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Abstract

Classifying elements of the Brauer group of a variety X over a p-adic field by the
p-adic accuracy needed to evaluate them gives a filtration on Br X. We relate this
filtration to that defined by Kato’s Swan conductor. The refined Swan conductor
controls how the evaluation maps vary on p-adic discs: this provides a geometric
characterisation of the refined Swan conductor. We give applications to rational
points on varieties over number fields, including failure of weak approximation
for varieties admitting a non-zero global 2-form.

MSC Classification 2020: Primary 14F22; Secondary 14G12 , 14G20 , 14F30

1 Introduction

Let k be a p-adic field with ring of integers O, uniformiser 7 and residue field F, and
let X/k be a smooth geometrically irreducible variety. The most naive filtration on the
Brauer group Br X, and the one we aim to understand, is that given by evaluation of
elements of Br X at the k-points of X. If A € Br X has order coprime to p, then [1, §5]
shows that the evaluation map for A factors through reduction to the special fibre. In
this article, we describe the variation of the evaluation map in the considerably more
complicated case of elements of order a power of p in Br X.

To define the evaluation filtration, fix a smooth model X' /Oj, having geometrically
integral special fibre Y/F with function field F. Given A € Br X, one can ask whether
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the evaluation map |A| : X(Oy) — Brk factors through the reduction map X' (Oy) —
X (Oy/7?) for any i > 1. We first define some notation.

Let &' be a finite extension of k of ramification index e(k’/k), with ring of integers
Oy and uniformiser . For r > 1 and P € X(Oy/), let B(P,r) be the set of points
Q € X(Oy) such that @ has the same image as P in X(Oy /(7')"). Define

Ev,BrX = {A€BrX |Vk'/k finite, V P € X(Oy),
|A| is constant on B(P,e(k’/k)(n+ 1))} (n>0),
Ev_1BrX = {A € Br X |Vk/k finite, |A| is constant on X (Oy/)},
Ev_2BrX = {A € BrX |V /k finite, |A] is zero on X(Oy/)}.

Let {fil,, Br X },,>0 denote the filtration given by Kato’s Swan conductor (see Defini-
tion 2.1) and, for n > 1, write rsw,,(\A) for the refined Swan conductor of A € fil,, Br X
(see Definition 2.14). We have rsw,,(A) = [a, B for some (o, ) € Q% @ QL. In
Section 3 we will define a residue map 9: fily Br X — H(Y,Q/Z).
Theorem A. Let k be a finite extension of Q,. Let X be a smooth, geometrically
irreducible variety over k, and let X — Spec Oy, be a smooth model of X. Suppose that
the special fibre Y of X is geometrically irreducible. Then

1. Ev_oBrX = {.A € fily Br X | 0A = 0},

2. Ev_1BrX ={AcfilyBrX |04 € H(F,Q/Z)};

3. EvgBr X = fily Br X;

4. form>1, Ev, Br X = {A € fil, 11 Br X | rsw,,41(A) € [Q%,0]5ns1}-
Remark 1.1. 1. By definition of the refined Swan conductor,

fil, Br X C {A € fil,41 Br X | 1sw,11(A) € [Q%, 015 nt1}s

with equality if p{n 4+ 1. See Lemma 2.17 for more details.

2. In the case of H'(K) = H!(K,Q/Z), where K is the function field of X, Kato’s
filtration and the refined Swan conductor have been extensively studied in the
literature, and are closely related to ramification theory (see Section 10). We
believe that Theorem A is the first geometric characterisation of Kato’s filtra-
tion on H?(K) = Br K, with Theorem B below giving a geometric description of
the refined Swan conductor. The modified version of Kato’s filtration featuring
in Theorem A does not seem to have appeared elsewhere, though it is analo-
gous to the “non-logarithmic” version of Kato’s filtration on H!(K) defined by
Matsuda [2] in equal characteristic.

3. The reason for considering points over finite extensions of k, instead of just over
k itself, is that the filtration obtained is better behaved. (A function that is non-
constant on points over some field extension can be constant on the rational
points, simply because there are “too few” points of Y (F): see [1, Remark 5.20]
for an example.)

4. A consequence of Theorem A is that the evaluation filtration does not change if
Y is replaced by a non-empty open subset.



5. In fact, our proof of Theorem A shows that it remains true if we modify the
definition of Ev,, Br X by restricting to unramified finite extensions k’/k instead
of all finite extensions, see Corollaries 9.4 and 9.7.

6. The model X is not assumed to be proper. If X has bad reduction, for example
admitting a proper model whose special fibre has several components of multiplic-
ity 1, then the filtrations fil,, and Ev,, are defined separately for each component,
by looking at the smooth model obtained by restricting to the smooth locus of
that component. The relationship between the filtrations corresponding to differ-
ent components is in general complicated. However, in Section 5 we shall study
the specific case in which one component arises from blowing up the model in
a smooth point of another component, which will be a central ingredient to our
proofs.

7. The inclusion fil, Br X[p] C Ev,, Br X[p] is implicit in work of Uematsu [3], at
least in the case when k contains a primitive pth root of unity.

8. Yamazaki [4] has proved a result very similar to Theorem A in the case that X is
a smooth proper curve. In that case, one can extend the Brauer—Manin pairing to
the Picard group Pic X. Yamazaki defines a filtration on Pic X by considering the
kernels of reduction modulo powers of w, and shows that the induced filtration
on Br X coincides with Kato’s filtration. (When X is a curve, the group Q% is
trivial, so our filtration in Theorem A also coincides with Kato’s, by definition of
the refined Swan conductor.)

9. Sato and Saito [5] have shown that Ev_, Br X coincides with the image of Br X
in Br X when X is regular and proper over Oy, but without the assumption of
smoothness. (They also assume that X’ satisfies purity for the Brauer group, but
this is now known to hold for all regular schemes [6].) In Corollary 3.7, we will
show how our results give a new proof of this when X' is smooth over O.

In order to prove Theorem A, we examine the behaviour of the evaluation maps on
the graded pieces of Kato’s filtration on the Brauer group. The results of this study
for n > 1 are summarised in Theorem B below; for a stronger and more detailed
statement, see Theorem 8.1. In order to state Theorem B, we need to introduce some
more notation. Let P € X(Oy,) and let Py denote the image of P in Y (F). Elements in
the image of the reduction map B(P,n) — %@k /7" F1) can be identified with tangent

[P

vectors in Tp,Y (see Lemma 7.1). Write |n for the tangent vector corresponding
to the image in X (O /7"1) of a point Q € B(P,n). In the statement of the following
theorem, we denote by x/p the image of « € F,, under the identification of Z/p with
the p-torsion in Q/Z. The integer e is the absolute ramification index of k and we set
¢ = ep/(p—1).

Theorem B. Let k be a finite extension of Q,. Let X be a smooth, geometrically
irreducible variety over k, and let X — Spec Oy be a smooth model of X. Suppose
that the special fibre Y of X is geometrically irreducible. Let n > 0, let A € fil,, Br X,
and let rsw,(A) = [a,Blrn for some (a,B) € Q% © QL. Let P € X(Oy), and let
Py € Y(F) be the reduction of P. Then « and (B are reqular at Py and we have the
following description of the evaluation map |A|: X(Of) — Brk.



1. For QQ € B(P,n),
inv A(Q) = inv A(P) + ]13 Trese, Bry ((POI).

In particular, if Bp, # 0 then |A| takes p distinct values on B(P,n).

2. If =0 and ap, # 0 then there exists Q € B(P, 1) such that |A| takes p distinct
values on B(Q,n — 1).

Remark 1.2. 1. Case (2) is only possible if p | n: see Lemma 2.17.

2. Complementing the formula in (1), Theorem 8.1(3) gives a description of the
evaluation map in the case where g = 0 and n > 2. See also Lemma 8.10 for the
case where =0 and p=n = 2.

3. If A has order p' in the Brauer group then evaluating A at points in X' (O) gives
values in Brk[pt] = p~tZ/7Z. Theorem 8.1(5) gives sufficient conditions for all pt
possible values to be obtained.

Elements in Br X of order coprime to p have been thoroughly treated in the litera-
ture, in particular by Colliot-Théléne—Saito [7], Colliot-Théléne—Skorobogatov [8] and
Bright [1]. The computation of the evaluation map in the coprime to p case is greatly
aided by the fact that the map factors through reduction to the special fibre. In a sim-
ilar way, Theorem B enables the computation of the evaluation map for Brauer group
elements of order a power of p. Thus it facilitates a systematic treatment of Brauer—
Manin obstructions, which will have both theoretical and computational implications
for the study of rational points on varieties. Some first consequences of Theorem B
are outlined below (see Theorems C and D).

Applications to the Brauer—Manin obstruction

Manin [9] introduced the use of the Brauer group to study rational points on varieties
over number fields. Let V' be a smooth, proper, geometrically irreducible variety over

a number field L. The evaluation maps |B|: V(L,) — Br L, for each B € BrV and
place v of L combine to give a pairing

BrV x V(AL) — Q/Z,

where A denotes the ring of adeles of L. Manin observed that the diagonal image
of V(L) is contained in the right kernel of this pairing, denoted V(Ap)Br. If V/(Ay)
is non-empty but V(Az)P" is empty, then there is a Brauer-Manin obstruction to
the Hasse principle; if V/(A7)B" is not equal to the whole of V(Ayr), then there is a
Brauer—Manin obstruction to weak approximation.

The following question posed by Swinnerton-Dyer [8, Question 1] is of great
relevance to the computation of V(A )Br.
Question 1.3 (Swinnerton-Dyer). Let L be a number field and let S be a finite set
of places of L containing the Archimedean places. Let V be a smooth projective Og-
scheme with geometrically integral fibres, and let V/L be the generic fibre. Assume
that PicV is finitely generated and torsion-free. Is there an open and closed set Z C



[I,cs V(Ly) such that
V(AL =Z x [[V(L.)? (1.1)
vgS

Informally: does the Brauer—Manin obstruction involve only the places of bad
reduction and the Archimedean places?

In [8, Theorem 3.1] Colliot-Thélene and Skorobogatov prove that if the transcen-
dental Brauer group of V (meaning the image of the natural map BrV — BrV) is
finite and S contains all the primes dividing its order then the answer to Question 1.3
is yes. Skorobogatov and Zarhin show in [10] that the transcendental Brauer groups
of Abelian varieties and K3 surfaces over number fields are finite; their question as to
whether this is true for smooth projective varieties more generally remains open (see
[10, Question 1]).

Before we address Question 1.3, let us introduce one further question.

Question 1.4 (Wittenberg). If a smooth projective variety V over a number field L
satisfies the Hasse principle and weak approximation over all finite extensions, does it
follow that H?(V, Oy) = 0?

Question 1.4 is one of a family of questions posed by Olivier Wittenberg in a private
discussion with Jean-Louis Colliot-Thélene in 2010, as follows: if a smooth projective
variety V over a number field L satisfies the Hasse principle and weak approximation
over all finite extensions, does it follow that V' is rationally connected? Does it at least
follow that HY(V,Oy) = 0 for all i > 0?7 Does it at least follow that H%(V, Oy ) = 07
Note that the analogue of Question 1.4 with H?(V, Oy) replaced by H'(V, Oy) has a
positive answer — this follows from [11, Corollary 2.4], for example.

Our next result owes its existence to Wittenberg’s suggestion that our methods

could be used to address Question 1.4. It gives a positive answer to that question,
and also shows that the answer to Question 1.3 is no, in general. In fact, it shows
that if HO(V, Q%) # 0 then every prime of good ordinary reduction is involved in a
Brauer—Manin obstruction over an extension of the base field.
Theorem C. Let V be a smooth, proper wariety over a number field L with
HO(V,Q2,) # 0. Let p be a prime of L at which V has good ordinary reduction,
with residue characteristic p. Then there exist a finite extension L'/L, a prime p’
of L' lying over p, and an element A € BrVy.{p} such that the evaluation map
|Al: V((L},) = Br Ly, is non-constant. In particular, if V(Ars) # 0 then A obstructs
weak approximation on Vi .

It has been conjectured that a smooth, projective variety over a number field
L has good ordinary reduction at a positive density set of primes of L: Joshi [12,
Conjecture 3.1.1] attributes this conjecture to Serre. In the cases of Abelian surfaces
and K3 surfaces, it is known to be true [12, 13].

The assumption that HO(V, Q%,) # 0 implies, via Hodge theory, that the second
Betti number b3(V) and geometric Picard number p(V) are not equal. Since BrV
contains a copy of (Q/Z)*2~* (see [14, Proposition 5.2.9]), this implies that there exists
a finite extension L’ /L such that the transcendental Brauer group of V7, is non-trivial.
On the other hand, if the transcendental Brauer group is trivial then [7, Theorem 3.1]
shows that the answer to Question 1.3 is yes.



Having seen in Theorem C that the places involved in the Brauer—Manin obstruc-
tion need not be confined to the places of bad reduction and the Archimedean places,
one may be interested in the following question:

Question 1.5. Let V be a smooth, proper, geometrically irreducible variety over a
number field L such that Pic V is finitely generated and torsion-free. Does there exist
a finite set S of places of L and a closed set Z C [], g V(L) such that

V(AL =Z x [[V(L.)? (1.2)
vgS

If so, can one give an explicit description of such a set S?7

The assumption in Questions 1.3 and 1.5 that PicV be finitely generated and
torsion-free is necessary: for example, in the case of an elliptic curve E over Q with
finite Tate—Shafarevich group and trivial Mordell-Weil group, [15, Proposition 6.2.4]
shows that

B(ag)® = E®) x [] {0s).
p prime
where E(R)Y denotes the connected component of the identity in E(R). This contra-
dicts the description of (1.2). More generally, note that non-trivial torsion in Pic V'
implies that the abelianisation of 7$*(V) is non-trivial. For a smooth, proper, geomet-
rically integral variety V over a number field L satisfying V(L) # () and #$t(V) # 0,
Harari [11, §2] has shown that for any finite set ¥ of places of L, the variety V' does
not satisfy weak approximation outside . The proof uses a descent obstruction which,
in the case of an abelian covering, is coarser than the Brauer—Manin obstruction. It
follows that in this setting the Brauer—Manin set is not of the form described in (1.2).

If one assumes that the transcendental Brauer group of V is finite in Question 1.5
then it follows from the Hochschild—Serre spectral sequence that the quotient of Br V'
by the image of Br L is finite; therefore the existence of the finite set S is a con-
sequence of the Albert—Brauer—Hasse-Noether Theorem and the continuity of the
Brauer—-Manin pairing. The finiteness of the quotient of BrV by the image of Br L
also implies that the Brauer—-Manin set is open as well as closed. On the other hand,
without the finiteness assumption on the transcendental Brauer group, the existence
of the finite set S in Question 1.5 is not a priori obvious.

Theorem D below gives a positive answer to Question 1.5, without any finiteness
assumption on the transcendental Brauer group of V. One consequence of this theorem
is that for a K3 surface over QQ the only places that play a réle in the Brauer—Manin
obstruction are the Archimedean places, the primes of bad reduction, and the prime
2 (see Remark 11.5).

Theorem D. Let L be a number field. Let V be a smooth, proper, geometrically
irreducible variety over L. Assume PicV is finitely generated and torsion-free. Then
there is a finite set of places S of L such that, for all A € BrV and all places p ¢ S,
the evaluation map |Al: V(Ly) — BrL, is constant. Furthermore, the set S can be
taken to consist of the following places of L:

1. Archimedean places;

2. places of bad reduction for V;



3. places p satisfying e, > p — 1, where e, is the absolute ramification index of p
and p is the residue characteristic of p;

4. places p for which, for any smooth proper model V — Spec O, of V, the group
HO(V(p), Qb(p)) is non-zero, where V(p) is the special fibre of V.

Remark 1.6. 1. James Newton observed that the set in (4) is contained in the set
consisting of places that are ramified in L/Q and places lying above 2. Indeed,
let p be a place of L with e,/, = 1 and residue field F, of characteristic p >
2. Since PicV is torsion-free, we have H} (V,Z/pZ) = 0. Hence, the integral
comparison theorem of Fontaine—Messing ([16], see also [17, Theorems 3.1.3.1 and
3.2.3]) shows that the de Rham cohomology group Hig (V(p)/Fy) is zero. Now
by the degeneration of the Hodge-de Rham spectral sequence for V(p) (Deligne—
Mlusie [18, Corollary 2.5]), this implies HY(V(p), Qb(p)) =0.

2. In some cases of interest, such as when V is a K3 surface, one can show that the
set in (4) is always empty — see Remark 11.5.

Outline of the paper

Section 2 contains some technical results and background relating to Kato’s refined
Swan conductor. In Section 3 we define a residue map 9: fily Br X — H'(Y,Q/Z) and
use it to describe the evaluation maps for elements of fily Br X. The main body of the
paper, Sections 48, is concerned with the proof of Theorem B. Its proof will involve
a chain of blowups with an associated decreasing sequence of Swan conductors at
the exceptional divisors. Eventually, we will obtain Swan conductor zero, whereupon
evaluations are controlled by the residue map, as in Section 3. Section 4 contains some
technical results that will be used in Section 8 to relate the refined Swan conductor
of a Brauer group element to that of its residue along the exceptional divisor. In
Section 5, we show how information about the refined Swan conductor is retained under
blowups. Section 6 gathers some calculations pertaining to the exceptional divisors of
these blowups. Section 7 relates lifts of points to tangent vectors and shows how to
keep track of them when blowing up. In Section 8 we bring everything together to
complete the proof of Theorem B. In Section 9 we prove Theorem A. In Section 10 we
compare various other filtrations in the literature with our modified version of Kato’s
filtration which gives rise to the evaluation filtration on the Brauer group. Section 11 is
concerned with applications to the Brauer-Manin obstruction and contains the proofs
of Theorems C and D.

Notation

If A is an Abelian group and n a positive integer, then A[n] and A/n denote the
kernel and cokernel, respectively, of multiplication by n on A. If £ is prime, then A{¢}
denotes the ¢-power torsion subgroup of A.

We use extensively the notation introduced in [19, §1]. In particular, the notation
(Z/n)(r) has a particular meaning in characteristic p. Write n = p®m with p 1 m.
For any scheme S smooth over a field of characteristic p, the object (Z/n)(r) of the



bounded derived category D®(Se) is defined by
(Z/n)(r) = py| & Wi Qg 0 [—7]-

Here WSQ%,log is the logarithmic de Rham-Witt complex of Illusie: see [20, 1.5.7]. We
further use Kato’s notation

HY(R) := HY(Ret, (Z/n)(¢ — 1)), HY(R) := lim H}(R)

whenever either n is invertible in R, or R is smooth over a field of characteristic p.

The definition of (Z/n)(r) ensures that, in any characteristic, we have an exact
triangle

(Z/n)(1) = Gm = G — (Z/n)(1)[1] (1.3)

where the part prime to the characteristic is the Kummer sequence, and the p-part in
characteristic p is [20, Proposition 1.3.23.2]. Given a € R* = H(R,G,,), we denote
the image of a in H (R, (Z/n)(1)) by {a}. The exact triangle (1.3) further shows that,
for a field K of any characteristic, we have H2(K) = Br K.

2 Kato’s refined Swan conductor

In this section, we gather some technical results from [19] relating to Kato’s refined
Swan conductor, extending them as necessary. For this section only, K denotes a
Henselian discrete valuation field with ring of integers Ok and residue field F' of
characteristic p > 0. Let m be a uniformiser in Ok and denote by my the maximal
ideal of Og. Our goal is to describe, for each ¢ > 1, the following constructions.

® An increasing filtration {fil, H9(K)},>0 on H?(K) (Definition 2.1). The Swan
conductor sw(x) of x € HI(K) is then defined to be the smallest n > 0 such that
x € fil,, HY(K). The prime-to-p part of H?(K) is entirely contained in fily HY(K),
as are all elements split by an unramified extension of K (Proposition 2.6(1)).

® An injection A\: HY(F) @ H? Y(F) — HY(K) whose image coincides with
fily HY(K) (see (2.3) and Proposition 2.6(1)). We also define ¢ : H? (F) — H? (K)
to be the first component of A, (restricted to HZ(F')), see Section 2.2.1. The
“residue map” 9: filg HY(K) — H9~1(F) is defined to be the inverse of A followed
by projection to the second component (Definition 2.21).

e For each 7 > 1, a surjection 8,: W, Q%" — H}.(F) (Definition 2.10). Following
Kato, we sometimes also denote the composition A, o J, simply by A.

e For each n > 1, an injection (the refined Swan conductor), denoted rsw,,, from
fil,, HY(K)/ fil,_; HY(K) to an object that is essentially Q% @ Q%' (Defini-
tion 2.14).

The principal case of interest will be when K is the Henselisation of the function field
of a variety X, and we will be interested in the case ¢ = 2, for which H?(K) = Br(K).
In the details of our proofs in future sections, we will also need the equal-characteristic
case (when K is the function field of a variety in characteristic p, Henselised at a
prime divisor). Moreover, we will need the maps A, and J, in a more general context,
as defined in Section 2.2.3.



2.1 Vanishing cycles and the Swan conductor

In order to define the Swan conductor, we need to deal not only with fields but also
with more general rings. The following definition serves this purpose.

Let A be a ring over Ok, and let 4,j be the inclusions of the special and generic
fibres, respectively, into Spec A. Denote R = A/mgA. If char K > 0, assume that
A ®p, K is smooth over some field, so that (Z/n)(q — 1) is defined. Define

Vii(A) :== HY(Re, " Rju(Z/n) (¢ — 1))

and VI(A) = lim Vi (A). Note that, in the case when K has characteristic zero,
(Z/n)(q — 1) is simply a sheaf for the étale topology.

As an example, in the case A = Ok with char K = 0 we can identify j.(—)
with HO(KW, —), where K, is the maximal unramified extension of K. The spec-
tral sequence implicit in the definition of V,9(Of) is the inflation-restriction spectral
sequence for the extension K, /K, and we find V,7(Ok) = HI(K).

