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ABSTRACT

Tailored graph ensembles are a developing bridge between statistical mechanics and biological
networks. In this thesis, this concept is used to generate a suite of rigorous mathematical tools

to quantify and compare the topology of cellular signalling networks.

Earlier published results to quantify the entropy of constrained random graph ensembles are
extended by looking at constraints relating to directed graphs, bipartite graphs, neighbourhood
compositions and generalised degrees. To incorporate constraints relating to the average num-
ber of short loops, a number of innovative techniques are reviewed and extended, moving the
analysis beyond the usual tree-like assumption. The generation of unbiased sample networks

under some of these new constraints is studied.

A series of illustrations of how these concepts may be applied to systems biology are developed.
Topological observables are obtained from real biological networks and the entropy of the as-
sociated random graph ensemble is calculated. Certain studies on over-represented motifs are
replicated and the influence of the choice of null model is considered. The correlation between

the topological role of each protein and its lethality is studied in yeast.

Throughout, this document aims to promote looking at a network as a realisation satisfying
certain constraints rather than just as a list of nodes and edges. This may initially seem to be
an abstract approach, but it is in fact a more natural viewpoint within which to consider many

fundamental questions regarding the origin, function and design of observed real networks.



ACKNOWLEDGEMENTS

To Ton and Franca, who showed incredible faith to even let me take the first step in this journey - and
unstinting generous support every step of the way. To my Mum, for her boundless generous enthusiasm
for the little people: their adventures, their education and a little light conversation. To my Dad, whose
studied indifference and constructive disapproval belies the fact that - over a decade after I officially
left - if he is not underwriting our homestead, he’s surrendering his house to a nursery. To Lesley who
has seen our family from scrawny infants, through high-emotion-low-articulation toddlers to the young
people they are today, always with love and good spirits. We couldn’t have done it without you (and we
miss you!).

To Xenia, my little princess growing up into a lovely young woman, whose imagination has brightened
up many a long day, and whose kindness set our growing family the best possible example. The cat who
walks by herself - I see myself reflected in your eyes. Walk safe and walk brave, little one. To Peter, my
big hearted pirate, with his attentive, careful ways balanced with his enthusiasm for whatever adventure
we can draw him into. And who likes my food nearly always - so is my big hope for a well-dined old
age. May there be many more stories ahead for you. To Leonard, with the sparkling eyes. This thesis has
been four years in the writing - and you haven’t changed at all. I hope that you grow up to find a world
as big and as loving as your heart. To Marina, my crocodile. So new and yet so familiar - it’s like there

was always an empty chair before you joined us - and now you’re here, bringing sunshine.

To those who taught me and those who travelled with me. The lessons I learnt and the friendships I made
continue to mould me. And finally, to the kindness of strangers, who grow to become friends. Those
who I have mentioned, and also Roy, Valerie, Janet, and the late Ken Bullough and Mother Thekla. 1
admire your courage to let us into your lives, and I thank you for the opportunities you opened to me.
And, of course, to James - who has been the rock on which I can build and the heart that makes it all

matter. My mistakes are my own, but my successes belong to all of you.



PUBLICATIONS

E.S Roberts, T. Schlitt and A. C Coolen. Tailored graph ensembles as proxies or null models
for real networks II: results on directed graphs. Journal of Physics A Mathematical General,

44(26):5002, 2011.

E.S Roberts and A. C Coolen. Unbiased degree-preserving randomization of directed binary

networks. Physical Review E, 85:046103, 2012

E.S Roberts, A. Annibale and A. C Coolen. Tailored random graph ensembles. Journal of
Physics: Conference Series, 410(1):012097, 2013

E.S Roberts, A. Annibale and A. C Coolen. Controlled Markovian dynamics of graphs: unbi-
ased generation of random graphs with prescribed topological properties. In C. Gracio, editor,
Nonlinear Maps and their Applications volume 57 of Springer Proceedings in Mathematics and

Statistics, pages 25-34, 2014

E.S Roberts and A. C Coolen. Entropies of tailored random graph ensembles: bipartite graphs,
generalised degrees, and node neighbourhoods. Submitted to: Journal of Physics A Mathemat-

ical General 2014

E.S Roberts and A. C Coolen. Random graph ensembles with many short loops. Submitted to:
ESAIM: Proceedings 2014



AFFILIATION

This work has been hosted by the following research groups:

Institute for Mathematical and Molecular Biomedicine, King’s College London

Randall Division of Cell and Molecular Biophysics, King’s College London (Fraternali Group)

Department of Mathematics, King’s College London (Disordered Systems Group)

Genetics Department, King’s College London (Schlitt Group)

This work was funded by the Biotechnology and Biological Sciences Research Council.



CONTENTS

List of Figures

List of Tables
Symbols and notation
1 Introduction

2 Literature and preliminaries
2.1 Networks . . . . . . ..
2.2 Modern biology and the role of networks . . . . . . ... ... ... ......
2.3 Statistical mechanics techniques and conceptsused . . . . . ... .. ... ..
23.1 Isingmodel . . . . . .. ...
232 Series expansions . . . . ... ..o e e e e e e e e e
2.33 Replicamethod . . . . . ... ... ... .. ... .. .. ... ...
2.3.4 Computer simulation . . . . . .. ... ..o
2.4 Bridge from ferromagnets to biological networks . . . . . . .. ... ... ..

2.5 Review of relevant literature on applications of information theory . . . . . . .

3 Entropy of constrained directed graph ensembles

3.1 Directed graphs with controlled in- and out-degree distributions . . . . . . . .

12

15

17

20

28

29

32

35

37

38

39

40

41

44

46



CONTENTS

3.1.1 Definition of theproblem . . . . . . ... ... ... ... ....... 48
3.1.2  Entropyevaluation . . . . ... ... ... . ... ... 49
3.1.3  Final analytical expression for the entropy of the ensemble . . . . . . . 50

3.2 Directed graphs with controlled degree distributions and degree-degree correla-
tion functions . . . . . . ... L 51
3.2.1 Definitionof theproblem . . . . . . .. . ... ... ... ....... 52
322 Entropyevaluation . . . .. ... ... ... ... 52
3.3 Quantifying structural distance between networks . . . . . . .. ... ... .. 54
3.4 Tests and comparisons of the derived expressions . . . . . . .. ... ... .. 56
34.1 Simplespecialcases . . . . ... ... ... e 56
3.4.2 Comparison of formulae for nondirected versus directed networks . . . 56
3.5 Summary ... .. e e e e e 58
4 Further generalisations of the degree constraint 59
4.1 Definitionsand notation . . . . . . . .. ..o 59
4.2 Building blocks of the entropy calculations . . . . . ... ... ... ..... 62
4.2.1 Relations between feature distributions for nondirected graphs . . . . . 62
4.2.2 Decomposition of graphs into directed degree-regular subgraphs . . . . 63
4.3 Entropy of ensembles of bipartite graphs . . . . . . ... ... ... .. .... 65
4.4 Entropy of ensembles with constrained neighbourhoods . . . . . . . ... ... 66
4.5 Entropy of ensembles of networks with specified generalized degree distribution 69
4.6 SUumMmMary . . . . ... e e e e e e e e e e 72
5 Random graph ensembles with many short loops 73
5.1 Motivation and background . . . . . . ... ... Lo L 74
52 Straussmodel . . . . L. 77
5.3 Proteincomplexmodel . . . . .. ... ..o oo 86



CONTENTS

5.3.1 Replicaapproach . . . . .. ... ... ... ... ... .. ......
5.3.2 Clique decomposition to estimate a network’s statistical weight
5.3.3 Next steps for the protein complex model . . . . . . ... ... ....

54 Summary ... ... e e e e

6 Unbiased degree-preserving randomisation of directed binary networks

6.1 An ergodic and unbiased randomisation process which preserves in- and out-

degrees . . . ...
6.1.1 Edgeswapmoves . . . . . . . . . . ...
6.1.2 Outline of the general theory . . . . . . ... ... ... ........
6.1.3 Calculation of the mobilities for directed networks . . . . . ... ...
6.2 Properties and impact of graph mobility . . . . . ... ... ...
6.2.1 Boundsonthemobility . . . . . ... .. ... ... L 0oL,

6.2.2 Identification of graph types most likely to be biased by ‘accept all’
edge swapping . . . . . ... e

6.2.3 Simple graphexamples . . . . . . .. ..o oo

6.3 A randomisation process which preserves degrees and targets degree-degree

correlations . . . . ... ..
6.4 Numerical simulations of the canonical randomization process . . . . .. . ..
6.4.1 “Splitflow’ network . . . ... ... ... Lo
6.4.2 ‘Nearly hardcore’ networks . . . . ... ... ... ... ... ...
6.4.3  Application to gene regulation networks . . . . . ... ... ... ...
6.5 Switch& Holdmethod . . .. ... ... .. ... ... .. ... .. ...

6.6 Summary . . . . ... e e e

Network ensembles based on biological datasets
7.1 Applying calculation in chapter 3 to gene regulation networks . . . . . . . ..

7.2 Illustrations of concepts and results relating to generalised degrees (Chapter 4) .



CONTENTS

8

10

Choice of null model for numerical investigations into motif abundance

8.1 Power graph analysis to estimate motif density . . . . . . .. ... ... ..

8.2 A network of Olympics 2012 events, and its null models. . . . . . ... ..

A study of topology as a predictor of lethality

9.1 Introduction . . . . . . . . . . ...
9.2 Literaturereview . . . . . . . . .. o o oo
93 Method . .. ... ... . ..
9.4 How does the performance of the two rankings compare . . . . . ... ..
9.5 Airlines . . . . . ..

