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CLOSED G2-EIGENFORMS AND EXACT G,-STRUCTURES

MARCO FREIBERT AND SIMON SALAMON

ABSTRACT. A study is made of left-invariant Ga-structures with an exact 3-form on a Lie group G whose
Lie algebra g admits a codimension-one nilpotent ideal h. It is shown that such a Lie group G cannot
admit a left-invariant closed Ga-eigenform for the Laplacian and that any compact solvmanifold I'\G
arising from G does not admit an (invariant) exact Ga-structure. We also classify the seven-dimensional
Lie algebras g with codimension-one ideal equal to the complex Heisenberg Lie algebra which admit
exact Ga-structures with or without special torsion. To achieve these goals, we first determine the six-
dimensional nilpotent Lie algebras h admitting an exact SL(3, C)-structure p or a half-flat SU(3)-structure
(w, p) with exact p, respectively.

1. INTRODUCTION

The group Go is one of the exceptional cases in Berger’s celebrated list [Be] of restricted holonomy
groups of non-locally symmetric irreducible Riemannian manifolds and only occurs in dimension seven.
For over 30 years, it was unknown whether such manifolds exist at all until Bryant found local examples
[Br2], Bryant and the second author found complete ones [BrSa], and Joyce [J] constructed compact
manifolds with Go holonomy.

The construction of these examples relies on the fact that the metric is encoded in a certain type of
three-form, which we shall refer to as a Ga-structure. More exactly, a G3-structure on a seven-dimensional
manifold M is a three-form ¢ € Q3M on M with pointwise stabilizer conjugate to Go C SO(7) C GL(7,R).
The form ¢ induces a Riemannian metric g,, an orientation and a Hodge star operator x, on M. The
holonomy group of g, is contained in G if the structure is torsion-free, meaning that ¢ is parallel for the
Levi-Civita connection, which is the case if and only if ¢ is closed and coclosed [FG].

Go-structures that are closed but not coclosed constitute a basic intrinsic torsion class in the Ferndndez-
Gray classification, and play a natural role in the construction of compact manifolds with holonomy equal
to Ga. Joyce’s examples were found by first constructing closed Go-structures on smooth manifolds with
sufficiently small intrinsic torsion and then proving analytically that such closed Go-structures may be
deformed to torsion-free ones.

Closed Go-structure are the initial values for the Laplacian flow ¢ = Ay, @ for one-parameter families
of closed Ga-structures (p;)er introduced by Bryant in [Br3]. The critical points of this flow are precisely
the torsion-free Go-structures [LW1], and the hope is to use the Laplacian flow to deform a closed Go-
structure (without any smallness assumption on the intrinsic torsion) to a torsion-free one for ¢ — oo.

Short-time existence and uniqueness of the Laplacian flow were established in [BrXu], and other foun-
dational properties were proven in series of papers by Lotay and Wei [LW1, LW2, LW3|. However, a lot is
still unknown about long-time behaviour of the flow, and it is important to characterise finite-time singu-
larities. One expects that, like for the Ricci flow, these singularities are modeled by self-similar solutions
of the Laplacian flow. The initial values ¢qg of these self-similar solutions are called Laplacian solitons,
and a special class of them is given by closed Gs-eigenforms characterised by

Apytpo = o

for some p € R\ {0}. Although this equation looks quite easy, no examples of these structures are known.
Moreover, compact manifolds cannot admit a closed Gg-eigenform [LW1].

Closed Go-eigenforms are also of interest from another point of view: they constitute a special class of
so-called A-quadratic closed Go-structures, A € R, namely those with A = 0. In general, quadratic closed
Go-structures are exactly the closed Go-structures for which the exterior derivative dr of the associated
torsion two-form 7 depends quadratically on 7. These structures have been studied by Ball [Bal, Ba2]

1

and include many other interesting closed Ga-structures. For example, the case A\ = g corresponds to
1
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so-called extremally Ricci-pinched (ERP) closed Ga-structures, and the case A = % is equivalent to the
induced metric being Einstein.

By Lauret’s work [L], homogeneous A-quadratically closed Ga-structures on homogeneous manifolds
can only exist for A € {0, %, %} Homogeneous ERP closed Ga-structures were classified in [Ba2] using
the classification of left-invariant such structures on Lie groups in [LN2]. Moreover, [FFM] shows that no
solvable Lie group can admit a left-invariant closed Einstein Ga-structure. Since the strong Alekseevsky
conjecture is true in dimension seven (i.e. any simply-connected homogeneous 7-Einstein manifold of
negative scalar curvature is isometric to a left-invariant metric on a simply-connected solvable Lie group)
[AL], there are no closed homogeneous Einstein Go-structures. So the homogeneous case is settled for
A€ {%7 %} leaving open the case A = 0. Concerning the latter case, almost nothing was before this
article allthough [N] had shown that there are no closed Ga-eigenforms in a very specific family of closed
Go-structures on very special types of solvable Lie algebras, including a few almost nilpotent ones.

We shall fill this gap as follows. Let G be a 7-dimensional Lie group with Lie algebra g. We prove that G
cannot admit a left-invariant closed Ga-eigenform if g is almost nilpotent, i.e. it admits a codimension-one
nilpotent ideal. We are led to focus on ideals of two types, ng and nsg, with the former of step 4, and
the latter of step 2 and isomorphic to the real Lie algebra underlying the complex Heisenberg group. It
is striking that our non-existence proof is at the limit of, but just within, the realm of computations that
can be checked by hand. This fact has enabled us to complement our conclusions with more positive ones
relating to ngg, mentioned below.

We are naturally led to the class of almost nilpotent Lie algebras by the following facts:

Lauret and Nicolini [LN1] showed that any Lie algebra g that possesses a closed Go-structure has a
codimension-one unimodular ideal . Hence, it is quite natural to start with those for which § is nilpotent.

