiltonian (and above) which leads to an unnatural be-
haviour. Suppose we have a system with the unbounded from below Hamiltonian,
then by the second law of thermodynamics a state in this system will naturally
decay into a lower energy state. However, due to the absence of a ground state,
this process could continue endlessly [56]. Moreover, this process will give in-
finite amount of energy to its surrounding. The following example shows that
the 4th-order derivative nondegenerate Lagrangian can give rise to an unbounded

Hamiltonian [57].

Example 4.1.1. Consider a Lagrangian

L(q,4,4) = (@)*Fola,d) + iF1(q.4) + Fa(a, 9), (4.1.2)

where Fi(q,q) are smooth function. We consider the case that L(q,q, ) is nonde-

generate, meaning that Fy(q,q) # 0. We define canonical coordinates by

oL oL
P == P, = — = 2iF, + F
1 9q 2 BF qro+ ri,
Qi=q, Q2 =¢

Notice that Qy = Q1 and Qs = (P, — F1)/2F,, where Fy, Fy and Fy are now the
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function of Q1, Q2. Hence, the Hamiltonian reads

2
H=> RQi—L
=1

- . : (P, — Fy)? Fy
= PiQ + Q2 — AT, —(Pz—F1)2FO—F2
P—F) (P—F)? F
=P1Q2+P2( 22F0 D _ 24F0 ) —(Pz—Fl)Q—};O—Fz
(P, — F1)?
= P, -~ 2 _F. 4.1.
1Q2 + iF, 2 (4.1.3)

By fizing the coordinate 1, Qo and let Py varies, one can see that the Hamiltonian

18 unbounded from below and above.

One realises that the Lagrangian of the action (4.1.1) is of the form (4.1.2).
The equation of motion derived from the linearised action of (4.1.1) has negative
energy solutions, therefore, leads to instability [52]. In the next section we will
describe the method of solving constrained system, which shall be important for

section 4.5.

4.2 Constrained Hamiltonian system

Let M be a four-dimensional globally hyperbolic manifold i.e. M = R x %, where
Y is a Cauchy surface. Any curve parametrised by ¢ € R interesects ¥ only
once [58]. Consequently, if one picks the time direction along a normal vector
on a Cauchy surface, there is no closed timelike curve in the manifold. More
importantly, the existence of a Cauchy surface at any instant of time allows us

to define the Poisson bracket, which is important operation in the Hamiltonian
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formalism. Given a dynamical system define by the action

Sla) = / AV L(gi(x), (), (4.2.4)

for ¢; is a smooth function ( or tensor field ), i € {1,..., N}. Passing from La-
grangian to Hamiltonian system, one needs to map the configuration space into
the phase space (¢, q) — (¢, ), where 7" := 0.£/§¢; is the momentum density.
Then the Hamiltonian density of the system is defined by the Legendre transfor-
mation

H(q,m) =74 — ZL(q,9)- (4.2.5)

However, such a transformation is not always possible i.e. from the definition of

momentum density we have

i 2y 2 i
T o e | [ (126
dg; 0 1 dg;
therefore, one cannot replace all ¢’s variables with momentum when
A )
det { —— | =0. 4.2.7
(5%5% (42.7)

Clearly the rank of the matrix is less than N, therefore, the phase space variables
are not all independent i.e. there are relations ¢(q,7) =0, k < N among 7’s and
¢’s. The relations ¢ (q, 7) = 0 are called primary constraints. The existence of
the constraints means that the Hamiltonian of the system cannot be defined on

the whole phase space but on a certain subspace defined by the constraints. We
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define the extended Hamiltonian 7%, which is valid on the whole phase space as

Ay = H + cF(q,7)br (4.2.8)

where c*

is a Lagrange multiplier. It is clear that 7, reduces to original Hamil-
tonian of the system on the surface defined by the primary constraints. Since a
constraint is not a new dynamical variable, one requires that any constraint does

not evolve in time i.e.

¢ =10 (4.2.9)

The time evolution in the phase space is defined by the extended Hamiltonian, so

0= duly) = / IS {6 (y), 7 ()} + / IS {Guy), (@)} . (4.2.10)

where { , } stands for Poisson bracket, and d; denotes an equal time hyper-
surface. Eq. (4.2.10) is known as the consistency condition, which allows us to
solve the Lagrange multipliers. However, in the case that the lhs of Eq. (4.2.10)
does not vanish on the constraint surface, one needs to introduce the secondary
constraint into the system so that the consistency condition is satisfied.

Any constraint (primary and secondary constraints) extracted from the system
can be put into two different types. A constraint is called first class constraint
if it commutes with all other constraints, otherwise it is called second class
constraint. The difference between first class constraints and second class con-
straints can be seen from the solution of Eq. (4.2.10). By substituting a second
class constraint into Eq. (4.2.10), one obtains a nonhomogeneous equation, hence

some Lagrange multipliers can be determined, while a first class constraints do not
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give any information about the Lagrange multipliers. The existence of the first
class constraint leads to the gauge symmetry of the theory. Fixing the Lagrange
multipliers associated with the first class constraints corresponds to choosing a
gauge fixing condition; the different choices of Lagrange multipliers yield the same
equation of motion. For more examples and the step by step method of solving a

constrained Hamiltonian system we refer the reader to Ref. [59].

4.3 Higher derivative gravity as a gauge theory
and the spectral action

It has been shown in Ref. [60] that instability could be removed from a higher
derivative theory if the theory is treated as a gauge theory: The higher-order
equations can be reduced, in the absence of torsion, to the vacuum second-order
Einstein’s equations. The solutions are conformal equivalence metrics of Ricci-flat
spacetimes. Following this approach for the generalised spectral action, we will
show that in the absence of torsion the equations of motion combined with the
Bianchi identity lead to an integrability condition that implies the reduction to
the second-order Einstein’s equations.

To generalise the action in Eq. (4.1.1) into a gauge theory with a Poincaré

symmetry, one needs to equip a manifold with a tetrad e,

G = nabezeg ) (4311)
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and a spin connection wzb € so(1,3), satisfying

Dyey == Ouey, — 1760 +wy, e, =0, (4.3.12)

JI2ge"

where latin characters denote flat spacetime indices, D, is the covariant derivative

and '}, is an affine connection. Note that, in this Chapter we choose the signature

of the metric to be (+,—, —, —). The curvature two-form of the spin connection,
defined by
RW‘“’ = W — &,wfjb + wzcwﬁb — wﬁcwﬁb : (4.3.13)

is independent of the tetrad basis. In general, the spin connection is not necessarily
torsion free. In fact, the curvature two-form (4.3.13) contains a torsion and its

derivative. This can be shown by contracting Eq. (4.3.12) with e*?®:

ab __ _a_obyw a v,b
wy = e,e”’ T +ej0,e
__ _a,ob v v a v,b
= eje (F(W) +T7,) + €ld,e

[no]

= (e‘je“’bF” )+ eﬁ@ue”’b) + e‘;e"’bF”

