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Sub-predictor-based fuzzy control design for a
reaction-diffusion equation

Wen Kang, Member, IEEE, Jing Zhang, Hak-Keung Lam, Fellow, IEEE

Abstract—This paper addresses the stabilization of the nonlin-
ear reaction-diffusion equation with an unknown but bounded
delay. Based on Takagi-Sugeno (T-S) fuzzy rules, a T-S fuzzy
PDE model is constructed to describe the nonlinear distributed
parameter system. More importantly, we contribute to the
large delay compensation and the future state prediction by
introducing a chain of sub-predictors for the T-S fuzzy PDE
model, and the convergence of observation errors is guaranteed
as well. Different from the conventional approaches, the proposed
observer can compensate a larger delay. To stabilize the system,
for the first time, a new sub-predictor-based T-S fuzzy control law
is suggested by using the proposed observer, which is composed of
elementary observers connected in series. The implementation of
the sub-predictor feedback is simpler than the classical methods
that only one of the elementary observers is employed. Via
Lyapunov-Krasovskii approach, sufficient exponential stability
conditions are established in the framework of linear matrix
inequalities (LMIs). A numerical example is provided to illustrate
the effectiveness of theoretical results.

Index Terms—Time delay, sub-predictors, observer design,
fuzzy control.

I. INTRODUCTION

Time-delay is universal and inevitable in real life, and it
often occurs in many aspects, such as networks, electricity,
engineering, medicine. Sometimes it may negatively affect
the systems as a source of instability. Thus, effective control
strategies need to be proposed to stabilize delayed systems.
Researchers have investigated many fruitful results on delayed
systems (see e.g. [1]-[3]). Especially, to compensate time
delays, the effectiveness of the predictor-free/predictor-based
feedback method has been demonstrated in recent years.
Predictor-free feedback control law has been proposed to
compensate small enough delays (see e.g. [4]). Predictor-based
feedback control law has been applied for ODE/PDE systems
and cascaded ODE-PDE/PDE-PDE systems to compensate
large delays (see e.g. [5]-[7]).

As for the predictor, there are many major breakthroughs
in previous studies, such as Smith predictor, finite spectrum
assignment and Artstein-Kwon-Pierson “reduction” approach
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in [8]-[11]. Predictor-based feedback controllers have been
discussed in a single plant (see e.g. [12]) and interconnected
systems (see e.g. [7], [13]) using the prediction of the future
state values. However, in the process of compensating large
delays, it may be difficult to integrate input signals in control
design over historical time (see e.g. [14]). As for the sub-
predictor, related results on the compensation of time delays
can be found in [15]-[18]. This method has the advantages of
dealing with large delays sequentially which can be divided
into small pieces and guaranteeing the convergence of obser-
vation errors.

For ODE systems, some detailed works on sub-predictors
have been presented to deal with output delay in [15] and
input delay in [16]. In [17], both output and input delays
have been considered in networked control systems. For PDE
systems, a similar scheme has been further extended to semi-
linear diffusion PDE with arbitrary output delay (see e.g. [18]).
The sub-predictors mentioned in [15]-[18] were constructed
by a chain of cascade observers. In [37], another type of sub-
predictors has been studied to deal with the large delay by
using a recursive observer structure for a wide class of non-
linear systems. Exponential convergence was guaranteed by
using a globally drift-observability condition and Gronwall’s
lemma.

More and more practical problems are modeled as complex
nonlinear systems. The T-S fuzzy model was presented in [19]
for the sake of simplifying the nonlinear part by establishing
“IF-THEN” fuzzy rules, which have been successfully applied
widely in the fields of engineering, robotics, finance, medicine
and so on. Based on a great number of studies for finite
dimensional systems, the T-S fuzzy model has been researched
in theoretical analysis and practical applications (see e.g. [19]-
[22]). It also has been developed for infinite dimensional
cases (see e.g. [23]-[27]). For the stabilization of T-S fuzzy
PDEs, corresponding control strategies based on the state
feedback in [24] and state observer in [25] have been proposed
to stabilize the one-dimensional reaction-diffusion systems.
However, the parameter uncertainties were not considered in
the above literature [19]-[27]. For the case that the grades of
membership contain uncertain information, the interval type-2
(IT2) fuzzy model was proposed. In the framework of IT2
fuzzy model, lots of research topics on fault estimation (see
e.g. [28]) and observer-based control design (see e.g. [29])
have been studied.

In comparison to the previous study [25], we find that [25]
focuses on compensating a small input delay. However, the
proposed method is inapplicable for the case of large delay.
Motivated by [30], when a simple observer was not enough



to compensate a large delay, sub-predictors were shown to be
more efficient and effective by simulation examples, which in-
spires our work. For the first time, we introduce a chain of sub-
predictors into T-S fuzzy PDE model to relax the limitation
of delay. Different from the classical predictor-based controller
that usually relies on the backstepping transformation (see e.g.
[7]), our new control design based on sub-predictors is much
simpler that only one of the elementary observers is employed.
The designed predictor in [12] was effective for the delay
with an upper bound, while the sub-predictors proposed in
the present work can be applicable for a larger delay. This
work is different from the existing results presented in [18].
Here we consider a more complex situation involving T-S
fuzzy sets and Dirac delta function, which bring challenges
to our analysis. Note that [17] studies the sub-predictor-based
controller design for ODE systems. However, to the best of
our knowledge, it is still an open research question in the
context of nonlinear PDE systems. Our study focuses on the
stabilization of the nonlinear reaction-diffusion equation with
a large delay. Sufficient conditions based on the Lyapunov
stability theory in the shape of LMIs are derived for the
assurance on exponential stability. We face here two main
difficulties:

e The nonlinearity and delay from the PDE model bring
challenges to the sub-predictor-based T-S fuzzy control
law design.

o The stability analysis is non-trivial due to the complex
interconnection of the sub-predictors.