Motivation is also provided by the results of Podesta and Raffero [PR] on closed Gg structures on
seven-manifolds with a transtive reductive group of symmetries.

Moreover, a closed Go-eigenform ¢ is always (cohomologically) exact, and the existence problem of exact
Go-structures on a restricted class of almost nilpotent Lie algebras has been studied in [FFR]: there are
no exact Ga-structures on strongly unimodular Lie algebras g with b2(g) = b3(g) = 0. The latter implies
that g is almost nilpotent [MaSw], whereas ‘strongly unimodular’ is a technical condition, necessary for
the existence of a cocompact lattice in the associated simply-connected Lie group G.

We also answer negatively the existence problem for exact Go-structures on strongly unimodular almost
nilpotent Lie algebras, and so on compact almost nilpotent (completely solvable) solvmanifolds, thereby
generalising the result of [FFR]'. It is not known if there exists any compact manifold with an exact G-
structure, though it 4s known that (in contrast to other situations) nilmanifolds cannot serve as examples.

We do succeed in classifying all almost nilpotent Lie algebras admitting an exact Ga-structure for which
the codimension-one nilpotent ideal is isomorphic to nyg. For such almost nilpotent Lie algebras, we also
classify those that admit exact Go-structures with special torsion of positive or negative type, a notion
introduced by Ball in [Ba2].

To prove our results, we split our almost nilpotent Lie algebra g as a vector space into g = h @ Re; with
h being the codimension-one nilpotent ideal and e; € h* of norm one. Then the equations determining
a closed Ga-eigenform or an exact Go-structure can be encoded into conditions on the induced SU(3)-
structure (w,p) on bh. In particular, for an exact Go-structure, the SL(3, C)-structure p has to be exact
and for a closed Ga-eigenform, (w, p) has to be half-flat with p being the exterior derivative of a primitive
(1,1)-form v. The extra equation v A w? = 0 turns out to be of crucial importance in enabling us to rule
out solutions to the eigenform equations.

We show that exactly five out of 34 six-dimensional nilpotent Lie algebras admit an exact SL(3,C)-
structure and that exactly two of them admit a half-flat SU(3)-structure (w, p) with p exact, namely ng and
nog. Both results have independent interest because special kinds of closed and exact SL(3, C)-structures
on six-dimensional nilpotent Lie algebras have been studied in [FS], and the six-dimensional nilpotent Lie
algebras admitting a half-flat SU(3)-structure (w, p) with dw = p were determined in [FR]. Moreover,
the result on exact SL(3, C)-structures implies that if an almost nilpotent Lie algebra g admits an exact
Go-structure, then the codimension-one nilpotent ideal b has to be one of the five Lie algebras. We provide

LAfter the submission of this paper, A. Fino, L. Martin-Merchdn and F. Salvatore generalised our result further to any
compact quotient I'\G of a Lie group G by a cocompact lattice I' [FMMS].
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examples of exact Ga-structures on almost nilpotent Lie algebras with codimension-one nilpotent ideal b
for all possible nilpotent Lie algebras h except when h equals the nilpotent Lie algebra called ny.

This leaves open the question to be studied in future work: Is there an almost nilpotent Lie algebra
with codimension-one nilpotent ideal isomorphic to ny that admits an exact Go-structure?

The paper is organised as follows.

In Section 2, we summarise basic facts about SL(3,C)-, SU(3)- and Ge-structures that are relevant to
our investigation. In Section 3, we show how one can reduce the existence problem of a closed Gs-eigenform
or an exact Go-structure on a seven-dimensional Lie algebra g to the existence problem of SL(3,C)- or
SU(3)-structures satisfying certain equations on a six-dimensional ideal h in g. Next, in Section 4, we
prove our results on exact SL(3,C)-structures and on half-flat SU(3)-structures (w, p) with exact p. We
use these results to prove in Section 5 that no strongly unimodular almost nilpotent Lie algebra, and so
also no compact almost nilpotent (completely solvable) solvmanifold, can admit an exact Ga-structure.
Finally, in Section 6, we carried out a detailed analysis of the respective cases ng and nsg in order to show
that no almost nilpotent Lie algebra can admit a closed Gs-eigenform. Moreover, we prove the mentioned
classification results of almost nilpotent Lie algebras with a codimension ideal isomorphic to nsg admitting
exact Go-structures.

2. PRELIMINARIES

2.1. G-structures in six and seven-dimensions. In this subsection, we define three different types of
G-structures in six and seven dimensions, and recall some of their basic properties. Proofs of the relevant
facts and more information may be found, for example, in [Br2, Br3, Hi.

In all cases, the G-structure is defined by one or two differential forms which are pointwise isomorphic
to one or two ‘model’” forms on R®, n = 6 or n = 7, whose GL(n,R)-stabiliser is G. Here, pointwise
isomorphic means that for each p € M there is a vector space isomorphism w : T, M — R" that identifies
the differential forms at the point p € M with the model forms on R".

Definition 2.1.

e An SL(3,C)-structure on an oriented six-dimensional manifold is a three-form p € Q3M which is

pointwise isomorphic to
po = €13 _ QM6 _ (236 _ ;245 ¢ \3(ROYx,

e An SU(3)-structure on a six-dimensional manifold is a pair (w, p) of a two-form w € Q2M and a

three-form p € Q3M which is pointwise isomorphic to (wg, po) with
wo = e + e + %% € AZ(R%)*.

o A Gy-structure on a seven-dimensional manifold M is a three-form ¢ € Q3M which is pointwise

isomorphic to
wo =woAe +py € A3(R7)*.