9.6 Conclusions . . . . . . . . . . e e

Discussion and Conclusion

Supplementary calculations (directed networks)

A.1 Order parameter representation of the graph probabilities . . . . . . . . ..
A.1.1 Calculationof ¢y . . . . . . . ...
A.1.2 Calculationof ¢y . . . . . . . ...
A.1.3 Final analytical expressionfor Q . . . . . . ... ... ... ....

A.2 Calculationofthekemel W . . . . . . . . . . . . ... ... . ...

Generalised degree correlation kernel

Direct enumeration of some simple generalised degree ensembles

C.1 Ladder configuration . . . . . .. ... ... ... ...,
C.2 Wheel configuration. . . . . . . . . ... ..o
C.3 A validation example with a more complicated degree-degree correlation

C.4 A connected networkexample . . . . ... ... ... ... ... .....

10

134

135

139

142

142

144

145

147

147

150

152

168

168

169

169

171

172

174

177

177

178

179



CONTENTS

D Supplementary calculations (randomising directed graphs)

D.1 Efficient calculation of changes in mobility terms following one move . . . . .

D.1.1

D.1.2

D.1.3

D.14

Change in n(c) following one square-type move . . . . . .. ... ..
Change in n,(c) following one square-type move . . . . . . . ... ..
Change in np¢) following one triangle-type move . . . . . .. .. ..

Change in n,(c) following one triangle-type move . . . . . . ... ..

E Datasets used in this thesis

F Computer code written for this project

F1

Directed randomisercode . . . . . . . . . .

F1.1

F1.2

F1.3

F14

F1.5

Coordinate.h and Coordinate.cpp . . . . . . . . . .. .. ... ....
ConnectionMatrix.h and ConnectionMatrix.cpp . . . . . . . . . . . ..
Mainhand Main.cpp . . . . . . . . . . Lo o
Extension for TargetPi . . . . . . .. ... ... ... .........

MYSQL manipulations . . . . . . ... ... ... ... ...

F2 Protein complex network interface . . . . . .. ... ... oo

11

182

182

183

185

187

189

190

192



1.1

1.2

1.3

2.1

4.1

5.1

52

53

54

55

5.6

LIST OF FIGURES

Venn diagram of various constrained ensembles . . . . . . ... ... ..... 22

Refinement of biological models, through numerical tests and analytical challenge 23

Summary of the organisation of the thesis . . . . . .. ... ... ... .... 26
An illustration of three different layouts for a random network. . . . . . . . .. 30
Ilustration of local topological characteristics in nondirected graphs . . . . . . 61

Trajectory of average number of triangles per node as a real network undergoes

degree-preserving randomisation. . . . . . . ... ... oL 75
Distribution of average number of triangles in an Erdos-Rényi ensemble. . . . . 79

Complexity and predicted number of triangles from the un-clumped Strauss

model with different average degrees . . . . . . . . ... ... ... ... 81

Complexity and predicted number of triangles from the un-clumped Strauss

model for different network size . . . . . . . .. . ... ... 82

Real datasets: average number of triangle, versus average number of triangles

in Erdos-Rényi and Strauss null models. . . . . . .. ... ... ... .. ... 83

Intuitive illustration of why the Strauss model clusters above a critical point . . 85

12



List oF FIGURES

5.7

5.8

59

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

7.1

7.2

7.3

7.4

7.5

7.6

8.1

8.2

8.3

Protein complex model diagram . . . . . ... ... ... L. 86
Protein complex network from Sac. cerevisiaedata. . . . . . . . .. ... ... 91
Distribution of complex sizes in Sac. cerevisiae protein complex network. . . . 92
Undirected edge swap to randomise anetwork . . . . . .. .. ... ... ... 98
Degree preserving moves to randomise a directed network . . . . . .. .. .. 98
‘Split-flow’ network . . . . . . . ... L 109
Randomisation results for a ‘split flow’ network . . . . . . ... ... ..... 111
Nearly hardcore network . . . . . . . . ... ..o 112
Edge swaps on a nearly hardcore network . . . . . ... ... ... ... 112
Randomisation results for a ‘split flow’ network . . . . . . .. ... .. .... 113
Randomisation results for Hughes et al. [2000] network . . . . . . . ... ... 114
Randomisation results for Harbison et al. [2004] network . . . . . . . ... .. 115
Targeting a biological degree-degree correlation . . . . . . . . ... ... ... 117

Comparing entropy for different thresholds to construct a gene interaction network 127
Generalised degree distributions in real biological networks . . . . . . . .. .. 129

Entropy of random graph ensembles constrained with generalised degrees ob-

served in real biological networks . . . . ... ... oL oL 130

Complexity associated with generalised degree constraint charted with gener-

aliseddegree heatmap . . . . . . . . . ... oL oL 131
Generalised degrees heatmaps for some synthetic networks . . . . . . ... .. 132
Generalised degrees heatmaps for some well-known network models . . . . . . 133
Box-and-whisker plot of motif density in random graph ensembles. . . . . . . . 137

Graphical representation to put an observation in context of more than one null

13



List oF FIGURES

9.1

9.2

C.1

C2

C3

C4

Effectiveness of each ranking at identifying lethal nodes in sub-hub region . . . 148
Airportnetwork . . . . ... oL 149
Synthetic examples for generalised degrees: ladder . . . . .. ... ... ... 178
Synthetic examples for generalised degrees: wheel . . . ... ... ... ... 178
Synthetic examples for generalised degrees with non-constant degree-degree

correlation . . . . . . ... e 180
Synthetic connected network example for generalised degrees . . . . . . . .. 181

14



2.1

22

3.1

3.2

6.1

7.1

7.2

8.1

8.2

9.1

LIST OF TABLES

Network observables (specific to thisthesis) . . . . . ... ... ... ..... 32

Network observables (more general) . . . . . ... ... ... ......... 33

Comparison of entropies and complexities of directed versus nondirected graphs. 57

Kullback-Leibler distance between two networks . . . . . . . ... ... ... 58

For biological datasets, estimate if edge sampling or move sampling will ran-

domise faster. . . . . . . . ... e 120

Entropy of directed random graph ensembles constrained with topologies ob-

served in Hughes et al. [2000] network . . . . . . . . .. ... ... ... ... 124

Entropy of directed random graph ensembles constrained with topologies ob-

served in Harbison et al. [2004] network . . . . . . . . . . ... ... ..... 125
Z scores of motif densities observed in real networks . . . . . ... ... ... 136
Number of triple entries in real and randomised Olympic events networks. . . . 140

Comparing ranking nodes by degree and ranking nodes by contribution to degree-

degree correlation entropy: Kendall’'sz. . . . . ... ... .. ... ... ... 146

15



List oF TABLES

9.2 Comparing ranking nodes by degree and ranking nodes by contribution to degree-

degree correlation entropy: average Gini coefficients . . . . . ... ... ... 147
9.3 Gini coefficients from degree ranking . . . . . .. ... ... ... ... ... 150
9.4  Gini coefficients from degree-degree correlation ranking . . . . . . . ... .. 151
10.1 A summary of new entropy expressions derived in this thesis . . . . . . . . .. 154
E.1 A list of protein-protein interaction databasesused . . . . .. ... ... ... 191

16



SYMBOLS AND NOTATION

Symbols

S Shannon entropy, see equation (2.3.1), page 36

N Number of nodes, page 32

k Degree (number of neighbours), page 32

K Directed degree, page 48

k Boldface letters represent ordered sets with N elements, i.e. (ki, ..., ky), page 47
k Average degree, page 32

p(k)  Degree distribution, page 32

(f(e))r Average of f(c) over Erdos-Rényi ensemble with average degree k, page 49

C Complexity, page 56

W(-,-) Joint distribution connected degrees, page 171

Dup  Kullback-Leibler distance between two ensembles, see equation (3.3.1), page 54
N Effective number of graphs, page 48

ey, ey Corrections that vanish in the large N limit

17



List oF TABLES

f For bipartite networks, giving the probability that a node is in set A, page 65

(k;, m;) Generalised degree of a node i, giving number of neighbours within one and two steps

respectively, page 60

H Hamiltonian, see equation (2.3.2), page 36

n; = (ki; {£7}) Local neighbourhood of a node i, see equation (4.1.1), page 60
w(clk) Poissonian measure, see equation (3.1.4), page 49

no,.n,  Mobility factors, see equation (6.1.8), page 101

{&’}  Degrees of neighbours of i, page 60

0() ‘Order of’, referring to the magnitude of residual terms in a leading order calculation
Z Partition function, see equation (2.3.3), page 36
np(k) Poissonian distribution , page 50

DPeo(€) Equilibrium measure, page 99

0(,) Kernel to impose specific correlation profile, see equation (3.2.4), page 52
Tr(c) Sum of diagonal entries of the matrix c.
Zpr  Partition function of Erdos-Rényi ensemble, see equation (5.2.5), page 78
Terminology

Bipartite graph: a graph where the nodes can be divided into two sets such that links only

appear between sets, and not within sets, page 60
Edge swap: degree preserving randomising move, page 97
Ensemble: a collection of systems defined via some constraint and/or probability measure
Ergodic: a process which can move between any two states in a finite number of steps , page 41