To summarize, here are the contributions of the present work:

e A chain of sub-predictors is novelly introduced for T-S
fuzzy PDE system to achieve the future state prediction.
In particular, the proposed method can be applicable
for compensation of a large delay, compared with the
conventional approach (see e.g. [25]).

o The control design based on the sub-predictors has been
discussed for ODE systems (see e.g. [17]). For the first
time, a new sub-predictor-based T-S fuzzy controller
is suggested to tackle the stabilization problem of the
nonlinear parabolic distributed parameter system. It is
much simpler for implementation than the traditional one
(see e.g. [7]).

o The problem of sub-predictor-based T-S fuzzy control
design for nonlinear reaction-diffusion equation is formu-
lated as an LMI problem which can be solved by choosing
appropriate number of sub-predictors.

The following is the organization of this paper. The de-
scription and preparations for considered system are provided
in Section II. To handle the nonlinear term, a T-S fuzzy PDE
model is presented firstly and a chain of sub-predictors are
introduced afterward by using point measurements in Sec-
tion III. In Section IV, the corresponding sub-predictor-based
fuzzy control law is proposed for exponential stabilization.
To demonstrate the theoretical results, an example is provided
in Section V. Conclusions and suggestions are presented in
Section VI.

Notation. P is a positive definite for any matrix P > 0. In
partitioned matrices, use the symbol * to represent the sym-

metric blocks. I is identity matrix with appropriate dimension.
L2(0,¢c) = L2((0,¢);R™) stands for the space of measurable
squared-integrable functions over (0, ¢) with the corresponding

norm: .
12(0.0) = / |y () 2da.

Denote H}(0,c) 2 {y € L2(0,c),y’ € L2(0,c)} as the
Sobolev space with the norm

||2/H%r;(o,c) = Hy”%%(o,c) + ”y/”%%(o,c)‘

For a function y(z,t), the subscripts = and ¢ represent the

: o dy &%y
partial derivative, i.e. y.(z,t) = e’ Yoz (z, 1) = 902 and
(x t) — @
Y\, ot .

II. PRELIMINARIES AND PROBLEM FORMULATION

Some useful inequalities are presented as follows:

Lemma 1. (Wirtinger’s inequality [35]): For I, <y, let £ €
H} (1o, 1p) with £(1,) = 0 or £(Iy) = 0. Then
2

4(lb - la)2 dé-
6@z 1,0 € =5 || 72(@) '
L2 (la,ly) 2 dx L2 (la,ls)
Moreover, if £(1,) = &(lp) = 0, then
(lb - la)2 dé. ?
6@ 1000y € 5 || = @) '
L'n(l“’lb) 7T2 de' Li(ltulb)

Lemma 2. (Poincaré’s znequallty [36 Ji )' For a scalar function

€ € Hl(laly) satisfying fl x)dx = 0, the following
inequality holds:
Iy —1a)? || d¢
2 < (b~ .
e o < LV % o

Consider the one-dimensional reaction-diffusion equation
with delayed input as follows:

N
yt(xat) = ’szz(l'vt)+f(y(xvt))+26(x - jj)uj(t - T)v
dy(0.1) + (1 - d)ya(0.0) =0,
dR:U(L ) (1 - dR)y:v(l’t) =0,
y(z,0) = yo(z),

(D
where © € (0,1), y(z,t) € R™ is the state, » > 0 is input
delay, v > 0 is viscosity and control inputs are u;(t) € R"
(j =1,---,N) for the entire system. d(x) represents Dirac
delta function with purpose of achieving specific point actua-
tions. f(-) denotes a sufficiently smooth nonlinear function
satisfying f(0) = 0. Different values of d;,dg € {0,1}
denote different boundary conditions - Dirichlet, Neumann or
mixed conditions.

Assume that {Q; } 1 1s a partition of [0, 1]. Each subin-
terval is denoted as Q £ [z;_1,7;) whose length satisfies
0 < 9] <A, where Au is the corresponding upper bound.
The inputs u, (¢) enter the system (1) through d(x) at the points

Tj—1+ %

i = 2 S Qj.



< t1 <
Jimg o0 tx = 00 and sampling subdomains are

We denote sampling time instants by 0 = g
< tk .o

bounded:
tk+1 — t < h.

We suppose that delayed point measurements provided by
sensors are given as follows:

vi(t) = y(Zj; tk — 1)

for j=1,2,--- ,N and t € [tg,tpp1), k=0,1,2,---.

III. SUB-PREDICTOR-BASED OBSERVER DESIGN

A. T-S fuzzy model

According to [26] and [27], we propose the following IF-
THEN fuzzy rules:
Plant Rule o:

IF kq(z,t) is T, and ko(x,t) is Tg', - - -, and ky(z,t) is T,

THEN N
Y (,t) =VYua (2, 1) + A0y (@, 0)+ > 6(z — Z;)u,(t — 1),
j=1
dLy(Oat) + (]- - dL)yac(Ovt) =0,
dRy(Lt) + (1 - dR)yav(Lt) = 07
y(l‘,O) = yo(l‘),
where A, € R"*", qac S £ {1,2,---,s}, p={1,2,---,1}.