The construction is functorial in the following sense. Let K’/ K be an extension of
Henselian discrete valuation fields; let Ok be the ring of integers of K’ and let F’ be
the residue field. Suppose that we have a commutative diagram

A —— A

I I

OK E— OK/
where again A’ ®o,, K'(= A’ ®0, K) is smooth over some field. Let R’ = A’ /mg A’

and let ¢/,j’ be the inclusions of the special and generic fibres, respectively, of
Spec A’ — Spec Q. We have a commutative diagram

Spec R/ LN Spec A’ (L Spec(A’ ®p, K)
d /| |

Spec R —-— Spec A P Spec(A ®o, K)

of schemes. Define
VI(A) == HY(Rg, (i')"R(5")«(Z/n)(q — 1))
Applying (i')* to the natural base-change map
fRj(Z/n)(q — 1) = Rj(Z/n)(q — 1)

and using (¢')* f* = g*i* gives a map

9"1"Rj«(Z/n)(q = 1) — (I')"Rji(Z/n)(q - 1)



and so, by adjunction, a natural map V,2(4) — V,2(A4’) for all ¢, n.
In the case of the field K, we have product maps

HY (K) > (K>) ™" — HI™(K)

defined by (x, a1, ..., a,) = xU{a1}U---U{a,}, where {—} denotes the Kummer map
K*X/(K*)" — HY (K, p,) as in (1.3). This construction can be generalised to V,7(A)
as follows. The natural map of sheaves

Rj(Z/n)(q — 1) = ist"Rju(Z/n)(q — 1).
gives a natural map
HY (A ®o, K) =HY(A,Rj.(Z/n)(q — 1)) = V(4) (2.1)

for all g,n, which Gabber [21] (see also [22, Theorem 09ZI]) has proved to be an
isomorphism if (A, mgA) is Henselian. (Note that this generalises the observation
V1(Ok) = Hi(K) above.) In that case, we mimic the construction just described and
define a product

ViI(A) x (A®o, K)*)*" = VI (4)
(Xy a1, yar) = {x,a1,...,0a,}

using the Kummer map (A ®p, K)* — H'(A®o, K, (Z/n)(1)) and the cup product

(2.2)

HY(A®e, K) x HH(A®o, K, (Z/n)(1)®" = HIT"(A®0, K).

For general A, let A" denote the Henselisation at the ideal mx A; then the natural
map V.4(A) — VI(AM) is an isomorphism, because the stalks of i*Rj.(Z/n)(q — 1)
do not change when A is replaced by A", We deduce V,4(A4) = HI(AM 0, K),
which allows us to define the product (2.2) for A as well. The products for different n
are compatible and so give rise to a product

VI(A) x (A@o, K)*)*" = VITT(A).

Taking A = Ok|[T], we can now define Kato’s Swan conductor.
Definition 2.1. [Kato [19, §2]] The increasing filtration {fil,, H(K)},>¢ is defined by

x € fil, H{(K) <= {x, 1+ 7" T'T} = 0 in VI (O [T)).

For x € HI(K), define the Swan conductor sw(x) to be the smallest n > 0 satistying
X € fil, HY(K).
Remark 2.2. For r > 1, the map H, (K) — H?(K) allows us to pull the filtration back
to H7.. By [19, Proposition 1.8], the map qurJrl((’)K[T]) — VItL(Ok[T)) is injective,
showing that x € HI.(K) lies in fil, H, (K) if and only if {x,1 + #""'T} = 0 in
VA (O T)).
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Remark 2.3. There is an equivalent definition using only Galois cohomology. Namely,
Kato [19, Proposition 6.3] states that x € HY(K) lies in fil,, HI(K) if and only if, for
any Henselian discrete valuation field L/ K such that Ox C Op, and m; = Opmg, we
have {xr,1+ 7" "0} =0 in HIT1(L).

Remark 2.4. Suppose that K is a finite extension of Q, and take ¢ = 1. The filtration
on H'(K) = Hom(Gal(K/K),Q/Z) coincides with that induced by the upper ramifi-
cation filtration on Gal(K/K). This is an exercise in local class field theory, using the
fact that the local reciprocity map identifies the upper ramification filtration on the
Galois group with the unit filtration on K*.

Remark 2.5. If K is a finite extension of Q, then the filtration on H*(K) = Br(K)
is uninteresting: we have fily H?(K) = H2(K). This follows, for example, from Propo-
sition 2.6 and is related to the fact that every element of the Brauer group of K is
split by an unramified extension. The filtration on Br(K) is only interesting when the
residue field F' is not perfect.

2.2 The maps ¢ and A,

2.2.1 ] in the Henselian local case

Let A be a Henselian local ring with fraction field L and residue field £ of characteristic
p > 0.1In [19, §1.4], Kato defines a homomorphism (the “canonical lifting”)

vl Hi(0) — HI(L)

for all positive integers n, which we now recall. If n is coprime to p, define (¢ simply
as the composite

R, (Z/n)(q = 1)) = H(Ae, (Z/n)(q¢ — 1)) = H(L, (Z/n)(q — 1)),

If n = p® is a power of p, then this works only for ¢ = 1; in the other cases, we have
not defined a sheaf (Z/n)(q — 1) on Ag. In those cases we define (2 by the formula

LZ({Xvalv e adq—l}) = {L;(X%ah .. 'aaq—l}

for x € HL(¢) and ay,...,a,—1 € L*; Kato has proved that this characterises a
well-defined homomorphism.

2.2.2 A\ in the Henselian DVR case

We now return to our Henselian discrete valuation field K with ring of integers Ok
and residue field F. For a fixed uniformiser m € Ok, we define

et HL(F) @ HEH(F) — HY(K) (2.3)

as
Ar (X)) = 1 00 + {7 (), 7}

11



Kato has proved that this is injective. An important relationship between A\, and the
filtration fil,, is given by the first part of the following proposition.
Proposition 2.6 (Kato, [19, Proposition 6.1]). Let p = char F' > 0.

1. filg HY(K) coincides with the image of Ar, and furthermore

filg HY(K) = H(K)(non-p) ® ker(H*(K){p} — H! (K., ){p}),

where (non-p) denotes the prime-to-p part and K. the mazimal unramified
extension of K.
2. We have H1(K) = fily HY(K) if [F : FP] =p° < oo and ¢ > c+ 1.

2.2.3 The smooth-over-DVR case

We will also need a version of A, for more general rings. Specifically, we need a
definition that works for the ring O[T in order to define the refined Swan conductor;
and in order to prove the main result of Section 3 we need a definition that works for
the coordinate ring of an affine piece of our smooth model X. Both of these are rings
smooth over a Henselian discrete valuation ring. So let A be a ring smooth over Ok,
with R = A/mg A; we seek an injective homomorphism

-1
HY, (R) & HL Y(R) — Vi (A)

coinciding with the definition of A, in Section 2.2.2 in the case A = Ok.

In [19, §1.9], Kato treats the case r = 1, which is all that is needed in order to
define the refined Swan conductor. The extra case we will need in Section 3 is for
r > 1 in the case of mixed characteristic. Assume therefore char K = 0. We will now
explain how to define a homomorphism

Art HL(R) @ HEH(R) — Vi (A)
for all ¢ > 2 and r > 1 (Definition 2.8). In Lemma 2.12 we prove that our definition
of A, coincides with that of definition (2.3) in the case when A = Ok and n = p". We
closely follow [19, §1.9] throughout, though we believe this contains a sign error which
we will correct below.

Since R has p-cohomological dimension < 1 (see [23, X, Théoréme 5.1]), the spectral
sequence calculating V,/ (A) reduces to a short exact sequence

0 = H'(Re, "RIu(Z/p") (g = 1)) = Vi (A) = HY(Rer, iR« (Z/p") (g = 1)) — 0.

(2.4)
Following Bloch and Kato in [24], write M1 = *R971j.(Z/p")(¢ — 1). By [24,
Theorem 1.4], there is a finite decreasing filtration {U™MZ71},,50 on MJ~! with
UM3~1 = M4~! and with graded pieces gr™(MJ4~1) = U™ MI~1 /U™ MI~1 that
can be described as follows: there is an isomorphism

g (M) =W, Q%L e W% 2 (2.5)

12



and, for m > 1, a surjection
pm: QL2 QL3 5 g™ (MITY). (2.6)

(For i < 0 we set Q% =0.)
Lemma 2.7. Suppose q > 2. The natural map

H' (R, M) — H' (Reg, gr® (M) = H' (R, WTQ;I%Tlig & W’”QqR_,lig)

is an isomorphism.

Proof. We first show H!(Rg, gr™(M271)) = 0 for m > 1, using (2.6). On the one
hand, we have H! (R, Q}%) =0 for i > 0 because Q’é is a coherent sheaf on the affine
scheme Spec R. On the other hand, if we let K,, = ker(p,,), then H?(R¢;, K,) = 0
because cd,(R) < 1. The long exact sequence in cohomology coming from the short
exact sequence

0= Ky = Q200457 » a™(MIYH) =0

shows H!(Rg, gr™(MJ—1)) =0 for m > 1.

A simple induction now gives H!(Rg, U"MZ~1) = 0 for m > 1, and the short
exact sequence

0—UMITt - M~ — gr®(MI™Y) — 0

completes the proof. O

The group H!(Re, W,,Qg%jllog ® WTQ?{Iig) appearing in Lemma 2.7 is, by definition
of the sheaf (Z/n)(q — 1), equal to H}.(R) & Hg:l(R).
Definition 2.8. Suppose char K = 0. For g > 2, define

-1
e HL (R) @ HEY(R) — VE(A)

to be (—1)?7! times the inverse of the isomorphism of Lemma 2.7, composed with the
map labelled « in (2.4). Moreover, define

14,2 HY, (R) — V4(A)

P’ P
to be the first component of A .

Remark 2.9. In the case A = O, the étale cohomology groups become Galois
cohomology: the sequence (2.4) becomes

0 — H'(F,H" (K, (Z/p")(q—1))) = HY(K, (Z/p")(q—1)) = HI(Kp,, (Z/p")(q—1))

where K, is the maximal unramified extension of K. The map (—1)?~! ) factors as

HY(F, W0, (F%) @ W,Q0,2(F%) & H (F,H (K., (Z/p") (g — 1))
— HY(K, (Z/p")(q - 1)).

13



(Here F* is a separable closure of F', and we identify Gal(K,,/K) = Gal(F*/F)
without further comment.)

2.2.4 The map 6,

We keep the notation of the previous subsection: A is a ring smooth over Ok, and
R = A/mgA. By [19, §1.3] (see also [25, Lemme 2] and [20, 1.3.3]), there is an exact
sequence

1,y it CL pp il gyrolgae? g (2.7)

log

0— W,Q

of sheaves on Rg. Here we have abused notation by using C~! to denote the map
denoted F in [19, §1.3] and [20, §1.2.17], which coincides with the inverse Cartier
operator when r = 1. The map V is the Verschiebung defined in [20, §1.1]. By definition,
we have H, (R) = H' (Re, WTQfO_gl).

Definition 2.10. We define

8,0 W, Q% /dvT QL% — HY(R)

to be the boundary map in the long exact sequence of cohomology correspond-

ing to (2.7). We also use 4§, to denote the map W,Q% ' — HY.(R) obtained by

precomposing with the natural surjection W,Q% ' — W, Q% ' /dv7—10%"2.
Following Kato, we sometimes use A, to denote the composition

_ —2 5, _ Ar
W04 e W04 =5 HL(R) @ HE-H(R) =5 VA (A). (2.8)

The following lemma will be used in the proofs of Lemmas 2.12 and 2.13.
Lemma 2.11. Let w € WrQqR_l and a € R*. Let dlog(a) € W,«Q}{’log be as in [20,
§1.8.28] and let

for HL.(R) — HLTY(R)

be the homomorphism H(Rg, WTQ?{Ji}g) — HY (R, WTQ%JOg) induced by

WTQ(II%jlz)g = Wi 1oe z — z A dlog(a).

Then we have
6r(w A dlog(a)) = fa(0r(w)) = é-(w) U {a}.

In other words, we can take the wedge product “inside the H'”.

Proof. The sequences (2.7) give the rows of a diagram of sheaves on Ry as follows:

0 —— W00t —— w0t L w0eml/ayrige? — g
A dlog Zzl A dlog &l A dlog &l
-1
0 —— WL, —— W, 5% W.Quavrioet —— o

14



It is easy to check that this diagram commutes, using C~!(dlog(a)) = dlog(a) (see
[20, §1.3.23]). Taking cohomology now gives the first claimed equality. The second is
the final statement of [19, §1.3]. O

2.2.5 Compatibility of the two definitions of A

We can now prove that the definition of A, in Definition 2.8 is compatible with that
described in §2.2.2.

Lemma 2.12. In the case char K = 0, A = Ok and q > 2, the map A\, defined in
Definition 2.8 agrees with that defined in §2.2.2.

Proof. We will prove this by induction on ¢, by showing that our map A, of Defini-
tion 2.8 satisfies the characterisation given in §2.2.2. Let Lzl,r: HY(F) — HY(K) be the
natural map defined in §2.2.1. Recall that, for ¢ > 2, the notation LZT refers to the
first component of \.. Specifically, we will show:

1. for x € HL,(F) and a € Of, we have 2. ({x,a}) = {¢}-(x),a};

2. for x € H;T(F), we have A\;(0,x) = {Lllf- (x), 7}

3. for ¢ > 2, x € H..(F), and a € O, we have v/ ({x,a}) = {Lf,fl(x),a};

4. for ¢ > 2, x € H}(F), and a € O, we have A-(0,{x,a}) = —{A+(0,x),a}.
Then (1) and (2) prove the claim for ¢ = 2; statement (3) shows that the first
component of \; agrees with the previous definition of Lgr in §2.2.1 for all ¢ > 2;
and all four statements together imply the final part of the characterisation, namely
Ar(0,x) = {2 (x), 7} for x € HEH(F).

We prove (3) and (4) first. Let ¢ > 2 and let a be an element of Oj. Let a € F*
be the reduction of a and let {a} be its class in H'(F, (Z/p")(1)). We claim that the
following diagram commutes.

{a}u

HY(K, (Z/p")(q = 1)) HTH (K, (Z/p")(a))

I I

HY(F,HI V(K. (Z/p")(q — 1)) te HY(F, HY(K ., (Z/p")(9)))

~| |=

H(F, W, QL (F*))® {dlogandiogan), H (F, W, Q% (F*))®

log log
H(F, W, 2(F*)) H(F, W, 1 (F*))

- (U(=1)""{a}.u(-1) ()
HZ, (F) @ HE () HIM(F) @ HY, (F)

Here the horizontal maps are as follows. The first horizontal map is cup product
with the class of a in H'(K, (Z/p")(1)). The second horizontal map is induced by
cup product with the class of a in H*(K,,, (Z/p")(1)). The third horizontal map is
that induced on cohomology by the homomorphism w +— dloga A w on each factor.
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The fourth horizontal map is given by cup products as written. That the top square
commutes is [26, §1.2, Lemma 2 (2)] (and it is in order to apply that lemma that we
have put the cup products on the left). That the middle square commutes is shown by
the formula after [24, Corollary 1.4.1]. The bottom square commutes by Lemma 2.11
and the anti-commutativity of the wedge product.

In this diagram, the map going upwards from bottom left to top left is, by defini-
tion, (—1)?7*A;, and that from bottom right to top right is (—=1)9A. Let x € HI.(F).
The commutativity of the diagram gives

(=1 (x U (=1)""{a},0) 1) {a} U Ax(x, 0)

= (-
—Ar(xU{a},0) = (=) (=1)"Ax(x, 0) U {a}
Ax(x U{a}, 0) = Ax(x, 0) U{a},

~— —

proving (3). Similarly, we have

(=1 (0,x U (=1){a}) = (=1)""Ha} UA=(0,x)
A= (0,x U{a}) = (=1)7H (=1)"Ax(0,x) U {a}
)‘71'(07 xu {a‘}) = 7>‘Tr(07 X) U {a}a
proving (4).

The case ¢ = 1 is similar but easier. The sequence (2.4) is simply the inflation-
restriction sequence, and one checks that the following diagram commutes.

HY(K,Z/p") fjo H2(K, (Z/p")(1))
infT T
HY(F, Z/p") ———“—— HY(F,H\(K,,, (Z/p")(1)))

H 2

HI(F, Z/p") (dlog @,0) H! (F, WTQllog(Fs) ® WTQ?og(FS))
(U{a},0)
HL. (F) ‘ H2.(F) & HL.(F)

The bottom left vertical map is induced by the isomorphism € : Z/p" — WTQ?Og(FS)
(see [20, Proposition 3.28]). The first horizontal map is cup product with the class of
a in HY(K, (Z/p")(1)), the second horizontal map is that induced on cohomology by
sending 1 to the class of a in H!'(K,,, (Z/p")(1)), the third horizontal map is that
induced on cohomology by 1 — (dloga,0), and the fourth horizontal map is the cup
product map as written.

The left-hand column, from bottom to top, is the map L}Dr, and the right-hand

column from bottom to top is —A,. Let x € Hzl,r (F). Commutativity of this diagram
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gives

—Ar(xU{a},0) = {a} Uy (x)
Ar(x U {a},0) = e (x) U{a}

proving (1).
Finally, we have a third diagram

HU(K, Z/p") — 2% HX(K, (Z/p")(1))

o] 1

HY(F,Z/p") ——— H'(F,H (K, (Z/p")(1)))

H =

HY(F,2/p") -2 HY(F, W, QL (F*) @ W,Q0 (F*))

log log

in which the bottom horizontal map is induced by the isomorphism ¢ : Z/p" —
WTQ?Og(FS). Again, this commutes by [24, formula after Corollary 1.4.1] and [26, §1.2,
Lemma 2 (2)]. For x € H,,.(F), commutativity of this diagram gives —A-(0,x) =

{m} Ul (x), proving (2) and completing the proof of the lemma. O

2.2.6 Change of ring

We finish this section on A, by describing how it behaves with respect to base change.

Let K'/K be a finite extension of Henselian discrete valuation fields of characteris-
tic zero. Let Ok be the ring of integers of K’ and let F’ be the residue field. Suppose
that we have a commutative diagram

A 2

I &

OK — OK/

where A is smooth over Ok and A’ is smooth over Ok,. Let R = A’ /myg: A’ and
let i’, 7' be the inclusions of the special and generic fibres, respectively, of Spec A" —
Spec Ok+. As described in Section 2.1, there are natural maps ¢.: VI(A4) — VI(A').
Let ¢: R — R’ be the map on residue rings induced by ¢, and ¢.: HZ(R) — H2(R)
and ¢, : W,.Q% — W,Q%, the induced maps. Let 7’ be a uniformiser in O .

Lemma 2.13. In the situation described above, let e be the ramification index of
K'/K and define a € F' to be the reduction of ¢(m)(w')~¢. Then, for all ¢ > 2 and
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r > 1, the following diagram commutes:

W04 @ W08 % 0 1Y (R @ HY Y(R) ——= s V(A))

T(aﬂ)ﬁ(é*a+$*ﬂAdlog(&)7e$*ﬁ) T( B)($uat{d.B,a},e8.8) qu* (2.9)

W0 e W42 — 2 1Y, (R) @ HITH(R) —22—— VI(A)

Proof. We go through the steps of the construction of Ar. Let g: Spec R’ — SpecR
be the morphism corresponding to ¢. The natural map

"Ry (Z/n)(q — 1) = g.(i')"Rj.(Z/n)(q — 1)

of sheaves on Rg induces a map between the sequences (2.4) for A and A’. The
definition of the Bloch— Kato filtration on MJ4~1 = i*R4715,(Z/p")(q — 1) shows that
the map ¢, : Al — M7, A, respects the filtration, so induces a map on gr’.

The sheaf M;{ 4 is locally generated by symbols; we now explain what this means.
Let t1,...,tq—1 be local sections of i*j,Gy,. The Kummer sequence allows us to push
these forward into M} 4> and the cup product of the resulting classes is a local section

of MqA which we denote by {t1,...,t4—1}. Bloch and Kato prove that the resulting
“symbols” locally generate the sheaf M qgl in the étale topology.

The isomorphism gr’(Mg~1) — W, Q%] 1}3g ew, QR log Of (2.5) is described in the
formula after [24, Corollary 1.4.1]: if #1,...,x4_1 are local sections of G on R and
Z1,...,24—1 are any lifts of the z; to i ((Gm)A7 then we have

{Z1,..., 841} — (dlogzy A --- Adlogx4_1,0)
{Z1,...,8g—2,m} — (0,dlog z1 A - -- Adlog z4—2).

Working in MqA, we have

&

(b*{jh s ’jq—Q’ﬂ-} = {(b( 1)7 ER) ¢(i‘q—2)7 d)(ﬂ-)}
={(Z1), ..., (Zg-2), a(r")"}
={6(&1), ..., 8(Zg-2), a} + e{d(31), ..., (Zg-2), 7'}

where a = ¢(m)(n’")~¢. Therefore the isomorphisms (2.5) for A and A’ satisfy the
following commutative diagram:

8

(M) —— WoQ% 1, & W04 T
T T(a,ﬁ)ﬁ(é*a%*mdbg a,ed.B)
—1 1 2
rO(Mg,A ) — W Ql}l% Jlog D W QqR Jlog

The rest of the proof follows from Lemma 2.11. O
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2.3 The refined Swan conductor

Equipped with the map A, for the ring Ok |[T], we can now define Kato’s refined Swan
conductor. We follow the exposition in [27, 4.5-4.6].

Firstly, let us define the group in which the refined Swan conductor lives. To start
with, consider the scheme Spec Ok with the divisor D given by the closed point. The
coherent sheaf Q}QK (log D) of differentials with log poles at D is, concretely, the Og-
submodule of O} generated by QéK together with dlog m = dm /7 for any uniformiser
; this submodule is independent of the choice of 7. (See [22, Section 0FMU] for more
details on differentials with log poles.) This sheaf fits into a short exact sequence

0= Qb, — b, (log D) == Ok — 0,

and a choice of uniformiser 7 gives a splitting a — adlog7. Now define wl to be
the pullback of this coherent sheaf under the closed immersion Spec F' — Spec Ok .
Concretely, we have wp, = Q¢ _(log D) ®0,, F. (A more direct definition is that wj,
is the sheaf of absolute Kéahler differentials on the log scheme obtained by equipping
Spec F' with the “standard log point” log structure coming from its embedding in
Spec O, see [28, 1.1, 1.7].) For ¢ > 1, let w}, denote the gth exterior power of w}.
The map Q"Fl — wh given by n — n A dlogm yields a splitting of the natural exact
sequence
0— 0% —wl 504" —o.