Eukaryote: organism whose cells have a distinct membrane bound nucleus, e.g. mammals,

page 34
Hub: node with degree greater than 20, page 146

18



List oF TABLES

Law of large numbers: formal statement of the intuitive concept that the average over a large
number of observations should be close to the expected average, and the agreement

should improve the more trials are performed
Motif: small (over-represented) subgraphs, page 135
PPIN: protein-protein interaction network, page 32

Prokaryote: organisms without a membrane-bound nucleus, typically single celled, such as

bacteria
ROC: plot of true positive versus false positives in order to evaluate model performance
Sub-hub: node with 5 <degree< 20, page 146
E. coli: abacteria, and a widely studied model organism, page 128
H. sapiens: Homo sapiens (humans), page 128
P. faciparum: parasite implicated in malaria, page 128
S. cerevisiae: yeast. Popular eukaryotic model organism, page 128

T. pallidum: a bacteria, page 128

19



CHAPTER 1

INTRODUCTION

Networks are an end point of simplifying a complex system to its simplest meaningful represen-
tation. They are familiar to every person, generally as some kind of map. Whether it is finding
a convenient route on public transport or connecting the wiring in a home improvement project,
a complex system can be easier to understand if it is represented in terms of its components
(nodes) and inter-relationships between those components (links). Human beings are skilled at
observing patterns in networks; shortcuts, motifs and redundancies become evident when the
system’s interactions are clearly charted. However, as the network’s size increases, intuition can
become a false-friend, since it is difficult to distinguish meaningful patterns from random fluc-
tuations. This thesis will be specifically interested in developing rigorous mathematical tools to

quantify and analyse the topology of networks based on biological datasets.

The current state of the art of biological research is now approaching some of the most de-
tailed questions about the self-organisation of components that constitutes what we know as
life. Molecular biology is a present day space race. It coincides truly fundamental scientific
questions with transformative technological advances. Like the space race, success will only
be possible with cross-disciplinary collaboration, and the development of innovative new tools
and approaches. There is now a largely complete list of the components (see e.g. descriptions

in Schlitt and Brazma [2007]) of the key model organisms. The most famous contributor is the

20



CHAPTER 1: INTRODUCTION

Human Genome Project - but that of course represents only a small part of the total achieve-
ments in this field. The advent of high-throughput experimental techniques means that much
more is now known about the interactions and inter-relationships between the components. The
volume of available data is now vast, and analysing it efficiently and rigorously is vital for the
integrity of the whole endeavour. In the physical sciences, statistical mechanics specialises in
the analysis of large systems, and has a heritage of rigorous and practical techniques. However,
it would be arrogant and ineffective to presume that these results could be immediately trans-
lated to the very different context of living organisms. It is important to take some steps back,
and to systematically re-tailor traditional statistical mechanics results for application to biol-
ogy. The approach of statistical mechanics is to define large systems through some simple rules
and assumptions. The simplifying instincts of physicists can seem obtuse and self-serving to
an experienced biologist, whereas a physicist may be frustrated by the impossibility of adding
rigour to a model that is bespoke to the point of being descriptive. Despite certain universali-
ties, biological systems are generally interesting for their differences. Equally, the complexity
of contemporary biological data means that certain simplifying rules of thumb have enjoyed
great success, despite being frequently challenged as not adequately capturing the features of
the system (Barabdsi and Albert [1999], Erdos and Rényi [1960]). In this thesis we will aim to
increase the flexibility of certain techniques in statistical mechanics, in order to allow scope for

the models to be tailored to biological knowledge and insight.

One line of research is the growing network approach (e.g. Albert and Barab4si [2002]) which
typically starts with a single node and additional nodes are added, and connected to the pre-
existing nodes according to some rules. In the ideal implementation, the rules would reflect
some universalities or constraints that are believed to hold for networks of that type. The final
network is then a more finely tuned null-model, to be used either as a testing ground or for
comparisons with the original network. While the growing network approaches are intuitively
attractive, they suffer from not having clearly defined probabilities associated with each final

state. So there is no guarantee that the observations are not a result of inadvertent model bias.
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Average
degree

Nondirected networks

@um. short loops

Gen. deg.

Average
degree

Directed
Networks

Directed deg
dist'n

Figure 1.1: Venn diagram of various constrained ensembles, the size of which will be quanti-
fied in the course of this thesis. Illustrations not to scale, but indicate the overlaps
between the different definitions. Abbreviations refer to degree-degree correlation,

degree distribution, specified neighbourhoods and generalised degrees.
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CHAPTER 1: INTRODUCTION

There are contrasting routes to try to connect networks, biology and mathematics into a mean-
ingful and useful theoretical framework. Many authors have sought to find universal topological
patterns. For example, it is often taken as a fact that biological networks have a power law dis-
tribution in the number of neighbours that each node has, even though several authors have
challenged this as a useful shorthand but not an accurate description. As a bridge to tradition-
ally local biological approaches, it has been popular to seek over-represented small sub-graphs
(motifs) in biological networks, because this then opens up opportunities for theories to be
developed about the biological processes that may underlie these motifs. The concept of a ran-
dom graph has appeared typically as a null-model, in order to provide the control case to give

statistical significance and context to what is observed in the real network.

A3, Vo

Qualitative (e.g.

features)

D

Quantitative

(e.g. size of ensemble)

Figure 1.2: Refinement of biological models, through numerical tests and analytical challenge
- e.g. whether the qualitative features of the model comply with what is needed,

and how restrictive the constraints are.
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CHAPTER 1: INTRODUCTION

The work in this thesis looks at a network as a realization satisfying certain specified topological
properties rather that simply being a set of linked nodes. This is a natural viewpoint if we were
to go on to — for example — consider what underlying processes formed the network or what
function it is ‘designed’ to carry out. It enables a more rigorous interrogation of the network:
What are its features? Is it typical of a network with such features? What functions or processes
would be consistent with this topology? Which synthetic model is appropriate and sufficiently
close to be useful as an analytically tractable proxy for the real network? Asking any researcher
to describe what makes a network complex, the reply may refer to degree distribution, clustering
coeflicient, communities or heterogeneity of nodes. There is a large literature describing these
features, some of which is briefly covered in chapter 2. In this thesis we will formalise this idea

by quantifying topological observables through information theory.

The purpose of this thesis is to extend the understanding of ensembles of random networks
which are defined with topological constraints. This is approached from two directions. Firstly,
the tools of statistical mechanics are applied to quantify the entropy of such ensembles under
various constraints. This is split across two parts. Chapters 3 and 4 present new results for the
entropy of ensembles constrained with in- and out- degrees (directed) and undirected ensem-
bles constrained with a specified generalised degree distribution respectively. Chapter 5 works
towards determining the entropy of ensembles where the constraint is specified in terms of the
distribution of short loops in the network. These constraints are interrelated - the Venn diagram
in figure 1.1 gives a rough illustration of the hierarchy. The approach used in chapter 3 fails if
the networks are no longer tree like - so is not applicable to short loop constraints. Hence chap-
ter 5 explores a selection of mathematical topics which offer potential inroads and insights into
the problem. Chapter 6 studies unbiased degree preserving randomisation of directed binary

networks. This organisational structure is summarised in figure 1.3. The main new results are:

¢ Quantifying the entropy of random graph ensembles under new constraints

— Exactly in the large N limit for
* Ensembles of directed networks constrained with degree distribution and degree-
degree correlation
+* Ensembles of bipartite networks constrained with degree distribution
+* Ensembles of non-directed networks constrained with specified neighbourhood

distribution or specified generalised degrees
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CHAPTER 1: INTRODUCTION

— Estimated or partial solutions for

* The maximum entropy ensemble for a given average number of short loops

* The monopartite projection of a bipartite network, which is motivated by anal-

ogy with protein complexes

e Novel or improved linkages between the concept of a constrained random graph ensemble

and the needs of bioinformatics and molecular biology, including:

— New results on how to construct unbiased constrained randomisation algorithms for

directed graphs

— Novel illustrations of the influence of the choice of null-model on the study of over-

represented motifs

— An expansion of the idea of being able to quantify topological features, by cross-
referencing with lethality data, in order to consider whether topology is predictive

of whether the node plays an essential role in the network

The various research areas of bio-informatics are often illustrated as a hierarchy from the most
granular level of looking at protein binding domains, to the intermediate level of pathway anal-
ysis which looks at disease of function specific (sub)networks, culminating in the most global
and large scale view which attempts to catalogue the interaction between every gene or protein
within the system. The benefit of the global view is that it summarises and aggregates all of the
sub-systems that make up, and interact within, the organism. The first difficulty with the global
view is the reliability of the data. The large automated component of either high-throughput
screening or data mining mean that many nuances may go undetected. Secondly, it is not clear
how to interpret this data, even in simplified form, let alone incorporating the complexities of
biological annotations, strength of interaction, localisation of interaction and so on. The path
to leveraging local knowledge in order to form a systems wide view is much better established
than the reverse route: using global information to discover new granular results. This observa-
tion is not intended to detract from some encouraging systems biology successes (e.g. the work
of Chuang et al. [2007] on network based classification of breast cancer metastasis). However,
in the way that genes are the language that allows us to ‘read’ inheritance, and a network is a
way to ‘read’ large volume interaction data - it is necessary to discover and develop a natural

language to read and interpret a network.
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Introductory Material

