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A New Sampled-Data Output Feedback Controller

Design of Nonlinear Systems via
Fuzzy-Affine-Models

Wengiang Ji, Jianbin Qiu, Senior Member, IEEE, and Hak-Keung Lam, Fellow, IEEE

Abstract—This paper focuses on the sampled-data output
feedback control problem for nonlinear systems represented by
Takagi-Sugeno fuzzy affine models. An input delay approach
is adopted to describe the sample-and-hold behavior of the
measurement output. Via augmenting the system states with the
control input, the resulting closed-loop system is converted into a
singular system firstly. Based on piecewise quadratic Lyapunov-
Krasovskii functionals, some novel results on the sampled-data
piecewise affine output feedback controller design are attained
by employing some convexification techniques. Simulation studies
are presented to illustrate the effectiveness of the proposed
scheme.

Index Terms—Fuzzy control; sampled-data control; output
feedback; nonlinear systems; convex optimization.

I. INTRODUCTION

Many real-world systems and industrial processes are in-
stinctively nonlinear, and all these inherent nonlinearities in
various forms always introduce many difficulties in controller
synthesis and stability analysis. Notice that the methods rely-
ing on T-S fuzzy models have been widely adopted in steering
of complex processes with nonlinearities in past years [1]-
[12]. The overall dynamical features of T-S fuzzy model can
be described by a set of local linear/affine models, which
are in smooth connection by fuzzy membership functions
[13]-[15]. Tt has been proved that T-S fuzzy model can
serve as a technically efficient tool to approximate smooth
nonlinear systems to arbitrary degrees of accuracy within any
convex compact set [16]. As a consequence, plenty of efforts
have been devoted to T-S fuzzy systems aiming at industrial
applications [17], [18] and theoretical study [19], [20].

Generally, most early results on analysis and design of T-
S fuzzy systems were obtained through a common quadratic
Lyapunov function (CQLF), for instance, [15], [21], [22].
Nevertheless, these results have already been shown to be
conservative for many fuzzy systems subject to high nonlin-
earity, as a common Lyapunov matrix may not exist. To reduce
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the conservatism, some significant results were proposed via
fuzzy quadratic Lyapunov functions (FQLFs) [23]-[25], and
piecewise quadratic Lyapunov functions (PQLFs) [16], [26],
[27], respectively. Since CQLF can be viewed as a special
case of the more general FQLFs/PQLFs, then the improved
FQLFs/PQLFs-based analysis methods can handle a boarder
class of fuzzy systems.

Sampled-data control has been well developed since digital
computer technology is extensively utilized in engineering
applications. More recently, various schemes to handle the
sampled-data control problem have been proposed, for in-
stance, the impulsive system approach [28], the discrete-time
approach [29], and the input delay approach [30]. Specifically,
in [28], a linear impulsive system was constructed to charac-
terize the uncertain sampled-data system, and discontinuous
Lyapunov functions at impulse times were adopted to derive
the exponential stability analysis conditions. The authors in
[29] studied the sampled-data control issue for linear systems
subject to uncertain time-varying sampling intervals by a
discrete-time approach, and the sampled-data system was de-
scribed by a time-invariant discrete-time system. Specifically,
the input delay approach possesses much enhanced capability
to tackle the uncertain sampling periods or uncertain system
matrices [31]-[33]. In general, the sampled-data information
is firstly converted into a delayed control input, and then
the stability analysis for the sampled-data control systems
is conducted via using some relaxed inequality techniques.
Thus, great efforts have been devoted to sampled-data control
systems via the input delay approach in past years [31], [34],
[35].

Recently, there have also been some remarkable results
on T-S fuzzy sampled-data control systems [36]-[41]. [36]
was the first attempt investigate sampled-data fuzzy con-
trol systems using input delay approach that the imperfect
premise matching concept. [37] was proposed to deal with
the mismatched membership functions between fuzzy model
and fuzzy controller. The robust sampled-data control problem
was studied for uncertain T-S fuzzy systems subject to time-
delay in [38]. The authors in [41] designed fuzzy sampled-data
controllers for chaotic systems without/with input constraints,
respectively. Notice that the early fuzzy sampled-data control
results [38]-[41] were basically obtained through the full state
feedback method. Unfortunately, the full system state variables
are not always accessible in plenty of engineering applications
[42]-[44]. Therefore, some results on sampled-data output
feedback control have been reported [45], [46]. [45] was
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a first attempt investigating sampled-data polynomial fuzzy
control system. The authors in [45] designed a sampled-data
output feedback controller for polynomial fuzzy systems. [46]
proposed an estimator-based sampled-data output feedback
control scheme for uncertain active suspension systems via
the input delay method and Jensen’s inequality. Nevertheless,
the existing results in [38]-[41], [45], [46] were proposed
merely for T-S fuzzy systems with linear local models through
a CQLF, while the T-S fuzzy affine dynamic models are with
substantially improved function approximation capability [16],
[27]. To our best knowledge, it is challenging and important to
further investigate the output feedback control (OFC) issue for
T-S fuzzy affine sampled-data systems in piecewise Lyapunov-
Krasovskii functionals (PLKFs) framework. This motivates our
current work.