(po (o]
= (e‘;e"’bF(”W) + e29,e”’) + Tgb , (4.3.14)
where T := ege”T,",, for T,%, := I't , is the torsion tensor. The subscript
notation “( )" denotes symmetrisation I'y, ) := 5(T%, +T%,) and “[ ]” denotes
antisymmetrisation I'Y, , := 3(I}, —I',).
Defining
w, = el‘fe”’bf’(’w) + e29,e"t (4.3.15)
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we note that w’ is torsion free and the curvature (4.3.13) can be rewritten as

R,u,l/ab :R;Wab + VMTuab - VVT,uab + TuaCTVCb - T,°.T < ) (4316)

vetp

where V is a covariant derivative acting on a tensor v,* as

V" = 0,vp —T¢  va +wi vl (4.3.17)

v (hv) U s

and R/, is the curvature two-form of the torsion-free spin connection w/**, defined

by

/ ab . lab rab la , Icb la, [Icb
R,* = 0w," — 0w,” + wiw,” — w,uw,” . (4.3.18)

w pev ve

Denoting by 7 the set of all torsion fields, we consider a particular subset Tz C T,
so that the torsion fields T,ﬂb € Tr satisfy the following properties:

° Tu“b is antisymmetric in the a,b indices, and hence Eq. (4.3.14) implies that
w;ﬂb is also antisymmetric in a,b, leading to metric compatibility, and wL“b is
just the Levi-Civita connection. The reason for choosing totally antisymmetric
torsion fields is the following: The general connection on the tangent bundle of a
manifold is compatible with the Riemannian metric and has the same geodesics
as the Levi-Cevita connection if and only if the connection is the sum of the Levi-
Cevita connection and a totally antisymmetric tensor field [61], thus the torsion

field is totally antisymmetric.

° Tu“b yields the curvature tensor with the same symmetric properties as the
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Riemmanian curvature tensor, i.e.

R,uuap = _Ryuap = Ryupo’ ) (4319)

Ruuap = Rapuy 5 (4320)

where R0, = R, ® e, q €pp. Note that (4.3.19) holds for all torsion fields TM“b €
T, while (4.3.20) is only valid for T, u“b € Tr. With the above properties of the
torsion fields, the Gauss-Bonnet action takes the form we are familiar with in

Riemannian geometry, namely

1 r v a
XE = @ / |g|(R/~LVabR“ ab 4RN Rua + RQ)d4ZL‘ . (4321)

We note that the above action (4.3.21) is not valid for the more general class of
torsions studied in Ref. [62].

Let us also define a traceless tensor C' 2. as

p o
C,"0 = R, — (R — 'R ) + %Reﬁfefﬂ , (4.3.22)
where R/ := RW‘lbeZ and R := R ‘e;;. We can thus generalise the spectral action
Eq. (4.1.1) as follows:
Serles, wi’] = / e (A + %Ruf%geg — aoCW“bC“l;b) dz | (4.3.23)
where e is defined as e := /| det(efe,, )| = V/]g]. The action (4.3.23) is not derived

from the heat kernel trace, therefore, it is not the spectral action. However, we

have shown in the Appendix A that as far as the linearised theory is concerned
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the action (4.3.23) coincides with the spectral action.

4.4 Stability of the vacuum theory with the cos-
mological constant

Let us now derive the equations of motion obtained from the generalised action

(4.3.23). The variation of the spin connection and the tetrad give respectively,

v 1 v 6 1 v
D, C", — §Tu oM = — WT“ Leley (4.4.24)
1 ) K2
R;w - §g,uuR = 209K @;w + ?Agw , (4425)

where ©,, = C,*C,%,, — %lgu,,C’pU“bCp 7, To recover Einstein’s equations from
Eq. (4.4.25) we need first to set the torsion equal to zero, so that the connection

becomes the Levi-Civita one. Thus,

v,.Cc" =0, (4.4.26)
R m—sane + A 4.4.27
wv ig;w = 20k v + ? g;w ; ( -E. )

where O], 1= ©,,|r=. Since O], becomes the energy-momentum tensor of the
Weyl curvature, and therefore vanishes identically in four dimensions [63], we
recover Einstein’s equations with a cosmological constant.

The vanishing divergence of the Weyl curvature, Eq. (4.4.26), leads to the
integrability condition once combined with the trace of the Bianchi identity

VO 4 (VS = V,8 ) =0, (4.4.28)

vpo
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where 57, = 3 (R, — 19w R') denotes the Schouten tensor. In the basis en, we
get

V.S, —V,S, =0, (4.4.20)

which, however, is not the well-known integrability condition. To get the familiar
expression [64] we introduce a new basis e, + &, := eéez, where £() is a real-value
function. Note that the Bianchi identity holds in this new basis, but the covariant

derivative of the Weyl tensor transforms as

V.C" e =X (V,.C%, + 060" ) . (4.4.30)

vpo vpo

To get the integrability condition, we consider Eq. (4.4.28) in the basis ¢, and use
Eq. (4.4.30) and the field equation (4.4.26), to obtain

0 :6,16'/“”/)0 + (@Uglllp - @PSII/U)
:€—2§ (VNC,MVPO_ + 8M§C/“Vpa) + (@US{/'D - 6p‘glllcr)

:(@Mg)e—%cw + (@Ugl//p - @pgz,/a)

vpo
=(0,8)C" s + VoS'sp — VS (4.4.31)
where we have used that e”*C"™, = C"“VM. Hence, the original manifold is

conformally equivalent to a Ricci flat manifold. In other words, there exists a

is 60— el sa _ of+¢
basis €, := e*¢};, equal to €, = e>"oej; such that
S;/w =0, (4.4.32)

leading to a vanishing Ricci tensor, ]A%;w = (0. Therefore, the equation of motion
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(4.4.26) is conformally equivalent to the vacuum Einstein equations and the theory
is not plagued by a linear instability. Defining y := & + (, the Schouten tensor
reads

; 1
v = S = VDX + 0uXO0uX = 590" X0aX (4.4.33)

and Eq. (4.4.32) is compatible with Eq. (4.4.27), provided that the scalar field x

satisfies

1

1 _
V00X — 0uXO0uX — G (Voﬁax + 58%2%;2) = 4;-;2Agw ) (4.4.34)

In conclusion, considering the variation of the full connection, the higher-order dif-
ferential equations reduce to Einstein’s equations obtained from either Eq. (4.4.26)

or from Eq. (4.4.27).