The refined Swan conductor at level n will be an element of my" ®o, wf, which is
also non-canonically isomorphic to Q% @ Q%"

From (2.8) applied to A = Og[T], we have the map A;: Q%[T] ® QqF_[Tl] —
VIt (Ok|T]). Kato [19, Theorem 5.1] proves the following: if x is an element of
fil,, HY(K) for n > 1, then there exists a unique (a, 8) € Q% @ Q%" such that

{61+ 7"T} = M\ (T, TB) in VI (O [T)). (2.10)

Note that here A\, really means A, o d, as in (2.8).
Definition 2.14. Let n > 1. Given x € fil,, HI(K), the refined Swan conductor of x is

rswy(x) =71 "(a+ B Adlogm) € my" ®o, wh

where a, 8 are as in (2.10). We will often write [, 8], as shorthand for 7" (a+ S A
dlog ).
For n > 1, the refined Swan conductor defines an injective homomorphism

rswy, : fil, HY(K)/fil,—1 HI(K) — m;" ®0, wh

as shown in [19, Corollary 5.2].

Remark 2.15. The pair («, 8) in (2.10) depends on the choice of uniformiser m; however,
rsw,, () is independent of the choice of 7, as stated by Kato [19, Definition 5.3]. This
motivates the choice of mz" ® o, wi as the target group and the definition of rsw,, (x).
The precise dependence of («, 8) can also be seen as a consequence of Lemma 2.16.
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We now prove several auxiliary results about the refined Swan conductor.
Lemma 2.16. Suppose char K = 0. Let K'/K be a finite extension of Henselian
discrete valuation fields of ramification index e. Let ' be a uniformiser in K', let F’
be the residue field of K' and define a € F' to be the reduction of w(x')~¢. Let x be
an element of fil, HI(K), and let

res: HY(K) — HY(K")

be the restriction map. Then res(x) lies in filo, HI(K'). Furthermore, forn > 1, setting
rswy, (x) = [, Blr,n we have

rswen(res(x)) = [a" " (o + B Adloga),a”"ef]x en-

Proof. That res(x) lies in fil.,, HI(K’) follows from the characterisation of fil,, given
in [19, Proposition 6.3]. Lemma 2.13 gives

Aot (T(a+ B Adloga),eTB) = {resx,1 +7"T} = {resx, 1 + (7')"a" T},

where a = 7(n’)7¢. Applying Lemma 2.13 a second time to the automorphism of
Oxk|T] defined by T + a™T proves the claimed formula. O

The following lemma is implicit in [19, Proposition 5.4], which is stated without
proof. For completeness, we provide a proof here.
Lemma 2.17. Let x be an element of fil, HI(K) with rsw,(x) = [&, Bz n. Then
da =0 and df = (—1)?na.

We first prove a lemma whose first part will be used in the proof of Lemma 2.17 and
whose second part will be used in the proof of Lemma 2.19 below. We use C' to denote
the Cartier operator. Recall the definition of d;: Qf — H3!(R) from Definition 2.10.

Lemma 2.18. Let R = F(T) and let a be an element of Q4" for some q > 2.
1. We have 61(Tda) = (—1)9{6,(T), T} € HIM(R).
2. Suppose da = 0, so that C(«) is defined. Then 61(TC(a)) = 61(TPa).

Proof. By [19, 1.3.2], the subgroup dQ% ' is in the kernel of &;: Q% — HI*!(R), so
0=06(d(Ta)) = 61(Tde) + 6, (dT A )
and therefore
50 (Tda) = =61(dT AN a) = (—=1)961(Ta NdT/T) = (-1)4{6 (Tw), T}
by the last formula of [19, §1.3], proving (1).
To prove (2), note firstly that d(TP«) = TPda = 0, so that C(TP«) is defined. The

image of C~! — 1 is in the kernel of §;, so we have

0=206((C7'=1)(C(TPa)) = 61:(TPa — C(TPa))
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and therefore

51(TPq) = 6,(C(TPa)) = 6,(TC(a)). O

Proof of Lemma 2.17. By definition of rsw,,, we have {x,1+ 7#"T} = A (Ta,T5) in
VIt (Ok[T]). We would like to take the cup product with —7"T, but as this is not
a unit in K[T] we first have to pass to a larger ring. Let A be the Henselisation
of the localisation of Ok [T] at the ideal mgOk[T]. By [19, 1.8.1], the natural map
VIt (Ok[T]) — VIt2(A) = H 2 (A ®p, K) is injective. Working in VIt2(A), we
compute

0={x,1+="T,—x"T}
= {\(Ta,TB), —7"T}
={\:(Ta,TB), T} + n{ e (T, TB), 7} + {\x (T, TB),—1}. (2.11)
The last term in (2.11) is zero, from the formula in [19, §1.3] and dlog(—1) = 0. Let

wd: Hi(F(T)) — V9(A) be the canonical lifting map of [19, §1.4], which is the first
component of \;. By Lemma 2.18(1) and [19, §1.4], the first term of (2.11) is

{Ae(Ta,TB), T} = {J71(6:1(Ta)), T} + {1f(6:(TB)), m, T}
{871 (61(T)), Ty = {1f(6:(TH)), T, m}

0T a), TY = {ef {0 (TB), T}, m}

= (1) (L2F2(61(Tda)) + {211 (61(TdB)), 7})

= (=) N\ (Tde, Tdp).

For the middle term of (2.11) we have
{Me(Ta, TB), 7} = {17 (61(Ta)), 7} + {5 (61(TB)), 7, 7} = Ax(0, Tar),
because again {¢](01(73)), =1} = 0 and {7, —m} = 0. This produces
(=) N\ (Tdev, TdB) + nA. (0, Ta) = 0,

in V4*2(A) and therefore also in V9+2(Ok[T]). The result now follows from the
injectivity of A; and [19, Lemma 3.8]. O

We conclude this subsection with a description of the refined Swan conductor of
px when sw(y) is sufficiently large, in the char(K) = 0 setting.
Lemma 2.19. Suppose char(K) = 0, let e be the absolute ramification index of K,
and set ¢’ =ep/(p—1). Let w = p/n° and let & € F* be its reduction. Let x € HI(K)
have sw(x) =mn > 0 and write rsw,,(x) = [@, Blr n-
1. Suppose n > e — 1. Then px € fil,,—. HI(K).
2. Suppose n > €. Then rswy_.(px) = [a, @f)xn—. and consequently, sw(px) =
n—e.
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3. Suppose n =¢'. Then da = dS =0 and

rswer—e(px) = |ta+ Cla),af + C(B)

e’ —e

Proof. To prove (1), let m = n — e. Then

{px, 1+ 7" Ty = {x, (1 + 7" HT)P}
={x,1+ "7}

where 7" = (14-77:’:# =g T+aT?+-- -+a,T? with a1, ..., ap € Ok. Therefore,
T' € Ok|T]. Since sw(x) = n, we have {x, 1+ 7#""T"} = 0 in VI (Ok[T]), by the
functoriality of V9t1(.). Therefore, sw(px) < m = n — e, which completes the proof
of (1).

Now we move on to prove (2) and (3). We are assuming that n € Z satisfies
n > €’ > e, whereby n — e > 1. Similarly to the calculation above, we have

{ox, 1+ 7" T} = {x, 1 + 7"T"} (2.12)

where T = W _TVZL — Ty by T2 4 - 4 b, TP with by = p/n°® € OF and

by,...,bp—1 € TOk. If n > € then b, € 7Ok; if n = €’ then b, = 1. Now [19, 6.3.1]
gives

DG+ 7T} = A (abr T, 01 T) + Ar (b TP, Bb,TP). (2.13)

If n > ¢ then b, = 0. Thus, (2) follows from (2.12) and (2.13). Finally, suppose

n = € and therefore b, = 1. Since n = ep/(p — 1) € Z, we have p | n, whereby

Lemma 2.17 yields da = d = 0. Now Lemma 2.18(2) shows that A\ (aT?,8T?) =

A (C(a)T, C(B)T), giving (3). O

Remark 2.20. In the context of Lemma 2.19, suppose 8 A du = 0 as happens, for
example, if du = 0. One perhaps surprising consequence of Lemma 2.19 in this setting
is that for x € HY(K) with sw(x) = n > ¢ and rsw,(x) = [a, S]xn, we have ea =
0, where e is the absolute ramification index of K. This can be seen by applying
Lemma 2.17 twice: applying it to x yields df = (—1)%n«, and applying it to px
yields udf = (—1)%(n — e)ua. For y € HY(K) with sw(x) = €', we obtain the more
complicated formula d(C(8)) = (—1)?te(aa + C(a)), which reduces to ea = 0 if «
and 3 are exact.

2.4 The residue map 9
Let n > 1. By Proposition 2.6, the image of

At HY(F) @ HIY(F) — HY(K) = Br K[n]

coincides with fily HZ (K).
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Definition 2.21. Define a homomorphism
0: filyHL(K) — HIY(F)

to be the inverse of A, followed by projection onto the second factor, c.f. [19, §7.5].
Its inductive limit is a homomorphism fily H?(K) — HY~1(F), which we also denote
by 0. We will refer to 0 as the residue map.

2.5 Comparison with the classical residue map on the Brauer
group

For a Henselian discrete valuation field K of characteristic zero with perfect residue
field, there is a standard definition of a residue map on Br K, as in for example [29,
§XI1.3], [30, §1.1], or [14, §1.4.3], where it is called the Witt residue. In our setting,
this definition carries over unchanged to define a residue map

d": Br(K,,/K)— HY(F,Q/Z).

We will now recall this definition and verify that it is compatible with ours. For the
rest of this section, assume char K = 0. First note that Br(K,,/K) = fily H*(K), as
follows from Proposition 2.6(1) and [14, p. 35].

Let §: HY(F,Q/Z) — H?(F,Z) be the connecting map coming from the short exact
sequence 0 = Z — Q — Q/Z — 0 of Galois modules. It is an isomorphism. Let 9’ be
the composite map

H2(K,./K,KX) % H2(K,./K,7) = H2(F,7) < H'(F,Q/Z),

where v: K5, — Z is the valuation. Let A be the ring of integers in K, and let ¢/ be
the composite of the natural maps

BrF <~ Br A — Br(K,,/K).

By the same argument as [29, §XII.3, Theorem 2] and the remark following it, the
sequence

0— BrF % Br(K,,/K) L HY(F,Q/Z) = 0 (2.14)
is exact.

To state the following proposition, we make use of the exact triangle (1.3) of
complexes of sheaves on the étale site of any field, for any n > 1. Recall also the
“canonical lifting” map (2: H2(F) — filo H2(K), which is the first component of A,
(see Section 2.2.2).
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Proposition 2.22. For any integer n > 1, the following diagram commutes:

L2 -
H2(F) —" flyH2(K) —2%— HL(F)

l l l . (2.15)

BrF — % Br(K./K) —2— H'(F,Q/Z)

Here the two left-hand vertical maps come from the triangle (1.3), and the right-hand
one from the natural inclusion Z/n — Q/Z.

We first prove a lemma on cup products.
Lemma 2.23. Let L be a field, and let n be a positive integer. Let w: L* —
HY(L,(Z/n)(1)) and t: H3(L,(Z/n)(1)) — Br L be the maps coming from the trian-
gle (1.3). Let §: HY(L,Z/n) — H?(L,Z) be the connecting map coming from the short
ezact sequence 0 — Z — Z — Z/n — 0 of Galois modules. For x € H'(L,Z/n) and
a € L*, we have ox U a = t(x Uu(a)).

Note that this definition of § agrees with the previous one when H'(L,Z/n) is
considered as a subgroup of H*(L, Q/Z).

Proof. Tt suffices to prove the lemma separately for n invertible in L, and for n = p”
where p > 0 is the characteristic of L and » > 1. For n invertible in L, we have
(Z/n)(1) = p,,, the triangle (1.3) is the Kummer sequence, and the lemma is proved
in [31, proof of Proposition 4.7.1] .
For n = p", let L*® be a separable closure of L. The triangle (1.3) is the short exact
sequence
0— (L) L (1) L5 w0l .,
of Galois modules, u is the map dlog: L* — WTﬂlL’IOg, and t is the boundary map
HY(L, WTQiSJOg) — H2(L, (L*)*). Note that the above sequence is isomorphic to that
obtained by taking the short exact sequence 0 — Z — Z — Z/p" — 0 and forming the
tensor product with (L®)*. The result then follows from [31, Proposition 3.4.8]. O

—0

Proof of Proposition 2.22. We first express ¢/ in terms of Galois cohomology. The
strict Henselisation A" is the ring of integers in K,, and has residue field F'*,
a separable closure of F. The Hochschild—Serre spectral sequence, together with
Pic(A%") = Br(Ash) = 0 [32, Corollary IV.1.7], gives an isomorphism
H?(K,,, /K, (A")*) = Br A,
compatible with the usual isomorphisms
H*(F,(F5)*)~BrF and H*(K,./K,K))=Br(K,./K).

So ¢/ is identified with the composite

H2(F, (F*)) = H? (K /K, (A1) ) = H? (Knr /K, K.
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Both rows of the diagram (2.15) are split exact sequences: the map x — {¢%(x), 7}
is (by definition) a section of 9; and the map x — dx U is a section of 9. (Here we
identify the absolute Galois group of F' with Gal(K,,,/K).) It is therefore enough to
show that the following diagram commutes:

x—={en 00,7}

(F)  —s () HY (F)

I l I

H2(F, (F*)*) —Y s H2(K,, /K, KX) &2 gl(FQ/z)

That the right-hand square commutes follows from Lemma 2.23 applied to K. (Note
that «. is simply the identification of Galois groups just mentioned)

For the left-hand square, (2 is defined separately in Section 2.2.2 for n invertible in
F, and for n = p". If n is invertible in F', then the commutativity follows immediately
from the definition and the Kummer sequence on A. For n = p”, it suffices to prove it
for elements {x,a} where y € H'(F,Z/n) and a € F*. By definition, we have {x,a} =
xUu(a), so Lemma 2.23 shows that the image of this element in H?(F, (F*)*) is equal
to dx U a; applying ¢/ gives dx U a, where a € A* is a lift of @ and we have as before
identified Gal(F*/F) with Gal(K,,/K). On the other hand, first applying :2 gives
{tL(x),a} = xUu(a) and Lemma 2.23 again shows that the image in H?(K,,./K, K.)
is dx U a, as desired. O

3 The tame part

We return to the situation of the introduction. Let k& be a finite extension of Q,
with ring of integers Op, uniformiser m and residue field F. Let X/k be a smooth,
geometrically irreducible variety over k, and let X be a smooth Op-model of X having
geometrically irreducible special fibre Y. Denote by K the function field of X and by
F the function field of Y. Let K" be the field of fractions of a Henselisation of the
discrete valuation ring Oy y.

The natural map Br X — Br K" allows us to pull back Kato’s definition of the
Swan conductor, and the associated filtration, to Br X. In this section we look at
the smallest piece fily Br X of Kato’s filtration on Br X. By Proposition 2.6 and [33,
Corollaire 1.3], this is the same as the subgroup of Br X consisting of those elements
whose image in Br K is split by an unramified extension of K". Equivalently, such an
element is split by a finite extension L/K, where L is the field of fractions of a discrete
valuation ring étale over O = Ox y. To see this equivalence, note that the maximal
unramified extension K, of K" is the field of fractions of a strict Henselisation of
Og, and therefore is the colimit of all such extensions L/K. Recall the residue map 9

defined in Definition 2.21. We will denote the composition fily Br X — fily H2(K") 2,
H!(F) also by 8. Recall that 9: Brk — H!(F,Q/Z) is an isomorphism, by a standard
calculation of local class field theory. The main result of this section is the following.
Proposition 3.1. 1. If A € filyBr X, then 9(A) € HY(Y,Q/Z) c HY(F,Q/Z).
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2. Let P € X(O) reduce to a point Py € Y (F). Then the following diagram
commutes:
fil,Br X —2— H(Y,Q/Z)

. |7

Brk —2— HY(F,Q/Z)

o

The following corollary is immediate.

Corollary 3.2. (i) For A € filyBrX, the evaluation map |A|: X(O) — Brk
depends only on O(A).

(ii) For A € filyBrX and P € X(k) reducing to a smooth point Py € Y (F), the
evaluation A(P) depends only on Fy.

Proposition 3.1 will be used in the proof of Theorem B, in combination with the
following lemma. We use % to denote the map H'(F,Z/p) — H'(F,Q/Z) induced by
identifying Z/p with the p-torsion in Q/Z.

Lemma 3.3. Let 6;: F — HY(F,Z/p) be the Artin-Schreier map. Suppose that A €
Br k[p] satisfies O(A) = %51(33), with x € F. Then inv(A) = %TrF/FP (z).

Proof. Let ¢ = p" be the cardinality of F. By definition, inv(A) is obtained by eval-
uating 9(A) € HY(F,Q/Z) = Hom(Gal(F/F),Q/Z) at the g-power Frobenius element
Frob € Gal(F/F). On the other hand, the 1-cocycle §; (z) is defined as follows: let y € F
be such that y? —y = z; then, for o € Gal(F/F), we define §;(z)(c) = o(y) —y € Z/p.
Combining these definitions gives

inv(4) = - (Frob(y) = 9) = - (07 =" )+ 07 =) = S Tregs, ). O

In Section 3.1 we prove Proposition 3.1 for A € Br X[p"]. The result for Brauer
group elements of order prime to p follows from comparison with the classical residue
map (see Proposition 2.22) and well-known properties of the latter: see for example [1,
Proposition 5.1], together with [14, Theorem 1.4.14 and Theorem 2.3.5] for comparing
the various different residue maps.

3.1 Evaluation of tame elements of p-power order

We first prove a lemma.

Lemma 3.4. Leti: Y — X be the inclusion of the special fibre and let j: X — X be
the inclusion of the generic fibre. Let 7: Spec F' — Y be the inclusion of the generic
point. Let q,v > 1. Then the map

"R (Z/p")(q — 1) = 77" " RIj(Z/p") (¢ — 1)

of sheaves on'Y is injective.

Proof. We use induction on r. For the case = 1, it suffices to prove the statement after
adjoining a pth root of unity to the base field k, and then this is [24, Proposition 6.1(i)].
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For any ¢,m, the sheaf 7*i*R%j,(Z/p")(m) on Fg is the sheaf corresponding
to the Gal(F*/F)-module HY(K" _, (Z/p")(m)). Consider the long exact sequence in
cohomology on K" coming from the short exact sequence

0= Z/p ' —Z/p" = Z/p—0 (3.1)
of Galois modules. We have a commutative diagram

KQ*l(K'r};r) E— KQ*l(K:er)

! !

H (K], (Z/p") (¢ — 1)) —— HT YK}, (Z/p)(q— 1))

in which the vertical maps are the Galois symbols, which are surjective by [24, §5];
this shows that the bottom map is surjective. It follows that the long exact sequence
of cohomology of (3.1) gives

0 — HY(K,, (Z/p"")(q = 1)) = HI(K,., (Z/p")(q — 1)) = HUK,, (Z/p)(g - 1)).

Consider this as a sequence of sheaves on Fg. Applying 7, gives the bottom row of
the following commutative diagram of sheaves on Y.

P*RIGL(Z/p ) (g — 1) —— ©*RIGL(Z/p")(q — 1) —— i*RYj(Z/p)(q — 1)

l | |

0+ 7T "R (Z/p" ) (g —1) » 7t *RYG(Z/p")(q — 1) » TuT*i*RYj(Z/p)(q — 1)

By induction, the two outer vertical maps are injective, and therefore the middle one
is as well. O

To prove Proposition 3.1(1), we will prove a result for general ¢, in the case that
X is affine.
Lemma 3.5. Suppose that X = Spec A is affine, and define R = A/m;A. Let r > 1
and q > 2. Let x be an element of filo Hy. (K™), whereby x = Ar(a, B) for a unique
(o, B) € HY.(F) @ Hg:l(F), If x lies in the image of Vi (A), then (a, ) lies in the
image of H!, (R) & HZ:I(R),
Proof. Let Ay : HZT(R)GBHg:l(R) — V,-(A) be the map defined in Definition 2.8. The

sequences (2.4) give a commutative diagram as follows.

0 —— Hy-(R) @ Hi (B) — Vi (4) —— HO(R,i"R%.(Z/p") (g~ 1)

I | |
0 —— HZL.(F) @ HS N (F) 2= HY (K") —=—— HO(F,H% (K!,))
(3.2)
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By assumption x = A, (e, 8) lies in the image of b. To show that («, 8) lies in the image
of a, it is enough to prove that c is injective; but this follows from Lemma 3.4. O

Proof of Proposition 3.1. We first prove part (1). Let A lie in fily Br X[p"]; then
I(A) lies in HY(F,Z/p") and we must show that it actually lies in H(Y,Z/p").
By [34, Corollaire 1.10.3], this subgroup consists of all classes in H'(F,Z/p") such
that the corresponding torsor is unramified on Y; this condition may be checked
on an affine cover of Y. Let Spec A be any affine open subset of X that meets Y.
Lift A (using the Kummer sequence) to H?(X, (Z/p")(1)). Looking at (2.1) for the
morphisms SpecOxy — Spec A — X shows that the map H?*(X, (Z/p")(1)) —
H2(K", (Z/p")(1)) = V2 (Ox,y) factors through V,2(A4), and so Lemma 3.5 shows
that d(A) lies in H!(Spec(A/myA),Z/p"). The affine schemes Spec(A/myA) arising
in this way cover Y, proving the statement.

Part (2) now follows easily from Lemma 2.13. O

We conclude this section with an alternative description of the kernel of 0.

The natural map Br K — Br K" allows us to extend the definition of the classical
residue map 0’ to Br(K”,./K) = fily Br K. The following lemma is a generalisation of
a result of [30, §1.1] to the case of imperfect residue field.

Lemma 3.6. The kernel of 0': filyBr K — H*(F,Q/Z) coincides with the image of
Br OX,Y — BrK.

Proof. Let i: Spec F' — SpecOx y and j: Spec K — Spec Oy y be the inclusions of
the special and generic points, respectively. As in [33, §2], where the case of perfect
residue field is treated, the short exact sequence

00— Gy — jGy —iZ—0
of sheaves on Spec Ox y gives rise to an exact sequence
0— BrOxy — H*(Oxy,jsGn) — H*(F,Z).