This work is concerned with the sampled-data OFC prob-
lem for nonlinear systems by T-S fuzzy affine models. Via
augmenting the system states with the control input, the
closed-loop system is firstly converted into a singular system.
Through PLKFs and a new integral inequality, the robust
I performance is analyzed, and the sampled-data piecewise
affine (PWA) static output feedback controller synthesis results
are proposed through convexification procedures. Simulation
studies are given to present the effectiveness of the proposed
approach.

The rest of the current work is given as follows. The
preliminaries are presented in Section II. The PWA controller
synthesis results are given in Section III. Simulation studies
are given to illustrate the validity of the developed schemes
within Section IV. Section V is devoted to conclusions.

Notations. Z, denotes the set of non-negative integers.
sym{S} is short for S+ S7T.

II. PRELIMINARIES

Consider a T-S fuzzy affine system characterized by fuzzy
IF-THEN rules as,

Plant Rule %': IF 0;(x(t)) is #! and --- and 6, (z(t))

Z!, THEN
(t) = (A + AA) z(t) + a; + Aay + (B + ABy) u(t)
—|—Dl1’w<t)

y(t) = (C + AC)xz(t) + Dow(t)
z2(t) = Liz(t), le L ={1,--- ,r}

(1)
where .7, é(d) =1,---,¢) represent fuzzy sets; Z' denotes the
[-th fuzzy inference rule; 6(xz(t)) := [01(x(t)), - , 0, (z(t))]

are the measurable premise variables; r is the number of infer-
ence rules; z(t) € R"= denotes the system states; y(t) € R"v
represents the system measurement output; u(t) € R™ is the
control input; z(t) € R™= is the regulated output; w(t) € R™»
represents the external disturbance and w(t) € Lo [0,00);
AA;, Aa;, AB;, and AC denote the uncertainty terms sat-
isfying
[ AA; Aaqp AB; | =UnAn(t) | Wan Wiz Wig |,
AC = U2A2(t)W4, le ¥ 2)

with Uy, Us, Wiy, Wia, Wi, and W, being known real-
valued matrices. Ay (t) € K572, Ay(t) € R%3*%2 represent

unknown time-varying matrices satisfying
ALALR) <L 1€ 2,
AF () As(t) < L. 3)

Denote 1;[0(x(t))] as the normalized membership function
(MF),

ulf(x(t))) = 5= o 05 (=0

Dot o bwg [0s(x ()] — 7
YomlpE®) =1 @
=1

with g4 [04(z(t))] being the grade of membership of 6, (z(t))
in fé) For brevity, define p; := p[0(x(t))].

Via a center-average defuzzifier, product inference, and
singleton fuzzifier, one has the subsequent T-S fuzzy affine
model,

@(t) = (A(p) + AA(p)) x(t) +

a(p) + Aa(p)

+ (B(p )+AB( ) u(t) + Di(p)w(t) 5)
y(t) = (C+ AC)z(t) + Daw(t)
z(t) = L(p)z(t)
where
MMzém&AMm=émA%
a(i) = Y- mar, Aa(p) = 3 julay,
=1 =1, (©)
B(u) = l; B, AB(p) = l; mAB,
Dy(p) = lil Dy, Lp) = lil Ly

Since a polyhedral decomposition of the system state-space
is induced by MFs and fuzzy rules, the global model in (5) can
be deemed as a convex combination of several local models
in individual regions. According to [16], the premise variable
space is divided into crisp subspaces and fuzzy subspaces. The
crisp subspace is the region with merely one rule. The fuzzy
subspaces are the regions subject to 0 < p; < 1.

Specify the indices of subspaces Z = Zy|JZy, and Z
includes the index set of subspaces covering the origin, while
7, denotes the index set of subspaces without the origin. The
following set

N (@) == {mlpm[zt)] >0, me &L, x(t) € S;, i €I} (7)

is introduced to characterize the indices in each subspace S;.
With (7), the system (5) is formulated as

y(t) = (C + AC) z(t) + Daw(t)
z(t) = Lix(t), i€l

(8)
where

A= > pmAm, AA = Y upAA,,
me.AN (i) meN (i)

a; 1= Z Hm G, Aa; = Z /"mAama
meN (i) meN (i)

Bi = Z ,U/mBm,ABl = Z ,umABm,
meN (3) meN (3)
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Z ton L, )

{ Di1:= > pmDm, Li =
me (4) me (4)

with Zmeﬂ(i) i =1, 0 < pir, < 1.