4.5 Hamiltonian of almost commutative spectral
action with torsion

Let us now assume that the gravitational action is defined in a four-dimensional
globally hyperbolic manifold. Global hyperbolicity also allows us to choose a
coordinate system {t,x} such that the spatial coordinates are orthogonal to the
time coordinate, i.e. g; = 0. Let us choose a flat spacetime basis {€°,e!} with

I € {1,2,3}, such that the time direction is preserved:

I

e’ =eldt and e =elda’. (4.5.35)
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The volume element on an equal time hypersurface is defined by d¥; := €Y(det e! )d®z.
In the previous section we have avoided the linear instability by conformally re-
ducing the equations of motion (4.4.26) to the vacuum Einstein equations. The
same method can be extended to the nonvacuum case as long as L atter 1S NOt a
function of the spin connection, as for instance for the Lagrangian of a gauge field.
Note, however, that there are matter fields whose Lagrangian depends on the spin

connection, as for example

1 1
Ly =3IV HI = G RH® — 2 H? + AH" (4.5.36)

Ly = ith(etn" Dy —m)ip (4.5.37)

where V|, H = 0,H + [B,,, H] and D, := (9, + }waijab)Qﬂ, for oy := 2 (a7 —

YWYa). Such Lagrangians lead to the equations of motion

5£matter

b
owe

v,.Cc" = #0 . (4.5.38)

T=0

In such a case one cannot get the integrability condition using the same trick as
previously, and hence one cannot argue the cure of the linear instability following
the approach of section 4.4. To show that there is no instability we will check
directly that the Hamiltonian is bounded from below.

Without loss of generality, let us turn off the gauge fields and the cosmological
constant since they do not depend on the spin connection. By adding the Higgs
field and a massive fermionic field into the action (4.3.23), we get

1
Sgr[ez,wffb] + Spy = /d4xe <—R bty — ozoCW“bCWb + EH,¢> . (4.5.39)

Ii2 122 a
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The canonical momenta are
5 gt o (2 H2\ s (4.5.40)
Ted = ol g K2 6 e[ced] ) e
ph=0,p,=0, (4.5.41)

respec-

79

where ch, ph and p} stand for the canonical momenta of wﬁ , €2 and e!
tively. Notice that the map ng — (9twgb is not invertible for an arbitrary choice of
the spin connection; therefore the Hamiltonian is not well defined. To construct
a well-defined Hamiltonian, let us consider a subset of spin connections such that
each element can be decomposed into wjb = Q;b + GJ,j‘b and the following two
conditions are satisfied:

(i) C,° =00 —8,00+Qr.Q0 - QL (4.5.42)

pet v vetiu

(id) (@0, + Dy, )ehel =0 . (4.5.43)

We will call (i) and (i7) the “splitting conditions,” since they make the scalar
curvature independent of €2 /ﬂb. To see this we rewrite the curvature R = Rwabegeg

in terms of €2 and @. Thus,

R ab 6 Qab 8Qab—{—Qa ch Nnea ch

M CcTTV vettu
+ 0,00 — 00 + @ B — )
= 2B, + D) (4.5.44)
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Assuming the validity of the conditions ¢) and i) above, the scalar curvature reads

_ ab _p v

R =R, e e,
o C ab _p v + (a ab 8 + cb ~a
- Yuv €46 Mw Vw wu cwu — W,

Q(Q[Z l/]c +W[GCQ } )6 eb

= (0,02 — 8l,w + &% 0 — @V“c@/fb)ege('j. (4.5.45)

w v

Note that the considered subset of spin connections is not empty, since it contains
connections of all conformal Ricci flat geometry. Moreover, the splitting conditions

hold automatically in the linearised theory.

Proposition 4.5.1. The splitting conditions hold in any linearised metric gravi-

tational theory

Proof. To prove this statement, let h,, denote the metric perturbation. The con-
dition (i7) is clearly satisfied since Q /&, ekey is of order higher than O(h?). For
condition (i) one chooses the transverse traceless metric perturbation h,, which
satisfies the Laplace equation

DAy =0, (4.5.46)

where [J denotes the flat-space d’Alembertian. The Weyl tensor is

1 _ _ _ _
Crvop :5(808,]% + 0,0,hwe — 0,00 — 0x0,N,)

:nuAaUF nuka Fya’ ) (4547)

where T := (9, by + Ophyy — 8,huy). Then using the definition of the spin

connection, one can rewrite the Weyl tensor in terms of the derivative of 2 /ﬂb, and
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therefore the condition (i) is satisfied. O

Defining

oL oL
m=——_ and 7 =———, 4.5.48
cd a(atQ%d) Ted 8(8,5(;)%6[) ( )

where L is the Lagrangian density of the action (4.5.39), and assuming the splitting

conditions, one can then show that

%, = —4a,C", | (4.5.49)
i 1 H?

From the definition of the canonical momentum, we get the constraints IT¢, = 0
and 7, = 0, which are primary first-class constraints and can be solved using the
gauge-fixing conditions Q* = 0, ¢"D;Q* = 0 and & = 0, g“D;0® = 0. The

remaining constraints

oh =ph =0, (4.5.51)

¢ =p; =0, (4.5.52)
pe =1 4ef =0, (4.5.53)

@ =Tl e — 4aoC” el = 0, (4.5.54)
. » 1 H? .

) =T — (E - E)e[ceil] =0. (4.5.55)

are primary second-class constraints, and are also obtained from the definition of
the canonical momentum.
In what follows, let P, () stand for the canonical variables and the symbol “~”

denote the equality holding on the surface spanned by all constraints, called the
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“constraint surface” for short. Imposing all constraints, the Hamiltonian reads

%:Pjath—E

= 1,0, + 7L, 0,05 + pPOsel + pu H + pyth — L

1 cd 7] cd 1 H2 cd i J
~ — 871—1 H + Oé(]C ch F — E R €.€4 + %H’w
1 17 1 i 17
0 0
1 H?
= (5 = T Ry eic) + Hiry
~ 1 i (024 i 1J 1 H2 cd i _J
~ — EH IH + OéoC IJC ? - E R €€y + %va s (4556)

where py and p, are the canonical momenta of the scalar field and the fermion
field, respectively. Note that the term [ I TT — 200", C;;°7| vanishes due
to the symmetry (4.3.20) of the curvature tensor.

Denote the set of primary second-class constraints by ®4 := {¢}, ¢4, ¢, @, ¢’}

and define a new Hamiltonian density as
Ay = I+ ups®?, (4.5.57)

where u 4 are Lagrange multipliers. By imposing the consistency condition on the
constraints ., ¢’ ¢ and ¢% one obtains the secondary constraint (the full details
can be found in Appendix C)
1 .. _ .
X = 2—H§IH21 + 20005 RO, + i (Ve Dip — 2map) — 2P H? + 20 H*
Qg
=0. (4.5.58)
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Using the constraint (4.5.58) the Hamiltonian reads

H =~ QCVOOijlkCijlk - %@'1/_}71611;17%0 - (% - ?—;)Rgueﬁe?} + %gttlﬁq - %gijaiHTajH
~ Mo + A (4.5.59)
where 752 and J¢GRr are defined, respectively, as
%%MZ&WCWW%M—%Mﬂ%ﬂZw, (4.5.60)
MR = — (% — ?—;)Rij”e}ej + %gttpi, — %gijaiHTajH : (4.5.61)

Theorem 4.5.2. The Hamiltonian density 2 + FGr is bounded from below iff

the torsion vanishes

Proof. The Hamiltonian density %2 is bounded from below, since the first term
is positive definite and the second one is proportional to the Hamiltonian of a
massless fermion. To show that 7GR is also bounded from below, let us recall
the gauge-fixing condition w,® = 0 , which implies 7,% = 0, since torsion is
independent of the Levi-Civita spin connection. Using Eq. (4.3.16) we deduce

that

Ry = By 4 VL VL 19T 1T

=R, (4.5.62)
while for T’ uab € Tg, the scalar curvature obtained by contracting Eq. (4.3.16) reads

R=R —||T|?. (4.5.63)
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Hence,

R]I‘Iez—eJ = R 2R, Yele!
= R —||T|]* — 2R}, ele]
= (R — 2R}, “efel)) — 3T, T, + T, T, % ehe?)