TS denote fuzzy sets, the total number of fuzzy rules is s and
kg(z,t) are known functions of y(z,t).
Then one gets the system

yt(xat) = Vym(%t) + Z hoz("i(xat))Aay(xvt)
N a=1
+D_ 0@ = F5)u(t =), 2)
4y(0,8) + (1 = dp)ys(0,6) = 0,
dry(1,t) + (1 — dr)ya(1,t) =0,
y(xv 0) = y0($)7

where k(z,t) = [k1(2,1), Ka(z,t), - -, Ki(x,t)]T and

T T3 (e .0)

ha(r(z, 1)) = ,a €S,

s l
% 11 T3 st 1)
The term T'" are grades of the membership of rg(z,t) in T

For x € (0,1) and ¢ > 0, it is assumed that

l s l

H (kg(x,1)) >0andZHTﬁ/€5wt)) > 0.

B=1 a=18=1

Hence, the following properties hold

ha(k(z,t)) > 0,00 € S and i ha(k(x

a=1

) =10

which are significant in the simplification and derivation of
the results later.

B. Observer design
We

future

introduce the following sub-predictors to predict

-1
gzt — 7r) i T)

1
oM (z,t — MT) — y(x,t) and define the following
estimation errors:

state: - 9% (x,t —

%

- =

M—-1

el(xat):gl(x7t_7a)_g2($?t_ ’I"),
M -1 M -2
2 S _ _ 23
€ (x,t)—y ('T7t M T) Y ( 7t M ’I")’
eM=Yx,t) = gM—Y(z,t — ir) — M (z,t — ir)
) 71 M K M K
ej\i(xat) = :'-)M(x7t - MT) - y(x,t),
“)
subject to

dre’(0,t) + (1 —dr)ei(0,t) =0,

w00+ 1 d)e 0.0 =0,
dre*(1,t) + (1 — dgr)eL(1,t) =0,

As in [32], we introduce the following shape functions

1, z€ [.’L‘j_l,l‘j),

0, otherwise,

We design a chain of sub-predictor-based observers for t €
[tk — 7, tgr1 — 7) as follows:

Va2 (,t) + Zh z,t)Aay’ (2, 1)

+Z(5$—J;J u;(t Zzb z,1))

a=1j=1

. 1 2o
XLa[y (xj7t - MT) - y2(xj7t)]a

b (w,t) =

M- 1 _
XLO&[yM(x]7t - Mr) - y('rj7t)]7

(6)

i () = 797, (z, 1) + Zh ,1)) Aaf? (2, 1)
N a_11 s N
+ Y 6w — 7 )uy(t — u DD bi(@)ha(s(z,t)
j=1 a=1j=1
X Lol (5, — 57) — 8°(23,1)
9 @, t) = g @) + > ha(s(e, 1) Aag™ T (,t)
N o=t s N
+Z§(m—jj)uj(t— —Zij(x)h k(z,t))
X Lalg™ w50t = 5or) = 5 (0],
9 (1) = vink (2, 6) + Y halk(, 1) Aad™ (2, t)
N o=l s N
+Z§(m—jj)uj(t — Zij(ac)h k(z,t))



subject to
dri%(0,t) + (1 — dp)3? 0,
L%( ) ( L) ( ) 7;:1’27"'aM’
dRyl(lat) (1 _dR)y:L’(l t) :O

where L, € R"*" « € S are observer gains to be determined.
Furthermore, from (6), one gets

Qtl(xat - T) - ’Yﬁ;z(mat - 7“)
—I—Zh Kz, t — 1)) Ay (z,t — 1)
N
+> 0w — z)u(t— )
j=1
s N
=2 > bi@hak(zt —1)
a=1 j=1 v
1o +1 2
xLa[yl(xj,t— 7 r)—y2(xj7t—7')],
" M-1 . M—-1
Pt = Sr) = it - )
d M—1 M—1
+Zha(m(x,t—7r))z4ag)2(x,t— ")
N
+> 8(z — zj)uy(t — 1)
j=1
N
M-1
= 3 S b hale,t = S )
a=1j=1
o 3, M-1
X Lo [0 (Tj,t — 1) — 93(Z5,t — i )],
M — 2 2
ot = ) = = )
. 2 2
e, t— —r)NA M Yz, t — —
+ 3 Rl = ) Aa ot = )
N
+3 6(z — )yt — 1)
j=1
s N 9
- Z ij(x)ha(/ﬁ(a: t— Mr))
a=1j=1
AM—1 3 ~M (= 2
X Lq [ (xjat*MT) Y (mjatfﬂr)}’
1 1
<M LN s M L
Yt (:E?t SJWT) ’Yyrx(x7t MT)

1 N 1
+ Z ha(k(z,t — MT))AayM(x, t— MT)
a=1

N
+> 0w — z)u(t—r)
j=1

s N
= bi(a)h

vil))
a=1 j=1
2 _ 1
XL [ (xjvt - Mr) y(*xjvt MT)L
7
M—-1 M—-1 @

where t € [ty — ————7r tj41 — M, k=012,
and §'(z,t) =0fort <0,i=1,2,---, M.