In this work, merely the sampled measurement output
information of y(t) is assumed to be available for controller
design purpose. Particularly, the sampled measurement outputs
y(t;), 7 € Z, at the sampling instant ¢; are generally kept
constant by a zero-order hold (ZOH), and

0=ty <ty <tg<- - <tj<-- (10)

with lim t; = oo.
j—00

Then for system (1), design a sampled-data piecewise affine
(PWA) static output feedback controller as

u(t) = Ky(ty) + ki, t € [ty t541), i€Z  (11)

with K; € R"«*"v and k; € R™=*1 being controller gains to
be determined, and k; = O when i € Z;. Note that when with
k; = 0, the PWA controller (11) reduces to a piecewise linear
(PWL) one, and the PWA controller (11) is more powerful for
the sampled-data control of system (1) than the PWL one.

Consequently, with the controller in (11), the resulting
closed-loop system is

1=0
B(t) = (A; + AA) 2(t) + 8, + Aay
+ (B; + AB;) u(t) + Diyw(t),
0 x u( ) = K (C+ AC) ( ) + kz - ’U,(t) +KiD2w(tj)
z(t) = Lix(t), t € [tj, tjy1), 1 € L.
(12)
Reformulate the system (12) as
{ Ei(t) = AjE(t) + CiHyE(t;) + Dib(t) 13)
Z(t) = £ii‘(t), t e [tj,tj_H), 1€l
where
() = [ W) wi(t) ],
E = diag{I,,,, 0, xn,}
#t)=[ 2T@) «T(t) ],
< Ai+AA;, B, +AB;
A; =
it
~ 0 if ¢ € Zy,
C = Kic+ao } !
~ Dil 0
D: 0 KD, }
Ci=[Li 0], =[1, 0],
E=d lag{I(1+nI)70nu><nu}7
=1 2T@) «*(@t)]",
A=
0 0 0
a; +Aa; A +AA; B +AB; |,
k; 0 -1
0 if i € 7.
C, = 0 \
(C+ AC)
0 0
D,= | Di 0 ,
0 K;Do
Li=[0 £; 0], Hi =[0I, 0],

(14)

Remark 2.1. Note that the controller gains K; and k;
have been decoupled from the control input matrices via
a singular-system-based analysis process presented in (13)-
(14). Compared with the method given in [16], this feature
also permits the output matrices and the control input chan-
nels to contain parameter uncertainties, and extra structural
constraints on the Lyapunov matrices are avoided for PWA
controller design purpose, which will be demonstrated in
details in the subsequent section.

Denote
d(t) :t—tj < h,te [tj,tj+1), (15)
and then rewrite system (13) as
Ei(t) = AjE(t) + CHyZ(t — d(t)) + Dib(1) 16)
z(t) = L;&(t), i € I.

This work will synthesize a PWA static output feedback
controller relying on the sampled-data measurement output for
fuzzy system (1). For a prescribed disturbance attenuation level
~v > 0, the resulting PWA closed-loop system is guaranteed
to be asymptotically stable with @(¢t) = 0. It is also satisfied
that

[12l]2
[[@]|2

with zero initial condition for nonzero w(t) € L2[0, o0).

HZY = sup <7 a7

III. MAIN RESULTS

This section will propose some new stability analysis results
for the closed-loop system (16) through novel piecewise
Lyapunov-Krasovskii functionals (PLKFs), and an integral
inequality is adopted to handle the coupling issues in the
quadratic crossing terms, such that the conservatism can
be further reduced. Then the sampled-data PWA controller
synthesis results will be proposed in a convex optimization
framework.

A. Stability Analysis Through PLKFs

To guarantee the PLKFs continuous among boundaries of
the subspace, according to [27], establish matrices F; =
[ fi F].i€ Z, with f; = 0 for i € Zy to depict the
boundary across the subspaces,
~ 1 ~ 1
Bty | =7 |ty

For further conservatism reduction, we will also adopt the
S-procedure by establishing matrices G; = [ g G ], 1 €1,
with g; = 0 for ¢ € Z; and

G: [ x(lw

with > indicating each entry being nonnegative.