The Leray spectral sequence shows that H*(Ox y, j.Gy) is the kernel of the natural
map Br K — Br K" . Applying the same construction to the Henselisation A = Og(,Y
gives a commutative diagram with exact rows

0 — BrOyy — Br(Kh /K) — H%(F,Z)

l | H

0 —— BrA — Br(Kh /Kh) — H%(F,Z)

If o € fily Br K satisfies 0'(a) = 0, then the exact sequence (2.14) shows that the
image of o in Br K" lies in the image of «/, which is the image of Br A. From the above
diagram it then follows that o lies in the image of BrOx y. O

Corollary 3.7. The kernel of 9: filo Br X — HY(Y,Q/Z) coincides with the image of
the natural map Br X — Br X.
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Proof. The purity theorem [6, Theorem 1.2] shows Br X = Br X N Br Oy y, with the
intersection taking place inside Br K. (This particular case of the purity theorem was
proved by Gabber [35, Theorem 2.2].) By Lemma 3.6, this consists of those elements
of fily Br X lying in the kernel of &', and by Proposition 2.22 this coincides with the
kernel of 0. O

4 Comparisons of some (refined) Swan conductors

In this section we begin working towards the proof of Theorem B. Our main tool will
be to blow up the model in a smooth point; this results in a new component of the
special fibre, corresponding to new discrete valuation and so to a new Swan conductor
and refined Swan conductor. This and the following sections are devoted to studying
the effect of blowing up on the Swan conductor and refined Swan conductor; this study
will lead in Section 8 to an inductive proof of Theorem B. We begin by recalling some
more notions from Kato’s paper [19].

4.1 Unramified elements

Let X be a normal irreducible scheme with function field K. For z € X, let K, be the
field of fractions of the Henselisation Oé‘(J of Ox, and let k(x) denote the residue
field at x. Following [19, §1.5], we say that an element x of H?(K) is unramified on
X if for any = € X, the image of x in HY(K,) belongs to the image of the canonical
lifting map Lq((’)?(’m) : H9(k(z)) — HY(K,), which is the first component of A, (see
Section 2.2.1). In the case ¢ = 1, x is unramified on X in this sense if and only if x
belongs to H'(X,Q/Z) C H}(K).

4.2 (Refined) Swan conductors in a geometric setting

As in Subsection 4.1, let X be a normal irreducible scheme with function field K and
let y € HY(K). For p € X! = {z € X | dimOx, = 1}, the field K, = Frac(Oél(,p)
is a Henselian discrete valuation field. Let x, denote the image of x in H?(K,). Fol-
lowing [19, Part II], we denote by swy(x) the Swan conductor of x,. Now let n > 1
and suppose that x, lies in fil,, H(K,) (i.e. swy(x) < n). We denote by rswy »(x) the
refined Swan conductor rswy (). For an irreducible subset Z C X of codimension one
with generic point z, we let swz(x) = sw.(x) and rswz ,(x) = rsw, ,(x) for n > 1.

4.3 Comparisons

Blowing up a smooth model leads to a new model having two components in its
special fibre. Along each of these components, a given element of the Brauer group
of the generic fibre has a Swan conductor and a refined Swan conductor. In order to
understand how these relate to each other, we put ourselves in the following more
general setting and follow [19, Section 7].

For the rest of this section, let A be an excellent regular local ring with field of
fractions K and residue field ¢ of characteristic p > 0 such that [¢ : ¢P] = p°. Let
(mi)1<i<r be part of a regular system of parameters of A, let p, = mA € Spec A
and let {p;} denote the closure of {p;} in Spec A. Let R; = A/p; and let x(p;) =
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Frac(R;) denote the residue field at p;. For j € {1,...,r}, let D; denote the divisor

> izj({pi{p;}) on {p;} = Spec R;. We use (logD ) to denote the F,,-subalgebra
of (¥ w(p;) generated by € R, and elements of the form dlog f such that f € R; and

Supp(R;/f) C D;. Let ¢ > 0 and let y € HY(K) be unramified on Spec A\ J;_, {p:}.
Let n; = swy, x for 1 <4 <r.

We now state some results of Kato that will be used here and in the proof of
Theorem B in Section 8. The first is an integrality statement. As defined, the refined
Swan conductor at p; is given by

rswy (x) = w;nj (a+ B Adlogm;) (4.1)

with o € Qﬁ(p )
integral outside D; and describes their possible poles along D,. (Note that the «, 8
occurring in Theorem 4.1 coincide with those in (4.1) when r = 1, and in other cases
they are rescaled by [[, ., m".)

Theorem 4.1 (Kato, 19 Theorem 7.1]). Let j € {1,...,r} and assume n; > 1.
Write

and g8 € Q! w(p,)" The following theorem states that «, 3 are in fact

rswy (X (Hﬂ' ”) (a+ B Adlogmy)

with o € Qi(pj and B € Qq . Then we have

a € Qf (log Dj), B e Qqul(log D;).

The following proposition describes how the refined Swan conductors associated
to the different p; are related to each other. Retain the notation of Theorem 4.1. For
a subset s C {1,...,r}, let |s| = card(s) and let s(1),...,s(|s|) denote the elements
of s ordered so that s(1) < --- < s(]s|). Theorem 4.1 allows one to write

I"SWpJ (Hﬂ' ) Zws /\dlogﬂs() -+ Adlog (s

with ws(j) € Qq sl where s ranges over all subsets of {1,...,r}.
Proposition 4. 2 (Kato [19, Proposition 7.3]). Let R = A/(Pl + ...+ p,) and let
J1,72 € {1,...,r} be such that nj, > 1 and nj, > 1. Then for each s C {1,...,7} the
images of ws(j1) and ws(j2) in Q?{‘SI coincide.

We now state a definition and a theorem concerning blowups.
Definition 4.3 (Kato, [19, Definition 7.4]). Recall that £ is the residue field of A. We
say that x is strongly clean with respect to A if for any j such that n; > 1, the image
of ws(j) in QF sl under Qq o — Q" I*l i not zero for some s.
Theorem 4.4 (Kato, [19, Theorem 8.1]). Let f : X — Spec A be the blowup at the
closed point of Spec A, and let v € X be the generic point of the exceptional divisor.
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Then .
swy, (f*x) < an

i=1
with equality if and only if x is strongly clean with respect to A.

In fact, Theorem 4.4 is only the first part of Kato’s statement, but it will suffice
for our purposes.

An important case that is missing from Theorem 4.1 and Proposition 4.2 is the

case n; = 0. In that case, there is no refined Swan conductor at p;. However, in
its place we have the isomorphism H?(k(p;)) & H1 (k(p;)) — filo HY(K,,) given by
Ar; (see Proposition 2.6(1)). If we write x = Ar;(x1,X2), then we can ask about
the Swan conductors and refined Swan conductors of x1,x2 at the prime ideals of
R; corresponding to the p;. The following lemma, which we see as an analogue of
Theorem 4.1 in the case n; = 0, deals with the Swan conductors.
Lemma 4.5. Let j € {1,...,r} and assume n; = 0, whereby there exist unique
x1 € Hi(k(p;)) and x2 € Hi (k(p;)) such that x = Ax,(x1,X2) in HY(K,,). Denote
by p; the image of p; in R; = A/pj. Then, for i # j, we have swp,(x1) < n; and
SWp;, (XQ) < ny.

Proof. As in Kato’s proof of Theorem 4.1, we reduce to the following situation:
dim(A) = 2; A is complete; Hi™'(¢) # 0 where p® = [¢ : (*]; and the order of x is
a power of p. The reduction to dim(A) = 2 comes from replacing A by A,, where
q corresponds to a height one prime ideal of R;. By [19, Lemma 7.7], there exists a
field extension ¢'/¢ such that HS™'(¢') # 0 (where ¢ is defined by p¢ = [¢/ : £7]) and
a p-basis of ¢ remains a p-basis of ¢, implying in particular that ¢'/¢ is separable.
Applying [36, Lemma 1] to A/m?® for s > 1 and taking the inverse limit shows the
existence of a complete two-dimensional regular local ring A’ which is flat over A and
has residue field A’ ® £ = ¢'. Now the stability of the Swan conductor under well-
behaved extensions of Henselian discrete valuation fields described in [19, Lemma 6.2
and Proposition 6.3] shows we can replace A by A’. By Proposition 2.6(1) we may
replace x by its p-primary component and so assume that the order of x is a power
of p.

Our assumption that dim(A) = 2 implies r < 2. The statement for r = 1 is empty
so assume r = 2, swy,, (x) = 0, swp, (x) = n > 0. The discrete valuation corresponding
to py on K, has residue field ¢ with [¢ : ¢P] = p°, so by Proposition 2.6(2) the result
is automatically true for ¢ > ¢ + 2; we therefore assume ¢ < ¢ + 2. Kato [19, §7.5]
defines a complex that in our situation becomes

6/
() 0 @y HR(e()

qESpec(A)t

HETL(0). (4.2)

Note that fily HT3 (K ) = H3(K,); this follows from [19, Corollary 2.5] if char x(q) =
0 and from Proposition 2.6(2) if char k(q) = p. Thus the residue map of Definition 2.21
is defined on the whole of H*"3(K ). Composing it with the natural map H*™3(K) —
HeT3(K,) gives the map 9y in (4.2). The map 0y is defined similarly.
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Consider the element
= {X7 1+ a/ﬂ';l+17 bla SERE) b6+27q} € HC+3(K)a

for arbitrary a € Aand by, ..., beyo—q € A[l/mims]*. Since swy, (x) = n, Definition 2.1
shows that ¢ becomes 0 in H3(K,,). Now let q € Spec(A4)* \ {p1,p2}. Since ¢ is
unramified on Spec A\ ({p1} U {p2}), we have 04(t) = 0 by [19, §7.5]. Therefore,
0q(t) = 0 for all height one prime ideals q # p;. Now Kato’s complex (4.2) gives
9,0, (t) = 0. Moreover, the p-primary part of 9, : H*"?(k(p1)) — HT'(£) is an
isomorphism by [37, Theorem 3 (3)] and so it follows that 0y, (t) = 0.

For p1, the definition of A; in Section 2.2.2 gives

t= {)\7"1 (X1, X2)7 1+ aﬂ'ngl, bi,y..., bc+27q}
- {Lq(Xl)’ 1+ aﬂ_éH»l’ bl’ U bc+2*q} + {Lq_l(X2)77r17 1+ a/ﬂ-g+17 bla XN bc+2*q}

in H*t3(K,,). If the b; are all units in A then the properties of 17 (see Section 2.2.1)
give

t =P ({x, 1+ ams by, . besaq})
+ {LC+2((_1)C+1_q{X2; 1+ &ﬁg+1a Blv s 7Bc+2—q})a7rl}
= )\7r1 ({Xla 1 + aﬁg+l7 i)l? e ,60-1,-2—(1}, (_1)C+1_q{X27 1 + dﬁg+la Bla sy BC+2—(1})5

where the bars denote images in A/p;. Now, recalling that the residue map 0y, is
given by the inverse of A, followed by projection on the second factor, we obtain

0=0p,(t) = (—1)“" "9 {x2,1 + amy by, beto—q}

in H"2(k(p1)). In other words, xo annihilates U™ K. 5 ,(k(p1)), where the
unit filtration is defined using the discrete valuation corresponding to p2. By [19,
Proposition 6.5], this means that swp, (x2) < n.

A similar argument with b; = m; gives swg, (x1) < n. O

Our next result is an analogue of Proposition 4.2 in the case n; = 0. For simplicity
we state it only in the case » = 2. Suppose swy, (x) = 0 and swy,(x) = n > 1.
Write x = Ar, (x1,Xx2) in HY(K,,), with x1 € H%(k(p1)) and x2 € H? ' (k(p1)).
Applying Theorem 4.1 with j = 2, we can write

15Wp, .0 (X) = [+ w Adlog @, +w' Adlog |

T2,N

where n € Q% ;w,n’ € Q‘}{zl;w’ € Q‘Il{f and 7; denotes the image of w1 in Ry = A/ps.
Lemma 4.6. We have

rSW527n(X1) = [77]7 - /]7?2,77,7

I'SWpy,n (X2) = [_‘Dv c‘;/} Ta,my



where the bars denote reductions modulo p.

Proof. As in the proof of Lemma 4.5, we reduce to the case where dim(A) = 2; A is
complete; HSH!(£) # 0 where ¢ is defined by p® = [¢ : £°]; and the order of x is a power
of p. Our assumption that swy,(x) = n > 1 implies that ¢ < ¢+ 2. This follows from
Proposition 2.6(2) because Ky, has residue field x(ps2) with [k(p2) : r(p2)?] = p°T!
(see [19, Lemma 7.2], for example).

Consider the element

t= {X,l +a7‘r§,b1,...,bc+2_q} S HC+3(K)

for arbitrary @ € A and by, ..., beyo—q € A[l/mm2]*. Since ¢ is unramified on Spec A\
({p1}U{p2}), we have 94(t) = 0 for all q € Spec(A)*\ {p1,p2} by [19, §7.5]. Therefore,
Kato’s complex (4.2) gives

0y, Op, (1) + 0, 0p, (1) = 0. (4.3)

Beware that in what follows, for x € A, the notation  will sometimes denote the
reduction of z modulo p; and sometimes it will denote the reduction of x modulo
p2. In each new context, we will state which reduction is meant by the notation. The
notation T will always mean the image of a in ¢, in other words its reduction modulo

p1+pa.
In H*"3(K,,), by definition of the refined Swan conductor (Definition 2.14) we have

{x,1+arh} = A\p,(a(n +w Adlogm),a(n’ +w' Adlogm)),

where the bars denote reduction modulo ps. Therefore, by definitions of ¢ and of A\
(Section 2.2.2 and (2.8)),

t = {An,(a(n +wAdlog7),a(n +w Adlog71)), b1, ..., bera—q}
= {1761 (a(n +w A dlog 71))), b1, - -+, beta_q}
+ {Lq(él(d(’n, + OJ/ AN dlogﬁl))),ﬂ% bl, N ,bCJrQ,q}

in H°"3(K,,), where again the bars denote reduction modulo p,.
Suppose first that by, ..., ber2—q € A*. Then Lemma 2.11 gives
-1 C_q{él ZL(’I]/ + W' A dlogfrl)), 61, - ,BC+2_q}

/), b17 e 7l_)c+2—q} + (71)67(1{51(&0}/ A dlogﬁl),Bl, ey bc+2—q}

n
(_17]/), bl7 e ,Z_)CJrz,q} + (—1)67(1{(51 (c‘zw’), 7Tr1, l_)l, ey bCJrQ,q}
n

-1 C_q{(Sl a /)7 b17 e 7BC+27q} + {(51(@&)/), Bl; ceey bc+27q> 771-1}
in H*"2(k(p2)), where the bars denote reduction modulo ps. Therefore,

0 By, (t) = {61(aw’), b1, ... beya—g} = 61(aw’ Adloghy A... Adlogheia_g)  (4.4)
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in He*1(¢), where Z denotes the image of x in £ and w’ denotes the image of w’ in ngz.
On the other hand, under the assumption that by,...,b.42-4 € A*, a calculation
similar to the one in the proof of Lemma 4.5 yields

Op, (1) = (1)U xo, 1 +ary, by, ..., bera—q}

in H"2(k(p1)), where this time the bars denote reduction modulo p;. Now write
15Wp,.n(X2) = [, Bz, for some a € Qg_l,ﬁ € 93_2, where again the bars denote
reduction modulo p;. By definition of the refined Swan conductor, this means {x2, 1+
awh} = As,(aa, aB), where Z denotes the reduction of  modulo p; and Z denotes the
image of x in £. Thus, with the same convention for the bar notation,

apl (t)

(_1)c+17q{)\ﬁ2 (C:LCY, (:1,6), 61, ey bc+2—q}
(=1)H17909(51 (@), b, - - -y beta—g }
+ (=17 (61(@B)), 2, b beya—g}

= (—1)C+1_q{oq(61(5a)),l317 . ,Bc+2,q} — {Lq_l((sl ((:Lﬁ)),i)h RN bc+2,q,771'2}

in H2(k(py1)). We obtain
B} Oy, () = —{61(@B), b, ..., bera—q} = —01(@B Adlogby A+ Adlogbesa—g) (4.5)

in He*1(¢). Now combine (4.3), (4.4), (4.5) and Lemma 4.7 below to obtain 3 = w’.
The other equalities are obtained by taking some of the b; equal to my, ms. O

Lemma 4.7. Let { be a field of characteristic p > 0 with [0 : °] = p© and HE (€) # 0.
Let a € Qf be such that, for all a € £ and all by, ... be_q € £,

01(aa Adlogby A --- Adlogbe—g) =0

in HeH(€). Then oo = 0.

Proof. By [22, Lemma 07P2], Q} is a {-vector space of dimension c. By linear algebra,
Qf has dimension 1, and the wedge product Qf x Q;7% — QF is a perfect (-linear
pairing. The elements a dlog by A---Adlogb._q for a € £ and by, ... ,b.—q € £* generate
;7% so, if a # 0, then the hypothesis implies that d;(€2) = 0. But &, : Qf — HST(¢)
is surjective, so this contradicts Hi™ (¢) # 0. O

5 Blowing up

In this section, we show how information about the refined Swan conductor [«, 8]z »
is retained under blowups. Namely, in Lemma 5.1, we show that after a blowup at
a point Py on the special fibre, one can read off ap, and Bp, from the residues at
logarithmic poles of some relevant differentials.

First, we introduce some notation.
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5.1 Residues

Let ¢ > 1, let X — S be a morphism of schemes and let D C X be an effective Cartier
divisor. Suppose that X étale locally along D looks like D x A!, in the sense that
the de Rham complex of log poles is defined for D C X over S (see [22, Definition
OFMV]); this is for example true if D is a smooth prime divisor in a smooth variety
X over a field. Recall (from [22, Section 0OFMU], for example) the exact sequence

-

0— Q4 %/s

/s (log D) & Q4 =0 (5.1)

of sheaves on X, where p is the residue map: on a sufficiently small open set U, we
have D NU = (f) for some rational function f and any section w of 29(log D) on U
can be written as w = 1 + g dlog f with € Q4(U) and g € Q471(U); then p(w) is
defined to be g|p, which is independent of the choices made.

5.2 Residues after a blowup

For the remainder of this section, let Y be a smooth variety of dimension m over a
field L, Py € Y(L) a point, R = Oy,p, the local ring at P, with maximal ideal m.
Let f: Y — Spec R be the blowup at Py; by definition, we have Y = Proj S, where
S is the graded ring R ® @, m’, with the grading putting the factor m’ in degree
i. Let Z = f~1(P,) be the exceptional fibre, isomorphic to P’z%l. There is a natural
homomorphism m — S sending z € m to the element (") € S, which is 2 considered
as an element of the degree-1 factor of S. This induces a natural homomorphism
m/m? — H°(Z,0(1)), which we also denote by z ~ ().

We begin by identifying some natural isomorphisms.

The map d: m/m? — Q%,/L|p0 = Q}{/L ®pg L is an isomorphism; let

v: Qyplp, = H(Z,02(1)) (5.2)
be the inverse of this isomorphism composed with the map z — 2(!) defined above
(so Y(dx) = M),

By [38, Theorem II.8.13], there is a short exact sequence of sheaves
0—Q%(2) = O0z(1)™ = 02(2) =0
on Z, giving a short exact sequence
0— H(Z,9y,,(2)) = H(Z,02(1))™ = H°(Z, 0£(2)).
Observe that H(Z, Oz(1))™ can be identified with H°(Z, Oz(1))®2: one concrete way
to see this is by choosing an L-basis (comprising m basis vectors) for H°(Z, Oz(1)).

Having made this identification, the map to H°(Z,0z(2)) is given by z @ y + v,
and so its kernel is naturally (up to a choice of sign) identified with A>H%(Z, O4(1))
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under the embedding z Ay — (2 ®y) — (y @ ). Combining this with the isomorphism
1) gives an isomorphism

01 Qyplp, = HY(Z, Q1 (2)). (5-3)

The proof of [38, Theorem I1.8.13] leads to the following explicit description of ¢: if
T1,...,%, form a basis for m/m?, then

pldwi A\ day) = (25 d(" fx).

We are now ready to state the main result of this section.
Lemma 5.1. Fizx € m\ m? and let 7z = f*x.

1. The element 7z is a local parameter in O .

2. Take 5 € Q}{/L and denote by Bp, the image of B in Q%,/L|p0. Then (f*B)/7z
lies in Qf N Z(log Z) and has residue 1(Bp,)/z™M).

3. Iffurthermbre Bp, # 0, then (f*B)/n’, does not lie in Q}D‘? Z(log Z) forr > 1.

4. Take o € Q?%/L and denote by ap, the image of o in Q%,/L‘po. Then (f*a)/m%
lies in Q?% ; (log Z) and has residue @(ap,)/(z™1)2.

5. Iffurthermb’re ap, # 0, then (f*a)/n?, does not lie in Q%? Z(log Z) forr > 2.

Proof. Since the statements concern Og ,, we may work on the affine piece U of Y
obtained by inverting z(!). Denote by fy the restriction of f to U. We use standard

facts about blowups: see, for example, [22, Section 052P]. Extend x to a basis z =
T1,T2,. .., Ty, for m/m?; then we have U = Spec R’, where
R' = Rlug, ..., um|/(zus — T2, ..., TUm — Tp)
and u; = xgl)/a?(l). The ideal mR’ is principal, generated by the image of x, proving (1).
In what follows we will often abuse notation and identify R with its image in R'.
We can write 8 = aidx1 + - - - + aypdx,, with aq,...,a,, € R. Then
fo(B) = ardzy + az(uadzy + z1dug) + - - - + am (Umdzrr + x1duy,).
and so (writing 7z = x = x; in R’)

fo(8)/mz = (agdug + - - - + amduy,) + (a1 + agug + - - - + ap iy )drz /7.

By definition, this lies in Q}Q? B (log Z). Since each a; lies in R, the restriction of a; to

Z is the constant function a; (_P(]) The residue of f5(5)/mz is therefore

a1(P) + az(Pouslz + - -+ am(Po)tm|z = (a1(Po)a”) + .. apm(Po)a(D)) /2{V
= ¥(Bp,)/z)
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proving (2). Statement (3) follows easily: if (f*3) /77, were to lie in Q} o (log Z) with
r > 1, then (f*f3)/7z would lie in Q}Df, i but this is not the case, since by (2) its

residue is non-zero.

To prove (4), write o =
separately.