Define F(e?,x,t) as follows:

F@ ) = f T @, t),
F(e',z,t) = 1 "
f(gl7x7t)_f y?x7t)7 i:M,

where f(y,z,t) = i ha(K(z

a=1
f(@hx,t)
- M—i+1
= ha b=
; (k(x i

fori=1,2,--- , M.
Define w(e!, z,t) as follows:

1
/ Jyo (i 2, 6)d0
0 1

foit1 e (9T +0€' 2, t)do
_ / Y fgirigoe (97T + 0 3 1) d

0 el
i=1,2,--- M —1,

1
[ ttat . tyio
0 1

fy+96'i (y + oeia €, t)da

0 .

_ /1 fy-i—b‘ei(y + 961,.I‘7t) dy
et

0
1= M.

, 1) Agy(z,t) and

M—-i+1

M)Ay (2, t — i r)

)

w(el, z,t) =

Y

where  fg (9%, x,t) represents the partial derivative of
f(g*, x,t) with respect to the variable §*. Then we obtain

f(yH»l +6i7377t) - f(yi+17x7t)
= f(:glax7t) - f(ghLlax?t)?
i=1,2, M —1,

f(?;i7x7t) _f(yvxat)7 1= M.

(10)

w(e',z,t)e’ =

As in [31], we make the following assumption:

Assumption 1. Suppose that the membership functions
ha(k(z,t)), o € S are known and the variation ranges of
w(e', x,t) satisfy

|U}(€i,$,t)‘§&'i, i:1,27"')M; (11)

where €; are positive scalars.

Remark 1. Assumption 1 is reasonable because the member-
ship functions hy(k(z,t)),a € S are known generally for
any x € [0,1], t > 0. Fuzzy rules are always established
in advance by human or control engineers so that w(e’, x,t)
satisfies the boundedness property reasonably. The values of
g; satisfying (11) can be obtained through theoretical analysis
or numerical simulation.



From (7) and (10), one has the error system

€t (l’ t) 7611(x t) + w(ela z, t)el(x, t)
1
—ZZb k(x t—r))Lael(a_cj,t—MT)
a=1 j=1
s N M—1
+ Z Z bj(z)ha(k(z,t — i 7)) Lo€?(Z;,t — Mr),
a=1j=1
e?(x, t) 'yem(z t) +w(e?, x,t)e?(w,t)
M-—1 1
*ZZMMh ) La€?(@5,t = =7)
a=1j=1
M -2 1
bj(z)h t Lo (z;,t — —
+;Z&m (k(a,t = =5 7)La€’(z;
eM 1z, t) = veM 1 (x,t) + w(eM 1z, t)eM 1 (z, 1)
> 2 1
—Zij(x)h t— Mr))La M=V (gt — Mr)
a= 1] 1
1 _
+azljzlb K(x tfﬂr))LaeM(xj,t—MT),
eM(x,t) = veM (z,t) + w(eM, x,t)eM (x,t)
s N
1 Mo
_ Z Z bij(z)h t— MT))Lae (Zj,t— MT),
a=1j=1
M—-1 M -1 (12
where t € [t — Tr,tkH i r), k=0,1,2,---

Theorem 1. For error system governed by (12), given scalars
Ay >0,7>0 0<9d <1, if there exist 0 < P € R™*",
0< P, e R™*™ (i =1,2,3,4,5), W, € R"™"™(a € §), and
A > 0 satisfying LMIs as follows:

U2 2v(1—6)Py+ Ps + max{dr,dr}P <0, (13)
—e B Py 4+ A, <0, (14)
X11  X12  X13 X14
* 0 X22  X23 X24
Q=1 * x X33 0 <0, (15)
2
* * * _E)\In

where

s M
=— dp,dpt———P — —e 23 P
X11 maX{ L, R}4_ 3d,dg r € 4
+20P) + P3; + 2P F,
Xi12 = P + RE — P,

M T

X13 = —e 23 Py — W,,
r

X14 = Wa, .

X22 = —2P5 + MPAL,

X23 = —X24 = —Wha,

T M
X33 = —e 20 (Py + 7P4),

then error system governed by (12) is exponentially stable with

decay rate § in the sense that

holds fori=1,---,

e ()3 0.5 e M€’ (5 01 0,19 (16)

M with a positive constant

max{)\max(Pl) + ﬁ)\max(PS)vw)\max(P2) + ﬁ)\max(PE))}

A
c= -
min {Amin(Pl)a 7Amin(P2)}
a7
Moreover, the observer gain matrices are given by
Lo =Py, 'W,, a€S. (18)

M ), Proof. Step 1: For the case of 7« = M, consider the Lyapunov-

Krasovskii functional:

(z, )T PreM(z,t)dx

A

[eM(z,t

x

P
+/ / XM (1, )T PyeM (x, 5)dsdx
0 Ji

)] Paey! (x,t)d

T
M

10
+/ / / PV M (g )T PyeM (1, 5)dsdfda
0 J-z Jito

1 gt
+// XM (1 )T PyeM (x, 5)dsdx
0o Ji—g
(19)

where P; € R™*™ (i =1,2,3,4,5) are positive definite.