Quantifying the entropy of constrained ensembles
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Figure 1.3: Summary of the organisation of the thesis. Arrows indicate connections explicitly
made, although in principle any item on the mid-top line can be constructively

related to any item on the mid-bottom line.
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The normal workflow to modelling a real system (illustrated in figure 1.2) would be to select
some key features or parameters, incorporate them into a model and then test the predictions
of the model - repeating the process until the model is sufficiently predictive for the required
application. In the language of this thesis and the language of network science the first part
of this process would be to use biological intuition to select which features of the network are
considered to be the most important, and then to define a model which captures those features.
The cleanest approach is when the model is otherwise maximally random. Testing the predic-
tive power of a model is not entirely straightforward, so it makes sense to apply rational steps
to challenge proposed models at an early stage. In the illustration in figure 1.2 this is broken
down as a qualitative and a quantitative challenge. Qualitatively, there are many interesting
results in the literature, which look at typical topological features that follow as a consequence
of imposing a constraint on the random graph ensemble. For example, Molloy and Reed [1998]
discovered that a giant component would almost certainly appear if the imposed degree distri-
bution p(k) satisfies >, k(k — 1)p(k) > 0. Chung and Lu [2004] studied shortest path length
for networks with a given degree sequence and found it to be almost surely of the order lloggTA;),
where the quotient is the average value of the squared degree. Chapters 3, 4 and 5 of this thesis
aim to provide a route for providing a quantitative challenge and comparison for network topol-
ogy based models, in the sense of aiming to quantify the constraints by how restrictive they are

(and hence how specific the proposed model is). The remaining material looks at the other parts

of the cycle set out in figure 1.2.
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CHAPTER 2

LITERATURE AND PRELIMINARIES

This chapter will provide a general overview of the theoretical background and underpinning
to the results which follow. For clarity, more specific literature is reviewed briefly at the be-
ginning of each chapter. The purpose of this chapter is to elucidate the relationship between
networks, molecular cell biology and statistical mechanics that is the conceptual starting point
of this thesis. These are separately well established and well developed fields of study. The
study of networks is traditionally considered to date back to Euler’s study of the bridges of
Konigsberg (reproduced in Euler [1953]), where the crucial observation was that the topology
of the problem was more important than the geometry. Molecular cell biology is an exciting
and fast developing field, driven by rapidly improving experimental techniques, and ambitious
scientific objectives — but challenged by the complexity of living organisms. Statistical me-
chanics dates back to the work of Maxwell, Boltzmann and Gibbs in the 19th century. Classic
statistical mechanics problems would look to derive the macroscopic properties of a gas via the
microscopic behaviour of gas molecules, or the macroscopic property of magnetisation via mi-
croscopic nearest neighbour interactions in a metallic lattice. In this section we will separately
explain some key pre-requisites in these fields, and also aim to give a flavour of how networks
can help interpret complex data, and how statistical mechanics can be employed to rigorously

derive some average properties of large model systems or networks. We will also cover some
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tangential examples of the application of information theory to biological problems, in order to

provide some context for later work.

Overall, these fields of study are very large, with new important publications regularly appear-
ing. This chapter tries to limit itself to those areas of the literature that would particularly
contribute to the understanding of what follows. This means that several interesting topics are
outside of our scope. A wider view of systems biology, particularly as it relates to networks,
can be obtained from books such as Newman [2009], Alon [2006], Dorogovtsev and Mendes
[2002] and review articles including Dorogovtsev et al. [2008], Albert and Barabdsi [2002].

2.1 Networks

Networks are interesting in themselves as objects of mathematical study. However, they particu-
larly attract attention because of their power to visually and informatively represent complicated
data sets. Common applications include modelling the internet (see e.g. Zhou and Mondragén
[2004]), modelling social networks (see e.g. Wasserman [1994] ), communications networks
(see e.g. Uddin et al. [2011]) and power grid networks (see e.g. Pagani and Aiello [2013] ).
We will particularly be interested in applications to biology, where we are now able to harvest
large amounts of information and hope to be able to infer some global insights about the system.
We will specifically be looking at gene-regulation networks and protein-protein interaction net-
works, but the flexibility of the networks concept means that it appears in a very wide range of
other biological contexts, including metabolic networks and food chains. The spirit of mathe-
matics is to look for general results that can then be re-used for different problems which have
the same underlying structure and symmetries. In this way, it makes sense to study networks
abstractly, with the intention of applying the results to a certain kind of network, but with the

prospect that the tools will be relevant for any kind of network.

A network (which will interchangeably be referred to as a graph) is defined via a set of N
nodes, and a set of edges between pairs of nodes. The network may be defined as a projection
of a dataset of binary interactions (e.g. telephone calls between people), or it may be defined
via a model. Figure 2.1 shows an example of a random network, and demonstrates how much
the visual appearance of a network can be influenced by the layout algorithm chosen. We will

typically be working with the simplest case, where all the nodes are assumed to be identical,
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O—0

Figure 2.1: A network is defined as a set of nodes and connections between them. Visualising
a network can help to understand its structure. However, the same network can
look very different depending on the visualisation algorithm used. The above

illustration shows the same random network with three different layouts.

and double or self links are forbidden. To make a connection with statistical mechanics, the
networks have to be large networks, often idealised to be infinitely large with N — oo. In
practice, sizes of several thousand nodes are sufficiently large to apply derived tools, which is

commensurate with the typical sizes of protein-protein interaction databases.

Notation is summarised at the front of the thesis, and explained again when it occurs in the
body of the thesis. A regular network has the same number of neighbours for every node. The
Bethe lattice — a tree like network where every node has the same degree — is an example
of an infinite regular network. A random graph ensemble is a family of networks which meet
some (hard or soft) constraints, and the random network is chosen from such an ensemble.
The most well known is the Erdos-Rényi random graph (Erdos and Rényi [1960]), where every
edge is formed with a probability p € [0, 1] independently of any other edge. Its simplicity
and analytical tractability has made it the canonical random graph model. However, it does not

match many of the topological properties observed in real networks.

The preferential-attachment algorithm (Barabasi and Albert [1999]) was designed as an expla-
nation and a model for the ‘fat tails’ observed in real degree distributions (i.e. many more nodes
with very high numbers of neighbours than would be predicted by the Erdos-Rényi model).
New edges are added one by one, with a probability that depends on how many neighbours the

vertices already have. This ‘rich get richer’ algorithm is the most well known case of growing
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network models, which have had some success in describing the intuition and the features be-
hind — for example— the Internet network. The Watts and Strogatz [1998] model is designed
to show a higher degree of clustering (i.e. interconnected triples of nodes). It operates by
rewiring a regular one-dimensional lattice. It demonstrates a ‘small world’ topology (i.e. short
path length between any two nodes) which is similar to many real life networks. The latter two
are examples of useful qualitative models which suffer from the drawback that the probability
of each network in the ensemble is not clearly defined. In this thesis we are primarily interested
in random graph ensembles which have a lot of flexibility to match parameters in real networks.
These are specified by hard constraints (typically a fixed number of neighbours for every node),

and by probability weights to add some soft constraints.

Tables 2.1 and 2.2 summarise some key network metrics, annotated with comments about how
these metrics relate to the treatment in this thesis. Network science has grown extremely fast,
driven by the urgent demand for effective tools to analyse the networks that arise in real life
applications. Accessible treatments of the field can be read in Newman [2009] and Dorogovt-
sev and Mendes [2002]. The coverage of these books reflects the aspects of network science
which have received the most attention in the literature: topological features, growth processes,

vulnerabilities to attack.
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Topological observable =~ Comments on usage in this thesis

Number of vertices N These will typically be indexed asi=1...N.

We will be interested in cases where N is large.

Degree k Number of neighbours. In this work, k£ will be assumed to

remain finite, even in very large networks

Degree distribution p(k) Can be either specified, or obtained from a real network

as p(k) = % SN Ok

Average degree k We require this to stay finite as the network grows
Clique Fully connected subset of nodes

Motif Small subgraph appearing in the network
Assortativity Tendency for nodes which are similar to be connected.

Typically refers to tendency for high degree nodes

to connect to each other

Table 2.1: An annotated list of some observables on a network that will be particularly referred

to in this thesis.

2.2 Modern biology and the role of networks

Collecting biological data has traditionally been a slow and largely manual process. The advent
of high throughput techniques has progressed the ambitions of practitioners from understanding
discrete processes, to understanding biological systems as a whole. Below we review briefly the
experimental techniques underlying the datasets, and some pertinent caveats to their interpreta-
tion. The exposition is mainly based on books by Lesk [2012, 2010], Fu [2004] and Newman
[2009].
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Topological Observable =~ Comments on usage in this thesis

Clustering Ratio of fully interconnected triplets of nodes to connected triplets.
We generally just look at the average number of closed

triplets in the network m

Shortest path/betweeness These do not appear in this thesis. They are interesting
properties, but are intrinsically global, so do not easily yield

to the simplifications of statistical mechanics
Size of giant component  This does not directly appear in this thesis. The existence
of the giant component will typically be a consequence

of the parameters chosen for the random graph model

Hub A node with many interacting partners

Table 2.2: An annotated list of additional observables on a network.

Co-immunoprecipitation is a reliable but laborious technique for detecting protein-protein inter-
actions (PPI). A suitable antibody is attached to a glass column, and binds to the target protein.
The target protein, and any protein bound to it, can be retrieved and analysed (e.g. by Western
blot). The antibody has to be specific to the protein of interest. Although there are techniques
to manufacture antibodies which do not naturally occur, it nonetheless requires one to a priori
define and commit to at least one of the binding partners. Hence, this method is likely to be
biased towards discovering interactions involving proteins which are already considered to be
important — which will create a self-reinforcing loop of correlation between node degree and

node significance.