For terms with j = 1, we have

i>j @ijdr; A dry with a;; € R. We treat the terms

f{}(aﬂdxi A\ d.’ﬂl) = aﬂd(aclui) AN diL’l = ailxldui N d.’tl

and so
W;Qf[?(aﬂdfﬂi A d{El) = aﬂdui 74\ d’lrz/’ffz,

which has residue
an(Po)d(x;" /21) = p(an (Po)de; A day)/(af)?.

as required. For terms with 7, j # 1, we have

for(asjda; A dxj) = a;jd(ziu;) A d(zuy)

= a;; (22 du; A duj + zruidry A duj + z1ujdu; A dey)

and so

wng,j(aijdxi Ndxy) = azdu; A duj + a5 (ujdu; — widuj) ANdrg/mz,
with residue

aij(Po)u2d(zl" /) = p(ai;(Po)dz; A daj)/(2§)2.

This proves (4), and (5) follows as in the first case. O

6 Some calculations for P"

This section collects some calculations for projective space. In Section 6.1 we study
some spaces of differentials on projective space with poles of bounded (logarithmic)
order along a hyperplane, and show to what extent they are determined by their
residues. This will be used in Section 8 in the proof of Theorem B in conjunction with
a result of Kato (Proposition 4.2) to transfer information about the refined Swan con-
ductor along a chain of blowups. The relevant projective spaces will be the exceptional
divisors of these blowups. In Section 6.2 we describe the graded pieces of Kato’s filtra-
tion by Swan conductor on HY(E\ Z,Q/Z), where E is projective space over a field of
characteristic p and Z is a hyperplane. This will be used in Section 8 in the proof of
Theorem B once our successive blowups have reduced the Swan conductor to zero, and
Proposition 3.1 has reduced our task to computing the residue map 0 via Lemma 3.3.
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6.1 Differentials with logarithmic poles along a hyperplane in
]P)'I’L

Let L be a field and let P* = P} have coordinates X, ..., X,. Let H C P" be the
hyperplane defined by X, = 0.
Lemma 6.1. 1. The homomorphism

HO(B", Q1 (log H)(H)) % HO(H, O(1)), (6.1)
obtained by forming the tensor product with O(H) in (5.1) and using O(H)|g
Ou (1), is an isomorphism. HO(P", Q' (log H)(H)) has a basis {d(X;/Xo) : 1

i < n} satisfying p(d(X;/Xo)) = —Xi|u-
2. HO(P", QY (2H)) has a basis consisting of the n(n + 1)/2 elements

{(X?/X3)d(X;/X;) = _(X?/Xg)d(xi/Xj) :0<i<j<n}

The n of these with i = 0 make up the aforementioned basis of the subspace
HO(P", Q'(log H)(H)). The natural morphism of sheaves Qb. — 1.QL (where ¢
is the inclusion of H in P™) gives rise to a short exact sequence

w—w| g
e

0 — H(P™, Q' (log H)(H)) — H°(P", Q' (2H)) HO(H,0Q'(2)) =0

in which, for 0 < i < j < n, the basis element (X?/X3)d(X;/X:) maps to

J
X2d(X;/X;) € H'(H,Q(2)).
3. The homomorphism

HO(P",9(log H)(2H)) & H°(H,Q'(2)),
obtained by forming the tensor product with O(2H) in (5.1) and using O(2H)|g =
Ou(2), is an isomorphism. H°(P™, Q?(log H)(2H)) has a basis consisting of the
n(n —1)/2 elements

satisfying p(d(X,/Xo) A d(X;/X0)) = X2d(X,/X,).
Proof. We will repeatedly use the short exact sequence
0— Qb — Opn(=1)""1 = Opn — 0 (6.2)
of [38, Theorem I1.8.13] which, together with the standard calculation of the cohomol-
ogy groups H!(P", O(r)), lets us calculate the cohomology of Q!(r) (or, equivalently,

QY(rH)). For r > 0, taking the tensor product with O(r) and taking cohomology gives
the exact sequence

0 — HO(P™, Q' (r)) — HO(P",O(r — 1))+ & HO(P™, O(r)) —
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— HY(P", QY(r) =0, (6.3)

where we have used H*(P", O(r — 1)) = 0. Identifying HY(P", O(r — 1)) with the space
of homogeneous polynomials of degree » — 1, the map « is given by

Oé(fo,,fn):fOX0++an

To prove (1), take r = 1; then « is an isomorphism, showing that H°(P", Q!(1)) and
HY(P",Q1(1)) are both zero. It then follows easily that p: H(P", Q! (log H)(H)) —
HY(H,O(1)) is an isomorphism. We have

showing p(d(X;/Xo)) = —X;|u. The elements —X;|y form a basis of H(H, O(1)),
showing that the d(X;/X,) form a basis for H(P", Q! (log H)(H)).

To prove (2), take r = 2; then a basis for the kernel of « is given by the n(n+1)/2
elements having X; in the jth position and — X in the ith position, for ¢ < j. Therefore
HO(P", Q!(2H)) has dimension n(n + 1)/2.

We can now prove by induction on n that the claimed elements do indeed form a
basis. For n = 1 the dimension is 1 and it is clear. Assuming the statement to be true
for P"~1, the elements X2d(X;/X;) with 0 < i < j < n form a basis for H’(H, Q'(2)).
Now, of the claimed basis elements (X?/X2)d(X;/X;), those with i = 0 form a basis
for HO(P", Q' (log H)(H)) by (1) and restrict to zero on H. Those with i > 0 map
bijectively onto our basis for H(H, Q!(2)), showing that all together they form a basis
for HO(P", Q' (2H)).

To prove (3), we first verify p(d(X;/Xo) A d(X;/Xo)) = X2d(X;/X;) by writing

d(X;/Xo) /\d(Xj/Xo) X;X;/X3) dlog(X:/Xo) A dlog(X;/Xo)

)
X; X /Xo)dlog(X /Xo) A dlog(Xo/X;)
X;X;/X3)(dlog(X;/X;) — dlog(Xo/X;)) A dlog(Xo/X;)
Xz/Xo) (

P

X/ Xi) A dlog(Xo/Xi)

which, since X(/X; is a local parameter at H, gives the claimed result.
Given the exact sequence

0 — H°(P",Q%(2H)) — HO(P", Q%(log H)(2H)) & H°(H,Q*(2)),

and that the elements X?d(X,;/X;) form a basis for H*(H,Q!(2)) by (2), it is now
enough to show HO(P", Q?(2H)) = 0. To see this, consider the short exact sequence

0— 02, = A2(Opn (—1)") = QL =0
arising from (6.2); for details see [22, Lemma 0FUK] and its proof. As remarked there,

the middle term is isomorphic to the direct sum of n(n+1)/2 copies of O(—2). Twisting
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and taking global sections gives a short exact sequence
0 — HO(P",Q%(2)) — HO(P", 0)"("+D/2 - HO(P", Q' (2)) — H' (P, Q%(2))

in which the last term vanishes by loc. cit.. Comparing dimensions shows
HO(P", Q%(2)) = 0, completing the proof. O

6.2 (Refined) Swan conductors for H'(E \ Z,Q/Z)

Let I be a field of characteristic p > 0, let £ = Pg' and let Z C E be a hyperplane.
Let k(E)z be the field of fractions of the Henselisation of Og z. Let % denote the
canonical map H)(k(E)z) — H'(k(E)z,Q/Z) induced by identifying Z/p with the
p-torsion in Q/Z.
Lemma 6.2. Let F = P* with homogeneous coordinates Xy, ..., X, and let Z be
the hyperplane Xo = 0. Write 1 = Xo/X1. Let k(E)z be the field of fractions of
the Henselisation of O z and consider the filtration on H'(E \ Z,Q/Z) obtained by
pulling back {fil, H*(k(E)z)}.

1. filyHY(E\ Z,Q/Z) consists of the constant classes H'(F,Q/Z).

2. For ptn, there is an isomorphism

H(Z,0(n)) — gr, H'(E\ Z,Q/Z)

given by F +— %51(15/X6‘), where F € HO(E,O(n)) is any lift of F and
61: k(E)z — HL(k(E)z) is the Artin-Schreier map. The refined Swan conductor
is given by

1. ~
rsw (301(F/XD)) = [ = d(F/XT)F/XT],,
Proof. There is an exact sequence

0 — H'(F,Q/Z) - HY(E\ Z,Q/Z) — H'(E \ Z,Q/7)

where E, Z are base changes of F, Z to a separable closure of F. By Proposition 2.6,
the piece filg HY(E \ Z,Q/Z) is generated by the prime-to-p torsion in H*(E\ Z, Q/Z)
together with the elements unramified at Z, that is, the image of H!(E,Q/Z). We
have E = PP and E \ Z = A, Therefore H(E \ Z,Q/Z) has no prime-to-p torsion,
showing that the prime-to-p torsion in HY(E \ Z,Q/Z) all comes from H(F,Q/Z).
Moreover, H!(E,Q/Z) is trivial, showing that the image of H!(E,Q/Z) also coincides
with H!(F, Q/Z). This proves (1).

Since the filtration on H'(E \ Z,Q/Z) is obtained by pulling back that on
H!(k(E)z), the resulting map

gr, H'(E\ Z,Q/Z) — gr, H'(k(E)z)
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is injective. By [19, Lemma 3.6], for p { n there is a surjection
1 1 ~_—N
h:k(Z)— gr, H (k(E)z), x = =01 (Zr ™).
p
By [19, Lemma 3.7], the resulting element has refined Swan conductor

1
ISW,, <p51(5c71'_”)) = [—dz, nx] 7 n.

In particular, this shows that h is an isomorphism for p { n. We claim that the image of
HY(Z,O(n)) under the injective map F + F/XJ corresponds under the isomorphism
h to gr, HY(E\ Z,Q/Z).

Indeed, we have h(F/X7}) = %51(ﬁ/X6‘), which is unramified outside Z. On the
other hand, if x is an element of gr, H'(E \ Z,Q/Z) then we write x = ]%51(:%%’")
and consider its refined Swan conductor. By Theorem 4.1 applied to the local rings
of all points in Z, we see that x is regular on Z apart from a pole of order at most n
along X1 = 0. (For points where 7 is a local equation for Z this follows immediately;
at other points of Z a simple change of variables is needed.) Thus «x is of the form
F/X7 for some F € HY(Z,O(n)), as claimed. O

7 Tangent vectors

We return to the setting and notation of Theorem B, wherein k is a p-adic field with
ring of integers Oy, uniformiser 7 and residue field F, and X/k is a smooth geomet-
rically irreducible variety with smooth model X /Oy, and geometrically irreducible
special fibre Y. For r > 1 we write ¢, for the reduction map X (Oy) — X (O /7" Oy),
where 7 denotes a uniformiser of k. For P € X(Oy) we use B(P,r) to denote the set
¢, (g-(P)) of points Q € X(O) such that Q has the same image as P in X(O/7").
We write Py for the image of P in Y (FF).

In Lemma 7.1 we collect some well-known facts relating lifts of points to tangent
vectors. In Lemma 7.3 we show how to keep track of these tangent vectors when
blowing up our scheme X at a point on the special fibre.

Lemma 7.1. There is a function B(P,r) — Tp,(Y), which we denote as Q — [@]r,
depending on the choice of uniformiser m and with the following properties.
1. The function factors as qr+1 followed by a bijection from q.+1(B(P,r)) to Tp,(Y).
2. For a point Q € B(P,r) and a regular function f € Ox. p,, we have

£(Q) = F(P) + 7"dfp, ((PG],) (mod 7"*Y), (7.1)

where df € Qg py /F 18 the derivative of f restricted to Y, dfp, € Q3-|p, is ils

image in the stalk at Py, and Q3-|p, is naturally identified with the F-linear dual
Of TP(] (Y)

3. Let k' [k be a finite extension, with F' /F the extension of residue fields, and let X'
and Y’ be the base changes of X to k' andY to F', respectively. Let P' € X'(k')

41



be the base change of P. Fix a uniformiser ©' in k' and write m = c(x')* with
c € OF, so that e is the ramification index of k' /k. Let ¢ denote the image of ¢
in F*. Then the diagram

-

[P']r

QT+1(B(P7 T)) TPo (Y)

! e

o
Gerp1 (B(P,er)) 2205 1 (v7)

commutes, where we identify Tp,(Y') with Tp,(Y) ®r F'.

Proof. One explicit way to see this is as follows. Write d = dim X. Since X — Oy
is smooth at Py, there is a neighbourhood of Py that embeds into A%k as the zero
set of n — d polynomials f1,..., f_q. Such an embedding induces an embedding of
the tangent space Tp(X) into Tp(A™) = OF. Consider a point @ € A™(Oy) that is
congruent to P modulo 7"; we can write Q = P+7"v, where v € Tp (A%k) is a vector.
Using the Taylor expansion, the condition that ¢,1(Q) lie in X' can be written as

(f1(@)s--- fa-a(@)) = (f1(P),. ., fa—a(P)) + 7" J(P)v =0 (mod 7" *), (7.2)

where J is the (n — d) x n Jacobian matrix of partial derivatives of the f;. Let v €
F™ be the reduction of v modulo 7; the reduction of J(P) modulo 7 is J(P,). The
condition (7.2) is equivalent to J(Py)v = 0, which simply says that v lies in the tangent
space Tp,(Y'); because Y is smooth at Py, this is an F-vector space of dimension d. So
every point @ € B(P,r) gives rise to a vector v € Tp,(Y), and we define [@]r =V.
Conversely, every v € T, (Y') gives a solution to (7.2), which by Hensel’s Lemma lifts
to a point of B(P,r). This defines the bijection of (1).

For (2), take Q € B(P,r) and write as before Q = P + 7n"v, where v € Of
has reduction v lying in Tp,(Y). The function f extends to a regular function on a
neighbourhood of P in Ap, , and we denote the extension also by f. Taylor expansion
gives

Q) = f(P)+ 7 V(P)-v (mod x"*).
This depends only on v, and the restriction of V f(P) to Tp,(Y) is dfp,, proving (2).
Also, property (2) characterises the bijection and does not depend on the embedding
used to define it, showing that the bijection itself does not depend on the embedding.

The statement (3) follows easily from the definitions using

P+7'v=P+c(7')"v. O

Remark 7.2. The canonical bijection is between ¢,.11(B(P,r)) and the vector space
Tp,(Y) ®p (m"/m" 1) instead of T, (Y), as can be seen by applying (3) with k = k’.
See, for example, [34, §IIL.5]. That gives a bijection independent of the choice of 7.
However, since we will use the formula (2), we opt for the explicit rather than the
canonical choice.
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7.1 Tangent vectors and blowups

Let m denote the maximal ideal of Oy p,. Let f: X — X be the blowup of X at
Py and let E be the exceptional divisor, isomorphic to Pg*. Let Y denote the strict
transform of Y. The linear form 7() € H°(E, O(1)) cuts out a hyperplane in E which
is ENY. Its complement U is naturally isomorphic to Spec Sym(m/m?), the affine

space corresponding to the vector space m/m?. To make this explicit, choose a system

(1) (1)
1

of local parameters m,z1,...,2y in Ox p,; then Mz .., Zm’ give a system of

projective coordinates on E, so the u; = mgl)/w(l) for 1 < ¢ < m restrict to a system of
affine coordinates on U. This means that, for every point O € U(F), there is a natural
isomorphism 6 from m/m? to the cotangent space mp/m%. (In explicit coordinates,
Lemma 7.3. Let Q € B(P,r), let ]3, é be the strict transforms of P, Q, respectively,
and let ]30, QNQO € E(F) be their respective reductions.

~ ~ ==
1. Ifr > 1, then Q € B(P,r—1) and the dual map 0" : T5 U — Tp,Y sends [PQ]r—1

==
to [@]T In explicit coordinates, du;([PQl,—1) = da:z([li@]T) for1<i<m.
2. If r = 1 then u;(Qo) = dmi([@]l) for1<i<m.

Proof. Work on the affine piece of X corresponding to 7(1); then f is defined by
x; = mu; for 1 <4 <m and (7.1) yields

7u:(Q) = mus(P) + Wrdxi([@],.) (mod 7" 1. (7.3)

Hence, u;(Q) = u;(P) (mod n"~1) for 1 < i < m, whereby Q € B(P,r — 1). For
r>1, (7.1) yields

~ ==
ui(Q) = ui(P) + 7" du;i([PQ],—1) (mod 7"). (7.4)

and comparing (7.3) and (7.4) proves (1).
To prove (2), observe that for r = 1, (7.3) gives

ui(Q) — us(P) (mod )
u;(Qo) — ui(Po) = ui(Qo)

da:([PQ)1)

since u;(Py) = 0. O

8 Proof of Theorem B

We continue with the setting and notation of Theorem B. In this section, we will prove
the following strengthening of Theorem B.

Theorem 8.1. Let k be a finite extension of Q. Let X be a smooth, geometrically
irreducible variety over k, and let X — Spec Oy be a smooth model of X . Suppose that
the special fibre Y of X is geometrically irreducible. Let n > 0, let A € fil, Br X, and
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let rsw,, (A) = [a, Blan for some (o, B) € Q2 BOL. Let P € X(Ok), and let Py € Y (F)
be the reduction of P. Then
1. « and B are reqular at Py.

Moreover, we have the following description of the evaluation map |A|: X(Of) — Brk.
2. For Q € B(P,n),

inv A(Q) = inv A(P) + % Trs s, Br, ((PO])-

In particular, if Bp, # 0 then |A| takes p distinct values on B(P,n).
8. If B=0 and n > 2 then there exists v € Qi-|p, such that, for Q € B(P,1) and
Re B(Q,n—1),

inv A(R) = inv A(Q) — }3 Trg 2, apy (POl [QBln1) + }9 Trgz, (v([QBln1)).

If, furthermore, 2 <n < e’ +2+te for some t € Z>o with [k(pu,e+1) : k] coprime
to p then the following holds. For any integer s with 1 < s <n/2, Q € B(P,s)
and R € B(Q,r) with r =n — s, we have

inv A(R) = inv A(Q) — gmm,, oap, (PG, [QR,) + gaq(R),

where gag : B(Q,r) — p UtVZ/Z is a continuous function satisfying

94.0(R) = L Trgju, ((QR)u—1)) for all R € B@Q.n —1).

4. If 8=0 and ap, # 0 then there exists Q € B(P,1) such that |A| takes p distinct
values on B(Q,n — 1).

5. Suppose A has order p'*1 in Br X for some t € Z>o. Suppose either that n >
e+ (t—1e, or that n = € + (t — 1)e and C(a) = C(B) = 0, where C denotes
the Cartier operator.

(i) If Bp, # 0 then |A| : B(P,n — te) — p~"tVZ/Z is surjective.
(i) If 5 =0 and ap, # 0 then, under the additional assumptions that n > e’ + 2
and n > te+ 3, there exists a point Q € B(P,1) such that |A| : B(Q,n—te —
1) = p~HVZ/Z is surjective.
Remark 8.2. 1. As remarked in the introduction, case (4) is only possible if p | n.
In fact, Lemma 2.17 shows that if ptn and § = 0 then « = 0.

2. Lemma 8.10 provides a complement to (3) in the case where § =0 and p =n = 2.

3. The function g4,o(R) in (3) satisfies ga,o(R) = D(R) — D(Q) for some D €
fil,_1 Br(Ox p,[p']): see the proof on page 52.

4. The condition in (3) that the Swan conductor of A be smaller than ¢’ + 2 + te
for some t € Z>o with [k(p,e+1) : k] coprime to p is automatically satisfied (with
t = 0) if p? does not divide the order of A in Br X, see [19, Proposition 4.1(1)]
and Proposition 2.6(1).

5. The condition in (5)(ii) that n > te + 3 is only needed if p = ¢ = 2. In all
other cases where ¢t > 1, it follows from n > ¢’ + (¢t — 1)e combined with p | n
(Lemma 2.17) and p | e (Remark 2.20). The result for ¢t = 0 is (4).
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We begin the proof by noting that Theorem 8.1(1) follows from Theorem 4.1
applied to the local ring Oy p,. (Note that A lying in Br X C H?(K) is equivalent to
A being unramified on X in the sense of § 4.1 by [19, Corollary 2.5] and purity, see
[14, Theorem 3.7.3], for example.)

Now let f: X=X be the blowup of X" at Py and let E be the exceptional divisor,
isomorphic to Pg*. Let Y, P, @, R denote the strict transforms of Y, P,Q, R and let
Z=FENY. Let ]30, @0, }N%O € E(F) be the reductions of 13, @, ﬁ, respectively. Let K
denote the function field of X. Let m be the maximal ideal of Ox p,. Extend 7 to a
basis 7, 1, . . ., £, for m/m?. Then the restrictions of 7(1), xgl), . 7x5,1L) € HO(/'F7 0(1))
give a system of homogeneous coordinates on E = Py, in which Z C E is cut out by
7D = 0. On X we have ngl) =27, giving m = 7y TE where

mp =aW /Y, g = (@)

are local parameters at the divisors Y and E respectively.

Our first two results in this section relate the Swan conductor and refined Swan
conductor at E of f*A to those of A. We recall the definitions of swg(f*.A) and
rswg n(f*A) from Section 4.2. We make use of the homomorphisms 9 : Q%//F\po —
H°(Z,0(1)), ¢ : Qf,/F\po — HO(Z’QlZ/F(2)) and p : HYE,Ql(log2)(2)) —
HY(Z,0(1)) defined in (5.2), (5.3) and (6.1), respectively.

Lemma 8.3. Let A € BrX with sw(A) = n > 1 and rsw,(A) = [o, Blan. Then
swe(f*A) <n—-1andrswg,_1(f*A) = [ag, Belxn_1 where Bg is the unique element
of HY(E, Q' (log Z)(Z)) satisfying p(Br) = —(Bp,). Explicitly, if Bp, = Y., a;dz; for
some a; € F then Bg =), a;du; where u; = xgl)/w(l). In particular, if Bp, # 0 then
swe(f*A)=n—-1.

Proof. The blowup f induces an isomorphism Oy y — O T3 whereby swg (f*A) =
swy A and

rswy  (ffA) =77" (f*a + f*8 Adlog 7r>.

Since F is perfect, f = Q2 = 0. In particular, this implies that the images of «
and S in Q2 and QF, respectively, are zero. Thus, A is not strongly clean with respect
to Ox. p, (see Definition 4.3). Consequently, Theorem 4.4 shows swg(f*A) < n. Write
swg(f*A) =n —r for some r > 1.