In all cases, if u : T,M — R™ is one of the pointwise isomorphisms, then the basis (u=!(e1),...,u"(e,))
of T, M is called an adapted basis for the G-structure in question. Sometimes, we will also call the dual
basis of (u=t(e1),...,u"(e,)) an adapted basis for the G-structure in question.

Since SL(3,C) C GL(3,C) and GL(3, C)-structures are almost complex structures, an SL(3, C)-structure
p has to induce an almost complex structure .J,. Explicitly, J, is obtained as follows:

Definition 2.2. Let p be an SL(3,C)-structure on an oriented six-dimensional manifold M. Then p
induces an almost complex structure J = J, on M defined in p € M to be the unique endomorphism J,
of T, M satisfying
Ipfoic1 = — fais Ipfoi = fai—1.
for one, and so any, adapted oriented basis (f1,..., fs) of T,M.
Moreover, set p:= J*p € Q>M. Then

ﬁp — f246 _ f235 _ f145 _ .]1'1367

where (f1,..., f%) is the dual basis of the adapted basis (f1,..., fs) at p € M. Furthermore, ¥ := p+ip €
Q3(M,C) is a non-zero (3,0)-form.
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We give an equivalent characterisation of an SL(3, C)-structure and for this have to introduce a quartic
invariant A of a three-form on a vector space:

Definition 2.3. Let V be a six-dimensional vector space. Let x : A°V* — V@A®V* be the natural GL(V)-
equivariant isomorphism, i.e. K} (v ® v) = vav. Next, let p € A3V* and define K, € End(V) ® ASV*
by
Ky (v) = K((vap) A p)
and finally set
Ap) := §tr (K7) € (A°V™)®2.

It makes sense to say that A(p) > 0, meaning that \(p) is the square of some element in A°V*. Thus,
one may also speak of A(p) < 0. Using this notation, Hitchin [Hi] gives the following characterisation of
an SL(3, C)-structure:

Lemma 2.4. Let p € Q>M be a three-form on an oriented siz-dimensional manifold M. Then p is an
SL(3, C)-structure if and only if A(pp) <O for allp € M.

We will also need the following technical statements in the sequel:

Lemma 2.5. Let p € Q3M be an SL(3,C)-structure on a seven-dimensional manifold. Let p € M and
v,w € Tp,M and set J := J,. Then:

(a) pp(v,w,-) =0 if and only if v, w are C-linearly dependent.

(b) If v # 0, then the two-forms wy = py(v,-,-) € A>T M and wy := py(Jpv,-,-) € AT M satisfy

ker(w;) = span(v, Jpv), wi Awj = ;w7
foralli,j=1,2.
Proof. (a) First, let v,w are C-linearly dependent. Without loss of generality, we may assume that
w = c¢Jv for some ¢ € R. Since ¥ is a (3,0)-form, we do have ¥ (v, Ju,u) = =V (Jv, J?v,u) =

U(Jv,v,u) = —=¥(v, Jv,u), i.e. U(v,Jv,u) = 0 for any u € T,M. As p = Re(¥) this implies
p('U, w, ) = Cp(’U, ']U’ ) =0.

Next, assume that v and w are C-linearly independent. Then we may extend v and w to a C-
basis of (T, M, J) by an element u € T, M. Then vc := v —iJv, we = w —iJw and uc := u—iJu
form a basis of (T,M)'° and so 0 # ¥ (vc, wc,uc) since ¥ is a (3,0)-form. This property of ¥
also shows

\II(Z - ZJZ; " ) = \II(Za R ) - Z\IJ(JZ7 ) ) = \11(27 ) ) - iij(za K ) = 2\11(27 K )
for any z € T,M and so ¥(vc,wc,uc) = 8¥(v,w,u). Consequently, ¥(v,w,u) # 0. Thus,
p(v,w,u) # 0 or p(v,w,u) # 0. In the latter case, we do have
plv,w, Ju) +ip(v,w, Ju) = ¥(v,w, Ju) = i¥(v,w,u) = i*p(v,w,u) = —p(v,w,u) # 0,

ie. p(v,w, Ju) # 0.

(b) Since all equations are invariant under non-zero rescalings, we may assume that v has norm
one. Now SU(3) acts transitively on the six-sphere S°. Consequently, there is an adapted basis
(f1,---, fe) of pat p e M with f1 = v, and so fo = J,f1 = Jpv. But so

w1 =vapp = flJ (f135 _ f146 _ f236 _ f245) _ f35 _ f467
Wy = (JpU)Jpp — fg_l (f135 _ f146 _ f236 _ f245) _ _f36 _ f457
Then a straightforward computation shows that w; and ws have the desired properties.

O

Similarly, one knows that SU(3) C SO(6) and so an SU(3)-structure induces a Riemannian metric g as
follows:

Definition 2.6. Let (w, p) be an SU(3)-structure on a six-dimensional manifold M. Define g = g(,, , to be
the Riemannian metric on M for which any adapted basis (f1, ..., fs) at any point p € M is orthonormal.
Now w? is a volume form on M and so w induces an orientation on M. We get an induced almost complex
structure J,, which relates g to w by the equation

g=w(Jp,").
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Hence, (g, J,w) is an almost Hermitian structure on M. Moreover, ¥ = p + ip is of constant length.
Next, we turn to the special class of SU(3)-structures defined in [ChSa]:

Definition 2.7. An SU(3)-structure (w, p) on a six-dimensional manifold M is called half-flat if dw?® = 0
and dp = 0.

Finally, we turn to Gy-structures and use that Go C SO(7) € GL™ (7, R):

Definition 2.8. Let ¢ € QM be a Go-structure on a seven-dimensional manifold. Define g = g, to be
the Riemannian metric on M for which any adapted basis (f1, ..., f7) at any point p € M is orthonormal.
Similarly, define an orientation on M by requiring that any adapted basis (f1, ..., f7) at any point p € M
is oriented. We get an induced Hodge star operator x, and

(*LPQD);D _ f1234 4 f1256 4 f3456 + f1367 + f1457 4 f2357 _ f2467

for any p € M and any adapted basis (fi,..., fr) at p with dual basis (f,..., 7). Moreover, x,¢ is
pointwise isomorphic to
*poP0 = swi + e A po € AHRT)*.