Yeast two hybrid (Y2H) is a well-established high throughput method. The two proteins of
interest are tagged with a DNA binding domain and a transcriptional activation domain. If these
are brought into close proximity (i.e. if the two proteins to which they are attached interact),
then this would trigger the production of a reporter gene. Its great strength is that it is possible to

screen efficiently a single protein against a library of other proteins — thus finding interactions
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independently of the prior views of the experimenter. It is important, however, to be alert to
the high possibility of false positives, when the reported gene is activated without the proteins
interacting, and also the possibility of false negatives. Best practice would be to confirm the
interaction by another method — but this is limited by resource constraints. Generalisations
of this technique include a membrane based approach — to address the fact that hydrophobic
membrane proteins are difficult to study using existing techniques, but represent about a third
of proteins in eukaryotes — a two-hybrid system based on E. coli and protein complementation

assay.

The idea of tagging each protein so that a signal is emitted when they interact is also at the
heart of the fluoresence resonance energy transfer (FRET) and fluoresence lifetime imaging
microscopy (FLIM) methods. In this approach, Green Fluoresence Proteins (or variants thereof)
are attached to the proteins of interest. Green light is emitted if the two tags are close enough
together for energy transfer to take place. The likelihood of energy transfer varies like the sixth
power of distance (Fu [2004] ), making this an accurate quantitative tool. The major advantage
of this method is that it can be used in vivo, with the light emitted being observed through a

microscope.

Tandem Affinity Purification coupled with Mass Spectroscopy (TAP-MS) is a multistep pro-
cedure which has many of the advantages of the Y2H method and of co-immunoprecipitation.
The antibody is linked to the target protein via an intermediate protein — which is known to

interact with the antibody, and is thus attached to the target protein to act as a hook.

Alternative methods to construct protein-protein interaction networks include computational
data mining (e.g. looking for protein names co-occuring in the abstracts of published papers),
nuclear magnetic resonance (NMR) and phage display. It is a material issue that these varied
experimental approached leave signature topological features — and it is not evident how to
isolate these from the organism specific topological features (e.g. Fernandes et al. [2010]).
Overall, this is a strong argument to concentrate efforts on the development of transferrable
tools, recognising that the current realisations of biological networks will continue to be refined

and clarified in years to come. The data is stored on public databases.

In chapter 3 we study directed networks. The natural application of these results are to gene
regulation networks. Protein-protein interactions are symmetric, whereas gene regulation is not.

The central dogma of molecular biology is that deoxyribonucleic acid (DNA) is transcribed to
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‘messenger’ ribonucleic acid (mRNA), which encodes amino acid sequences, which are the
building blocks of proteins. Some of these proteins belong to a class called ‘transcriptional
regulators’, which are able to stimulate or inhibit expression of another gene. When we observe
a gene regulation network, we are observing the action of the transcriptional regulators, and also
the effect of the interactions between the transcriptional regulator proteins and non-regulating
proteins. This is reflected in the topology of the gene regulation networks, where the out-
degree distribution has a few hubs and many nodes with zero out-degree, while the in-degree
distribution is more evenly distributed. This is an example of why Poissonian approximations

are not adequate to capture essential features of the topology.

The question of comparing networks naturally arises, not least because there are now several
significant PPI datasets for the model eukaryote and prokaryote organisms, and these them-
selves depend on the choices made for confidence thresholds and experimental interpretation.
Comparison methods in the literature are typically of the algorithm type. For example, Kuchaiev

et al. [2010] designed a comparison based on subgraph counts.

2.3 Statistical mechanics techniques and concepts used

In this section we will set out some preliminaries, in order to justify and define the general
scheme to approach a ‘solution’ of the many models which are explored in this chapter and in
this thesis. This exposition is based on the following textbooks: Bowley and Sanchez [1999] for
an introduction to classical statistical mechanics; Feynman [1972] and Parisi [1998] for more in
depth coverage; Dorogovtsev and Mendes [2002] for a more discursive coverage; and, Kardar

[2013] lecture notes and Mézard et al. [1987] for an introduction to the replica method.

An ensemble is a collection of systems, generally defined via some constraint or property that
the systems have in common and a probability measure. The term entropy appears separately
in physics as Boltzmann entropy and thermodynamic entropy and in information theory as
Shannon entropy. Shannon entropy is a concept that arose out of Claude Shannon’s experi-
ence working on codes during the war. The reasoning behind Shannon’s Information theory is
roughly as follows. Suppose that you had to design a code to transmit words from a set A. If
we were transmitting messages in binary code, a string of X digits (e.g. 01001 ... 1000) could

code 2X distinct words. Hence a code to transmit words from set A must be based on at least
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log, |A| binary digits (or bits). If we were transmitting words from 2 sets, A and B, we would
need log, |A| +log, | B| bits. If we also take into account the likelihood of every observation then
this generalises to give the definition of the Shannon entropy for some random variable X with

n outcomes {xj ... x,}
S == p(x)log p(x;) (2.3.1)
i=1

This has been widely adopted as a tool with which to define measures of complexity (some ex-
amples are discussed in section 2.5) . The systems that we are interested in have non-trivial and
non-constant probabilities of each state appearing. Using the language of statistical mechanics,

we define the probability of state x, via a Hamiltonian H ( ‘energy function’), as

e—H(x)
= 232
P = — (232)
where Z is the normalising constant, usually referred to as a partition function
z=>) et (2.3.3)
X

Writing In p(x) = —H(x)—In Z and substituting into the entropy equation allows —kgT In Z to be
identified as the (experimentally measurable) Helmholtz free energy with kg as the Boltzmann
constant and 7T the temperature. In this thesis, for simplicity, we will continue to refer to —InZ
as the free energy, and will show in context the meaning of this quantity for our applications.
The free energy is typically the key quantity in the problem, with many observables being

directly derived from it.

Calculating the free energy is often a difficult problem. Baxter [2007] carefully sets out the
strategies that may be pursued to try to evaluate this quantity. There are a number of models
which can be solved exactly, but these are generally very idealised cases, lying at the extremes
of either the almost trivial one-dimensional (i.e. nearest neighbour interactions on a line) cases,
or infinite-dimensional cases. For more complicated cases — to paraphrase the view of Baxter
[2007] — the options are to substitute a simpler Hamiltonian (i.e. solving a simpler model),
and/or make an approximation to evaluate the sum over states. In relation to real systems, a
well defined simple model can give valuable information about the qualitative behaviour of the
system, particularly around any critical points. The second proposal laid out in Baxter [2007]

is to find an approximation to do the sum over states, for example:

o Cell approximation (i.e. viewing a system as interacting neighbourhoods)
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Approximate integral equations
e Computer simulations

e Series expansions

Renormalization group approach
Newer methods which are particularly designed to cope with heterogeneous systems include

o The cavity approach (see e.g. Mézard et al. [1987])

e The replica approach (see e.g. Mézard et al. [1987])

The material in this thesis will use many of these ideas — presenting solutions that aim to be
exact in the limit by a suitable definition of the underlying model, and also adapting elements
from series expansions, cell approximations, integral approximations, computer simulations and
the replica approach, as the opportunity arises. Below we explore these specific approximations
further. We begin with a definition of the Ising model, in order to provide a base for subsequent

examples.

2.3.1 Ising model

The Ising [1925] model is the classic model for co-operative behaviour in large systems. It
was originally developed to model magnetisation of iron. The vertices are arranged along a
line or an n-dimensional lattice, and each vertex i carries a spin of o; € {—1, 1}. If we set J to
be the strength of the ferromagnetic interaction between nearest neighbour spins, and % as the
magnetic field, then the Hamiltonian is defined as

H= —JZ oo - hz o (2.3.4)

(9)] i

The sum is done over nearest neighbours on the lattice. The properties of the system depend

on the sign of J (J > 0 is the ferromagnetic case). The magnitude of J determines the critical

temperature where magnetism (i.e. long range order) is lost.
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2.3.2 Series expansions

The principle of the series expansion approach is to expand the exponential inside the logarithm
of equation 2.3.3 in order to obtain a power series, which can ultimately be truncated by ap-
plying some prior knowledge of how the parameters scale. This section is based on material
from Kardar [2013] and Parisi [1998]. Series expansions are typically classified as either low-
temperature or high-temperature expansions. The low-temperature expansion starts from the
ground state, where all of the spins are set to have the same value. High temperature expansions
begin with non-interacting spins at infinite temperature and then perturbatively include the in-
teractions between spins. For a brief example of a low temperature expansion (i.e. when K is
large), consider the Ising Model on a 2 dimensional lattice, without an external magnetic field.
Define the probability of any configuration to be
eK iy oio;

p(o) = ——— (2.3.5)

where the sum is taken over nearest neighbours, the bold font indicates an N component vector
which gives the value of o on every site and Z is the normalising constant. To determine the
normalising factor Z it is necessary to sum over all configurations. The first step is to pull out the

common factor of e*kN

, which corresponds to the ground state of all spins being down (without
loss of generality — the symmetric case of all spins being up is picked up as the multiplicative
pre-factor of 2 in equation 2.3.6). Then systematically enumerate the corrections, starting from
the configuration where one flip is up, which carries an energy penalty of —8K, reflecting the

fact that each node interacts with 4 neighbours, and the sum total of the contribution from these

4 interactions will flip from 4K to —4K.
Z=2"K[1+ NeB 1| (2.3.6)

Higher order terms can be defined in the same way. This means that the free energy per spin,
proportional to —% InZ, is N independent for large N and can be estimated by taking a Taylor
expansion of the logarithm, after having calculated the required number of terms for the desired

accuracy.