Theorem 3.1. For a given disturbance attenuation lev-
el v, the system (16) is asymptotically stable, if matrices
0 < {Q,M} € Rrexe. X = XU, Y, = YT = 0,
T, = TF = 0, Py € R™X™, i € I, Py € Rxne,

N € ROnatnut2nu)xdne  for j ¢ Ty, Py € Rrux(4na)

} ,x(t) € S;(Ss, i,s €Z. (18)

] =0,z(t) € S;,i el (19)
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N € RU+dnetnut2ne)xdne  for j ¢ 7, exist such that the
conditions in (20)-(21) hold,
FY'XFE, - GTY,G; > 0,i e T,
sym{ef PFA; + N¥o} + (1 — o(n))h AT HF MH, A,
—I—ZTQEl —l—a( )hNdlag{M 3M,5M, 7M} INT
+eT HY GTT;GiHoey + €T LT Lier — y2efes < 0,

n=1,2 i€l
21

(20)

where
o(1)=0,0(2) =1,
P { FiT~XF,- 0 ] ’
Pz Py

Q= dlag{HTQH1, -Q},
Z1 [ ’1I‘~e’21‘ } ) ~
Yo = [ ele~IlT —el elH{ +el —2ed

el HI — el — 6ed + 6ef

eTAT + T — 12T + 30T — 20eF |7,

-’Zli = [ Az Cz O(nm+nu)><3nm f)z ] ;
€1 = I(nernu) O(nm+nu)><(4nm+2nu,) } )
0---0 I 0---0
es = W—/ W—’ ,
s—1 6—s
€ Re(X(Bnatnutnu) g =9 ... 6
I—;rO = [ Inz Onmxnu ] ’
Hl - [ IndE 0 ] 5
if i € To,
Ai = [ Az Cz 0(1—&-nm+nu)><3nJD Dz ] )
€1 = I(l—i—nm—&-n“,) 0(1+nm+n“,)><(4nm+2nw) ] )
0---0 I 0---0
es e W—/ W—/ ,
s—1 6—s
€ Re(EOX(I+5netnutng) ¢ =92 ... 6,
f:fo = Litn, O(tn.)xn, |-
H=[01, 0],
iftel
(22)
with A given in (15), and
Ng,S :27 757
o(s) = { 24,5 = 6. 23)

Proof: Consider the following PLKFs being continuous
among the boundary of the subspaces

(24)

t—d(t)
(25)
where -
~ F-XF;, 0
. = It 26
[ Pi3 Pz'z] (26)

and 0 < {Q,M} € R=X"= X = XT, and Pjp € R™X"u,
i € Z, are arbitrary invertible matrices, Pi3 € Rnxme for
i € Iy, Pz € Rrux(4n2) for § € 7.

4
Define
~ t
W) =[ & aTE—d) gy 2T ()ds
2 t a
(D) Jiea t)ft d(t) ' (s)dsda -
0] ft d(t ft i) Jiagy @ (s)dsdadf @™ (t) } ;
1= L I(n1+nu) 0(n:+nu)><(4n1+2nw) :I y
0---0 I,y 0---0
es = \,_/ — |,
s—1 6—s
c %Q(S)X(‘Snm"""U'i'?nw)’ s = 27 e 767
_ if i € To,
e1=[ Tan,4n.)  Otn,+ny)x(@n+2n,) |5
0---0 Iy 0---0
“T |l Ineagk
€ Re(s)x(4dnetnutne) ¢ —9 ... ¢
if i € T4,
(S)_ n$75:27"'557
o) = My, 5 = 6.
. (27)
Obviously, Z(t) = e1((t), z(t) = Hie1((t), x(t — d(t)) =

e2((t), and w(t) = eg((t).

The inequality (20) guarantees the positive definiteness of
PLKFs within each local subspace. With the PLKFs given in
(24)-(29), if

V() + 2T (t)2(t) — v (t)b(t) <0,

the closed-loop system (16) is asymptotically stable in an
Hoo = 7y setup.
Along the system (16), the time-derivative of V;(t) is

Vi(t) = 28T (t) PTEi(t)
= 2T (t)ef PFAC(t)

(28)

(29)

where

{ AZ = [ Ai ci O(nx+nu)x3n$ f)L ]7 ieIOa
A= A, G 0141, +n0) X300 D, |,ien
(30)
with Ai, Ci, and ]N)i given in (14).
The time-derivative of V5(¢) is

Va(t) = &7 () HY QH (1) — ™ (¢ — d(t)) Qu(t — d(1))
= ¢H(O)ZTQE(()
(3D
where -
E1 [6’11‘ egl ) 32
{ Q - ding{AT Q1. ~Q}. 2
The time-derivative of V5(t) is

Vilt) = (b dlt >>L WETATMILEN)
ft n (s)ETHF M H,Ei(s)ds. (33)