A Go-structure on a seven-dimensional vector space V' is simply a constant Go-structure on the manifold
V, or said more directly, a three-form ¢ € A3V* for which there exists an vector space isomorphism
u:V — R7 with u*pg = ¢. So Go-structures ¢ € Q3M on seven-dimensional manifolds M are those for
which ¢, is a Ga-structure on the seven-dimensional vector space T, M for all p € M.

Similarly, we define an SU(3)-structure on a siz-dimensional vector space V and get the following result:

Lemma 2.9. Let ¢ € A3V* be a Go-structure on a seven-dimensional vector space V.. Moreover, let
v € V be of norm one with respect to g, and let W := vtee . Then there is a unique SU(3)-structure
(w,p) € NX2W* x ASW* on W such that

p=wAa+p, *¢¢=%w2+a/\,§,
with o € V* uniquely defined by a(W) =0 and a(v) = 1, and W* identified with the annihilator of v.

Proof. G acts transitively on the unit sphere in R7. Hence, we may assume that ¢ has an adapted basis
(fi,..., fr) with v = f7r and so a = f7. Since (fi,..., fr) is an orthonormal basis of V, we have W =
span(fi, ..., f¢) and the statements follow from the relations @g = wy A €7 + po and *p0 00 = %w% +e" A po
between the model forms of a Ga- and an SU(3)-structure. O

Now note that Gy also acts transitively on the Grassmanian of oriented 2-planes in R”, which appears
again on the next page as the quadric Q5. Since @g(e1,ez,-) =€’ # 0, we have:

Lemma 2.10. Let ¢ € A3V* be a Go-structure on a seven-dimensional vector space V and let v,w € V
be linearly independent. Then p(v,w, ) # 0.

Next, we consider some representation theory of Go. Consider the Ga-representation A¥(R7)* for
k €{0,...,7}. We decompose this representation into its irreducible components, which are by now well-
known. Since the Hodge star operator %,, is an isomorphim of Go-representations between AF(R7)* and
AT=F(R7)*, it suffices to do this for k € {0, ...,3}. Obviously, A°(R7)* is trivial, and A}(R7)* = R7 is also
irreducible. For k = 2,3, we have:
A?(RT)" = A7 @ Ay,
A*(RT)" = Ry @ A} @ A3,
with
A2 = {vapo }v eER"}, A, ={ve A2(R7)*|1//\4pg = —xp V),
A3 ={va kg, 0o €RT}, A3 ={7v €A RT)* |7 Ao =0, 7Axpp0=0}.

The subscript denotes the dimension of the irreducible representation. For example, A%, is isomorphic
to the adjoint representation go, as can be seen by using the metric g, to identify a two-form v € A3,
with an endomorphism of R7. The decompositions of A*¥(R7)* into irreducible Gs-representations give
rise to corresponding decompositions of Q¥(M). In particular, Q3,(M) = {v € Q* (M) [vAp =x,v} isa
C°°(M)-submodule of Q?(M).
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2.2. Closed Gs-structures. In this subsection, we consider the following situation.

Definition 2.11. A Go-structure ¢ € Q3M on a seven-dimensional manifold M is called closed if dp = 0.
If ¢ is a closed Ga-structure, then

dx, o =TANAp
for a unique two-form 7 € Q3,(M). The two-form 7 is called the torsion two-form of ¢ and encodes the
intrinsic torsion of ¢.

The notion of a closed Ge-structure with special torsion of positive or negative type was introduced by
Ball in [Ba2] in an attempt to study so-called quadratic closed Ga-structures, as explained in the next
subsection.

To motivate the definition of closed Gg-structure with special torsion, let ¢ € Q3M be a closed Go-
structure with associated torsion two-form 7. Then 7 pointwise lies in the adjoint representation go. The
adjoint action of G, on go has three different types of orbits, distinguished by the conjugacy classes of the
Go-stabiliser at some point in the orbit:

There is the ‘generic’ case, where the stabiliser is a maximal torus 72 inside of Go.

Then there are two exceptional orbits, where the stabiliser is some copy of U(2), but the two copies
U(2)* and U(2)~ are not conjugate to each other. The first orbit Go/U(2) is the twistor space of the
Wolf space G2/SO(4), whereas Go/U(2)~ can be regarded as a twistor space of S% 2 G5/SU(3) and as
such is biholomorphic to the complex quadric @5 [Brl].

We say that ¢ has special torsion of positive type or negative type, respectively, if the pointwise stabiliser
of 7 is in each point conjugate to U(2)™ or U(2)~, respectively. As shown in [Ba2], these conditions can
be characterised by properties of 73:

Definition 2.12. Let ¢ € Q3M be a closed Gy-structure on a seven-dimensional manifold M with
associated torsion two-form 7 € Q?M. Then ¢ has special torsion of positive type if 7 = 0, and ¢ has
special torsion of negative type if ‘73’?0 =2 |T\i.