= R, eie, - T,7. T, " el (4.5.64)

which implies that J¢Gg can be rewritten as

1 .. 1 HQ
9Pl ~ 59”@;[@],}] + (5 — )T, kT eie),

1
~ '1J
%RN—(—— )R e[eJ—l—— peiE oKL

2
(4.5.65)

where a prime ' referring to torsion-free quantities. Assuming the Higgs field does
not exceed the Planck mass, i.e. H? < 12/x%, and noting that for the metric of

signature (+, —, —, —),

T T =g" 7™ g*" T3 T

3
=Y g T T <0, (4.5.66)

i.j.k=1

one concludes that the last term on the rhs of Eq. (4.5.65), which can be written

1 H?
as (7 — i3

)T T"%, is negative definite, and therefore, unbounded from below.
In contrast, the first two terms on the rhs of Eq. (4.5.65) are just the canonical
Hamiltonian of the Palatini action in the presence of a scalar field interaction

term [65], leading to the classical dynamics of the Einstein-Hilbert action in the

presence of the scalar field. We hence conclude that R is bounded from below
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if and only if torsion vanishes. O]

Finally, let us check whether the result agrees with section 4.3. In the vacuum
case the constraint (4.5.58) becomes
1 y
X = 2—H§1H21 + 200C;;*CY =0 (4.5.67)
Qo

Since TI5 119 and Cy; kC™, are positive definite, the constraint (4.5.67) implies

that both terms have to vanish, and hence the Hamiltonian reads

1
H ~ Mg ~ —— R Melel) . (4.5.68)
K

Hence, the Hamiltonian does not depend on the Weyl tensor, in agreement with
the fact that the vacuum case reduces to Einstein gravity. Clearly, then, this
Hamiltonian will give the same dynamics as Einstein’s equations in vacuum.

The above analysis can be easily applied in the spectral action. In the simple
vacuum case and considering a torsion field Tu“b € Tgr, the third-order differen-
tial equations can be reduced to the second-order Einstein equations. Therefore,
in this case the theory does not suffer from a linear instability. In the case of
an almost commutative torsion geometry and considering only matter fields whose
Lagrangians do not depend on the spin connection, one can still guarantee the sta-
bility of the theory employing the method discussed in the section 4.4. Moreover,
if fermions and conformal invariant scalar fields are present, the linear stability will

still hold, provided that the splitting conditions (4.5.42) and (4.5.43) are satisfied.
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Chapter 5

Dirac operator and dispersion

relation

The definition of spectral triples is based on the structure of Riemannian mani-
folds, while the relativistic physics is defined on Lorentzian ones. However, the
translation between Riemannian geometry to Lorentzian geometry is not clear in
the framework of spectral geometry, due to two reasons. The first reason is that
there is no complete notion of Lorentzian spectral triple. Although there are a few
practical notions of Lorentzian spectral triple [66, 67, 68, 69], a proof of the recon-
struction theorem, analogous to that given in Ref. [1] is still missing. The second
reason stems from the nonellipticity of the Dirac operators on pseudo-Riemannian
manifolds. The Laplacian derived from the Dirac operator on pseudo-Riemannian
manifold, has an unbounded spectrum (below and above), therefore, the heat ker-
nel trace is ill-defined, leaving a difficulty in defining a bosonic spectral action.
Despite the incomplete knowledge of the Lorentzian spectral triple, we argue

that there is a notion of Lorentzian spectral triple that allows one to derive the
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energy-momentum dispersion of a fermion on Minkowski spacetime in a purely ge-
ometric manner. The aim of this Chapter is twofold. First we investigate whether
a particular definition of Lorentzian spectral triple gives suitable description of
causal structure on Minkowski spacetime. Second, we establish the link between
the energy-momentum dispersion relation and the geometry of an almost commu-
tative spacetime.

This Chapter will be organised as follows. We introduce the definition of
Lorentzian spectral triple in section 5.1, which leads to the causal structure given
in section 5.2. The causal structure allow us to define a function that served as
a squared of Lorentzian distance in almost commutative geometry. This function
allows us to identify the causal structure of the almost commutative geometry with
a Minkowski spacetime. Then, in section 5.3, we classify spinors traveling along
geodesics as causal, harmonic and noncausal spinors, and show that only harmonic
spinors are allowed to travel along null geodesics. Furthermore, we show that the
eigenvalues of harmonic spinor satisfies the energy-momentum dispersion relation.
In the last section, we consider a toy model with inner fluctuated Dirac operator

and show that the result obtained from section 5.3, is still valid.

5.1 Lorentzian spectral triple

Although noncommutative geometry has been applied to a relativistic theory like
the Standard Model, the definition of a Lorentzian spectral triple remains an open
question, the reason mainly being the lack of manifold reconstruction theorem
analogous to Connes’ reconstruction theorem for a commutative spectral triple [1].

Nevertheless, there are a few definitions of Lorentzian spectral triples in the liter-
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ature [66, 67, 68, 69]. In this Chapter we adopt the definition proposed by [66],
which will allow us to define a causal structure. Moreover, for a commutative case
that is constructed from a globally hyperbolic manifold, one can define a distance
formula (which will be defined in the next section) similar to the spectral distance
formula. The Lorentzian version of spectral distance formula was propose in [70],

it was proved that the formula leads to the geodesic distance in Minkowski space.

Definition 5.1.1. Lorentzian spectral triple [66]

A Lorentzian spectral triple is given by (A, A, 1, D, T), where
o A is a nonunital dense x-subalgebra of a C*-algebra, and A its unitisation
e H is a Krein space with an indefinite product (-,-)

e J is a bounded self-adjoint symmetry operator, J = J*, J* = 1, commuting
with A.  The role of J — dubbed as fundamental symmetry or signature
operator — is to turn the Krein space H into a Hilbert space. Note that, H s
is the same space as ‘H with inner product (-,-) = (-, J-), hence a Hilbert

space.
e D is a densely defined operator on Hy such that

— D =-JD*J =: =D i.e. it is Krein anti-self-adjoint on H (Note that
D* denotes the adjoint with respect to Hz)

— VYa € A, [D,d] extends to a bounded operator on H

—Va € A, a(1+ (D))"Y? is compact on Hz, where (D)? := (DD* +
D*D).
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e there exists a densely defined self-adjoint operator T with DomD N DomT

dense in H gz such that

ST e A

— J = —N[D, T] for some positive element N € A.