Writing m = g gives

wswy, (fA) = (wery ™) " (fat B Adlogmp + fB Adlogmy ). (8.1)

Let Ry = O3 ,/my = Oy , and Rgp = Oz ,/mp = Op z. Now Theorem 4.1 gives
g [*B € Q}g‘? (log Z).

Suppose Bp, # 0. Applying Lemma 5.1(3) shows that r = 1, that is, swg(f*A) =
n — 1. On the other hand, using 7 as a uniformiser on E, we have

swg o1 (f*A) = (7" 1)~ (aE + B A dlogw)
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with (ag, Bg) € Q2 .. ® QL .. Writing 7 = mg7p gives
w(E) w(E) %

rswgn—1(f"A) = (ﬂ%ﬂ"é_l)_lwf, (aE + Be Ndlog gy + Be A dlogﬂ'E>. (8.2)

Applying Theorem 4.1 to all local rings of E gives B € Qk(log Z)(Z).

We now apply Proposition 4.2, which states that the terms in dlog 7y A dlog g
in (8.1) and (8.2) coincide, after restricting to x(Z). In other words, the residue
of —ﬂglf*ﬁ along Z C Y and the residue of nyBE along Z C E are equal. By
Lemma 5.1(2) and Lemma 6.1(1), this is equivalent to p(8g) = —¢(8p,).

If, on the other hand, we have Sp, = 0, then either » = 1 and the above calculation
gives g = 0; or r > 1 and ag, Bg both vanish; in either case, the claimed equation
for B holds. O

Taking s = 0 in Lemma 8.4 below shows that when S = 0 the Swan conductor
drops further and the refined Swan conductor at E of f*A is related to ap,.
Lemma 8.4. Suppose n > 0 and p | n. Let s > 0 and suppose sw(A) =
n — 2s and rswy_os(A) = [o, Bslrn—2s With oy = ZDJ- ai;dx; A dx; and By =
83 s @ijid(zi/xj) for some ai; € Oyp,. Then swp(f*A) < n—2(s+1) and
rSWE',n72(s+1) (f*A) = [aEaﬂE}ﬂ,n72(s+1) with

O = Zaij(Po)dui A d’LLj
Be=(s+1) Zaij(Po)u?d(ui/uj) mod H(E, Q*(log Z)(Z)).

i>j

In particular, if o p, # 0 then swg(f*A) =n —2(s+1).
Remark 8.5. By Lemma 6.1(2), the statement concerning g is equivalent to Sg|z =
(s 4+ 1)p(ap,), where ¢ is defined as in (5.3).

Proof. By Lemma 8.3 and its proof, swg(f*A) <n—2s—1 and rswg n_25—1(f*A) =
[, 0]y n—2s—1 for some o’ € Q% since all the z; vanish at Py and hence 8, p, = 0.
Suppose for contradiction that swg f*A =n — 2s — 1. Then (8.1) gives

1wy o, (F7A) = (a2 T ( Fras+ 8. Adlog Ty + f*Bs A dlog W).

(8.3)

Since A, p, = 0, Lemma 5.1 shows that 75, f* 8, € Q'(Y) and 75! f*a, € Q2(Y), with
(75" f*as)|z = 0. Moreover, (8.2) becomes

ISWE n—2s—1(f*A) = (7‘(‘;72877%72871)_171'}7(1/. (8.4)

Applying Theorem 4.1 to all local rings of E gives o/ € Q% (log Z)(Z). Now we

apply Proposition 4.2 twice: comparing the dlogmg terms in (8.3) and (8.4) gives

(m5' f*Bs)|z = 0; comparing the remaining terms gives o/ € Q?(E). Since E = P,

we have Q?(F) = 0 and hence o/ = 0. Therefore, rswg ,_2s—1(f*A) = 0, which

contradicts the assumption that swg f*A =n—2s—1. Hence swg f*A <n—2(s+1).
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It remains to prove the claims concerning the refined Swan conductor at level
n—2(s +1). Write swg f*A=n —2(s + 1) — r for some r > 0. Then (8.1) gives

15wy o (fFA) = (w;i,_zswg_z(sﬂ)_r)*171']52_’" (f*as+f*ﬂs/\dlog m+f*BsAdlog 7r}~,) .
(8.5)

By Theorem 4.1, 7> " f*B, € Qbiz(log Z) and 75,7 " fra, € Q%?7Z(log Z), where-
upon Lemma 5.1 shows that if » > 0 then o, p, = 0. This implies that all the a;;(P)
are zero, which proves the claimed equality in the case r > 0, since then ag and Sg
are zero by definition of the refined Swan conductor at level n — 2(s + 1).

Let us assume henceforth that as p, # 0 and hence swg(f*A) = n — 2(s + 1).
Now (8.2) becomes

1SWg n—o(s41)(fTA) = (wg_Qsﬂ%_Q(sH))*lﬁ% (ozE + Be Adlog g + B A dlog TI'E).
(8.6)
Applying Theorem 4.1 to all local rings of E gives Bp € QL(log Z)(2Z) and ap €
Q2% (log Z)(2Z). Now we apply Proposition 4.2 several times. Comparing the dlog 7z A
dlog g terms in (8.5) and (8.6) shows that the residue of W%BE along Z C FE equals

the residue of 771']52 f*Bs along Z C Y. We now show that this residue is zero. Recalling
that f*x, = mg, we have

—m f Be =5 fraiuld(u/u) = s frag(uidu; — ujdug), (8.7)

i>j i>j

which has zero residue along Z C Y. Therefore, ﬂng*ﬁs € Q}% B and B € QL (27).
Comparing the dlog 7g terms in (8.5) and (8.6) shows that (T(%ﬁEHZ equals the sum

of the residue of WEQf*ozS along Z C Y and 7r]52f*58|z. Lemma 5.1 shows that the
residue of WEQf*aS along Z C Y is

‘P(QS,PO)/(x(l))2 = <P(Z a;j(Po)dx; A dxj)/(x(l))Q.

i>7

Moreover,
m” Bz = s (Y ayy (Po)day Aday ) (V).
i>j
Hence, (72 8g)|z = (s + 1)50(Z¢>j a;j(Po)dz; A dxj)/(x(l))z. Multiplying by (2(1))?
shows that
5E|Z = (S + 1)(,0(2 aij(Po)d:L'i AN dl’j) .
i>j

By Lemma 6.1(2), this proves the claim regarding Sg.

Now compare the dlog w5 terms in (8.5) and (8.6) to see that w5 f*3|z is equal to
the sum of the residue of 7r}2~,ozE along Z C F and (W%ﬁE)‘Z. By our calculations above,

this implies that the residue of 7r}2~,aE along Z C FE equals —<P(Z a;;(Po)dz; N

1>7
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dxj) /()2 Now Lemma 6.1(3) shows that this residue is equal to p(ag)/(zM)? and
hence ag = ZDJ- a;j(Po)du; A du;. O
The next two results deal with the end game, where the Swan conductor at E is
zero and our task is to compute the residue g (f*A).
Lemma 8.6. Let A € BrX with sw(A) = 1 and rswi(A) = [a,B]r1. Then
swe(f*A) = 0. Let F € H°(E,0(1)) be any linear form restricting to ¢ (Bp,) on Z.
The residue Op(f*A) € HY(k(E),Q/Z) lies in HY(E \ Z,Q/Z) and coincides, mod-
ulo HY(F, Q/Z), with the image of /7 under the map x(E) — H'(x(E),Z/p) 2
HY(k(E),Q/Z) induced by the Artin-Schreier sequence.

Proof. We begin as in the proof of Lemma 8.3 to obtain swg(f*A) = 0 and
rswil(f*A) = (w};)_lwgl (f*a + f*8 ANdlogmg + f* 8 A dlog 7T}7>.

Write x2 = 0g(f*A) € H'(k(E)). By Proposition 3.1, 2 lies in the subgroup H!(E\
Z,Q/Z). Denote by k(E)z the field of fractions of the Henselisation of Og z. To
determine Y2, we consider Kato’s filtration on H! (k(E)z). Lemma 4.5 gives swz(x2) <
1, and Lemma 4.6 gives

rswz1(x2) = [, Bl 1

in which £ is equal to the residue of 7' f*3 at Z, that is,

B8 =9 (Bp,)/x\"

by Lemma 5.1. The proof is completed by Lemma 6.2. O

Lemma 8.7. Suppose p = 2. Let A € Br X with sw(A) =2 and rswa(A) = [@,0]x 1.
Then swg(f*A) = 0. Furthermore, let k(E)z be the field of fractions of the Henselisa-
tion of Op,z and and consider the filtration on H(E\ Z, Q/Z) obtained by pulling back
{fil, H'(k(E)z)}. Let F € HY(E,O(2)) be any quadratic form such that dF restricts
to p(ap,) on Z. The residue O(f*A) € HY(k(E),Q/Z) lies in HY(E\ Z,Q/Z) and
coincides, modulo fily H'(E \ Z,Q/7), with the image of F/(xM))? under the map

k(E) — H (k(E), Z/p) 2 H (k(E), Q/Z) induced by the Artin-Schreier sequence.
Proof. We begin as in the proof of Lemma 8.4 to obtain swg(f*A) = 0 and

rswy o(f*A) = 77}:/277152f*04 = [r5 ", 0l 2-

Write x2 = 9 (f*A) € H!(xk(E)). By Proposition 3.1, xy2 € H'(E\Z, Q/Z). Lemma 4.5
gives swz(x2) < 2, and Lemma 4.6 gives

I'SWZ}Q(XQ) = [—@70]77}7’2 (88)
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in which @ is equal to the residue of ﬂng*a at Z, that is

& =p(ap,)/ (@) (8.9)

by Lemma 5.1.
Let F € H(E,O(2)) be any quadratic form such that dF restricts to ¢(ap,) on

Z. To see that such an F' exists, write o = ZDj a;jdx; A\ dry with a;; € Oy, p,. Then

plar,) = ai(Po) (a5 ?d(x f37)
i>j
= Z A5 (Po)d(I,El)Jfgl))
i>j
since we are in characteristic p = 2.

Now let 61 : k(E)z — HL(k(E)z) denote the Artin-Schreier map. Note that
61(F/(m)?) is unramified outside Z and hence %51(F/(7r(1))2) € HY(E\ Z,Q/Z). By
[19, Lemmas 3.6 and 3.7], %51(F/(7r(1))2) € H'(k(E)z) has refined Swan conductor

5w 7201 (F)(x)%)) = [=dF/(217)2, 00y 2 = [=p(am)/ ()%, O]y 2 (810)

Y

The result now follows from (8.8), (8.9), (8.10) and the injectivity of the refined Swan
conductor on the graded pieces of Kato’s filtration by Swan conductor. O

We now prove Theorem 8.1(2) in the case n = 1. This will form the basis for a
proof of Theorem 8.1(2) by induction.
Lemma 8.8. Let A € fil; Br X, and let rswq(A) = [o, f]r1. Let P € X(Ok), and let
Py € Y(F) be the reduction of P. For Q € B(P,1),

inv A(Q) = inv A(P) + 11) Trs e, Br, ((PQ1).

In particular, if Bp, # 0 then |A| takes p distinct values on B(P,1).
Proof. We have

inv A(Q) — inv A(P) = inv A4,

where A = f*.A(@) — f*A(]B) € Brk. By Lemma 8.6, Proposition 3.1 and Lemma 3.3,
A € Brk[p] and

invA= 2}) Tr]F/]Fp (F/ﬂ'(l)(éo) - F/ﬂ(l)(ﬁo)),

where F' € HY(E,O(1)) is any linear form restricting to 1(8p,) on Z. Write 8p, =
>, aidx;. Then we can take F' = )", aixl(.l) and hence F/nx(1) = >, aiug, where u; =
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xl(-l)/ﬂ(l). Since u;(Py) = 0 for 1 < i < m, we have F/7((Fy) = 0 and
: 1 WO
invA= " Tryw, (F/7r (Qo)).

Now the result follows from Lemma 7.3(2). O
We now prove Theorem 8.1(2) by induction.

Proof of Theorem 8.1(2). Let N > 1 and suppose that we have proved Theorem 8.1(2)
for all n < N. Our task is to prove it for n = N + 1. Suppose that A € fily1 Br X,
rswyi1 A = [, Blr nt1, @ € B(P,N + 1). By Lemma 8.3, swg(f*A4) < N and
rswg N (f*A) = [ag, Belx.n Where Bg is the unique element of HO(E, Q! (log Z)(Z))

satisfying p(Bg) = —¢(Bp,). Now we apply Theorem 8.1(2) to f*A € BrX, P €
X(Ok),Q € B(P, N) to obtain

inv f*A(Q) = inv f*A(P) + % Trg /e, (ﬂEﬁo ([%]N)). (8.11)

== ~
Lemma 7.3(1) shows that 3, ﬁo([PQ]N) - gpo([@]]m). Noting that f*A(Q) =
A(Q) and f*A(P) = A(P) completes the proof of Theorem 8.1(2). O
Now we turn our attention to the proof of Theorem 8.1(3) and (4). We begin with
the first statement of Theorem 8.1(3), which is the content of the next lemma.
Lemma 8.9. Let n > 2 and let A € fil,, Br X with rsw,, A = [a, 0], . There exists

v € Qi |p, such that the following holds: for any Q € B(P,1) and R € B(Q,n — 1),
we have

i ACR) = v A(Q) =+ Traye, (cn, (@1, [@R-) + ([ Qo).

Furthermore, if ap, # 0 then there exists Q € B(P,1) such that |A| takes p distinct
values on B(Q,n — 1).

Proof. By Lemma 8.4, swg(f*A) € fil,_oBrX and rswg ,—2(f*A) = [ag, BE]rn—2
where 8 € HY(E,QY(22)) satisfies 8|z = p(ap,). Writing ap, = > ai;dz; A dz;
for some a;; € F and letting u; = xgl)/w(l), this means g = (1 + B2 where 5, =
> aijuid(ui/u;) and By € HY(E,Q'(log Z)(Z)). Lemma 6.1(1) shows we can write
By = " bydu for some b; € F. Note that R € B(Q,n — 2). Now Theorem 8.1(2) gives

~ ~ 1 ==
inv A(R) — inv A(Q) = inv f*A(R) —inv [ A(Q) = - Trey, i, g, (QRn—2).
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==
It remains to check that 8, 5 ([QR]n—2) = *Oépo([.@]l,[@]n_l) and set v =
— > bidx; € QY| p,. We have

== ~ == ~ ==
B .5, ([QR]n—2) = Zaij (uj(Qo)dui ([QRln—2) — ui(Qo)du; ([QR]n-2))

Now the claimed formula follows from Lemma 7.3.
For the second claim, it suffices to show the existence of tangent vectors v,w €

Tp,(Y) such that Trp/r, (ozp0 (v,w) + W(w)) # 0, since one can then multiply w by

scalars in F,,. Since ap, # 0, it is easily seen that there exist v, w’ € Tp (Y') such
that ap, (v, w") +v(w’) # 0. The non-degeneracy of the trace form implies that there
exists A € F such that

Trp/p, ()\(apo (v, w') + ’y(w'))) # 0.

Now take v = v’ and w = \w'. O

The following lemma for the case p = n = 2 completes the proof of Theorem 8.1(4).
Lemma 8.10. Suppose p = 2. Let A € fil, Br X, and suppose that rswa(A) = [, 0] 2.
Write ap, = Y ai;jdz; Adx; for some a;; € F. Let P € X(Ok), and let Py € Y(F) be
the reduction of P. There exists v € Q3| p, such that for Q € B(P,1),

inv A(Q) = inv ACP) + 5 Trsge, (3 asyes( (PG )de; (PG + (PG ).

Furthermore, if ap, # 0 then |A| takes 2 distinct values on B(P,1).
Proof. We have

inv A(Q) — inv A(P) = inv A4,
where 4 = f*A(Q) — f*A(P) € Brk. By Proposition 3.1, Lemma 8.7 and Lemma 6.2,
A € Brk[2] and

d(A) = 9(f*A)(Qo) — p(f*A)(P)
- %51 (F/(x )2 + G/x V) (@) — %51 (F/(r M) + G/a V) (Fy)

where F € HY(E, O(2)) is any quadratic form such that dF restricts to ¢(ap,) on Z,
G € HY(E,0(1)) is a linear form, and 6, : k(E)z — H,(k(E)z) is the Artin-Schreier

(1) (1) whereby

map. Recalling that the characteristic is 2, we can take F' = ) a;;z; I

F/(rM)? =3 a;;usuj. Now Lemma 3.3 gives

8(4) = ¢ Treye, ((F/(x O + G/r D) (@) — (F/(x V) + G/ ) ()
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= 2 ey, (F/ () + G/x) Qo).

since u;(Py) = 0 for 1 < i < m and therefore (F/(x(MW)2)(Py) = (G/7M)(Fy) = 0.
Recall from Lemma 7.3(2) that u;(Qo) = da;([PQ]1). By Lemma 6.2, we can write
G = Zbixl(l) for some b; € F. Hence we set v = > b;dx; € Q| p, -

For the second claim, let Q(v) = ) a;jdz;(v)dx;(v) and let the associated bilinear
form be

B(v,w) = Qv +w) = Q(v) = Qw) = Y _ ai;(da;(v)da;(w) + day(w)da; (v)).

Note that B(v,w) = (Q(v+w)+~y(v+w)) — (Q(v) +7v(v)) — (Q(w) +v(w)). It suffices
to show the existence of v, w € Tp,(Y) such that Trg,p,(B(v,w)) # 0, since then at
least one of Trg/r, (Q(v +w) + y(v + w)), Trg/r, (Q(v) + ¥(v)), Tre/r, (Q(w) + y(w))
is non-zero. Since ap, # 0, there exist v, w’ € Tp,(Y) such that B(v',w’) # 0.
Now the non-degeneracy of the trace form shows the existence of A € F such that
Trg /g, (AB(v',w'")) # 0, whence the result. O

Now we complete the proof of Theorem 8.1(3).

Proof of Theorem 8.1(3). The first statement of Theorem 8.1(3) has been proved in
Lemma 8.9. We will now prove the second statement. Note that if ap, = O then
the second statement follows from the first by setting ga o(R) equal to inv A(R) —
inv A(Q). Henceforth we will assume ap, # 0.

We first introduce notation for successive blowups. Let &) By % be the blowup
of X at Py with exceptional divisor E; and let Z; = E; NY. Let P, € X1(Ok) be
the section lifting P and let X5 EEN X1 be the blowup at the closed point P; o of P;.
Iterating this construction gives a sequence of blowups

EEN A LN LN LN

Write E; for the exceptional divisor of the ith blowup and let P;, Q;, R; € X;(Oy) be
the sections lifting P, @, R, respectively. Let m be the maximal ideal of Ox p, and let
T,X1,...,Tm be a basis for m/m?. Let uy ; = x;—l)/ﬂ'(l) so that uq1,...,u1,m restrict
to a system of affine coordinates on Fy \ Z; = AF'. Now let ug ; = ug};/ﬂ'(l) so that
U2.1,- .., Uz, restrict to a system of affine coordinates on Es \ Z3, and so on and so
forth.

Write o =}, aijdz; A dxj for some a;; € Oyp,. By Lemma 8.4,
swg, (fiA) = n — 2 and, furthermore, rswg, ,2(fi'A) = [ag,, B, + By, Jrn—2 with
OéE1 = Zi>j aij(Po)duLi A duLj, ﬂEl = Zi>j aij(Po)u%jd(uM/uLj) and BlEl S
Ho(l;l7 Ql(log Zl)(Zl))

Let C; € BrV;y (where V; is the generic fibre of some open neighbourhood V; of
Py in X') be the explicit Brauer group element constructed in Lemma 8.11 below with
swg, (C1) <n—2and 1swg, ,—2(C1) = [0, B, Jrn—2. Let By = ffA—C; € BrV; and
note that rswg, n—2(B1) = (g, BE, |rn—2-
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Now we blow up at Py = Q1,0. Applying Lemma 8.4 to B; and repeating the
argument above, we can write f3B; = B2 + C2 in BrVs;, where V; is the generic
fibre of some open neighbourhood Vs of Py g in &, swg,(B2) = n — 4, swg,(C2) <
n — 4, I‘SWEI’n,4(82) = [CVE275E2]7T,7174 with ap, = Zi>j aij(P())dUQ’i AN d’u,g’j and
Br, = 2 s aij(Po)u3 jd(ug,i/uz ), and rswg, n—a(C2) = [0, B, |xn—a for some
B, € HY(Ey, Q' (log Z3)(Z2)). Thus,

S fiA=Ba+Co+ f5Cy.
Continuing in this way, after s blowups we obtain an equality
foo fefiA=Bs +Ds

of elements in BrVy, where V; is the generic fibre of some open neighbourhood Vs
of Psoin X,, swg, (Bs) = n — 2s and 1swg, n—2s(Bs) = [@E,, BE,|rn—2s With ag, =
ZDJ- a;j(Po)dus; A dus ; and fg, = 82i>j aij(Po)uijd(um/us’j). We have gathered
all the terms coming from the C;’s into D;.

Note that Rs; € B(Qs,n — 2s) so Theorem 8.1(2) gives

. . 1 —
inv Bs(Rs) = inv B, (Qs) + » Trp/r, BE..Q.0([Qs Rs]n—2s)- (8.12)

A calculation shows that g, q, ,([QsRs|n—2s) = —sapo([]@]s, [@]n,s) Finally,

inv A(R) — inv A(Q) = inv £33 F AR — inv £ 5 £ AQu)
= inv Bs(Rs) — inv Bs(Qs) + inv Ds(Rs) — inv Ds(Q)

= = Ty, an, (Pl (@) + i D.(R) ~ v D(Q)

Define g4.q(R) to be invD,(R;) — invDs(Q,). We claim that this does not depend
on the choice of a suitable s. In other words, suppose that @) € B(P,s) for some s
with 1 < s < n/2. Then we can also consider ) as lying in B(P,s — 1). Our claim is
that for R € B(Q,n — s + 1) we have invDs(R;) — inv Ds(Qs) = invDs_1(Rs—1) —
inv Ds_1(Qs—1). To prove the claim, write Dy = f¥Ds_1 + Cs, with swg, Cs < n — 2s.
For R € B(Q,n — s + 1) we have

inv D, (Rs) — inv Dy(Qs) = inv fiDs_1(Rs) + invCs(Rs) — inv fiDs_1(Qs) — invCs(Qs)
=invD,_1(Rs—1) —invDs_1(Qs—1) + invCs(Rs) — inv Cs(Qs).