Differentiating V) (t) along (12), one gets

Vs (£) + 20Vas (1) = / M (2, )] PreM (2, £)da
[iereorn
+fy/1 (z,)]T PoeM (z,t)dx
0
+’y/ [eM (2, )" Pye (2, t)dx
+26/
1254 / M (2, )] Py (2, £)da
1 0
+/ [eM (x,)]T PseM (x,t)dx
TO 1
+M/0 [eM(z, )T PyeM (z,t)dx

1
—25 L M
—e M e (x,t —
/0 { ( M

1t
—/ / eV M (1 )T PyeM (2, s)dsdx
0o Ji—

e D) P T
. e, \&, M 5€, (T, M Z.
(20)

(z, )" PreM (x,t)dx

+

[eM

(z, )T PreM(z,t)dx

T
)| PseM(z,t — &)dm



Relying on Jensen’s inequality, it can be obtained that

/ /_f 20 e (@, 9))" Paed! (z, S)dsda:

1] et
< ——e_%ﬁ / eM(x, s)ds
r 0 |Jt—%
¢
x Py / eM(z,s)ds| dx
t=ar

Mz, t) — eM(a,t —

I
B
(9]
s
g
O\H

21

x Py {eM(x,t) f_eM(x t— M)] dx

_[eM (z,t)]F PyeM(z,t)

INA
B
o
g
<
O\H

r 1T M r
M)] Pye (xat_M)

—2[eM(z,t)]T PyeM (x,t — M)] dz.

+ {eM(x, t—

Using the descriptor method, from (12), we obtain
1
0=2 [ [M )" + (e @ 0)"] P
0

X [—et (z,t) +veX (z,t) +w(e™, 2z, t)eM (x, 1)

s N
=) bi(@)ha(s(x

a=1j=1

1
—r)|dx.

1
t— MT))LQGM(fj,t -7

(22)
Integrating by parts, one has

1
27/ [eM(z,t)]" Pye (z,t)dx
0

1 (23)
= —27/ (€M (z, )] Pye (x,t)dx,
0

1
2y / M (2, )] Py (, t)da
0
1
— -2 [ [l ) Pt (o ),
0

By Wirtinger’s inequality from lemma 1, one has

(24)

1
max{dr,dr} X l/o [eM(x,t)]T PeM (2, t)dx

WQ (25)

1
M T p,M
- >
3 /0 [e™ (z,t)]" Pe™ (x, t)dx} 0

for any P > 0.
To analyze the stability, we denote

fi(z,t) 2 Mzt - %r) —eM(zj,t — —7).

Hence,

N 1
M~

E e’ (x5, MT

Jj=1

Therefore, some terms of (22) can be rewriten as

1
0=2 / UeM<x OIT + [ (. 6))"] Py

l ZZb k(z,t — —71))Lae (xj,t—&r)]dm
a= 11] 1 . N
=2 [ @)+ e B Y Y b)
a=1j=1
Xhe(k(x,t — %T))La {eM(x,t - %T) — fi(z,t)| dx.

(27
Due to [, fj(x,t)dz = 0, by Poincaré’s inequality from
J

Lemma 2, we have

/ fT 7, t)de
1 T (28)
< 7T2 o [eiw( t— Mr)} eM(x,t — Mr)dx,
which brings
A Tt~ "o t— L
Z / - Mr) en (x,t— Mr) x
(29)

*Ai% /Q ff(xvt)fj(xvt)dx] 2 0.
for any A > 0.
From (11), using (21), (23), (24), (26) and adding (22), (25),
(29) into (20) lead to

Var(t) + 26V (t) < /O [eM(z, )T WeM (x,t)dx
1 T
—|—/O {eM(a: t—J\l/[r)] (—€2°31 Py + \,,)eM (x, t—ir)dx

M
+zz/

a=1j=1

L r))nT(x, t)on(x, t)de,

(30)
where

n(a,t) = col{eM (z,t), eM (z,t), eM (z, t — &), Filz 0}

and W, = PyL,, a € S. Therefore, if (13)-(15) hold, then
Vi (t) + 26V (t) <0.

Step 2: For the cases of ¢ = 1,--- M —
Lyapunov-Krasovskii functional:

1, consider the

Vi (%) :/ [e'(x,t)]T Pret(x,t)dx

1

+y [ len(z, )] Pael (x, t)da
' / I th Ol (z,5)]T Py, )ddsda
" /O 1 / . /He (D¢l (2, 5)]" Pel (x, 5)dsddda

el (x, )T Psel (z, s)dsdzx.

1 t
+/ / 625(8 t)
0 Jt—17

M

€1y



If (13)-(15) hold, then
Vi(t) + (20 — ex)Vi(t) = xViga () <0

where ¢ = 1,--- , M —1, € is small enough, x is large enough
and 2§ — ex > 0.
At last, construct the Lyapunov-Krasovskii functional

M
=> MV, (32)

Then we have V (t) + (26 — ex)V (t) < 0 meaning that
V(t) < e 2tV (0). (33)
Furthermore, (19), (31) and (33) yield

min{/\Inin(Pl)7ry/\min(P2)} : Hel(at)”?{i(O,l)
< Vi) < em1V;(0) < ee*[e' (-, 0) 131 (0,1,

for:=1,---, M where

(34)

E:rnax{)\max(-Pl)"_ Amax(PL’:) ’y)‘max(PQ) M)\max(PS)}~

Thus, the inequality (16) holds with a positive constant

N c

min {Amin(P1), YAmin (P2) }

c

Remark 2. We notice that LMI conditions in (13)-(15) are
convex in parameter r. That is, if the decision variable remains
the same, for any constant delay ro € [0,r], (13)-(15) are
also satisfied. Hence, the exponential convergence can be

guaranteed when the time delay rq is uncertain but bounded
in [0,7].