2.3. Closed Gs-eigenforms for the Laplacian. In this subsection, we discuss properties of closed
Go-eigenforms (from now on, we shall omit the words ‘for the Laplacian’), and their relation to other
structures. We repeat the definition:

Definition 2.13. A Gs-structure ¢ on a seven-dimensional manifold M is called a closed Ga-eigenform
if dp = 0 and there exists some p € R\ {0} such that

App = pep.
Remark 2.14.
o Any closed Gy-structure ¢ (on a connected manifold) with A,p = fo for some f € C>(M),
f # 0, is a closed Gs-eigenform. For, differentiation gives
df Ao =d(fe) =dDyp = d*d,0 =0,

and so df = 0 since wedging with ¢ injects Q' M into Q*M. Hence, f is constant.
o A closed Ge-eigenform ¢ is an exact Ge-structure since

5
= iA(P(p:d(“’T@).
o A closed Gs-eigenform ¢ is an example of a Laplacian soliton, i.e. a soliton for the Laplacian flow
(of closed Go-structures) given by
Ot = Ay, 1
More generally, a Laplacian soliton ¢ is a closed Ga-structure satisfying
App = pp+ Lxyp

for some X € X(M), u € R.

e Lotay and Wei showed in [LW1] that a compact seven-dimensional manifold cannot support any
Laplacian soliton ¢ with X = 0 unless ¢ is torsion-free. In particular, there do not exist any closed
Go-eigenforms on compact manifolds.

e In [LW1] it is also shown that for a closed Ga-eigenform ¢ € Q3M with Ay,p = up we must have
w>0.
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Let ¢ be a closed Ga-eigenform on a seven-dimensional manifold M. By the last remark, we then have
Ay = pp for some > 0. Hence, by scaling ¢ by an appropriate non-zero factor, we may and will
assume for the rest of the article (unless stated otherwise) that u = 1, i.e. that

(2.1) Agp =9
In the last subsection, we introduced the torsion 2-form 7 € Q3,(M) uniquely defined by

dx, o =TNe¢.
Since 7 € Q3,(M), we do have 7 A p = — x, 7 and so
T =gk T =—4%p (TAQ)=— %, d*, 0 =050,
which yields
(2.2) Ay =ddyp =dr

Remark 2.15. Let ¢ be a closed Ga-eigenform. Then dr = A,p = uyp for some p > 0, which we do not
assume to be equal to 1 in this remark. Since wedging with x,¢ is pointwise Ga-equivariant from Q?(M)
to Q6 M and Q°M is pointwise isomorphic to the Go-representation R7, we must have 7 A %, = 0. Thus,
2
ﬂvol
n

Tvol, = @ Ak, = idT/\*Lng:—ﬁT/\d*<p<p:—%T2/\90: iT/\*W': o

le.p=1 |T|i, and so
2
dr=1 7|, .
In particular, |7 o is constant. Moreover, closed Go-eigenforms are special kinds of so-called A-quadratic
closed Go-structures, which are closed Gy-structures ¢ € Q3M fulfilling

dr=1 |T|i(p—|—)\ (% |T|i(p—|—*¢(7'/\7')>

for A € R, namely those for A = 0.

Note that A(% 7|, @+ *p(T A 7)) lies in Q3;(M), so the above decomposition can be seen as one of
dr € Q3M into the three components Q3 (M) = C>®°(M) - ¢, Q3(M) and Q3;(M) of Q3M with the
Q3 (M)-component being zero.

More generally, for any closed Go-structure ¢, the Q3 (M)-part of dr equals % |T|i ¢ and the Q3(M)-part

of dr vanishes, i.e. we always have dr = % |7’|i ¢+~ for some v € Q3.(M).

One can show that A-quadratic closed Go-structure are exactly those closed Go-structures for which
v € Q3-(M), and so the entire three-form dr, depends quadratically on 7, explaining the naming of these
structures.

We restrict now to left-invariant Gs-structures on seven-dimensional Lie groups GG. These will from now
on be identified with the corresponding structures on the associated seven-dimensional Lie algebra g.

As stated already, it is well known that a seven-dimensional nilpotent Lie algebra cannot admit an
exact Gao-structure, see e.g. [CF], and so we have to look for exact Go-structures on the more general class
of solvable Lie algebras. We will give now a new proof of this fact, and in the process prove a slightly
stronger result. Fist, we recall the following.

Definition 2.16. Let £ be a Lie algebra.

The descending central series €0,€', ... of € is defined by £ := & ¢! := [£, €] and inductively by €* :=
[e, €5=1] for all k € N.

The ascending central series €y, %t1,... of € is defined by & := {0}, ¢; := 3(£) and inductively by
b= {X € t|[X, e CtF1} forall k € N.

Note that ¢ is nilpotent if and only if € = {0} for some r € N or, equivalently, if and only if ¢, = ¢ for
some s € N (and then r = s).

This allows us to prove:

Proposition 2.17. Let t be a seven-dimensional Lie algebra. If € admits an exact Go-structure, then
dim(3(8)) < 1 and €y = 3(¢). In particular, if € is nilpotent, or, more generally, if ¢ = a® b is a direct sum
of Lie algebras a, b with b nilpotent and dim(b) > 2, then it cannot admit any exact Ga-structure.



8 MARCO FREIBERT AND SIMON SALAMON

Proof. Assume that ¢ € A2€* is an exact Go-structure on &, i.e. dy = ¢ for some xy € A%¢*. Let X,Y € 3(¥).
Then
0=dx(X,Y,Z) = p(X,Y, Z)
for any Z € ¢£. Hence, by Lemma 2.10, the vectors X and Y have to be linearly dependent. Thus,
dim(3(t)) < 1.
If dim(3(€)) = 0, then trivially €2 = 3(£). So let us assume that dim(3(¢)) = 1 and take X € 3(¢) \ {0}.
If €5 # 3(), then there exists Y € &, linearly independent of X and we get [Y, Z] € span(X) and so

0=—x([Y,Z], X) = dx(X,Y,2) = p(X,Y, Z)

for any Z € ¢, which contradicts Lemma 2.10. Thus, € = 3(£).
So £ certainly cannot be nilpotent nor can it be of the form ¢ = a & b with b being nilpotent and
dim(b) > 2. O

3. REDUCTION TO SIX DIMENSIONS

In this section, we reduce the existence problem of closed Ga-eigenforms or exact Ga-structures on a
seven-dimensional Lie algebra g to the existence of SU(3)-structures of a certain type on a codimension-one
ideal b satisfying specific equations. By [LN1, Proposition 3.2], such an ideal h always exists:

Proposition 3.1. Let g be a seven-dimensional Lie algebra admitting a closed Go-structure ¢ € A3g*.
Then g admits a unimodular codimension-one ideal §y.