The example of such a Lorentzian spectral triple is given by [71]

(Cs°(M),C° (M), L*(M, S), —iV) , (5.1.1)

where M is a four-dimensional globally hyperbolic Lorentzian spin manifold with

signature (—,+,+,+), Cg°(M) is the algebra of smooth functions vanishing at

infinity, and Cp° (M) is for the space of smooth bounded functions on the manifold.

The Krein L?(M, S) is the space of square integrable smooth sections of the spinor

bundle. The Dirac operator is defined by —i¥ := —iy*V,,, where V,, is the spin

connection on M. Note that, using the sign convention (—,+,+,+), we choose
* 0

the representation of gamma matrices such that (y°)* = —1°, (7")* = +*, with the

anti-commutation relation

{’V/U 711} = 29,“/]14 ) (5.1.2)

where p, v are spacetime indices.

The fundamental symmetry J can be derived from the lapse function N and the
global time function 7, as follows: For a globally hyperbolic Lorentzian manifold
M, there exists a global smooth time function 7 on M such that the line element

of the manifold M splits as

ds® = —NdT? + ds> | (5.1.3)
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where ds? is the line element on the Cauchy hypersurface ¥ at constant time 7
and N is the lapse function. The fundamental symmetry in terms of N and 7T is
J = —N|[D, T]; a condition that guarantees the Lorentzian signature.

To include a causal structure into the algebra, one defines a set of real-valued

functions which are nondecreasing along a future-directed causal curve:
C={feCyr(M): flx)< fly)iff 2y, Yo,y e M} . (5.1.4)

The set C is called the causal cone and its elements are causal functions. In
a globally hyperbolic spacetime (M, g), the geodesic distance coincides with the

Lorentzian distance function [72]

d(z,y) = inf{f(y)—f(w)‘ feC, esssupg(Vf,Vf) < —1}, Va,y € M witha <y.
(5.1.5)
In the following, we highlight the definition of the causal cone expressed in terms

of the spectral triple [70, 71].

Proposition 5.1.2. Let (A, A,H,D,j) be a commutative Lorentzian spectral
triple constructed from a globally hyperbolic manifold. Then f € A is a causal

function iff

(¥, [D, fl) <0, Vi € H .

Note that, Proposition 5.1.2 will allow us to generalise the definition of causal cone
to noncommutative cases. Furthermore, in Minkowski spaces, one can rewrite Eq.

(5.1.5) using purely spectral data.

Proposition 5.1.3. Let (A, fl, H,D,J) be an even commutative Lorentzian spec-
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tral triple with the grading operator v constructed from an even dimensional Minkowski

space. For every x,y € M, the distance function

d(p,q) := inf{max{0, f(p) = f(@)} | Vo € H, (&, TP, fl) < = (i)}

agrees with the usual Lorentzian distance.

For simplicity, let us consider a Minkowski spacetime, denoted by M, as the
globally hyperbolic spacetime. In a four-dimensional Minkowski spacetime, any
two points x,y € M can be connected by a spacelike curve, i.e. a curve v : [0,1] —
M such that g(¥,%) > 0 along the curve. However, some of these points can also
be connected by a causal curve, i.e. g(7,7) < 0 everywhere along the curve; these
points are called causally related and are denoted by = <'y.

Consider two points x, y in the Minkowski four-dimensional spacetime M con-

necting through a curve 7. We define the extremal length square as

—supq{ (v ( V- vvdf) g(,v) <0} =y

L2(x,y) =
sup{ /(v ( V4l vvdT) 9(¥,7%) > 0} , Ay
(5.1.6)
Since Minkowski spacetime is flat, L?(x,y) = —(zo — yo)* + ||x — y||?, which is zero

or negative for two causally related points and strictly positive otherwise. Notice
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that the distance defined by

—LQ(ZL‘,y) ; T2y
d(z,y) = (5.1.7)

0 , xRy

vanishes for both space-like and light-like separation. Hence, by using the definition
(5.1.6) above, we can differentiate between points which are connected by a null

geodesic and those which are not causally related.

5.2 Causal structure and distance

In the previous section we have seen that the commutative Lorentzian spectral
triple (Cg2(M), C°(M), L2(S, M), —i@), yields a spectral distance equivalent to
the geodesic distance for Minkowski spacetime. Next, we shall define a dis-
tance function for an almost commutative geometry, namely the product of this
Lorentzian spectral triple with a finite spectral triple, and then examine the im-
plications of the proposed distance function

Consider a two sheet space, defined by the tensor product of a commuta-
tive Lorentzian spectral triple and a discrete spectral triple (Ap, Hp, Dr), as in
Eq. (2.2.35). Following Ref. [66], one can then define a causal structure on the

space of states S(A) of the two sheet space, using only the spectral data of the

almost commutative manifold; we highlight the procedure below.

Definition 5.2.1. Let C = {a € A | a = a*, (¥,[D,aly)) < 0,Y¢ € H}. Two
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states w,w" € S(A) are causally related i.e. w < W' iff for any a € C, one has

w(a) < W'(a). (5.2.8)

In this case P(.A) is the union of My := M x {0} and M, := M x {1}, hence the
name of two sheet spacetime. Thus, one may think of having two sheets of four-
dimensional Minkowski spacetimes embedded in a five-dimensional one. Since we
are interested in the causal relation between points on M, and M, we consider

a particular type of mixed states w, ¢ € N(A) :== M x [0,1] C S(A) defined by

wWeela @ b) =Ea(z) + (1 —&)b(x), (5.2.9)

for a,b € C5°(M). Such states w, ¢ can be considered as covering the area between

the two sheets. Note that a pure state can be recovered with £ =0 or £ = 1.

Theorem 5.2.2. The two states wy ¢, wy, € N(A) are causally related if and only

if x Xy on M and

S |arcsin, /i) — arcsiny/€]|
-_ Y

1(v) ] (5.2.10)

where [(y) represents the length of a causal curve 7 going from z to y on the
manifold M.

The above theorem [66] implies that if the discrete Dirac operator is trivial,
i.,e. m = 0, the causal relation holds only when £ = 7. If m # 0, any two points
(x,0) € Mg and (y,1) € M, are causally related iff there is a causal curve =
connecting x and y such that

T

I(y) = o] (5.2.11)



which implies

2

T
—supl?’(y)+ ——<0. 5.2.12
W (0) + o < (5.2.12)

Definition 5.2.3. For any (x,i), (y,j) € M x {0,1} with i,j € {0,1} we define
the extremal length squared L? : (M x{0,1}) x (M x {0,1}) = R, as follows

Lz y) + o A
Ly [(x,9), (y, )] = (5.2.13)
=L*(z,y) L=
From Eq. (5.1.6), we see that the above defined function is negative semi-
definite when the points (x,7) and (y, j) are causally related, and positive other-
wise.

Combining the definition (5.2.13) above and Theorem 5.2.2, one obtains a

criterion for any two points (pure states) to be causally related.