Employing Lemma 1 given in the appendix to tackle the
second term within the right hand side of (33), one has

ft a(t (s)ETHTI MH,Ei(s)ds
40 (Sym{NZﬂ

+d(t)Ndiag{ M, 3M, 5]M, 7M}—1z\7T) ¢(t)
(34)
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where N € ROnetnut2ne)xdne  for ; c T, N €
RUFOMeFnut2n0)x4ns for j € T), and
Yo = [ elTIiflT — el elTI:Iir + el — 2ed
eTHY — eI — 6el + 6ef (35)

elellT +e3 — 12e3 + 30e; — 20es ]T
Based on (33)-(35), one has
Va(t) < ¢T(1) ((h —d(t)ATHT M H, A; + Syn{NE,)

+d(t)Ndiag{M, 3M,5M, 7M}*1]\7T) ().
(36)
Using the S-procedure based on (19), and considering (29),
(31), and (36), the following inequality implies (28),

¢CTA(d(1)¢(t) < 0,i €T 37)
where
Ai(d(t)) = sym{ef PTA; + N5} + 57 Q%
+(h — d(t) A Hf MH, A;
+d(t )Ndlag{M 3M,5M, 7M} INT
} —|—6?H{)FG T,G;Hyey + €] E Lie; —~2 eq e,
Ho=[ 1o, Op,xn, |, i€,
Ho=[ Liyn, O@sn,)xn, |, i€D
(38)
with T; = 0,1 € T.
Then the subsequent inequality implies (37)
A (d(t) <0,0eT (39)

which indicates that the system (16) is asymptotically stable
with disturbance attenuation level ~y

Note that a time-varying delay d(¢) exists in the condition
(39) and satisfies

0<d(t)<h (40)
which indicates that d(t) can be constructed as,
dit)=X-0+ (1= N)h 41)

with 0 < A < 1.

Since d(t) in (41) is a linear function of the variable A,
then it can be seen that (39) holds for A = 1 and A = 0,
respectively, which implies (21). The proof is completed. W

Remark 3.1. Most existing fuzzy sampled-data OFC results,
such as [45], [46], require that the parameter uncertainties are
not allowed to exist in the control input channels. However,
the PWA output feedback controller design approach proposed
in this paper has released this restriction. In addition, the
measurement output matrices are also allowed to contain
parameter uncertainties. Therefore, the proposed sampled-data
PWA controller design method tends to be more applicable.

Remark 3.2. By utilizing a PLKFs-based method and an
elegant integral inequality given in Lemma 1, new sufficient
criteria for the stability analysis of the system (16) are
proposed in Theorem 3.1. Differing from the conventional
stability analysis approaches, a singular system is formulated
to deal with the coupling issues in the control input matrices
with the controller gains, and through some convexification
procedures, the stability analysis of the closed-loop system has
been conducted. Note that the PLKFs-based scheme developed

in Theorem 3.1 also results in the conservatism reduction. The
aforementioned features also make our results different from
those in [45], [46].

B. Sampled-Data PWA Controller Synthesis

Theorem 3.2. For the fuzzy affine system (1), the system
(16) is asymptotically stable in an 7%, = - setup, if matrices
0 < {Q,M} € R, X = XU Y, = VT =0,
T, = TY = 0, Py € RuXnu, K, € RX", 4 € T,
N € §R<5nw+nu+2nw>x4nz for i € Iy, k; € R™, N €
R+ +nut2nw)xX4na  for j € T, and scalars €; > 0, i € Z,
exist such that (20) and the following inequality holds,

Y, o(n)hN /(1 —o(n))hAr Hf M
—T

* 0
* * -M
* * *
* * *
TQ erleTf(iUmz
0
V(1 —o(n)hMU, 0 <0,
—EZ 0
* —EiI
n=12 meAN(i), 1€T
(42)

where H. 1 is given in (14), and ¥; and X, are given in (22),

and
T _ ~
Tlsym{ <[F())(F}Am+JTCi>+NEQ}

—|—E QEl + P;I‘HgG TG iHoeq

—l—eFfL Lm61 ~2 € €6+€1W Wi,
FTXE,
Ty = 61 g 0 H3Um1a
Y, = diag{ M, 3M,5M, 7MY,
C. —
[ kiHy —P5 K,C 0, xGutn,) J KiDs ],
Am = [ Am, Bm OnT><4nT Dml Onmxnw ]7

H2_01><n , Hy=1,,, Hi=1,,,
= [ Lm Onzxnu ] P

Ly,
Wm _ |: Wi Wins 0 0n52><(3nz+2nw) ] 7
0 0 W4 0n52 X (Bng+2n.)
if i € Zo,
L[ 0 0 0 0 0
~m - Am Am Bm Onwx4n$ Dml 0 ’
H2 = 1 lenm ] P
rr o 01><nm
H3 - InL :| )
{—14 = [ Onlxl Inz ] )
Iim = [ 0nz><1 Lm Onzxnu ]a
W =
|: Wm2 Wml Wm3 0 0n52><(3nm+2nw)
0 0 0 W4 07132 X (3ng+2n.,)
ift el
B ~ 43)
with J € R*X" for § € Ty, and J € ﬁ"“X(HM), for
i € 7y, being arbitrary matrices, and J = [ J I, |.
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In addition, the controller gains can be attained by

T
{K P, K, ie1, )

k; = PZQTkz, i€Ty.