For R € B(Q,n — s+ 1), we have R; € B(Qs,n — 2s + 1), whereby [QsRs]n—25 = 0.
Therefore, Theorem 8.1(2) shows that inv Cs(Rs) = inv Cs(Q5), whence the claim.
For s = 1, we have D; = C; and Theorem 8.1(2) gives

. . 1 —
lIchl(Rl) - 1HVC1(Q1) = 2;Tr]F/IFp 6/E1,Q1‘0([Q1R1}n—2)'
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Now let Uy = E;1\Z; and let v € Q1| p, be the image of 5}31,@1 , under the isomorphism

. ——— .
Qi Q1.0 = Ul (see Section 7.1). Then BE1.010 (@1 R1]n—2) = fy([C,ﬁ]n_l), which
completes the proof. O

Lemma 8.11. Let e be the absolute ramification index of k, and set ¢’ =ep/(p —1).
Let 8 € HY(E,Q'(log Z)(Z)) and suppose that 0 < n < €' + te for some t € Z>q with
[k(upt+1) : k] coprime to p. There exists an open neighbourhood V of Py in X with
generic fibre V. and an element C € fil, Br V[p'™!] such that rswg ,(C) = [0, 8]x.n-
Explicitly, writing K for the function field of X, we can take

COTES K (1 1)/ K Zi(1+8(5_b%(cp—l)p,ui) if ptn —te,

pt+1

COTESK (s 1)/ K O (1 + psl;f:’jfi (¢p — 1)P, 7r) if p| n—te.

pt+1

C:

Proof. By Lemma 6.1(1), 8 = ), bjdu; = d(>_, bju;) for some b; € F, whereby dfg = 0.
Take arbitrary lifts b; of the b; to k. Let k' = k(ppeer), let € = [k' : k] and let 7’ be
a uniformiser of k¥'. Let K’ = Kk'. Let F denote the common residue field of K and
K’ and let K" and (K')" be their respective Henselisations. Let w = (7/) =Ny /7’
and let @ € F* be its reduction. The Brauer group element C will be constructed via
corestriction. We begin by proving the following claims.

1. We have coresgrynren (A (4 7)) = AN, on(€750).-

2. Suppose C' € fil., Br(K')" for n > 0 and 1sw.,(C') = [o/,8)xren. Then

coresgryn gen (C') € fil, Br K and

—n

18wy, (cores gryn gn C') = [ew" o/, 0" BN, , 2 - (8.13)

To prove (1), consider the isomorphism v/ : gr® (Mgvath) — WTQ‘Eig & WTQ‘EEg
of (2.5), the inverse of which is used to define \,,. By [24, p. 113], the sheaf Mffotkl)h

is generated by symbols and v can be defined as follows. Let z1,...,24—1 € F'* and
let Z1,...,%4-1 be lifts of the z; to Ogr C O(gryn. Then

V'({Z1,...,Z4-1}) = (dlogzy A --- Adlogz4—1,0) and
V/({,fl, ‘e ,53(1_2,7'['/}) = (0, legQSl VARERIVAN leg IZTq_Q).

Now let v : gr® (Mf;j;h) — WTQ%TIig@WTQ%gg be the isomorphism from (2.5) whose
inverse is used to define >‘Nk//k7f" It is defined by

v({Z1,...,&q-1}) = (dlogzq A--- Adlogz4—1,0) and
v({Z1,. .., Zg—2, Ny jp'}) = (0,dlogzy A -+~ A dlogzg_2).

Therefore, vocores gryn)gn({Z1, ..., Tg—2,7'}) = V' ({Z1,...,Tg—2,7'}). Furthermore,
since Z1,...,Z4-1 € Ogn, we have cores gyn/(xyn ({Z1,- -, Tq-1}) = e{Z1,. .., Tq-1}
and hence v o cores giyn/n({T1,...,Tg-1}) = ev'({#1,...,%4-1}). Therefore, the

isomorphisms v, v’ satisfy the following commutative diagram.
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1 ! -1 -2
grO(M'g,O ) U% WTQqF,log & WTQ%’,Iog

(K’)h’
cores(K/)h/Khl l(a,ﬁ)l—%saﬁ)
0 q—1 v g—1 q—2
B (MiIgh,) — Wk, & WAk,

Now the definitions of A, and 4, (Definitions 2.8 and 2.10) yield the commutative
diagram below for all g > 2 and r > 1

_ _ _ At
W00 e W42 — 2 1Y (F) @ HY H(F) —=—— VA(Ooyn)

l(aﬁw(m,ﬁ) l(a,@w(aa,ﬁ) lcor%mh/xh

A /
W0 e W00 — s 1Y (F) @ HY N (F) — T Ve (Oen)
(8.14)
proving (1).

Now we prove (2). Suppose C’ € fil., Br(K')" for n > 0 and 1sw.,, = [/, 8']5/ cn-
That coresgnyn/xn(C') € fil, Br K" follows from the compatibility of corestriction
with cup products and [19, Proposition 6.3(ii)]. Recall that the definition of the refined
Swan conductor (Definition 2.14) involves an abuse of notation wherein we write A,
for the composition A, o ;. With this convention, the compatibility of corestriction
with cup products and (1) yield

{COI‘GS(K/)h/Kh Cl, 1+ (Nk//kﬂ'/)nT} = COres(gyn/Kh ({C’, 1+ (Nk//kﬂ'/)nT})
= cores gnyngn({C', 14 (') w"T})
= cores gynygn (Arr (0'0"T, B'@0"T))

= )\Nk’/kﬂ/ (5alu_}nTa /BlwnT)v

proving (2).

Now let a = w/(7")¢ and let @ denote the image of a in F*. The definition of the
refined Swan conductor (Definition 2.14) shows that [0, 8], = [O,w"d_"ﬂ]Nk//k,r/m.
Therefore, by (2), our task is to construct C’ € fil.,, Br K’ with

I‘SWEn(Cl) = [0; d_nﬁ]w’7an-

Let (pe+1 € K’ be a fixed choice of primitive p'™'th root of unity in k’. The choice
of (pe+1 yields choices of primitive pth roots of unity for 1 < s < ¢+ 1 by setting
Cpe = g‘;’:;l . For1<s<t+1andazye (K)*, let (z,y)ps € Br K'[p®] denote the
class of the corresponding cyclic algebra, which depends on our chosen primitive p*th
root of unity. Alternatively, as in [29, §XIV.2], (x,y),- can be constructed as a cup
product as follows: let §: (K')* /(K')*?" — H' (K, H,:) be the Kummer isomorphism,
and take the image of (d(x),d(y)) under the composition

HY (K, e ) < HY (K ) = H2(K, p2) = H2(K', ) — HA(K', (K')*) = Br K,
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where we have used the choice of (,+ to give an isomorphism ,uf?sz = p,.. Note that

(z, y)ps = pt"’_l_s(x, y)pt+1 .
First suppose 0 < n < e’ and p{n. Let

biu;
! _ 7Y _ D . !
¢ = 2(1 + (G- ) ,ul)p € BrK'[p].
By [19, Proposition 4.1 and Lemma 4.3], ¢’ € fil.,,BrK’ and rsw.,(C') =
[0, ™8] en, as desired.
Now suppose 0 < n < €’ and p | n. Then [19, Proposition 4.1 and Lemma 4.3]
show that

¢ =3 (1+ %(Cp = l)p,w)p € BrK'[p]

has the desired Swan conductor and refined Swan conductor.
So far, we have proved the lemma for 0 < n < ¢’. Now suppose ¢/ + (t — 1)e < n <
e’ + te for some t > 1. Recall that our task is to construct C’ € fil.,, Br K’ with

15We, (C') = (0,0 "Bl en-

By Lemma 2.19, it suffices to construct C’ € Br K’ such that p'C’ € fil.(,_s) Br K’ and

t
14 a}—n

(W’)Eet ﬂ’,a(n—te)’

ISWe(n—te) (ptcl) = |:07

where we are abusing notation by writing p?/(7/)%¢ for its image in F'*. (Note that
Lemma 2.19(3) gives the same formula as Lemma 2.19(2) in our case because  is
exact and hence killed by the Cartier operator.)

Ifptn—te, let

thyug
r_ 1 I — 1P, Br K'lptt1
¢ Zl:( + e(n — te)n” (Gp = 1) u )pt+1 € Br Ky ]

Then -
t

o p'biu; V. /

e —§ij(1+5( (G — 1) us) €BrK'p]

n — te)w" p

and [19, Proposition 4.1 and Lemma 4.3] show that p’C’ has the desired properties.
If p| n—te,let

C = Z(l " pbiu; ¢, — 1)p’7r> e Br K’ [pt*+1].

emm t+

X p
7

and apply [19, Proposition 4.1 and Lemma 4.3] to p’C’. O

Finally, we prove the surjectivity results of Theorem 8.1(5).
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Proof of Theorem 8.1(5). First suppose that Sp, # 0. We proceed by induction on t.
The case t = 0 follows from Theorem 8.1(2) and Theorem 8.1(4). Now suppose the
statement of Theorem 8.1(5) holds for some ty € Z>¢. Let A have order p'*2 in Br X
and suppose that either n > ¢’ + tge or n = €’ + tpe and C(a) = C(8) = 0. By
Lemma 2.19, sw(pA) = n — e and rsw,,_(pA) = [ac, @0]r n—e, where @ is the image
of p/m¢ in F*. Consider the following exact sequence coming from multiplication by p:

0 — p'Z/Z — p~ot27/7, L p=(otlz/7, — 0.

Let I denote the image of | A| : B(P,n—(tg+1)e) — p~(*+27Z/7. By the induction
hypothesis, [pA| : B(P,n — (to + 1)e) — p~(©*tDZ/7 is surjective. Therefore, for each
T € p‘“““‘”Z/ Z, I contains at least one preimage of x under multiplication by p. Now
Theorem 8.1(2) shows that in fact I contains all preimages of elements of p~(to+17Z /7,
under multiplication by p, i.e. I = p~ (027 /7, as required.

Now suppose that § =0, ap, # 0, n > €' + 2 and n > te + 3. Lemma 8.9 shows
that there exists v € Q3| p, such that for Q € B(P,1) and R € B(Q,n — 1),

inv A(R) = inv A(Q) - % Trise, (ar, (PQ)1, QA1) + (@R 1)) (8.15)

The proof of Lemma 8.9 shows that v is constructed as follows. Let rswg ,,—o(f*A) =
lag, BElrn—2 and write ap, = Y a;;dz; A dz; for some a;; € F. Then

for some b; € F and we set v = — > b;dx;. The proof of Lemma 8.9 goes on to show
the existence of v,w € Tp,Y such that

Tre/F, (Oépo (v,w) + fy(w)) # 0. (8.16)

Let Qa4 € B(P,1) be such that []T)QAh = v. Then |A] takes p distinct values on
B(Q.4,n—1). We will show that |A]: B(Q4,n—te—1) — p~(**D7Z/Z is surjective. The
case t = 0 follows immediately from (8.15) and (8.16). Now suppose we have proved
the result for tg and we want to prove it for to+1. By Lemma 2.19, sw(p.A) = n—e and
rsWy_e(pA) = [y, 4B n—e. Applying Lemma 2.19 to f*A shows that sw(f*(pA)) =
n—2—eand rswg n—2_c(f*(pA)) = [Gag, WE]xr n—2—e. The construction of v detailed
above shows that for Q € B(P,1) and R € B(Q,n —e —1)

. i 1 _ _
inv(pA)(R) = inv(pA)(@) ~ - Tree, (ar, (PO, [QB}n-cr) + 1([@Hln-e).
The induction hypothesis states that if v/, w’ € Tp, Y are such that

Try/r, (MPO (v, w') + f’w(w’)) #0 (8.17)
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and Qp4 € B(P,1) is such that [PQpa]1 = v then [pA|: B(Qpa,n— (to+1)e—1) —
p~(0FtVZ/7 is surjective. By (8.16), we can take w' = w/a@, v' = v and Qpa = Q4.
Let I denote the image of |A|: B(Qa,n — (to+1)e—1) — p~ 27 /7. The result for
pA shows that for each = € p~(*+1D7Z/Z T contains at least one preimage of = under
multiplication by p. To show that I contains all preimages of x under multiplication by
p, we will show that for any S € B(Q4,n— (to+1)e—1), the map |A| gives a surjection
from B(S,n — 1) to p~'Z/Z. Since n > (to + 1)e + 3, we have [P_é]l = []TQ,Z]l =,
whereby the result follows from (8.15) and (8.16). O

9 Proof of Theorem A

We now prove Theorem A. The notation and assumptions of that theorem will be in
force throughout this section, so k denotes a finite extension of Q,, X/k is a smooth,
geometrically irreducible variety with smooth model X — Spec Oy, and the special
fibre Y of X is assumed to be geometrically irreducible.

For ease of notation we define a modified version of Kato’s filtration as follows.

fil_,BrK" = {A € filyBr K" | 0A = 0};
fil_;BrK" = {AcfilyBrK" | 0A ¢ H'(F,Q/Z)};
filo Br K" = fily Br K";
fil, Br K" = {A € fil, 11 Br K" | rswyi1.2(A) € [Q%,0]5ns1} for n > 1.

For the purposes of the definition, K" could be replaced by any Henselian discrete
valuation field of characteristic zero. Pulling back from Br K h'to Br X gives a filtration
on Br X whose pieces we denote by fil,, Br X.

Lemma 9.1. For n > —2, we have fil, Br X C Ev,, Br X.

Proof. This follows from Proposition 3.1 for n = —2,—1,0 and from Theorem B(1)
and Lemma 2.16 for n > 1. O

The reverse inclusions will be given by the following lemmas.
Lemma 9.2. Let n > 1, and let A be an element of fil, Br X \ fil,_1 Br X. Then
there exists a finite unramified extension k'/k and P € X(Oy/) such that |A| takes p
distinct values on B(P,n). In particular, A ¢ Ev,_1 Br X.

Proof. Since A € fil, Br X, we have A € fil,,y; Br X and rswy,+1(A) = [, 0]x 541 for
some a € Q%. By Theorem 8.1(1), « lies in Q2(Y). Suppose first that o # 0. Let
Z C Y be the zero locus of a, which by assumption is a strict closed subset of Y, and
set U =Y \ Z. By the Lang—Weil estimates [39], there is a finite extension F'/F such
that U(F’) is non-empty. Let k’/k be the unramified extension of k& having residue field
F’. Choose any Py € U(F’) and lift it (by Hensel’s Lemma) to a point P € X(Oy).
By Lemma 2.16 we have resy /, A € fil, Br X3 and rswy,q1(resy /i A) = rswy1(A).
Since ap, # 0, Theorem B(2) shows that there exists Q € B(P,1) such that |A| takes
p distinct values on B(Q,n). It follows that A ¢ Ev,,_; Br X.
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Now suppose that o = 0. Then A € fil,, Br X. Let rsw,(A) = [/, 8]z for some

(o/,8) € Q2(Y) ® QY(Y). Note that 8 # 0 since A ¢ fil,_; Br X. Then by the
same argument as above, there exists a finite extension F'/F and a point Py € Y (F')
satisfying Bp, # 0. Let &’/k be the unramified extension with residue field F" and lift
Py to a point P € X(Oy). Now Theorem B(1) shows that |A| takes p distinct values
on B(P,n), whereby A ¢ Ev,_; Br X. O

Lemma 9.3. Forn >0, we have

Ev, Br X
N
{AeBrX |YFK/k finite unramified, V P € X(Oy/), |A| is constant on B(P,n + 1)}
N

fil,, Br X.

Proof. The first containment is obvious. Now take A € Br X such that for all finite
unramified extensions k'/k and all P € X(Oy), |A] is constant on B(P,n + 1). Let r

be the smallest non-negative integer such that A € fil, Br X. By Lemma 9.2, r < n,
whence the result. O

Corollary 9.4. Forn > 0, we have

Ev,BrX
Il
{AeBrX |YE/Ek finite unramified, V P € X(Oy/), |A| is constant on B(P,n+ 1)}
I

fil,, Br X.
Proof. Immediate from Lemmas 9.1 and 9.3. O

Lemma 9.5. For every r > 1, there are inclusions

Ev_oBrX C {A€BrX |V /k finite unramified, |A| is zero on X(Or)}  (9.1)
Cfil o BrX

and

Ev_1BrX Cc {Ae€BrX |V£k/k finite unramified, |A| is constant on X(O)}
(9.2)

Cc fil_;BrX.
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Proof. The first inclusions in (9.1) and (9.2) are clear. By Lemma 9.3,
{A € BrX | VK /k finite unramified, |A| is constant on X(Oy/)} C fily Br X

and so the statement only concerns elements of fﬁo Br X = fily Br X. Suppose that
A € fily Br X satisfies 9(A) # 0. We will prove the existence of a finite unramified
extension k' /k such that |.A| is non-zero on X(Oy/) and, furthermore, if 9(.A) does not
lie in H'(F, Q/Z) then we will show that |.4| is non-constant on X (Oy/). The argument
we use is the same as that used in [1, §5] for elements of order prime to p.

Write Y for the base change of Y to an algebraic closure of F. Since Y is geo-
metrically connected, the Hochschild-Serre spectral sequence gives a short exact
sequence

0 — H'(F,Q/Z) — H'(Y,Q/Z) — H'(Y,Q/Z).
If 9(A) lies in H'(F,Q/Z) and X (Oy) is non-empty, then Proposition 3.1 shows that
the corresponding evaluation map X (Oy) — Brk is constant and non-zero, as desired.
If 9(A) lies in HY(F,Q/Z) and X(O) is empty, we can use Lang-Weil to pass to
an unramified extension k’'/k of degree prime to the order of A where X (Oy) is
non-empty, and we obtain the same result.

On the other hand, suppose that 9(A) does not lie in H!(F, Q/Z). To prove that |A|
is non-constant, we may change .4 by a constant algebra. Write d(.A) for the image of
d(A) in HY(Y,Q/Z). Let m be the order of (.A); then md(A) lies in H*(F, Q/Z), which
is isomorphic to Q/Z. Therefore there exists a € H'(F,Q/Z) satisfying ma = md(A).
The map 9: Brk — HY(F,Q/Z) is an isomorphism; let A’ € Brk satisfy 9(A') = a.
Replacing A by A — A, we reduce to the case where 9(A) and 9(.A) have the same
order m.

The class 9(A) lies in the subgroup HY(Y,Z/m) C HY(Y,Q/Z). Let T — Y be a
7/ m-torsor representing this class; since its image in H'(Y,Z/m) also has order m,
[1, Lemma 5.15] shows that the variety T is geometrically connected. As it is smooth,
it is also geometrically irreducible. The image of T'(F) — Y (F) consists of those points
Py € Y (F) such that d(A) maps to 0 under the induced map Pg: HY(Y,Z/m) —
HY(F,Z/m). Similarly, for any a € H'(F,Z/m), let T, — Y be a torsor representing
the class O(A) — a; then the image of T, (F) — Y (IF) consists of those P, satisfying
P (0(A)) = a. For any fixed a, it follows from Lang—Weil that Tj has points over
any sufficiently large extension of F. Therefore, for some extension F'/F, there exist
Py, Qo € Y (F) satisfying P;(0(A)) # Q4(9(A)) in HY(F',Z/m). Let k'/k be the
unramified extension with residue field F’, and let P, @ be lifts of Py, Qo to X (O/).
By Proposition 3.1, we have A(P) # A(Q) in Brk’, and our proof is complete. O

Remark 9.6. Lemma 9.5 was already known for elements of order prime to p: for
instance, the statement Ev_; Br X C fil_; Br X for the prime-to-p parts is the main
result of [7], and we believe that the proof there also gives the slightly stronger result
of Lemma 9.5 for the prime-to-p parts.

Corollary 9.7. We have

Ev_oBrX = {Ae€BrX |VFk/k finite unramified, |A| is zero on X (O}
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=fil_,BrX
and

Ev_1BrX = {A € Br X |V /k finite unramified, |A| is constant on X(O)}
= fil_, Br X.

Proof. Immediate from Lemmas 9.1 and 9.5. O

This completes the proof of Theorem A. The following corollary of Theorem A
describes how the evaluation filtration behaves under base field extension.
Corollary 9.8. Let A € BrX and let k'/k be a finite extension with ramification
index e.

1. For —2 <n <0 we have

A€Ev,BrX — resk//k(A) € Ev, Br Xj.

2. Now let n > 1, suppose A € Ev,BrX \ Ev,,_1 Br X and write rsw,11(A) =
[, 0]z nt1- If = 0, write rsw,, (A) = [, '] x,n. We have

Evetne1)—1 Br X \ Evenin—2 Br X if a # 0;

Even Br Xir \ Even—1 Br X ifa=0andpte;
resy /i (A) € : ,
Even—1 Br Xp \ Evepn—o Br X/ ifa=0,0/ £20 and p | ¢;
Eve,_1 Br X ifa=a" =0andp|e.
Proof. 1. The statements for n = —1, —2 are clear from the definitions. For n = 0,

use Theorem A(3) and Proposition 2.6(1).
2. If a # 0 then A € fil,; Br X \ fil, Br X. Lemma 2.16 shows that res; . (A) €
ﬁle(n+1) Br Xk/ and

ISWe(n+1) (resk//k(A)) = [a_(n+1)aa 0}7{‘/,6(7’14»1)7

where 7’ is a uniformiser of &' and @ = 7(n’)~¢. This shows that res;/,,(A) €
Eve(ni1)—1 Br Xy, Since a € F*, a~ "tV is non-zero, whereby resy /i (A) ¢
ﬁle(n+1)_1 Br Xj/. Since Eve(n+1)—2 Br X, C ﬁle(n+1)—1 Br Xy, it follows that
I‘CSk///C(.A) ¢ Eve(n+1)—2 Br Xi-.