The high-temperature expansion, which corresponds to small K, begins with a simple identity

eK+e X eKipeK

)

eK(T,'O'_,‘ —

oo = cosh K(1 + [O'l'O'j) 2.3.7)
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where ¢ = tanh K will be the expansion parameter. This allows us to re-write

z =3 K2 = cosh K)¥ [ |1+ toi0r)) (2.3.8)
{oi} ()]

Summing over all possible N-site vectors o~ will cancel any odd powers appearing in the prod-
uct. Non-cancelling terms can be identified as closed paths (e.g. the coefficient of #* will identify
the number of ways in which 4 sites can be picked, so that sequentially moving from a vertex
to one of its neighbours can define a closed path through these nodes). Calculating the coeffi-

cients becomes a problem of enumerating the number of closed paths that can be embedded in

a lattice.

2.3.3 Replica method

In this section we will briefly present the rationale for the replica method — based on the
keynote book by Mézard et al. [1987] — and then work through a simple illustrative example.
So far, our examples have had fixed values for the coupling parameter J. Suppose that instead
the values of the coupling parameter were drawn from some distribution P[J], and we wanted
to compute the average value of the free energy. The replica method is based on the identity
> PlJ]logZ = (logZ) = lim,_ % log(Z")y . This is justified by using the relation A" =

1+nlnA+ O(nz) for small n. It then follows that
1
—In((Z") = rll In{1 +nInZ)) = % In(1 + n{dnZ)) = UnZ) + O(n) (2.3.9)
n

which gives the required relation. The method has been criticised for being non-rigorous, due
to the somewhat unnatural approach of doing integer operations, and then doing an analytic
continuation into the real numbers. However, subsequent authors have strengthened the theo-
retical foundations, and re-derived some of the replica results via more classical (albeit long and
complicated) routes. There is now little doubt that this is a sound approach to obtain relatively

simple solutions to otherwise prohibitively difficult and technical calculations.

2.3.3.1 Worked example using the replica approach (Yedidia [1992])

This worked example, taken from Yedidia [1992], considers a particle governed by Hamiltonian
-r212f%
e 0

\2rf?

F averaged over the entire ensemble will be computed using a direct route and the replica

H= % — fr where f is chosen from the probability distribution p(f) = . The free energy
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route. This is quite a straightforward example, where the direct route works well. For more
complicated examples, the direct route may be impossible — and hence the replica approach

provides a complicated but precise approach to obtain a solution.

To directly calculate F = f_o; dfp(f)F; where Fy = —5 ln Zrand Zy = f e PHO gy it is
necessary to first complete the square on the Hamiltoman to achieve a Gaussian form. It then
follows that Z; = e/*/27 V2xT and F = —2 — L 1n(2T).

To approach this as a replica calculation, instead of doing the r integration first, it is necessary
to start with the disorder average represented by the f integration. The replica identity can be
used to write

F=-T fw dfp(f)InZp =-Tlim, o Lin[[7 dfp(f)z;] (2.3.10)

o0

Labelling the replicas with an index a which can run from 1 to n means that the problem is now

co N n 2
5 1 S22 s
F= Tllj)rg)nln f 2 - 0 Londraexp( T(Z 5 fruD (2.3.11)
7Tf a=1 a=1

Completing the square and performing Gaussian f integration reaches

n 2 n
F=-T rlll—% Z In {f I_I drgexp (—— [Z > Zl ; rarbm
a=
By averaging over disorder the original problem has been converted into the mathematically

equivalent problem of a system of n particles with no disorder, interacting according to the

effective Hamiltonian

n

Hepp = Z
a=1

where (G Nge =1 - f02 /T and (G Mgyp = — f02/ T. This is a standard Gaussian integral.

f02 n n 1
- — Falh = =
T a=1 b=1 2 a=1

(G_l)abrarb
=1

NS] |a\t\>

S

_ 1 T T 1
F=-Tlim-1In ( V(ZnT)”detG) =——=In2aT) - = lim -TrInG
n—0n 2 2n-0n
The term In G is evaluated by deriving the rules for multiplying matrices of this type, and then

by a Taylor expansion. The final answer is, of course, the same: F = -2 — % 1n(27rT)

2.3.4 Computer simulation

One approach to learn about average properties of complex systems is to simulate them via

a computer. Monte Carlo is the term used for a strategy where a large number of parallel
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realisations of a system are obtained via random sampling. Average properties of the ensemble
can then be estimated as average properties of the (very many) end points of the simulation. The
term generally appears juxtaposed with the phrase Markov Chain. A (discrete) Markov Chain
is a random process moving in steps through time-points t = 0,1,2..., with the particular
property that the probability of being in a particular state at time ¢ + 1 depends only on the state
at time ¢, and has no memory of the trajectory before that point. A Markov chain is described
as ergodic if it is possible to move between any two states in the state-space in a finite number
of steps. In chapter 6 we discuss in detail the properties of one particular Markov chain process

on networks.

Markov Chain Monte Carlo (MCMC) is a very powerful technique. Its limitation is that many
simulations need to be carried out to draw statistically valid conclusions. Hence analytical
approaches are preferable where they are available, particularly when dealing with very large
systems. However, since biological applications are often highly bespoke, computer simula-
tions of null model networks plays an important role in building understanding. Problems that
require effectively the enumeration of the ensemble, such as those covered in chapters 3 to 5,
are essentially impossible to complete with computer simulations for large networks. In these

cases, analytical techniques are essential.

2.4 Bridge from ferromagnets to biological networks

Below we briefly trace the development of the mathematical techniques which have taken the
state of the art from modelling a one-dimensional ferromagnet, to modelling complex biological

networks. To quote from Mézard et al. [1987]

“Is it possible that what looks like goal oriented organisation with subtle relation-
ships leading to amazing ways of reaching efficiency can in any way be seen as a

maximally disordered system?”

To describe this in a different way, the underlying unstated orthodoxy is that the complex sys-
tem (the network) has an underlying determined part (i.e.some rules or constraints), and the
remainder is viewed as being completely random. The justification for this viewpoint given in

Mézard et al. [1987] is that
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“The biosystem is much larger than has many more variables than the ones that

have been put under control by the genetic code.”

They also argue that this view is consistent with the fact that natural selection works through
competition between random mutations. In this way they justify the analogy between biological
systems and physical systems — which will typically also have macroscopic variables under
control, and microscopic variables that are random. Whether or not it ultimately proves valid
to view biological systems as having a strict divide between controlled and random elements,
this is a philosophy which lends itself to rational design of predictive models. Our observations
may in fact not be control/randomness — but rather randomness with correlations that we do
not yet see — or controls which are sometimes less strict. However, the role of model design is
to simplify as well as to capture — and a work program of isolating material control factors and
then quantifying the amount of control they exert is thus a rational and practical way to improve

our understanding.

Placing an Ising Model on a network (e.g. Dorogovtsev et al. [2002], Leone et al. [2002],
Bianconi [2002]) provides an interesting intellectual challenge, and also works as a model of
a process on a network. Bringing in more complicated networks, with controlled topologies
indicated a shift in focus to study the network itself. The papers by Annibale et al. [2009],
Bianconi [2009], Bianconi et al. [2008], Bianconi [2008] re-framed the question to using en-
tropy for assessing the role of each constraint on a random graph ensemble. The authors of
West et al. [2012] have published extensively, with a similar view to the problem as will be set
out in this thesis. The main relevant papers are briefly described in this paragraph. Anand and
Bianconi [2010] used the cavity approach to derive results for the entropy of simple networks
under linear constraints. West et al. [2012]’s approach is to integrate gene expression data with
a protein interaction network to generate a weighted protein interaction network. They define
the network entropy of a node i to be S; = —@ 2.j) Pijlog pij, where the sum is taken
over neighbouring nodes, and the weights are taken from overlaying gene expression data onto
the protein-protein interaction network. They find that cancer is characterised by an increase
in this measure of entropy, and moreover that it is possible to distinguish metastasising and
non-metastasising cancers through this approach. Bianconi [2013] defined a new topological

structure ‘multiplex’, which is a topology characterised by the nodes taking part in several lay-

ers simultaneously, and formulate the concept of network entropy in this context. Anand and
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Bianconi [2009] discusses the connections between the Shannon entropy, the Gibbs entropy and
the von Neumann entropy (as promoted by Passerini and Severini [2008] and related papers).
In Bianconi et al. [2009] and other papers by the same authors, the problem is posed in terms of
nodes having associated hidden variables (e.g. community affiliations). Bianconi et al. [2009]
specifically used an entropy based measure to quantify the dependence of a network’s structure
on a given set of features. Bianconi [2009] also looked at entropies of constrained random graph
ensembles, although it did not reach a closed form solution for any but the simplest cases. One
of the points discussed in this paper was that, in their observation, the power law degree distri-
bution had lower entropy than the Poissonian one. Bianconi [2008] makes an approximation for
the entropy of network ensembles with a given degree structure, degree correlation and com-
munity structure. Bianconi et al. [2008] were the first to approach the question of generalised
degrees. The terminology used was ‘hierarchically constrained topologies’, and the problem
was formulated for generalised degrees to an arbitrary depth. In chapter 4 we begin with the
self-consistency relationship derived in this paper, and then set out two novel approaches to take

the work further.