Proposition 5.2.4. The pure states (z,1), (y,7), defined on an almost commuta-

tive manifold, are said to be causally related if and only if x <y on M and
Ly [(x,), (y,5)] <0 . (5.2.14)

We will refer to the above condition as the causal structure.
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In analogy to (5.1.7), the distance on the two-sheet space can be defined as

VELE(2,0), (. 9)]  (2,1) 2 (9,)
d[(z, ), (y, )] = (5.2.15)

0 , (2,0) A (y,7)

One notices that, both causal and geometrical structure of the two-sheet space is
exactly the same as the one of a pair of four-dimensional Minkowski spacetimes
embedded in a five-dimensional one (Mj := M x [0,1]) with 1/|m| denoting the
separation between the two four-dimensional manifolds. The metric of the five-

dimensional Minkowski spacetime Mj reads

N 0
gw=| : (5.2.16)

0 1/|m|?

where pu, v are the spacetime indices in Minkowski spacetime, which being flat is
denoted by 7,,. The metric (5.2.16) can be seen as a Wick-rotated version of
(2.2.34).

Using metric (5.2.16), any two points in the two-sheet spacetime are causally

related provided they are causally related in (Ms, g). The line element in M is

1
ds? = ggdz®da® = Nuwdxtds” + Wdﬁ?

= dsy, + ds% (5.2.17)

where dzp is the infinitesimal of the interval [0, 1].
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Making the appropriate choice for the Dirac operator D5 in M5, such that

82
D} = -y’ — |m|*—— | (5.2.18)
> 0x2,

the spectral distance expression (5.1.5) for a globally hyperbolic manifold, implies
the geodesic expression as the one derived from the metric (5.2.16). To specify our
notation, let us remark that Ds is defined by Eq. (5.2.18), whereas D will refer to
the Dirac operator as defined for an almost commutative manifold.

The Lorentzian version of the spectral distance formula is still applicable on
the two sheet space. Note that, to recover the D? operator as defined for an almost
commutative Lorentzian manifold, one chooses the boundary condition for a spinor
in a five-dimensional Minkowski space such that for any ¢ € L*(Ms, S)

(Do) = D% = (=Y +|m)¢

_ (5.2.19)
Mx{0,1} Mx{0,1}

Mx{0,1}

Remark. Unlike the Euclidean case, one should not jump to the conclusion that
D2 is the inverse of ds*. Since ds* = 0 for a null curve, there is mno notion of

(ds®)™ on such curve.

5.3 Dirac operator and dispersion relation

In this section we will investigate the relation between distance for a two-sheet

space and Dirac operator. To proceed, let divide spinors into three different classes

Definition 5.3.1. Let x € M and a spinor field € L2 (M)RC2. For iy # 0, 1)
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1s causal at x if

%?;1/’ 20, (5.3.20)

and is harmonsic if the equality holds. Otherwise, the spinor is noncausal.

Let us note that in this study we restrict ourselves to the case of harmonic
spinors, the reason being that we want to investigate their implications for the
dispersion relation. The next proposition will show that harmonic spinors yield
the energy-momentum dispersion relation, meaning that they can be interpreted

as physical matter fields.

Proposition 5.3.2. Let X be a compact subset' of M, and (A, H,D) be the prod-
uct of the Lorentzian spectral triple (C=(X), L*(X, S), —i@) and the finite spectral
triple (Ap, Hp, Dr). The eigenspinors V¥, of the Dirac operator, with Wi W, # 0,
are harmonic iff their eigenvalues satisfy the energy-momentum dispersion rela-
tion.
Proof

Let W,, := 1, ® e; € DomD be a normalised eigenspinor of D, where 1, and e;

are eigenstates of —(32 and D%, respectively.

VD20, =(— 'V, )ele; + vl(e]Die;)
= (B2 = p)ylpefe; — mivlyele;

= (E* - p*—m)Viv, (5.3.21)

where —E? denotes the eigenvalue of the 0*/0t* operator, and —p? stands for

the eigenvalue of 02 /0x? (p denotes a three-vector).Correspondingly, the r.h.s. of

"'We choose the compact set X C M so that Py = §pei(*Et+p'x), for &, a constant spinor, is
square integrable.
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Eq. (5.58.21) is the energy-momentum dispersion relation for a massive fermion iff

W,, is harmonic.

One may argue that the energy-momentum dispersion relation has its origin
in the geometric construction of the almost commutative manifold. Suppose a
massive spinor is traveling between (z,0) and (y, 1), one can show that these two
points are causally related. To perform computation we will assume that the spinor
travel through M5 along a curve (y(t),zr(t)), by Proposition 5.3.2 the spinor’s

velocity at each point on the curve is given by

()
v=|—,—,1
m; my

If the spinor is causal, then using metric 5.2.16

gabvavb = np,y'UMUV + | |2 >0,
where v = (mﬁ, m%), then we have
! L 1
l(y) = / V o ordt = / dt = — . (5.3.22)
0 o |mil |m|

Which tell us that (z,0) and (y, 1) are causally related (the factor m/2 was omitted
from 5.2.16 otherwise it would appear here as well).

Due to the causal relation between the two sheets, one may interpret this
statement as the interaction between a fermion on one sheet and an anti-fermion

on the other one. Furthermore, in the two-sheet spacetime one can treat massive
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and massless fermions in an equal footing i.e. if one defines p, := m;, then
E*—p*—pi=0. (5.3.23)

Since we identify Dpr with the spatial part of the Dirac operator in Mj, an eigen-
value of D is indeed the momentum of a fermion. Hence, one can think of a mas-
sive fermion in the two-sheet space as a massless fermion in the five-dimensional
spacetime.

To highlight the validity of Proposition 5.3.2 in the case of inner fluctuations of
the Dirac operator, we will consider below a simple toy model, namely electroweak

theory with massless neutrinos.

5.4 A toy model: Electroweak theory with mass-
less neutrinos

Consider the electroweak theory and assume neutrinos to be massless. To explain
this theory in the context of almost commutative spectral geometry, let us take
the product of a Lorentzian spectral triple (C5°(M), L2(M, S), —i@) with a finite
spectral triple for the electroweak theory [4]. The spectral triple for the discrete

(internal) space F' is given by the algebra Ap, the Hilbert space Hr and the Dirac
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operator Dp:

Ar = CoH, (5.4.24)
Hr = Hi®H;, (5.4.25)
0 Y* 0 0
Y 0 0 0
Dp = ) : (5.4.26)
0 0 0 Y~
0 0 Y 0

where Y is a 2 X 2 mass matrix

, (5.4.27)

with m, a complex parameter.
Assuming all inner fluctuations to vanish, apart from those of the scalar field

®, the fluctuated Dirac operator for the almost commutative manifold is

Dy =—id@Ip +7° @ , (5.4.28)

with

0] :DF + G[DF, b} + JFCL[DF, b]J;

2 : (5.4.29)

0 ¢
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for a,b € C5°(M, Ar) and

0 0 0 0
0 0 —inchy mo(hy + 1
¢ = ) > el ) (5.4.30)
0 —mehg 0 0
0 me(hy+1) 0 0

where hy, hy are complex functions. The trace of ®2 is given by
Trd? = 2|lm.|*|o|?, (5.4.31)

where ¢ := (hy + 1, hy) is a doublet. Assuming ¢ undergoes symmetry breaking
and denoting by v the new VEV, we can choose ¢ = (v + h,0), where h is a small
fluctuation around the vacuum.