To obtain the reduction from seven to six dimensions, we need to recall what a derivation of a Lie
algebra b is and how an endomorphism of § acts on A*h*:

Definition 3.2. Let b be a Lie algebra, f € End(h) be an (vector space) endomorphism of h and o € AFh*
be a k-form on fj. Then the k-form f.a € AFh* is defined by

(f-0) (X1, Xp) o= — (a(F(X1), Xy ooy Xp) oo+ X1y, Xioe1, F(XR))) -

A derivation of b is a (vector space) endomorphism f € End(h) of § such that f([X,Y]) = [f(X),Y] +
(X, f(Y)] for all X,Y € b.

Remark 3.3. Let b be a Lie algebra, a € A*h*, 8 € Alp* and f,g € End(h). Then:

e Due to the global minus sign in the definition of f.«, we have [f,g].a = f.(g.a) — g.(f.«), i.e.
End(h) > f + f. € End(A*h*) is a representation of the Lie algebra End(h) on A*h*.

e Moreover, we have

flanB)=fanB+anfp

and so f.(aAa)=2aA faif k is even.

e fisaderivation if and only if f.dy = d(f.7) for all one-forms v € h* on h and then the same formula
holds for forms of arbitrary degree on f. Moreover, the vector space Der(h) of all derivations of
b is a subalgebra of the Lie algebra End(h) of all (vector space) endomorphisms of b and it is the
Lie algebra of the Lie group Aut(h) of all Lie algebra automorphisms of b, i.e. of

Aut(h) :={F € GL(H)|F([X,Y]) = [F(z), F(Y)] for all X,Y € h} C GL(bh).

Let us begin with the reduction to six dimensions:

For this, let ¢ be a closed Ga-eigenform on a seven-dimensional Lie algebra g and h be a codimension-one
ideal. Choose e7 € g of norm one in the orthogonal complement h~9¢ of § in g. Split now g = h span(er)
and, similarly, g* = h* @ span(e”), where €7 is the unique element in the annihilator of h with e”(e7) = 1
and h* is identified with the annihilator of e7. Set f := ad(e7)|s and note that f is a derivation of h. Then

do = dya + e"Afa, dlane)= dyoc A e, de"=0
for any o € A¥h*, where dy, is the differential of h. Next, decompose ¢ according to the splitting, i.e. write
(3.1) p=wAhe +p
with w € A%2h*, p € A3h*. Then (w, p) is an SU(3)-structure on h by Lemma 2.9 and one has

*pp = %wQ +e" Ap.
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We do the same for the torsion-two form 7 € A2,g* of ¢, i.e. we write
(3.2) r=vt+ane

with v € A%h* and « € h*. Now the Gao-representation A3,g* splits as SU(3)-representations into A%,g* =
h*ANe” @ [A(l)’lh*] as A?,g* is the adjoint representation of Gy and [Aé’lh*] is the adjoint representation of
SU(3). Thus, v € [Ay'h*] and so v A p = 0. Consequently,
Ldpw?)+e"A(WwA fw—dgp) =drpp=TAp=w+are)A(wAe +)p)
=" ANwAv—aAp),

ie.

dy(w?) =0, WA fw—dyp=wAv—aAnp.
Moreover,

dyv+e" A (fv—dya) =dr =p=wAe +p,
ie.

dyv = p, frv—dya=w,

Hence, dpp = 0 and dy(w?) = 0 and so the SU(3)-structure (w, p) on b is half-flat with exact p. Moreover,
we necessarily have oo = 0. For this, note that 7 € Q3,M = {8 € Q?M|*, 3= —B A ¢} and so

T:*iT:—*S(,(TA(p):—*#, (" A (wAv—anp)) €A

since €7 is perpendicular to h* by assumption. Consequently, 7 = v € A®h* and a = 0.
Summarizing, we have arrived at

Theorem 3.4. Let g be a seven-dimensional Lie algebra, ¢ € A3g* be a Ga-structure on g, b be a
codimension-one unimodular ideal in g, e € htoe of norm one, ¢’ € Ann(h) with ¢(e;) = 1 and
f = ad(er)|y. Write p = w A e’ + p with (w,p) € A%h* x A3h*. Then ¢ is a closed Go-eigenform with
Ay = @ if and only if (w,p) is half-flat and there exists a primitive (1,1)-form v € [Aé’lh*] on by such
that p = dyv and

(3.3) fv=uw,
(3.4) WA fw—dyp=wAur.

If we only look for exact Go-structures ¢ € A%g*, the same calculations as above show:

Theorem 3.5. Let g be a seven-dimensional Lie algebra, ¢ € A3g* be a Gg-structure on g, b be a
codimension-one unimodular ideal in g, e € htee of norm one, e’ € Ann(h) with ¢(e;) = 1 and
f=ad(er)|p. Write p =w Ae’ + p with (w,p) € A2h* x A3h*. Then ¢ is an exact Go-structure if and
only if there exists a two-form v € Ah* on b and a one-form a € b* with p = dyv and

(3.5) fv—dya =w.

4. RESULTS IN DIMENSION SIX

From now on, we restrict to ourselves to a special class of Lie algebras:

Definition 4.1. A Lie algebra g is called almost nilpotent if it admits a codimension-one nilpotent ideal
h. Note that then g =2 h x ¢ R for a derivation f € Der(h), where h x5 R denotes the semi-direct product
of R with b and Lie algebra representation p : R — Der(h) of R on b given by p(t) = tf for all ¢t € R.