Remark 3. LMI conditions in (13)-(15) depend on the value
Tmaz = T/M. It is obvious that if (13)-(15) are feasible
for Timaz, they are also feasible for any positive integer
M > 7/Tmax- For each time delay r, a sufficiently large M
can always be found by Yalimp. Meanwhile, the exponential
convergence can be guaranteed.

Remark 4. The computational complexity of Theorem 1 can
be estimated as being proportional to N§’Nl , where Ng =
3n(n + 1) + sn? + 1 is the total number of scalar decision
variables, and N; = 6 is the total row size of LMIs.

IV. OBSERVER-BASED CONTROLLER DESIGN

Next, for stabilization of the system (2), we propose the
following observer-based fuzzy feedback control law:

~Y K. / ho(k(, )i (z,)dz, (35
a=1 €

where K, (o« =1,2,---,s) will be determined later.
From (7) and (12), under the control law (35), the actuated

system becomes
Gi (@t — 1) = Yijpa (2.t = 1)
+ Z ho(k(x,t — 7)) Aagt (2, t —7)

1
,azlz;b (z,t —1))Lae (zj,tfﬂr)
v J
+Z5(ff—fj)uj(t—’“)a
j=1

ef(z,t) = el (x,t) + w(e', z,t)et(z,1)
N

1/~ 1
_ Z Z bj(@)ha(k(x,t — 1)) Lae (T, t — MT)
s N
+ 2 2 bilaha(n(et - %T))Laez(@, t— %7‘)7

a=1j=1

ef(z,t) = Wem(w t) +w(e®,x, t)e?(z,1)

M-1 5 1
—Zzb K, t = L)) Lae (1 2or)
a=1j=1
s N
M—2 1
+ Z Zb](-’f)ha(/ﬁ)(fﬂ,t - Tr))[/ 63(.]3‘]725 — M'r)7
a=1j=1

e Ha,t) = vl (@, t) + w(eM L 2, t)eM Y (z, 1)

s N
7;;b1(x)ha(/{($,t Mr))LaeM l(f],tfﬁr)
s N
+;;bj(x)ha(ﬁ($7t 27 Eae™ (@5t = 77),

eM(z,t) = veM (z,t) + w(eM, z,t)eM (z,1)
s N

1 _ 1
=33 by @)l t = o) LaeM (35,8 = o).

a=1 j=1

Theorem 2. For the actuated system (36) under the designed
sub-predictor-based fuzzy control law (35), given scalars
Ay, >0 r >0 pu >0 0< d < 6 < 1, if there
exist 0 < P € R™™ 0 < P, € R**", (i = 1,2,3,4,5),
A>0,)\ >0 R, € R, 0 < W, € R""(a € S)
satisfying (13), (14), (15) and the following LMIs:

—2vP, + M1, <0, 37
01 —R.
0= w2 <0, (38)
x  ——1,
A2

where
911 = AZZPQ + PgAa — (RZ: + Ra) + 250P2 + NWaa

then the designed controller (35) exponentially stabilize the



system (36) with decay rate &g in the sense that

15" ot = )72 0,1y < Coe™ 2y, 0)l71 0,0y (B9
holds with a positive constant
1 A?
max{—, —%} - max {Amax(Wa)}c
CO _ 12y vy 1<a<s
(5 - 60) : )\min(PQ)
and c satisfies (17).
Moreover, the controller gain matrices are given by
Ko=P; 'Ry, a €S, (40)

and the observer gain matrices are given by (18).

Proof. Choose the following Lyapunov-Krasovskii functional:

Vo(t) = /0 (9" (2, t — T)]T Pogt(x,t — r)dx. 41)

Set R, = P,K,, a € S. Differentiating (41) along (36) and
(35), integrating by parts, we arrive at

1
Vo (t) + 260 Ve (£) = —27/ 92, t — )] Pagh(a,t — r)do
0

1 s
+/O > halk(z,t—1)) [§ (2t - ] [AT Py + PyA,]

x gt (2, t— r)dx—z Z/Q ha(K(z,t —1)) [g)l(x,t — r)]T

a=1j=1
s N

X [LEPy+ PyLole! (2, — — [9'(z;,t —

[RT + R,] /Q ol = )i .t~ r)da

1
—1—2(50/ [Ql(x,t—r)]TPgﬁl(x,t—r)dx.

’ (42)
Set W, = P,L,, « € § and W, > 0. From Young’s
inequality, one gets

s N T
S [ - [ )

a=1j=1

1
X [Lng + PgLa]el(:fj, t— Mr)dac

s N T
<ud S [ bttt =) [ ot =)

a=1j=1
xWoit (z,t — r)dx

v 3 i/ Pastat = 1) [l - ]MT

a=1j=1

1
xWye (zj,t — Mr)dx
(43)
for any constant y > 0.