To derive the dispersion relation, we will need D3, given by

D= —§ @lIr — iv"7° © 0,0 — 1" ® 9,0 + 1, ® P2

= P elp+ L ®d?, (5.4.32)

where we have used {7°,7*} = 0. We denote the basis of H; and H; by {vg, er, vr, er}
and {Vg, €g, U, €1}, respectively.

The dispersion relation associated with harmonic eigenspinors v, ® e; and
1, ®vy, (the same result can be obtain for right-handed particles and anti-particles)

can be derived as follows:
(Yp @ e, D3thy @ e) = 0. (5.4.33)
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However,

(Vp ®er, D<21>¢p ® er, =(1p, @Q@Dp)(eL, er) + (¥p, ) (er, Q)QBL)
=(=E?+p*) (W, ¥p)(er, er) + [[me||*(v* + 20h + h?) (1, 1, ) (er, er)

= — B+ p* + [me|[*(v* + 20k + 1?) 4y, ) (e, ex) -
(5.4.34)

Hence,

E? = p* + ||m.||*(v* + 2vh + h?) . (5.4.35)

Since the fluctuation is small, we have E? ~ p? + ||m.||*v?, which corresponds to

proposition 5.3.2. Similarly, the harmonic spinor ¥, ® v, yields
E? = p* | (5.4.36)

corresponding to the case a) of the proof in proposition 5.3.2.
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Chapter 6

Conclusions

Noncommutative spectral geometry is a theoretical framework that offers a purely
geometric explanation for the Standard Model of particle physics. We have ad-
dressed several open issues regarding dynamics of bosons and fermions on almost
commutative manifolds.

We explored the dynamics of bosons on almost commutative spectral geome-
try. We introduced a new definition of the bosonic spectral action using the zeta
function regularisation; the new definition does not use any external input, such
as a cutoff function or a cutoff scale. The corresponding theory is local, unitary
and renormalisable. The spectral dimensions for fields of various spin are non
trivial and the theory is ultraviolet complete. The zeta spectral action is an in-
teresting alternative to the usual cutoff spectral action. We have argued that it
has the same predictive power to the cut-off spectral action. In addition, the way
it treats the fundamental scales could also shed some light on the explanation of
some fundamental questions.

The gravitational sector of the cut-off spectral action, and the regularised zeta
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spectral action contains higher-derivative terms, hence, one may wonder whether
these gravitational theories may be plagued by linear instabilities, namely the ap-
pearance of negative energy modes. We have addressed this question here in two
steps. We have first considered the simple vacuum case and shown that by intro-
ducing a particular type of torsion, one can apply the method presented in Ref. [60]
and reduce the fourth-order differential equations in those of second-order derived
from vacuum general relativity, if and only if the torsion field vanishes. We have
then considered the spectral action of an almost commutative torsion geometry.
For this latter case we have shown that one cannot obtain the integrability con-
dition in the presence of either fermion fields or scalar fields. We have, however,
argued that there exists a class of almost commutative torsion geometry that leads
to a Hamiltonian which is bounded from below and hence argued that the theory
does not suffer from a local instability.

Although there is no bosonic spectral action on a Lorentzian manifold, the
fermionic spectral action is well-defined. This allows one to study the dynamics of
fermions on the product of Lorentzian spectral triple and a finite spectral triple.
We investigate how the causal structure on an almost commutative Lorentzian
geometry give rise to the energy-dispersion relation of fermions. The study is
inspired by the fact that the spectral distance between a pair of pure states in
M x F was shown to be related to the infinitesimal distance ds? between two
points in M and the distance between internal states in F', via the Pythagorean
theorem [27]. Such a relation was shown [14] also to be valid for 1/ds?. For
the latter case, one may observe a similarity between the Pythagorean theorem
and the energy-momentum dispersion relation, implying a geometric origin of the

dispersion relation.
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To confirm the above observation, one has to reformulate the inverse distance,
given by the inverse of the Dirac operator, in the context of Lorentzian almost com-
mutative spectral geometry. Following Ref. [66], one can write down the spectral
triple for a Lorentzian almost commutative manifold, and get the corresponding
Dirac operator.

Having the Lorentzian Dirac operator we are able to calculate the distance for a
two-sheet manifold and define the notion of a causal structure for such a geometry.
We were then able to show that the causal structure on a flat almost commutative
space can be identified with the causal structure on the five-dimensional Minkowski
space with metric

Ny 0
0 1/|m|?

Jab =

We have then suggested that spinors may be classified into causal, harmonic and
noncausal ones. The condition satisfied by the harmonic spinors propagating in an
almost commutative manifold is equivalent to the causal relation given in Ref. [66].
We have further shown that a spinor is harmonic if and only if it satisfies the
energy-momentum dispersion relation. We have hence shown the geometric origin
of the dispersion relation in the context of almost commutative spectral geometry.

The predictive power of the regularised zeta spectral action can be improved if
the exact values of dimensionful couplings of lower dimensional operators can be
determined. We have seen that such operators cannot be generated within classical
geometries, since the process requires renormalisation. However, one may consider
the zeta function on quantum geometries such as fuzzy geometries, quantum groups
etc. Calculating the zeta spectral action on various quantum geometries may help

us determine the values of these dimensionful couplings.
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We have seen that an appropriate Lorentzian spectral triple can give a good
physical description of fermions. This may lead to the definition of bosonic spectral
action on the Lorentzian spectral triple. Since the fermionic spectral action is well-
defined on a Lerentzian spectral triple, based on the idea presented in Ref. [39, 40,
41], the bosonic spectral action may be generated as a conformal anomaly of the
Lorentzian fermionic spectral action. As a future research topic, it is interesting

to use the quantisation procedure suggested in Ref. [10].
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Appendix A

Equivalence of linearised actions

Let T M“b € Tr , the linearised theory obtained from the action (4.3.23) is equivalent
to the linearised spectral action with torsion defined in Ref. [62, 73]. In particular,
the action (4.3.23) is linearly stable if and only if the spectral action with torsion
is linearly stable.

To show this suppose T},,, € Tg, we have by definition that
0= Rups — Roopr = (A1) yvpo — 2 (V Loy + Vol o) (A.0.1)

and

0= Ryp— Ry = 0" (Rupo — Rpopr) = 2V, 17, . (A.0.2)

Hence, the spectral action (modulo the Euler characteristic number) is reduced to

Sts ~ filN'ao(D?) + foA*az(D?) + f(0)as(D?)