In order to investigate the existence of exact Ga-structures and closed Gs-eigenforms on seven-di-
mensional almost nilpotent Lie algebras g, we first have to determine which six-dimensional nilpotent
Lie algebras admit exact SL(3,C)-structures or half-flat SU(3)-structures (w, p) for which there exists a
primitive (1, 1)-form v with p = dv.
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4.1. Exact SL(3,C)-structures on nilpotent Lie algebras. We start by determining the six-dimen-
sional nilpotent Lie algebras h admitting an exact SL(3, C)-structure p € A3h*. To this aim, we rephrase
the condition of being exact in the following way:

Proposition 4.2. Let b be a siz-dimensional nilpotent Lie algebra. Then b admits an exact SL(3,C)-
structure p € A3b* if and only if there exist linear independent one-forms ai,cs € b* and two-forms
wi,we € A%b* with w; A w; = §;w? for i,5 € {1,2} such that ker(wy) = ker(ws) is a complement of
ker(ayq) Nker(ag) in b and such that either
(a) dim(3(h)) = 1, dim(hs) = 2, ker(wy) = ker(wa) = ha and there exists a closed non-zero one-form
v € h*\ {0} with y(h2) = {0} such that

da1 = w1, dOQ:LUz—F’Y/\Oél
(b) or dim(3(h)) = 2, ker(wy) = ker(ws) = 3(h) and
dOél = w1, dOéQ = W2.

In the first case, ba is J-invariant and in the second case 3(h) for the almost complex structure J induced
by p.

Proof. The forward implication. Assume that h admits an exact SL(3, C)-structure p, i.e. p = dv for some
v € A%h*. Let X,Y € 3(h). Then

p(X,Y.Z) = dv(X,Y, Z) = 0
for any Z € b, which implies that X and Y are C-linearly dependent by Lemma 2.5 (a). So dim(3(h)) €

{1,2}.

If dim(3(h)) = 2, 3(h) is J-invariant, so we may choose a basis X, JX of 3(h). By Lemma 2.5 (b),
w1 == p(X,-,-) and wy := p(JX,-,-) have two-dimensional common kernel 3(h) and fulfill w; A w; = &;;w?
for i,j € {1,2}.

Moreover, setting a; := —v(X,-) € b* and as := —v(JX,-) € h*, we have

don (Y, Z) = ~a (Y. 2)) = —([Y, 2], X) = dv(X,Y. Z) = p(X,Y, Z) = wn (Y, 2)

forall Y, Z € b, i.e. day = wy. In the same way, one obtains das = ws, which then also shows that a; and
ap are linearly independent. Now choose Y € by linearly independent of X and JX. By Lemma 2.5 (a),
there exists Z € h with p(X,Y, Z) # 0 and so

0# p(X,Y, Z) = v(X,[Y. Z]).

Since [Y, Z] € 3(h) = span(X, JX), this shows a1 (JX) = —aa(X) = v(X, JX) # 0. Thus ker(ag)Nker(az)
is complementary to ker(w;) = ker(ws) = 3(h).

Next, consider the case dim(3(h)) = 1 and choose X € 3(h) and Y € b linearly independent. Then we
have

p(X,Y,Z) =dv(X,Y,Z) =v(X,[Y,Z]) = 0

for any Z € b, i.e. X and Y are C-linearly dependent by Lemma 2.5 (a). Hence dim(hs) = 2 and by is
J-invariant.

Choose a basis X, JX of hy such that X € 3(h) and set again wy := p(X,-,-), w2 := p(JX,+,-), a1 :=
—v(X,-) and ag := —v(JX,-). As in the case dim(3(h)) = 2, we get ker(w;) = ker(wsz) = span(X, JX) =
[’]2, w; /\wj = 5ijw% for i,j = 1,2 and da1 = wi.

Next, let Y € b3 linearly independent of X and JX. By Lemma 2.5 (a), we again have some Z € §
with 0 # p(X,Y,Z) = v(X,[Y, Z]) and from [Y,Z] € hs = span(X, JX) we get again that a;(JX) =
—aa(X) =v(X,JX) #0, i.e. that ker(a;) Nker(as) is complementary to ker(w;) = ker(ws) = 3(h). So we
finally have to prove the equation for das in this case. Thereto, let v € h* \ {0} be the one-form uniquely
defined by [JX,Y] = —y(Y)X for all Z € h. Obviously, v(X) = vy(JX) =0, i.e. v(h2) = {0}. Moreover,
dy=20 as

= —(W)[Z, X] +~(2)[W, X]
=0
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for all Z, W € b. Furthermore,
dos (Y, Z) = —ax([Y, Z]) = —v([Y, Z], J X)
=dv(JX,Y,Z)+v([JX,Y],Z) —v([JX, Z],Y)
=p(JX,)Y,Z) —v(v()X,Z2)+v(y(2)X,Y)
=ws (Y, Z) +v(Y)ou(Z) = v(Z)eu (Y)
w2 (Y, Z) + (y Aen)(Y, Z)

as claimed.
The backwards implication. Assume that there exist linear independent one-forms oy, s € h* and two-
forms wy,ws € A%h* as in the statement. Note that dim(ker(a) Nker(az)) = 4 since oy, as are linearly
independent. Consequently, dim(ker(w;)) = dim(ker(ws)) = 2 and so wy,ws are non-degenerate two-forms
on V := ker(aq) Nker(az) satisfying w; Aw; = §;;w? for i, j = 1,2 and w} # 0. Then it is well-known that
there is a basis (v1,...,v4) such with respect to the dual basis (v!,...,v*%) we have

wy = v'2 4 o3, wy = 013 — 24
cf., e.g., the proof of Lemma 2.2 in [FY]. Consider (vl,... v?) as one-forms on h by identifying V* with
the annihilator of ker(w;) = ker(ws) and set

p:zozg/\wl—oq/\wg:—041/\1)134—041/\UQ4+0¢2/\012+<12/\1)34

p is an SL(3, C)-structure on h* since an adapted basis is given by (a1, ag,v®,v% v, —v*). Moreover, p is

exact since v := a'? € A?h* satisfies dv = da' Aa? —a' Ada® = as Aw; — a1 Aws = p in both cases. O