From (26) and (28), we have

a=1j=1
xWeel(z;,t —

1 1.0
n M

1
Mr)dx

T)]T

XWeaelk(x,t —
2 2A2
< max{—, —;‘} - max {Amax(Wa)}
J7a iy 1<a<s
1
x|le! (-t — MT)”%;(OJ),
(44)
Substituting (16) of Theorem 1 into (44) yields

zs: ﬁ:/ﬂ ha(k(z, t — 7)) [el(xj,t _ Alf)r

a=1j=1
1
K Wae (Z;,t — Mr)dx
< Ce el (-, 0) I3 0.1y

1
I
(45)

2 2A2
where C' £ max{—,T;}~

constant c satisfies (17).

max {Amax(Wa)}e and the

1<a<s

Denote
gi(x,t) 2 94 (Z,t —r) — 9 (z,t — 7). (46)
Applying Poincaré’s inequality from Lemma 2, we have
al T
A Z [/ [gj}c(az,t —7)] gL (2, t —r)da
j=1 L% @7)
2
A2 /Qj gjr(x,t)gj(x,t)dx] >0

for any constant A; > 0.
Adding (47) into (42), from (43)-(46), one has

Vo(t) + 280Vo(t)
1
< / [Q}c(:mt — r)]T (=2vP2 + )q]n)g);(x, t—r)de
0

s N
+ Z Z o ha(k(z,t — )T (2, 1)Op(z, t)dz

a=1j=1
e el (4, 0) 3 0,1
(48)
where ¢(z,t) = col{g'(z,t —r), g;(x, )}
Therefore, if (13)-(15), (37), (38) are satisfied, then
Vo(t) 4 200Vo(t) < Ce |l (-, )11 0,1
which implies

06—250t

—26,t 1 2
Vo(t) <e Vo(0) + m”e Ol 0. 49

Since §*(x,t) = 0 for t < 0, from (41) and (49), we derive
Amin (P2) - 191 (-t = 7)1 72 0.1

06725025

1 2 (50)
<Vo(t) < m\le ('aO)HH}L(O,l)'



Thus, the inequality (39) holds with a positive constant
C
2(6 — o) -

CO - )\min(PQ) '

O

Remark 5. In [6], depending on the backstepping method, the
scheme for treating ODE/PDE systems with input delays as
PDE-ODE/PDE-PDE cascade systems with boundary control
is introduced. In comparison with [6], this paper has the merit
that effective sub-predictors design and LMI approach are
applied for T-S fuzzy system to compensate both input and
output delay.

Remark 6. The computational complexity of Theorem 2 can
be estimated as being proportional to NSNZ , where Ny =
3n(n + 1) + 2sn? + 2 is the total number of scalar decision
variables, and N; = 9 is the total row size of LMIs.

Remark 7. It is noted that the designed observer (6) has the
same premise membership functions as the fuzzy system (2).
As for the case of the membership functions depending on the
observer state, the corresponding result can be also obtained.
In this case, the observer (6) becomes
Observer Rule q:

IF R (z,t) is TY, and Ro(z,t) is Ty, -+ -,
THEN

and i (x,t) is T},
(,)Agy' (x, 1)

)3 i)

q=1j=1

= Vs (@ t) + Y bR

qg=1
N
+> 0w — 3 )uy(t -
j=1

Ji(@,1)

XLq[Qi(fj,t—%T) ?f""l(xj,t)], i=1,---,M—1,
?jiM(xvt) = 'yg]%(m,t) + Z hq(/%(m,t))Aqg)M(:mt)
N =t
+3 6z — )yt — —— ZZb J(A(z,1))
j=1 q=1j=1
qu[@Mw—ﬁm—y(@,m, =M,

where Ly € R**", q € S are observer gains to be determined.
Then the error system (12) becomes

et(x,t) vayeix(a:, t) +w(et, z,t)et (x,t)
f;;w)hqm( =) Lg€ (25,1 = 77
. M1 . 1

—&-qzljzlb G(R(z,t — i r))Lge +(7’t_ﬁr)’
i=1,-- M1,

€ (J: t) =~veM(z,t) + w(eM, x,t)eM(z,t)

- le;bl(x)hq(/%(x t— %r))Lqu(@,t — ")

+ZZh he (K(z, )

qg=1 a=1

x(Aq — Aq) [QM(at,t _ Ty Mg, t)} ,i= M.

M

The above will lead some changes of (15) as follows:

_Xll - 2an X12 — an X13 X14 an 0
* X22  X23 X24  Fya 0
* * X33 0 0 0
2
* * * _F)Jn 0 0 <0
u
* * * * 01 —R,
2
T
* * * * * —— T
L A2
where

Py =Po(Ag—An), g€ S, a €S,

2
M .
P— e 2% P, 4261,
T

X1 = — ma.X{dL, dR}m

Py +2P,E,
X12 =P+ PRE—-P), xi13=—
X14 = —X23 = X24 = Wy,

26ﬁP4 - Wq7

M
e 2031 (P3 + P4)
(WT+W)

-
X22 = —2P> + — Py, X33 =

M
011 = Ay Py + Py A, — (RqT+R ) + 200 P, LB

Moreover, the controller gain matrices are given by K, =
P2_1Rq, q € S and the observer gain matrices are given by
L,=Py;'W,,q€S.
V. NUMERICAL EXAMPLE

We now give an example to illustrate the effectiveness of
the designed sub-predictor-based fuzzy controller (35) for the
system as follows:

N

1)+ Y 6w — z;)uy(t — ),

Ye(2, 1) = Yyeu (2, ) + f(y(2,

dRy(17 + (1 - dR)yw(lat) = 07
y(JC,O) = yO(I)7
- GD
where 0 <z < 1,v=0.2, 7 =0.2, yo(xr) = 0.5 sin(gx) and

f(y(xvt)) - OS(y(x,t) - 2y3(x,t)).
Different values of dy, and dr represent different boundary
conditions as follows:

dr, =0,dr = 0: Neumann boundary conditions,
dr, = 1,dr = 1: Dirichlet boundary conditions,
dr, =1,dr = 0: Mixed boundary conditions,
dr, =0,dr = 1: Mixed boundary conditions.