The immediate starting point for this thesis is the work by Annibale et al. [2009] which calcu-
lated precise leading order expressions for entropies and Kullback-Leibler distances for random
graph ensembles defined in terms of degree distribution and degree correlations. The strategy
can be summarised as using the tools of statistical mechanics to count the number of graphs in
(large) constrained ensembles, and use this as a basis to make rational comment for the under-
lying network topologies. Instead of using a series expansion or an approximation, they defined
the topology through a kernel which profited from the finite connectivity regime (see equation
3.1.4 for an example of this technique used within this thesis). This allowed the efficient elimi-
nation of non-leading order terms. From there, various manipulations and the application of the
method of steepest descent led to the results which are summarised in table 3.1. A related paper
(Fernandes et al. [2010]) used these techniques in order to demonstrate that networks derived

by the same experimental method were topologically similar.
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2.5 Review of relevant literature on applications of information

theory

The use of statistical mechanics to quantify the information content of network structure is
well established. Ferrer and Solé [2003] studied the ‘degree entropy’ — which they defined
as H = — ) p(k)log p(k) - in order to draw conclusions about network ‘optimisation’. They
charted a relationship between this quantity and how complex the network appeared to visual
inspection. Demetrius and Manke [2005] use a similar definition of ‘network entropy’ and
argue that network entropy is a quantitative measure of robustness. They go on to postulate that
entropy is a selective criterion for Darwinian evolution. The same authors published Manke
et al. [2006], investigating the link between network entropy and lethality (see chapter 9 for

further exploration of this idea).

Passerini and Severini [2008] work with the normalised combinatorial Laplacian of a graph with
eigenvalues A;. They define the von Neumann entropy of a graph as S(G) = — 37| 4;log, 4;.
They observe that this quantity may be interpreted as a measure of regularity, which tends
to be larger in relation to the number of connected components, long paths and non-trivial
symmetries. With their approach, regular graphs have maximal entropy, whereas large cliques

minimize entropy compared to other networks with the same number of edges.

Wang et al. [2006] studied the robustness of scale-free networks to random failures via the en-
tropy of the degree distribution. They argued that the entropy of the degree distribution is an
effective measure of network’s resilience to random failures. Lezon et al. [2006] constructed a
gene interaction network based on the principle of entropy maximization to identify the gene
interaction network with the highest probability of giving rise to experimentally observed tran-

scription profiles.

Outside of a network context, Ritchie et al. [2008] studied the expression profiles of cancerous
and non-cancerous tissues. They hypothesised that impairment of the transcriptional or post-
transcriptional control machinery in cancer or other diseases should result in the loss of a tissue-
specific expression patterns and that this loss can be measured by a gain of entropy in the
expression pattern of isoforms of a given gene. It fits into a repeated idea where entropy type
measures can be correlated with the ability of the system to perform a function. A similar

approach could be taken forward in the networks context by, for example, comparing the entropy

44



CHAPTER 2: LITERATURE AND PRELIMINARIES

of diseased and healthy cellular networks.

Wang et al. [2006], Ferrer and Solé [2003], Lezon et al. [2006] and other authors define degree
entropy without particularly justifying why this is a meaningful calculation in this context.
There is a tendency for the terminology to become somewhat loose — using ‘degree entropy’
and ‘network entropy’ synonymously. It is evident — and will be explored in great detail in this
thesis — that a degree distribution is only a starting point to define the topology of a network.
Hence the calculations presented by these authors are analytically clear and insightful, but in no

way definitive.
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CHAPTER 3

ENTROPY OF CONSTRAINED
DIRECTED GRAPH ENSEMBLES

This thesis aims to generate new mathematical tools with which to quantify the macroscopic
topological structure of large directed networks. In this chapter, this is achieved via a statisti-
cal mechanical analysis of constrained maximum entropy ensembles of directed random graphs
with prescribed joint distributions for in- and out-degrees and prescribed degree-degree corre-
lation functions. We calculate new exact and explicit formulae for the leading orders in the
system size of the Shannon entropies and complexities of these ensembles, and for information-

theoretic distances.

A limitation of Annibale et al. [2009] was that it only dealt with nondirected networks and
graphs. Extending the methods in Annibale et al. [2009] to directed networks will enable their
application to important new problems especially in cellular biology. Other applications could
include the analysis and control of communication and computation networks. To understand
the processes driving a cell it is necessary to go beyond studying individual genes; one needs
to study their interactions. Information on how genes interact within the cell is commonly
represented by a directed graph: the gene regulation network. High-throughput methods have

generated a wealth of data on gene regulation. We now need powerful mathematical tools to

46



CHAPTER 3: ENTROPY OF CONSTRAINED DIRECTED GRAPH ENSEMBLES

analyse these data. By focussing on which properties are the most important to the structure of
the biological signalling network, we can envisage being able to postulate mechanisms for how

the network evolved and came to fulfil its function, and build better models for such networks.

Evaluating the fit of a network model to network data is often seen as a formidable compu-
tational challenge (see e.g. Kuchaiev et al. [2010]), which is usually overcome by looking at
fit based on comparing network properties. Our approach gives a rigorous quantitative method
for prioritising network properties; this is important as different properties might promote dif-
ferent potential models. Degree-degree correlation refers to the joint distribution of connected
nodes. Projections of degree-degree correlation include assortativity (the Pearson correlation
coeflicient of the degrees of connected nodes, as promoted by, for example, Newman [2002]),
average nearest neighbour for a node with given degree k, or rich club connectivity (defined by
Zhou and Mondragén [2004] as the ratio of links occurring within a set of nodes with degree

greater than some given k, to the total possible number of links within such a set).

The specific quantities calculated in this chapter are: the Shannon entropy and complexity of
directed graph ensembles with controlled degree distributions; the Shannon entropy and com-
plexity of directed graph ensembles with controlled degree distributions and controlled degree-
degree correlation functions; and, the symmetrised Kullback-Leibler distance between pairs of
such ensembles. For each of these we calculate the leading orders in the network size, expressed
in terms of the degree distributions and degree-degree correlation functions of the ensembles
concerned. We illustrate the use of our results in Chapter 7 with applications to experimental

data on gene regulation networks.

We adopt the following notation conventions. Each directed graph with N nodes is defined
by a matrix ¢ = {c;;}, with entries ¢;; € {0, 1} indicating whether (¢;; = 1) or not (¢;; =
0) there is a directed arc from node j to node i. For each node i we define the in- and out-
degrees as k?“t(c) = 2.jcjiand k%“(c) = 2j¢ijs in nondirected graphs such as in Annibale et al.
[2009] one would have had k}n(c) = k?“‘(c) for all i. We write the pair of degrees at a site i as
l?,-(c) = (ki.“(c),k?“t(c)). Boldface letters will represent ordered sets with N elements, such as

KM = (kin, ... Kim), or K™(c) = (K(c), .. ., kiN(c)).
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3.1 Directed graphs with controlled in- and out-degree distribu-

tions

Here we calculate the Shannon entropy of an ensemble of directed random graphs constrained
by a common joint distribution of in- and out-degrees. Via suitable adaptations of the methods
developed for nondirected networks, we achieve a standard path-integral form to which we can
apply the method of steepest descent. This leads to an elegant analytical expression for the
entropy of the ensemble in the leading orders in N. The key term takes the form of a Kullback-
Leibler distance between the imposed joint degree distribution and the Poissonnian one that

would have been found upon generating directed arcs independently.

3.1.1 Definition of the problem

We consider an ensemble of directed random graphs, where degree pairs l?l = (kﬁ“, klf’“‘) are for

each node i drawn independently from a specified joint degree distribution p(l?)

p@ = > [ [p®]ptelk .. .kn) (3.1.1)
bk
- - Hi 6/?,',/?,‘(6') - -
plelkr.. ky) = ——2 Zd k= ) 6 e (3.1.2)
Z(kl .. kN) ' i

For this ensemble we want to find the Shannon entropy per node S = —N~! 3¢ p(¢) log p(c),
which informs us about the effective number N' = exp(NS) of graphs in the ensemble and
the complexity of directed graphs with the imposed degree statistics p(l?). Upon substituting
equation 3.1.2 into the entropy formula, and after some simple manipulations and use of the

law of large numbers, one finds that the entropy per node takes the form

1
N
7

5 = _Z[HP(E")]IOI‘%Z(EI---EN)—ZP(/?)IOgP(E)+6N (3.1.3)
L1 .