1 ., ,
~ [ Vit (aaht s S TR i) . (a0
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(note that the torsion tensor 7, := 3T uwo, Where TWU denotes the torsion defined
in Ref. [62]). To compare S, with Stg, we will write explicitly the torsion terms
which are contained in S,,. Consider the square of the traceless tensor C' Wab defined

in Eq. (4.3.22):

1
ICI1* =1 Ruwpol[* = 2l Ry || + 5 R?
3

nvpo

1 1 1
1Byl + ST - SRV + 4B(D) + Ly
1 1
—2 (I + T = SRITI? + 25(7))
1
+ 3 (R = 2R|ITI]” +[IT1[)

1
=[IC'1]* + ZlldT* (A.0.4)

where B(T) := —R),T*?T" + {R/||T||* and the curvature scalar R is R =

R' —||T||?. Substituting ||C||?> and R in the action (4.3.23) we get

1, e 1
Sgr:/\/|g| {a2A4+?(R —|IT1]?) — o <||C|]2+Z]|dT||2)} d'z . (A.0.5)
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Using Eq. (A.0.1) we rewrite ||dT||? as

1dT|[* = (dT ) o (AT) M
= 4=V )T + VT ) (= VT 4 VY THP)
= 16V, T, V T
= 16V*(T"*°V Ty, — 16TV Y )Ty,
= 16VH(T*°N , Typ) + 16777 N N T, — 167777 [V V| Ty,

1
=16VH(T"*°V T,,,) — 321" (R’“ — 'R ) T, . (A.0.6)

poa 9 o pa

Note that to obtain the last line, we have used the fact that the divergence of

torsion field vanishes (Eq. (A.0.2)) and the identity

[V/J,; VZ/]‘/;)JQ - R, ﬂVlBaa + R;“,UB‘/pﬁa + R:Luaﬁ‘/pgﬁ . (AO?)

uvp

Thus, on a manifold without boundary, the action S, reads

S0 = [ Vi {QQM b (B - iTP) - 040||C”||2] &'z
+8ay / V0glT e (R’f;m - %5gR;a) T°,d'
— St + 8ag / V]glTe <R’f;m - %&;Rga) Te,d'c . (A.0.8)
Since the terms in the integrand appearing on the rhs of Eq. (A.0.8) are of order
O(w?), they can be discarded in the linearised theory. Thus, the actions Sy, and

Sts lead to theories which are equivalent in linear order (similar argument can

show that S, and Sgr give the same linearised theory as the spectral action of
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Ref. [73]).
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Appendix B

Solving Hamiltonian contraints

Let us make a remark that will be useful later. Denoting by ®4 the set of primary

second-class constraints, one has

0~ &4 = {®4 et} = {4, e + cup®P)

= {04 e} + cup{®?, ®P} 4+ up{d?, e} ¥

Q

e (%{@A,e%}+uB{CI>A,CI>B}> , (B.0.1)

where up stand for Lagrange multipliers. Hence, if the quantity (1{®%, e} + up{®*, ®7})
is weakly equal to zero, then the consistency condition is satisfied.

In what follows we will derive the constraint (4.5.58). Note that we use the
identities

Sel = — elle” el (B.0.2)

v )

oe = eehde;, = —eepdel, . (B.0.3)
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Let us first reduce the number of unknown Lagrange multipliers by imposing the

consistency condition on the constraints ¢. = 0 and ¢/ = 0.

e O~ Q.bc = {¢C7€f%x} :

Using Eq. (B.0.1) the consistency condition implies
0~ {¢e, 2} +ui{de, 60} + wi{de ¢} + wi{oe, 1} - (B.0-4)
Contraction with ef = (€2,0,0,0) then yields

0~ {€f¢e, A} + upei{de, 5} + ujei{de, $7} +wiei{de, ¢h}
~ {e)go, A+ ul{efdo, ¢} — uldofe], dh} + ul{efdo. &7} + wle{ o, @i}

~ {el oo, A} + u{e]do, 0} + ui{eldo, 7} + wie{¢o, ¢l} - (B.0.5)
© 0~ ={p)ete}:
0 {@), H} +u{), 6o} + wi{e), 6} — uel e, )} (B.0.6)
Contraction with e then yields
0 (el )+l {el i db} +u{el ) 61} — e {on i)} . (BOD
Combining Egs. (B.0.5),(B.0.7) and using e}lgpﬂ = ey , one gets

uce‘j] = —wjef . (B.0.8)
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Defining the scalar C' := %w;j e?] one then obtains

u = —Ce? ,  w! =Cel . (B.0.9)

J J

As a consequence of (B.0.9) the total Hamiltonian is reduced to

S = H — Cely + Cel )+ uddh + ul ¢ + utel,

=+ u)dh + ul ) + usel,. (B.0.10)

Next, to obtain the constraint Eq. (4.5.58), we analyze the consistency of the con-

straints ¢ = 0 and ¢} = 0.

o 0~ ¢h= {0} e}
We have

0 N—{gbo, eI} + uab{Poa ¢, b}

1 H? ;
~ It t 0J t\2
~ {p07 %} + E%{po, 6} - QUJ <E - E) (60) 6{]
L i ok t t o (1 H? 2_j
3 ; i
~ ESBHBKH?K - agef)C' e o+ <m2 - 2) RIJeIeJ
+ ({ph, 1y} — b)) — 20 (K ) (B.0.11)
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Multiplying the above equation, Eq. (B.0.11), with €? we obtain

0~ 3 It TI°K — anC IJCij 1 ik RIJ i J
e A AR V- Ty R
o (1 H?\ , j
+ (el{pb, M} — Hiry) — 2u; = 19 ) €0 - (B.0.12)
o 0 = {df, e}
We have
0 ~- {pKa 6%} + uab{pKa ¢ b}
k k 0J 1 H2 t k_J
~ Pk, A} + E%{PK,G} — 2u; =g ) @t
1 1 H2
gﬂk HOI + 4a0€chl[Jle[J -9 (? o E) R IJGZIGEGJK
k k o (1 H*N 0
+ Pk, K} — efe 0 — 2u; = 1y ) Cfrek
1 kOIj 1 i 01 m vkl IJ Ly i IJ
-2 i—H—Q R”eleke]—lekR”eze + {ph, oy} — i
12 12 1€k — 5°K 1€y Prs CHy KICH 2
1 H?
- 2uy’ (p - 5) eoeei - (B.0.13)

Contracting with el we obtain

0~ iHl‘C Y + agC.. V0% + L i R, Ueiej
~ 4@0 OI k 0 Z] ]J /432 12 I J
Kook 0} — 3565 — 2u% LN B.0.14
+ ey APk, K} Hpp Uy 2 12 €€y - (B.0.14)
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Combining Egs. (B.0.14) and Eq. (B.0.12) we have a constraint equation

| Uk (g Lo ij
0 ~ 27%1—_[0]]___[2[ + ZQOOU C ]lk + EHIJ]'_‘[iJ + 4OCOCZJ OIO JO[

+ e {k, Sy} — e}{ph, iy} — 250

1 .. _ .
gn’glngf + 200C; " CY ) + i (Y et Db — 2my) — 2p° H? + 2AH*
0

Q

=X, (B.0.15)

which is not a linear combination of the primary constraints. In conclusion, y = 0

is a secondary constraint, which arises from the consistency condition.
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