The open-loop system with mixed boundary conditions (d;, =
1, dg = 0) is unstable (see Fig. 1).

The following IF-THEN fuzzy rules for system (51) are
constructed:
Plant Rule 1:
IF k(x,t) is “big”, THEN

N
ye(2,t) = YYua (2, t) + ary(z, t) + Z Sz —Z;)u;(t—r),
Jj=1
dLy(()) t) + (1 - dL)yLE(O’ t) =0,
dry(1,t) + (1 — dr)y.(1,) =0,



Fig. 1: The open-loop system with d;, =1 and dr =0

Plant Rule 2:
IF k(x,t) is “small”, THEN

yt(xat) = 'Yy:vw<x’t) + G'Qy(m?t) + Z(S($ - ‘fj)uj(t - ’I“),

where r(z,t) = y?(z,t), v £ max,(. 4 y*(-, t), a1 = 0.8(1 —
v) and ap = 0.8. From Fig. 1, it is clear that v = 0.4998% =
0.25, and thus, a; = 0.6.

Therefore,

2
yt(x7t) = ’yyacm(xvt) + Z ha(ﬁ(x’t))aay(xvt)

a=1

N
+Z5(m — ) ui(t — 1),

dLy(Ov t) + (1 - dL)ym(O, t) Oa
dRy(lat) + (1 - dR)ym(lat) =0,
y(xa 0) = y()(x)a

where the membership functions are described by

hi(k(z,t)) = v K(x, t),
ho(k(z,t)) =1 — hy(k(x,1)).

(52)

By Yalimp, LMI conditions are verified with A, = 0.5,
0 =0.2,09 = 0.15, 4 = 0.5 in Theorems 1 and 2. For different
values of r and M, the feasible solutions of LMI conditions
are shown in Table I. From the simulation results, we find that
the LMI conditions are always feasible for 17 < 60.2.

A finite difference method is utilized in numerical results
to calculate the solution of the actuated system (52) under the
control law

ui(t) = - K /Q | he(k(x, )9 (z, t)da.

For different values of r and M, the control inputs u(t)
and wuz(t) are shown in Fig. 2. Consider the case of r = 0.2
and M = 2 for system (52). The steps in time and space

TABLE I: Feasible solutions with different
values of r and M

r=02 r=02 r=02 r=12
M=1 M=2 M=3 M=3
Ly 0.7845  0.8282  0.8405  0.6625
Lo 0.7569  0.7998  0.8119  0.6365
Ky 1.9984  2.0569  2.0808  1.8767
Ky 22135 22676 22917  2.0941
P 1.7549 1.4511 1.3417  2.4749
P 10.8604 11.3573 11.5333 10.0166
P, 125043 12.3629 12.4108 13.0940
Ps 4.8556  4.9442 49492 43732
Py 57471 3.0131 1.9998  8.4484
Py 1.6214  1.7621 1.8120  1.3531
Wi 9.8094 10.2388 10.4308  8.6754
Wy 9.4648  9.8883 10.0767  8.3337
Ry 249888 254288 25.8241 24.5733
Ry  27.6788 28.0339 28.4417 27.4205
A 0.8872 09395 09812  0.8130
A 25009 24726 24822  2.6188
0 T p——— — :
05 mrma
1'501 2 . s s 1;0 12 m 6 8 20
28 2 s s s 10 12 1 6 18 20

Fig. 2: Control inputs with different values of r and M

are selected as dt = 0.001 and dzr = 0.02 respectively.
As expected, the result shown in Fig. 3 demonstrates that
the sub-predictor-based T-S fuzzy control law is effective to
stabilize the system exponentially. Meanwhile, the observed
state variables §' (x,t—7), §?(z,t—1r) and the errors e (z, 1),
e?(x,t) have been shown in Fig. 4-Fig. 7. Theoretical results
in previous sections are confirmed by the above simulations.

VI. CONCLUSION

This paper proposes a chain of sub-predictors and a
sub-predictor-based fuzzy controller for the nonlinear one-
dimensional reaction-diffusion equation. The delayed input
and output of the system are compensated. The designed T-
S fuzzy control law stabilizes the system successfully under
different boundary cases. Especially, our results are also valid



05

0.4 -

P, 1)

1
Fig. 5: Estimation §°(x,t — 57’)

for a large delay. Based on this, the effectiveness of the
presented results is confirmed with an example. Note that in
the present work we focus on the study of sub-predictor fuzzy
observer-based control design for the case of constant delay.
As for the case of time-varying delay, it brings significant
challenges, which will become our next step. For further
research, one potential direction could be the extension to more
complex systems like coupled ODE-PDE systems.
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