1..-kn !

where ey — 0as N — oco. To make the first term in this expression more tractable, we transform
Z(l?l ...ky) into an average involving an alternative measure. If we denote the average degree
by k= N~!' 3k = N7! 3, k", we may define the measure

k k
[ [ﬁ%ﬁl +(1- ﬁ)‘scz:fﬁo]

ij

w(clk)

kN-Op k/N NK©) _
(-3 gy = wkke) (3.1.4)
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This idea was developed in in Annibale et al. [2009], where it is argued why the insertion of
this measure had no influence on the averages being calculated. Since this measure depends on
the graph ¢ via k(c) only, we can write the partition function Z(lzl ...ky) in terms of an average

over the measure 3.1.4

- - 1
ZRy .. ky) = A w(clk)l_[(Skk(c) (3.1.5)

Introducing the notation (f(c)); = D¢ w(clk) f(c) to represent averages over the measure 3.1.4

with average connectivity k, the entropy per node can be written as

s = —Z ﬂp(k) log |_[5k Lok Zp(k) log p(k)
L -y k/N

_NﬁZ[r[P(ki)] log {[1 ~ N]N(N 1)[1 _E/N]Nk

= = Z ]_[p(k )| log ]—[zsk ik Zp(k) log p()

+k[log(N/) + 1] + ey (3.1.6)

+ en

with limy_,. ey = 0, and with k = 3 4 ki p(lz) =27 k"“‘p(l?). All the challenge of the problem

is thus contained in the first term of equation 3.1.6

- Z l_lp(k)]log r[ak,g(c) (3.1.7)

3.1.2 Entropy evaluation

Using Fourier representations of the Kronecker deltas in equation 3.1.7 and some straightfor-

ward manipulations brings us to

¢ = % Z[ 1_[ P(/?l)] Ingnl_[ [d(::‘]iwl ilwikin+y; k°"l]]L(w, ) (3.1.8)
Rioky 1 T
Hop = e [kN(%Z e_iwi)(% D) RN+ O(No)] (3.1.9)

J
Introducing the quantities R(w) = N™' 3;e7“ and S () = N~! 3;e7¥i, and inserting f dRdS o[R—-

R(w)]6[S — S (¥)] with o-functions written in integral form, allows us to write

dRdRAS dS B i s O it
Lw,y) = W N[l(RR+SS)+k(RS D]+on®) % l_le—l[Re i 4§ e i (3.1.10)
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Substituting this back into ¢, using the law of large numbers, then gives

1 - A A Pod
¢ = NZH_[ p(k;)|log f dRARdS d§ eV (RRS.5)+Olog N) (3.1.11)
Frdy i
where
N A A N : nd : in_ pa—iw ﬂd : out_ ¢ i
W(R,R,S,8)=i(RR+8S)+ )" p(k™) log f %el[‘”k L P log f %e‘wk ~§e]
kin A Jeout -

The average in 3.1.11 over degree sequences is now obsolete since the argument depends in

leading order in N on their distribution only, and 3.1.11 can be evaluated by steepest descent

lim ¢ = extrgpgsP(RR,S,S] (3.1.12)

N—oo

We can simplify ¥ by doing the remaining integrals, using

. : s ANk
f "9 tok-seriey _ g (AN f "W oeem) _ EIAV (3.1.13)

| |
. 27 = om . 27 k!

Hence
Y(R,R,S,8) = i(RR+SS)+k(RS-1)

+ ) pk™) log[(<iR)* 7K™ ]

kin
+ > plk™) log[(=i8)* 7k 1) (3.1.14)

kout

Differentiation of ¥ gives the following saddle-point equations

—iR = kS, —iS = kR (3.1.15)
iRR+k=0, iSS+k=0 (3.1.16)
We conclude that RS = 1, and hence at the saddle-point we have
WR,R,S,8) = ) plk™logmk™ + > p(k*™)log mp(k™) (3.1.17)
pm ot

with the Poissonnian degree distribution nz(k) = e kik /k!.

3.1.3 Final analytical expression for the entropy of the ensemble

The intermediate result 3.1.17 can now be substituted back into the expression for the entropy

of the constrained random graph ensemble defined in equation 3.1.6, giving

kin’ Jout
p( ) ) oy

_or et 7 (3.1.18)
nl_((kln)ﬂ-l_((kout)

S = k[log(N/k) + 1]—2 p(ki“,k"m)log(
kin’kout
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where k is the average connectivity, N is the number of nodes in the network, p(k™™, k°™) is the

degree distribution that constrained the random graph ensemble, and limy—_,« {x = 0.

The compact form of equation 3.1.18 enables us to interpret and understand this result for the
entropy per node. For example, we can consider what the result would have been if the con-
straint on the ensemble had been less restrictive. If our ensemble was a maximum entropy
ensemble on the space of all directed graphs, constrained by the average degree only (as op-
posed to the full joint in- and out-degree distribution), then the entropy per node would have
been § = l_c[log(N /k) + 1]. We see that this is identical to what we would obtain from 3.1.18
if the constraining degree-distribution was p(k™ k°") = w(k™)x(k°"); a trivial calculation con-
firms that in the maximum entropy ensemble with constrained average degree one indeed has
p(k™ k) = r(k™)m(k°") for N — co. Similarly, if we had chosen a maximum entropy ensem-
ble of directed graphs constrained by a prescribed degree sequence (as opposed to a joint degree

distribution), then the entropy would have taken the form

S = k[log(N/k) + 1]+Z (™ kY log[n(K™Mm (kY] + &y (3.1.19)
kin’kout

This value is seen to be simply equation 3.1.18 minus the Shannon entropy of the joint degree
distribution p(k™™ k°'Y), reflecting the possible ways to relabel sites in the original ensemble; this

freedom is removed once we specify the individual degrees rather than their distribution.

3.2 Directed graphs with controlled degree distributions and degree-

degree correlation functions

We extend our calculation by imposing a degree-degree correlation function in addition to a
degree distribution. Degree-degree correlations in networks are known to carry valuable infor-
mation. They can give rise to properties such as assortativity or disassortativity and often reflect
the algorithm responsible for a network’s generation. One such algorithm, preferential attach-
ment, is well illustrated by the World Wide Web, where pages are more likely to be linked to if
they already have many pages linking to them. Preferential attachment models gained credibil-

ity by reproducing the typical fat tails often found in the degree distributions of real networks.
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3.2.1 Definition of the problem

We now wish to generate graphs with degree pairs (k}n, k') again drawn independently from
the distribution p(l?) = p(k™ k°'), but now the link probabilities are modified by some function

Q(lz,-, I? jlp) of the degrees of the nodes concerned, and their distribution, with l?i = (kj.“, k;’”‘)

pielp,@ = > [| [ p®]peelki ... Ky, 0) (3:2.1)
Kidky 1

(3.2.2)

plelky ... kn, Q) —
Z&, .. Ry, 0)

D wielkr kv O | |62 200 (3.2.3)
i

c

Z(ky .. . ky, Q)

The difference with the graph ensemble in the previous section is the appearance of a new
measure w(cll?l e I?N, 0), defined as
I kK oo koo
welky ... ky, Q) = ]_[ [NQ(ki, Kilp)e,1+(1 ~ Q. K p))écij,o] (3.2.4)
i#)

with Q(l?i, 12’ ilp) = 0 for all (I?;, K 1), and with the distribution [7(]?) =N'% ; 5,;’,3_ and the average
degree k = N~ Zikin = N"! Zikf‘“ of the imposed degree sequence. The objective of the
measure 3.2.4 is to deform the graph probabilities so as to impose a specific correlation profile
between the degrees of connected nodes, by a suitable choice of the kernel Q(.,.). We take
QO(., .) to be normalized such that w(c|...) is asymptotically consistent with the average degree
k. This means that we demand N2 3, j Q(l?i, 12,1 p) = 1. Equivalently, Z,g,;;, ﬁ(l?)p(l?’)Q(l?, l?’l p) =
1, which explains why Q(.,.) depends on the distribution p. The entropy per node S of our

ensemble is

S

=" plelp, OQclp, Q) (3.2.5)
c

Q(elp, Q) N~"log p(clp, Q) (3.2.6)

3.2.2 Entropy evaluation

In Appendix A we calculate the quantity 3.2.6 in leading orders in N, resulting in formula

A.1.23. Substitution into expression 3.2.5 for the entropy, followed by doing the average over
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p(c|p, Q) and some simple re-arranging of terms, then gives us

p(k) ]

S = KlogN/R)+1] - Zpdc)log TS

P 2?2 R(KIp, 0)OK, R |p)S (R |p, )
—k > WK R)log | <|p QO K'p)S K'Ip Q)]+ 2

— (3.2.7)
Wik)W2 (k")

kR
with limy_e &y = 0, 1p(k) = e *kA/k!, and k = 3 p(o)k™™ = 3 p(Ok*™". The kernel W(k, k)
and its two marginals Wl,z(l?) in this expression are as defined in A.1.8,A.1.9,A.1.10, but now
calculated for graphs from our ensemble 3.2.1. Similarly, the quantities R(I?I p, Q) and Q(l?l p,0)

are now solved from

2\ 7in 7\ ,out
PR hd sy = — PR
k3, O R1p)S &) k3, O FpRE)

in which the distribution p(l?), its associated average k, as well as the kernel Q(l?, I?’l p), corre-

R(K) = (3.2.8)

spond to ensemble 3.2.1. Thus the correct normalization of the kernel Q(.,.) is

> p®p®YQK, K 1p) = 1 (3.2.9)
kR
What remains is to express the distribution W(lz, 12'| p, Q) for ensemble 3.2.1 in terms of {p, O}.

This is done in Appendix A.2, resulting in equation A.2.3

Jim W) = R(kip, 9Ok K1p)S K'lp, Q) (32.10)

in which R(l?lp, Q) and § (I?lp, Q) are once more the solutions of 3.2.8, but now with [)(l?) re-

placed by p(l?). Combination with equation 3.2.7 then gives us

S = Kilog(N/k)+1] - Zp(k)l g[%]
—k > W(ER)log [M] +& (3.2.11)
& WiEWa(K')

with limy_,. €y = 0. Compared to the entropy per node 3.1.19 of ensembles where only the
in-out degree distributions are imposed, we see that imposing in addition our new constraint,
the specific degree-degree correlations as embodied by W(l:, 12'), leads to a reduction of the
entropy by an amount proportional to the mutual information of in-out degrees of connected
nodes. An analogous result was derived in Annibale et al. [2009] for nondirected graphs. It can
immediately be seen that if the in-out degre