Proof: Extracting the fuzzy MFs, the following inequality
implies (21),

Sym{e1 (P (Asz + AAlmO)
pPT

+ 3

K

+2TQ%, + o(n)hNdiag{M,3M,5M,7M}'NT
+(1 = a(n)h(AL, + AAsz)Hl M Hy (Aimo + Adimo)

] (Cvlo + Aém)) + NZQ

—&—elTHOTG T,G;Hye, + e TpT Lmel Yedes <0,
n=12 meAN(i), 1€
45)
where
P = [ FTXF 0 } 7
P13 Pi2
A'LmO + AAsz -
A —|— AA,, Bn+AB, 0, xan,
|: —I 0nu><4nm
Dml 03nm X Ny
B B On“ X Moy 03nﬂc X Moy ’
Cio + ACy = [ Onux(nx+nu,)
R Ki(C+AC) 0., x3n,4n.) KiDo ] ;
Lm = [ Lm Onzxnu ] P
if 1 € 7,
AimO + AA’471m0 =
0 01 XNy 01 X Ty
am + Aay,  Ap + AA,, Bn+ ABy,
k; 0 -1
01x4n,  Oixn,  Oixn,
Onz X 4N, D'ml Onw X Ny )
_ _ Onu X4n g Onu X Ny Onu X My
C’iO + ACIO = [ Onux(l—&-nm—i-nu)
} Ki(C+AC) 0, «3n,4n,) KiDs |,
L, = [ 0nz><1 Ly, Onzxnu ] ;
if i € 7.
(46)
Define
Ki = PZ-rgKi, 1€XZ,
{ ki = PYk;, i € Io. “47)

Inspecting the explicit structural features of the system
matrices in (46), one can find that the controller gains do not
appear in the first and second rows of Aimo + AA;mo. For
numerical tractability, specify Pj3 as

Pz = PpJ (48)
where J € RXne for i € Ty, and J € Rex(+n2)  for
i € 1y, are arbitrary matrices.

Based on (47)-(48) and adopting Lemma 2 given in the
appendix to tackle the parameter uncertainties presented in
(2), the subsequent inequality indicates (45) for scalars €; > 0,

1€l relying on Schur complement

¥, +/o(n)hN V(I —=0o(n ATHTM
_\112

*
* * —M
s Wy Wi W
de;t 0 0 | ()| O 0 | (%<0,
Uy 0 0 0
n=12meAN(i),ieT
(49)
where

T _ o -
W, —Sym{ <[ F ())(F :|Am+JTCi>+NEQ}

+21 QZl + G?HEG?Tiéiﬁoel

+e}“[~/%f/mel — WQerﬁfeg,
Uy = diag{M,3M,5M,7M},
\IJS = e1 F g(F :| H3Umla

\IJ4 = eTj K Umg,
\/ 1—0 MUml,
=[J I, ]7
[ kiHy —P5 KiC 0, %G00, KiD2 ],
m = [ A, Bm OnTX4nT D1
Hy =01y, Hy=1,,, Hi=1,,,
m = [ Lm Onzxnu ]7
=[ Wm1 Wiz On_ x@n,+2n.) |-

Nz XMy )

il

ml
Wiz = [ Onx(notng) Wi On x@not2n.) |
if i € 7o,
A — 0 0 0 01540, 0 0 ]
me Am Am Bm 0n1><4nx Dml 0 ’
I;[ = [ 1 01><n ]7 ﬁ& = |: O}an )
~ (e
Hy = [ 00,1 In, ],
[im = [ Onle Lm Onzxnu ] 3

ml = [ Wm2 Wml Wm3 0n52x(4n1+2nw) ] 5
2 = [ 0n52><(1+nm+nu) W4 0n52><(3nz+2nw) ] 5
ifiel;.
(50

Thus inequality (42) implies (49) based on Schur comple-
ment.

Note that the conditions in (42) imply —P;, — PL < 0,
which indicates the invertibility of Pj». Consequently, the
controller gains can be calculated via (44). The proof is
accomplished. [ ]

The stability of the closed-loop system is assured by The-
orem 3.1 and the controller gains can be designed based on
Theorem 3.2.

The detailed procedures on computing the sampled-data
controller gains are given as follows.

Step 1. Based on the normalized membership functions and
space partitions of the system (1), calculate the matrices G;
and F} for Theorem 3.2 via (18)-(19).