Henceforth, suppose that & = 0 and therefore A € fil,, Br X. Lemma 2.16 shows
that I‘CSk//k(.A) € fil,, Br X and

1SWep (resy /x(A)) = @ "o/, a "eB ] ns en- (9.3)
Since fil,-1BrX C Ev,,_1BrX and A ¢ Ev,_;BrX, we have rsw,(A) #

0, whereby at least one of o', is non-zero. If p { e, it follows that
ISWen (resy /i (A)) # 0 and hence resy /,(A) € Eve, Br Xp \ Even 1 Br Xp.
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If p | e then (9.3) becomes rswey(resy /p(A)) = [a7",0]x cn, whereby
resp /p(A) € Evep1BrXp. If o # 0 then a™"a’ # 0 and resy  ,(A) ¢
file,—1 Br Xjv, implying that resy /,(A) € Even—2 Br X,

O

Remark 9.9. Recall from Lemma 2.17 that if p4 n+ 1 then a = 0 in Corollary 9.8(2).

10 Comparison with other filtrations

Throughout this section, let K denote a Henselian discrete valuation field of
characteristic zero with residue field F.

There are several other constructions in the literature which give rise to filtrations
on Br K, and the question naturally arises as to whether our filtration {fil,, Br K'}, as
defined at the beginning of Section 9, coincides with any of these. In this section we
look at the relationships between several existing filtrations and ours. We consider two
sources of filtrations: existing filtrations on H!(K), which give rise to filtrations on
Br K via the cup product; and ramification filtrations on the absolute Galois group of
K, which give rise to filtrations on Br K by considering those elements in the kernel
of restriction to the subgroups in the filtration.

In what follows, we only consider filtrations on Br K[p]. We often exclude the less
interesting case in which the filtrations {fil,, Br K[p]} and {ﬁVln Br K[p|} coincide; this
happens if ¢’ < p or if Q% = 0, for example.

10.1 Filtrations on H?!

The most obvious filtration to consider on H'(K) = H!(K,Q/Z) is Kato’s filtration.
In the case of equal characteristic, Kato shows [19, Theorem 3.2(2)] that his filtrations
on H?(K) for all ¢ > 1 are induced by the cup product from that on H!(K). When K
has characteristic zero, as in our case, this is at least true for the p-torsion, assuming
that K contains a primitive pth root of unity [19, Proposition 4.1(6)].

There is also a modified or “non-logarithmic” version of Kato’s filtration on H!(K),
introduced by Matsuda [2] in the case of equal characteristic; as shown in [2, Proposi-
tion 3.2.7], it can be obtained by modifying Kato’s filtration on H!(K) in exactly the
same way that we modify the filtration on H?(K).

The Proposition 10.2 below shows our modified version of Kato’s filtration on
H2(K) = Br K|[p] is not induced in general by any filtration on H' (K), even if we omit
le_l and ﬁl_g. We begin with a lemma.

Lemma 10.1. Suppose that K contains a primitive pth root of unity, and that the
residue field F of K is not perfect. Let x € HL(K) satisfy sw(x) = n. Then there
exists y € OF such that sw({x,y}) = n and, if n > 0, we can choose y so that

{x,y} ¢ fil,1 BrKp].

Proof. We use Bloch—Kato’s explicit description of the graded pieces of the filtration,
as described in [19, Theorem 4.1(6)]. Fixing a primitive pth root of unity in K gives
an isomorphism H}(K) = K /(K*)P, under which Kato’s filtration on H)(K) corre-
sponds to the reverse of the natural filtration on K *. There are now several cases to
consider.

62



® If n =0, then x € fily H)(K) and it follows that sw({x,y}) =0 for all y € K*.

e If 0 < n < €, then x corresponds to an element (14 z7¢ ") € K*/(K*)? with
z € Of. Let & € F be the reduction of z. First suppose that p { n. Let y € O
be an element satisfying dy # 0; such an element exists since I is not perfect.
Then i% € QL is non-zero, and by the first isomorphism of [19, (4.2.2)] the

element {1 + z7¢ ~™ y} has Swan conductor n. Moreover, [19, Proposition 4.1

and Lemma 4.3] show that rsw, ({1 4+ z7¢ ", y}) = [Ed(a‘:%),néi"%}mn, where

c=n¢/(¢—1)P. Since néi% £ 0, it follows that {1+z7¢ ", y} ¢ fil,_1 Br Kip].
Now suppose that p | n. Then the second isomorphism of [19, (4.2.2)] shows
firstly (using ¢ = 1) that dz # 0, and then (using ¢ = 2) that {1+ z7¢ =", 7} has
Swan conductor n. Furthermore, [19, Proposition 4.1 and Lemma 4.3] show that
rsw ({1 4 27¢ ", 1}) = [0,EdZ) 7 s0 {1 + 27 ", 7} ¢ fil,,_1 Br K[p].

e If n = ¢, then isomorphism [19, (4.2.1)] with ¢ = 1 shows that x corresponds to
xrt € KX /(K*)P, with either p { i or dZ # 0. First suppose that dz # 0. Then [19,
(4.2.1)] with ¢ = 2 shows sw({z7®, 7}) = sw({z,7}) = € (the term {7% 7} lies
in fily H?(K) and so does not contribute). More precisely, [19, Proposition 4.1
and Lemma 4.3] show that rswe ({z7,7}) = rswe ({z,7}) = [O,E%]me/. Now
suppose that dz = 0 and p {i. Let y € O} be an element satisfying dy # 0; we
claim that {#7% y} has the desired properties. Write {z7*,y} = {x,y} —i{y, 7}
Then [19, (4.2.1)] with ¢ = 2 shows that sw({z,y}) <€’ —1 and sw({y,n}) =¢'.
Furthermore, [19, Proposition 4.1 and Lemma 4.3] show that rswe ({z7%,y}) =
—irswe ({y,7}) = [0, —ié%]ﬂ,e/.

O

Proposition 10.2. Suppose that K contains a primitive pth root of unity and that
the filtrations {fil,, Br K[p|} and {fil, Br K[p]} do not coincide for n > 0. Then there
is mo increasing filtration {Fil, H(K,Z/p)} on HY(K,Z/p) such that, for all n > 0,
fil,, Br K[p] is generated by {Fil, H'(K,Z/p), K*}.
Proof. Suppose for contradiction that such a filtration {Fil, H'(K,Z/p)} exists.
First, we claim that Fil, HIIJ(K, Z/p) C fil,, H;J(K) for all n > 0. Here, fil, Hzl,(K)
denotes Kato’s filtration. To prove the claim, let o € Fil, H;(K7 7Z/p). Suppose for
contradiction that « ¢ fil,, H;(K) Then sw(«) > n and, by Lemma 10.1, there exists
b e K*/K*? such that {o,b} ¢ fil, Br K[p], which gives the desired contradiction.
Now we complete the proof of the proposition. Let A € fil, Br K [p] for n > 0. Then
A is in the subgroup generated by the image of the map Fil,, H}D(K, Z/p)x K*|K*P —
Br K[p]. Since Fil, H}(K,Z/p) C fil,, H)(K), we deduce that A € fil, Br K[p]. This

implies that fil,, Br K[p] = fil, Br K|[p). O

10.2 Ramification filtrations

Let K be a separable closure of K, and let G = Gal(K/K) be the absolute Galois
group. Given a descending filtration (G%);>0 on G, we can obtain an ascending filtra-
tion on H] (K') by taking the kernels of the restriction maps Hf, (K') = H(G, (Z/n)(¢—
1)) = HI(G", (Z/n)(q — 1)).
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In the case of perfect residue field, the ramification groups with the upper number-
ing give a well-studied filtration on G: see [29, Ch. IV]. In the general setting, Abbes
and Saito [40] made two definitions of ramification groups, (G*)secqs, and (Gf,,)acso
called “non-logarithmic” and “logarithmic”. In the case of perfect residue field, these
coincide (up to a shift in numbering) but in general they are different.

Each of these ramification filtrations gives a filtration on H*(K) = Hom(G, Q/Z),
and one might naturally ask whether those filtrations are related to those described
in Section 10.1. This is indeed the case: Kato and Saito [41] have proved that Kato’s
filtration on H!(K) coincides with that induced by the logarithmic ramification filtra-
tion; and Saito [42] has proved in the case of positive characteristic that Matsuda’s
non-logarithmic variant of Kato’s filtration on H*(K) coincides with that induced by
the non-logarithmic ramification filtration. We will show that our modified Kato fil-
tration on Br K[p|] = H%(K ) is not induced by either of the Abbes—Saito filtrations
(where the numbering of the non-logarithmic filtration is shifted by 1).

Given x € H{(K), define

fr(x) =inf{a € Qs0 | x € ker(H}(K) — HY(G", (Z/p)(¢ — 1))},
WE(x) = inf{a € Qs | x € ker(HI(K) — HI(GL,, (Z/p)(q — 1))}

For ¢ = 1, this is what Abbes and Saito call the (logarithmic) conductor of the field
extension corresponding to x: see [40, Proposition 6.4 and Proposition 9.5]. We have

filoHY(K) = {x € HY(K) | fx(x) < 1} = {x € HI(K) | f2*(x) < 0}.

We first prove a positive result for the case ¢ = 1. In the case of positive
characteristic, this follows from [42, Corollary 3.3].
Proposition 10.3. Suppose that K contains a primitive pth root of unity. Let x €
H)(K). Then, for alln >0,

fe(x) <n+1<<= (X € fil, 41 H;,(K) and 15wy, 11.7(x) € Qb @ O).

Proof. Since K contains a primitive pth root of unity, Kato’s filtration on H},(K )
coincides with that of Bloch-Kato (see [19, Proposition 4.1(6)]). This gives explicit
generators for the graded pieces of the right-hand filtration, so it is just a case of
calculating the conductors of the corresponding cyclic extensions. This is accomplished
in the following series of lemmas by finding the minimal polynomial of a generator for
the ring of integers in each extension and applying [40, Lemma 6.6]. O

The calculations in the following lemmas are standard and probably well known.
Lemma 10.4. Suppose that K contains a primitive pth root of unity. Let x €
HY(K,Z/p) correspond to the extension K (¥/7)/K. Then fx(x) =¢€ + 1.

Proof. Let L = K(¥/w). Then Op, = Ok|[¢/7]. Now apply [40, Lemma 6.6]. O
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Lemma 10.5. Suppose that K contains a primitive pth root of unity. Let x € O be
such that & € F is not a pth power. Let x € HY(K,Z/p) correspond to the extension

K(/7)/K. Then fi(x) = €.

Proof. Let L = K(¥/x). Then L/K is ferociously ramified (i.e. the residue field of L
is a purely inseparable degree p extension of F) and O = Ok|[+#/z]. Now apply [40,
Lemma 6.6]. O

Lemma 10.6. Suppose that K contains a primitive pth root of unity. Let x €
HY(K,Z/p) correspond to the extension K({/1+ zn™)/K, wherex € O, 0 < m < ¢’
and ptm. Then fr(x) =€ +1—m.

Proof. Let L = K(¥/1+x7m™) and let w = ¥/1+ zx™ — 1. Write 1 = rm + sp for
r,s € Z. Considering the terms of smallest valuation in the minimal polynomial of w
shows that w”7® is a uniformiser for L and hence O, = Ok[w"n®]. Now apply [40,
Lemma 6.6]. O

Lemma 10.7. Suppose that K contains a primitive pth root of unity. Let v € O be
such that & € F is not a pth power. Let x € HY(K,Z/p) correspond to the extension
K(Y1+4 xn™?)/K, where 0 < np < e'. Then fx(x) =€ — np.

Proof. Let L = K(¥/1+xzn™) and let v = ({14 a7 — 1)/7x™. Then L/K is

ferociously ramified and Oy, = Ok|[u]. Now apply [40, Lemma 6.6]. O

We now move to ¢ = 2 and show that the filtration {fil, Br K[p]} is not in general
induced by either of the Abbes—Saito ramification filtrations, beginning with the non-
logarithmic filtration.

Proposition 10.8. Suppose that K contains a primitive pth root of unity and that
the residue field F' of K is not perfect. Then it is not true that, for allmn > 0,

fil, Br K[p] = {x € Br K[p] | fx(x) <n+1}.

Proof. We will show that the equality does not hold for n = ¢’. Let x be an element
of F\ FP, let ¥ € O be a lift of z and let v € H(K,Z/p) correspond to the
extension K ({¥/%)/K. By [19, Proposition 4.1 and Lemma 4.3], the element {1/, 7} lies
in fil,» Br K[p] but not in fil,_; Br K[p]. On the other hand, by Lemma 10.5, we have
fx() =¢€, and so fx({v,7}) <¢€. O

Now we treat the logarithmic filtration, by showing that its behaviour under field
extension differs from that of our filtration. For each finite extension L of K contained
in K, let {G¢ .} be the logarithmic filtration on G, = Gal(K/L).

Proposition 10.9. Suppose Q% # 0. It is not true that, for all finite extensions
L/K, we have

fil,H2(L) = {x € H3(L) | f;2(x) < n}.

Proof. Suppose for contradiction that the statement is true. We may assume that K
contains a primitive pth root of unity. Let x,y € F be such that w = Cfr—“” A % # 0,
and let Z,7 € Ok be lifts of x,y respectively. Define A = (Z,9), € BrK. By [19,
Proposition 4.1 and Lemma 4.3], we have A € fil,s Br K[p|, and rsw./(A) = [cw, 0] ¢
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where ¢ € F is non-zero. Therefore A lies in fil_; Br K [p], and by assumption
FiEA) <€ —1.

Let L/K be any wildly ramified extension of degree p. The inclusion G7%,, C
Giog for all @ > 0 (see [40]) implies flLOg(resL/K A) < p(e/ — 1), and so the image
of A in Br L lies in ﬁlp(e/,l) Br L[p]. However, the same calculation as before shows
that rswe, (vesp/x A) = [eLw,0]x, ¢, , where 7, is a uniformiser of L, e} = pe’ and
¢y, is some non-zero element of F. So the image of A lies in fﬁpe/,l Br L[p] but not
fil,er o Br L[p], giving a contradiction. O

11 Applications to the Brauer—Manin obstruction

Let V be a smooth, proper, geometrically irreducible variety over a number field L
such that V(Ap) # 0. The surjectivity results described in Theorem B have implica-
tions for the existence of Brauer—Manin obstructions to the Hasse principle and weak
approximation on V', as follows. Suppose that B has order n in BrV, and that p is a
finite place of L such that the evaluation map |B| : V(L,) — Br Ly[n] is surjective.
Write V(Az)® for the subset of adelic points of V' that are orthogonal to B under the
Brauer-Manin pairing; this contains V' (Af)B". Our freedom to adjust the value taken
by B at the place p shows that

0#V(AL)P C V(AL).

In other words, B does not obstruct the Hasse principle on V', but it does obstruct weak
approximation on V. Note that in order to show that B obstructs weak approximation
on V, it suffices that |B| : V(L,) — Br L, be non-constant. The existence of Brauer
group elements with non-constant evaluations at primes of good ordinary reduction is
the subject of Theorem C, which we now prove.

Proof of Theorem C. Let V, be the base change of V to L;, and choose a smooth model
V of V,, over the ring of integers of L, such that the special fibre Y is ordinary. Let Vp
denote the base change of V}, to an algebraic closure of L,. The spectral sequences [24,
0.2]
Eyt =H(Y,i*R'j.Z/p") = HT(V,,Z/p")

define decreasing filtrations on H4(V,,Z/p") for all r, and also on H%(V,,Z,) and
HY(V,,Q,). For any of these filtrations, let gr’ denote the graded pieces.

Since Y is ordinary, gr®H?(V},,Q,) # 0 by [24, Theorem 0.7(iii)]. Therefore
gr® H?(V,, Z,,) is also non-zero, and so gr® H?(V,,Z/p") is non-zero for some r > 1.

Let L be the algebraic closure of L inside our chosen algebraic closure of Ly, and
let V' be the base change of V to L. By proper base change [32, Corollary V1.2.6], the
natural map H2(V,Z/p") — H%(V,,Z/p") is an isomorphism. Let @ € H2(V,Z/p")
have non-zero image in gr® H?(V;,, Z/p"). Replacing L by a finite extension, we may
assume that a is defined over L and that L contains the p"th roots of unity. We fix an
isomorphism Z/p" = (Z/p")(1) on V, and view « as an element of H2(V, (Z/p")(1)).
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We will show that the image of o in BrV,, does not lie in fily Br V. Let K" be the
Henselisation of the function field K = L,(V') at the discrete valuation correspond-
ing to Y, and let K" be its maximal unramified extension. Comparing the spectral
sequences of vanishing cycles for V,, and K h gives a commutative diagram

H2(V,, (Z/p")(1) —L— HO(Y,i*R%5.(Z/p")(1))

! d

2 (fch res O(rh 112 (Kh
HZ- (K™) —  HY(K" H:.(K},))

in which res is the usual restriction map of Galois cohomology, gr’ H?(V,, (Z/p")(1))
is the coimage of f (the quotient of H?(V,, (Z/p")(1)) by the kernel of f), and
filg Hg,v(Kh) is the kernel of res. By construction, f(«) is non-zero. By Lemma 3.4, g
is injective, showing that g(f(a)) is non-zero. So the image of a in H2(K") does not
lie in fily H2(K™).

Let A be the image of a in BrV. By Theorem A, after possibly replacing L by
a further finite extension, the evaluation map |A|: V(L,) — Br L, is non-constant,
showing that A obstructs weak approximation on V. O

Our final task is to prove Theorem D. We begin by gathering some criteria which
can be used to show that various graded pieces of the filtration on Br X vanish.
Lemma 11.1 is not actually used in the proof of Theorem D but is included as a first
example of how one can deduce information about Br X from properties of the special
fibre.

Lemma 11.1. Suppose that H*(Y,Q3,) = HO(Y,Q2.) = 0. Then filyBr X = Br X.

Proof. If Ais an element of fil, Br X for n > 1, then Theorem 4.1 shows that rsw,, (A)
actually lies in HO(Y, Q%) & H°(Y, Q3,) = 0. This shows fil,, Br X = fil,,_; Br X for all
n > 1, and so filp Br X = Br X. O

Lemma 11.2. Suppose HO(Y, Q1) =0 and e < p — 1. Then fily Br X = Br X.

Proof. It suffices to show rsw, r(A) = 0 for all A € fil, BrX with n > 1. Sup-
pose rswy »(A) = (o, B). If p { n, then Lemma 2.17 shows na = df. Since £ lies in
HO(Y, Q1)) =0, it follows that o = 8 = 0, completing the proof in this case.

We have ¢/ = ep/(p — 1) < p, and so p { n holds for all n < €’. The remaining
case is when A € Br X has sw(A) = n > ¢ with p | n. Then Lemma 2.19 shows
sw(pA) = n — e, which is not divisible by p; as above, we deduce rswy,_. »(pA) = 0
and therefore, by Lemma 2.19 again, rswy »(A) = 0, contradicting the assumption
sw(A) =n.

Thus we have fil,, Br X = fil,_; Br X for all n > 1, and so filg Br X = Br X. O

Lemma 11.3. Suppose H'(Y,Z/p) = 0. Then fil_1 Br X{p} = fily Br X {p}.

Proof. Firstly, the group Hi(?7 Z/p") is trivial for all r: it is an Abelian p-group and
its p-torsion subgroup H'(Y,Z/p) is trivial. Now, for every r, the Hochschild—Serre
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spectral sequence gives a short exact sequence
0 — HY(F,z/p") — HYY,Z/p") — H (Y, Z/p"),

showing that the natural map HY(F,Z/p") — HY(Y,Z/p") is an isomorphism. The
result then follows from Proposition 3.1. O

Lemma 11.4. Let X — Oy be a smooth proper morphism such that the generic fibre
X is geometrically integral. Let n be a positive integer and suppose HY(X,Z/n) = 0.
Then the special fibre Y satisfies HY(Y,Z/n) = 0.

Proof. Let k' be a finite extension of k, with ring of integers O/ and residue field F'.
Let X' = X X, Ok be the base change and denote its special and generic fibres by X’
and Y’ respectively. X’ is proper over O/, so the proper base change theorem gives an
isomorphism H(Y’,Z/n) = H*(X’,Z/n). On the other hand, by [34, Corollary 1.10.2],
an étale cover of a connected normal scheme is uniquely determined by its fibre at the
generic point, so the natural map H*(X’,Z/n) — HY(X',Z/n) is injective. We deduce
that HY(Y',Z/n) injects into H' (X', Z/n). Taking the limit over all finite extensions
k' /k shows that H' (Y, Z/n) injects into H*(X,Z/n) = 0. O

Proof of Theorem D. Since V is smooth and proper over L, there exists a smooth
proper model V — Spec Og for some finite set S of places of L containing all the
infinite places. The assumption that PicV be torsion-free implies H!(V, Oy) = 0 and
hence, by Hodge theory, H*(V,Q},) = 0. For a finite place p ¢ S, denote by V(p)
the fibre V x o4 k(p). Semi-continuity shows that, after possibly enlarging S, we have
HO(V(p),Q%j(p)) =0forallpé¢s.

Let n be any positive integer. Since PicV is torsion-free, the Kummer sequence
gives HY(V,Z/n) =2 HY(V, u,,) = 0. Suppose that p is a place of L not contained in S.
By [32, V1.2.6], we have H'(V x 1 Ly, Z/n) = 0, and Lemma 11.4 applied to V x o, O,
shows H'(V(p),Z/n) = 0.

We enlarge S to include all finite places p whose absolute ramification index e,
satisfies e, > p — 1, where p is the residue characteristic of p. (It is enough to include
all primes ramified in L and all primes above 2.) Let p be a place not in S, of residue
characteristic p. Lemma 11.2 and Lemma 11.3 show that, for any A € BrV{p}, the
evaluation map |A|: V(L,) — Br L, is constant. [8, Proposition 2.4] proves the same
for A € BrV of order prime to p, completing the proof. O

Remark 11.5. If, for example, V is a K3 surface, then there is no need to enlarge
S to ensure that HO(V(p),Q]l/(p)) = 0 for all p ¢ S. In other words, there are no
places included in the subset (4) of Theorem D Indeed, in this case, for any place
p admitting a smooth proper model V — Spec O,, the reduction V(p) is also a K3
surface, as follows. Because PicV — PicV is an isomorphism and wy, is trivial,
it follows that wy,e, is also trivial, and therefore so is wyy)/r,. Serre duality then
gives h2(V(p), Oyp)) = h°(V(p), wy(p)) = R2(V(p), Oy(p))- Since V(p) is geometrically
connected, one has h°(V(p), Oy(p)) = 1, and the fact that the Euler characteristic is
constant in flat families gives ' (V(p), Oy(p)) = 0, showing that V(p) is a K3 surface.
It follows by [43, Theorem 9.5.1] that HO(V(p), Qb(p)) is trivial.
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