Step 2. For given matrices .J, together with those parameters
computed in Step 1, solve the LMI problems given in Theorem
3.2 over the matrix variables Q, M, X, Y;, T;, P, K;, ki,
and N, and scalars {g; > 0,7 € Z}.

Step 3. Based on the obtained matrices P;s, k; and K; in
Step 2, the controller gains can be then computed via (44).

5 |
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IV. SIMULATION STUDIES

Example 4.1. As shown in Fig. 1, consider a nonlinear
circuit containing nonlinear resistor and parasitic capacitor
[48].

I

mu(t)

Fig. 1. Nonlinear circuit with nonlinear resistor and parasitic capacitor
The v.-Ir characteristic of the nonlinear resistor is Ip =

0.2(v2 — v..). Based on the Kirchoff voltage and current law,

one can acquire the state equation of the circuit system as

{ Coe(t) = 0.2(ve — v7) + I + mu(t) + naw(t)
Lip(t) = —v. — ILR +u(t)

where 71 = 0.1, n; = 0.4, C = 0.2F, R = 10Q, L = 1H,
and w(t) represents the external nonlinear disturbance. Denote
x1(t) = ve(t), x2(t) = I (t). Linearize the nonlinear system
(51) at three operating points (0,0)T and (£1,0)", and then
one can describe the system (51) via the subsequent T-S fuzzy
affine model with three rules,

Plant Rule #': IF z,(t) is .#}, THEN

z(t) = (A + AA) z(t) + a; + Aa; + (B + AB;) u(t)
—|—Dl1w(t)

y(t) = (C + AC)z(t) + Daw(t)

z(t) = Liz(t), 1 € {1,2,3}

(51

(52)
where
-2 5 1 5
M=ds=1 4 o |27 —10}’
-2 0 2
a; = O 7a2:|:0 , a3 = O:|7
B=|%.c=[10],
2
Dll|:0:|aD227
Ll:[O.Z O]7l:{1,2,3}
(53)

and the parameter uncertainties AA;, Aa;, AB; and AC are
given in the form of (2) with

Uy = 0‘35 Uy =01,W=[01 0],

Wip =0.05,W;3=01,W,=[01 0],l={1,2,3}.
(54)

The normalized MFs are presented in Fig. 2, where d; =
—5, dy = —0.8, d3 = 0.8 and d4 = 5. The premise variable
space is divided as,

Sl = {(E c §R2|d1 S I S dz},
Sy = {z € R?|d> < 21 < d3},
S3 = {JJ S §R2|d3 <z < d4}

(55)

Membership functions

1.2+ ‘ ‘ ‘ = = =rylel

dy

Fig. 2. Membership Functions

We attempt to synthesize a sampled-data PWA output
feedback controller (11) to ensure the closed-loop system to
be asymptotically stable with robust performance ~y. Assume
that the system full states in this example are not available
and the measurement output is in a sampled-data form with
given maximum sampling interval h = 0.2s. Furthermore, the
existence of the affine terms a; + Aa; has also introduced
much difficulty for sampled-data controller synthesis. Thus, the
design methods given in [16], [26], [45], [46] are not appli-
cable. Fortunately, applying Theorem 3.2 with .J = [ 3 3 ]
for i € Zo, and J = [3 3 3], fori € Z;, one can
obtain the feasible solutions with robust 7%, performance
Ymin = 1.5459, and the controller gains are

K; =0.0057, k; = 2.5907,
Ky = —4.7080,
K3 =0.0351, ks = —8.2608.

Notice that when using Theorem 3.2 with PLKFs in (24),
one can calculate F; and G; via

[P P | Fs| A fo] fs]=

(56)

—p 1Xng, 01><nw d2 0 0
01><nQC 01><n$ P 0 0 _d3 )
In,, Inm Inm Onm x1 On, x1 Onm x1
[G1| G| Gs|g1]g2]9s]=
p | Oixn, | p | —di|0| —ds J
—p | Oixn, | —p | d2 | 0] d4
(57)

with n, =2 and p = [ 1 0 ]

To verify the effectiveness of the developed scheme,
simulations are conducted. Under initial condition xg =
[15 —0.3 ]T and exogenous disturbance function w(t) =
5e~2! cos(2nt), by using the sampled-data PWA output feed-
back controller in (11), Fig. 3(a) and Fig. 3(b) show the
system states and control input, respectively. The sampled-
data measurement output is demonstrated in Fig. 3(c). Under
zero initial condition, Fig. 3(d) shows the 7%, performance.
Vol 2T (8)2(t)dt

\/tf: is about 1.21, which is lower than
Jo! wT (H)w(t)dt

The ratio
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Ty
- -1

System states

. . . . .
0 05 1 15 2 25 3
Time in seconds

(a) The closed-loop system states

ok
1k

. . . . .
0 0.5 1 15 2 25 3
Time in seconds

(c) Sampled-data measurement output

Fig. 3. Time responses of the closed-loop system in Example 4.1.

Ymin = 1.5459.

To further show the advantages of PWA controller over
PWL controller, in the sequel, consider another numerical
example.

Example 4.2. Consider a fuzzy affine system (1) involving
three rules and

[ 01 06 —0.2 0.7
Al__—o.5 —01}“42_{ 0.1 0.1}’

—0.3 0.5
As = | 02 01 |’
R S O I
R T ) V2 I VR B (58)

1 1 1.4
Blz | 12:|a32: |: 1:|aB3: 1 )

0

C=[1 0],Dy= 05 | D2=1,

Ly=[0.005 0],l€{1,2,3}

and the parameter uncertainties AA;, Aa;, AB; and AC are
given in the form of (2) with

0.1
Un = [ 0.05 ] Uy =01, W = [ 0 0.1 ]7

Wi =02,W;3=008W,=[0 01 ],l={1,2,3}.
(59)

. . . . .
0 0.5 1 15 2 25 3
Time in seconds

(b) Control input

18l Sz ||

161 \/ ﬁ:“u"“(t)w(f)dt H

14r

1.2r

0.8

0.6

04r

0.2

0 0.2 0.4 0.6 0.8 1
Time in seconds

VI 2T )=(t)ar
V! wT (yw(t)de

(d) Response of the ratio

The MFs are given in Fig. 2 and —ds = d3 = 20, —d; =
dy = 200. The premise variable space is divided into three
regions as in (55). The characteristic matrices F; and G; can
also be calculated via (57) with n, =2 and p = [ 1 0 ]

We attempt to synthesize a sampled-data PWA/PWL con-
troller (11) for the T-S fuzzy affine system (1) in an JZ%, = v
framework. Obviously, a PWL controller can be attained by
setting k; = 0 in (11). Adopting Theorem 3.2 for the cases
that k; # 0 and k; = 0, a detailed comparison of the robust
F% performance i, for the sampled-data PWA and PWL
controllers is given in Table I. With the observation of Table
I, one could easily conclude that the 7, performance i,
relying on PWA controllers are generally better than that
relying on PWL ones.

TABLE I
COMPARISON OF ROBUST 7% PERFORMANCE i, FOR PWL AND PWA
CONTROLLERS IN EXAMPLE 4.2

Controllers \ h=0.2 \ h=04 \ h=0.7
PWA controller | 1.4954 2.4761 2.8446
PWL controller | 1.9595 3.6817 4.0191
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V. CONCLUSIONS

This paper has investigated the issue of sampled-data output
feedback control for nonlinear systems through T-S fuzzy
affine models. Via augmenting the system states with the
control input and based on an input delay technique, the
closed-loop system is formulated into a singular system with
time-varying delay. By utilizing a PLKFs-based method with
an integral inequality, some new sampled-data PWA output
feedback controller synthesis results are proposed under a
convex optimization framework. Simulation studies are pro-
vided to verify the effectiveness of the proposed approach.
It is noted that in practical applications, control systems are
always subject to input constraints, which would have a great
impact on the performance of the closed-loop control systems.
Thus, one interesting future research work is the study of fuzzy
sampled-data output feedback control for nonlinear systems
with actuator saturation [42], [44]. Another future work is the
investigation of fuzzy sampled-data output feedback control
for stochastic nonaffine nonlinear systems [8], [9].

VI. APPENDIX

Lemma 1 [47]. p denotes a differentiable function:
[t1, t2] — RP. For a positive define matrix 0 < M € RP*P
and matrix N € R°P*4P_ the subsequent inequality holds,

- / © 5T (9)Qp(s)ds < €70¢

t1
where d = to — t1, and
Q =d- Ndiag{M,3M,5M,7TM}~*NT + sym{N - 11},
n=[nf oy nof of]',

E=] o) A0 LT ()as
t s t s ra
d722 t12 ftl pT(Oz)dOédS d% t12 f;fl t1

Iy = e1 — ez, Iy = €1 + €2 — 2es,

H3 =e; — €3+ 663 - 6647
H4 =e1 +e2 — 1263 + 3064 - 2065,
€n = [ Opx(n—l)p I, 0p><(5—n)p ] yn=1,---,5.

Lemma 2 [27]. Given real matrices M = ML, U, W, and

A(t), the subsequent inequality holds for all ||A(t)]] <1,

M+ sym{UA(H)W} <0

T T
Pt (B)dpdads |,

if and only if, for some parameter € > 0,
M+eUTU+e'W'W <0
holds.
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