There are 34 (isomorphism classes of) real six-dimensional nilpotent Lie algebras. Of these, exactly
those five admits an exact SL(3,C)-structures which are listed in Table 1. The notation for these Lie
algebras is obtained by numbering the 34 six-dimensional nilpotent Lie algebras from n; to nss in the
order in which they occur in Table A.1 in [Sa].

Corollary 4.3. Let b be a siz-dimensional nilpotent Lie algebra. Then b admits an exact SL(3,C)-
structure if and only if b is one of the five Lie algebras listed in Table 1.

g differentials

ny (0,0,12,13,14 + 23,34 — 25)

ng (0,0,12,13,14 + 23,24 + 15)

ng  (0,0,0,12,14 — 23,15 + 34)
(0,0,0,12,13 + 42,14 + 23)
(

0,0,0,0,13 + 42, 14 + 23)

nig

Nog

TABLE 1. Six-dimensional nilpotent Lie algebras admitting an exact SL(3, C)-structure

Proof. By Proposition 4.2, we either have dim(3(h)) = 2 or dim(3(h)) = 1 and dim(h2) = 2.

Let us first assume that dim(3(h)) = 2. By Proposition 4.2, there are closed two-forms wi,ws € A%h*
with common kernel ker(w;) = ker(ws) = 3(b) such that w; A w; = &;;wf. Moreover, there are linearly
independent one-forms «y,ay € h* such that da; = w; for ¢ = 1,2 and such that ker(a;) Nker(as) is
complementary to 3(h). Now h/3(h) is a four-dimensional nilpotent Lie algebra and wq,ws descend to
closed two-forms on h/3(h), again called wy,ws. It is well known, see e.g. [Ov], that there are exactly three
four-dimensional nilpotent Lie algebras, namely (0,0, 0,0), (0,0,12,0) and (0,0, 12,13). One easily checks
that only (0,0,0,0) and (0,0, 12,0) admit closed two-forms wi,ws with w; A w; = &;;w3.

If h/3(h) = (0,0,0,0), then one may choose (cf. the proof of Proposition 4.2) a basis e, ...,e* of the
dual space of (0,0,0,0) such that w; = e'® — e?* and wy = e'* + €23, We may extend this basis to a basis
el,...,e% of h* by €® := a! and €% := a? and so h = (0,0,0,0,13 + 42, 14 + 23) = nag.
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If h/3(h) = (0,0, 12,0), then w; is a symplectic form on (0,0, 12,0) and so symplectomorphic to e!*+¢23
by [Ov], i.e. we may assume that w; = e!* 4+ €23, Then, since ws is closed, w; A ws = 0 and w% = w%, one
checks that wy = a(e!* — €23) + bye'® — bye?* + cel'? for certain a, by, by, ¢ € R with b1bs — a? = 1. But so

1 £ 0 0

1
0 1 0 0
=1y 0 1 —£
“b The 0L

is an automorphism of (0,0,12,0) with f*w; = w; and f*ws = bye!® — ﬁem. Next,

~2 1 1 2
g :=diag(b, 3,b3,b, 3,b7)

no

13 1

fulfills g* f*wi = wy and ¢* f*ws = '3 —e?%. Extending e',...,e? to a basis e', ..., €% by setting €® := a1,
el 1= g, we do get h = (0,0,12,0, 14 + 23,13 + 42) = (0,0,0,12, 13 + 42, 14 + 23) = nyg, where the latter
isomorphism F is, e.g., given by the one with by F(e1) = —eq, F(ea) = e1, F(e3) = eq, F(eg) = —es,
F(es) = eg and F(eg) = e5.

Next, let dim(3(h)) = 1 and dim(hy) = 2. By Proposition 4.2, there are two-forms wy,ws € A%2h* with
common kernel ker(w;) = ker(ws) = bha such that w; Aw; = §;;w}. Moreover, there are linearly independent
one-forms aq, a0 € h* and v € h* \ {0} closed with y(h2) = {0} such that day = wy, dag = wa + v Ao
and such that ker(ay) Nker(az) is complementary to 3(f). Note that then w; is closed and

dws = v N ws.

Hence, ha1dws = 0 and so wy,ws,y descend to forms on a := h/hs with dw; = 0 and dws = v A wy. Since
dws # 0 on a, a cannot be Abelian and we must either have a 2 (0,0,12,0) or a = (0,0, 12, 13).

Let us first assume that a 2 (0,0, 12,0). By the results in [Ov], all symplectic forms on a are symplec-
tomorphic to each other. Hence, we may assume that w; = e® — €4, Then wy = aje'? + age3* + b(e!? +
e?*) + cre!* + cpe?? for certain aq,as,b,c1,co € R with ajas 4+ c¢ico — b? = 1. We must have ap # 0 as
otherwise dwy = 0, a contradiction. But so the automorphism

- 0 0 0
2

0 a3 0 0

(%b —ba2 —as 0

1

_E CoQ2 0 g
of (0,0,12,0) is well-defined. That automorphism fixes w; and transforms wy into —e'? — €34, Hence,
we may assume that w; = e'® — e?* and that wo = —e'? — €3%. Then dwy = —e'?* = el Awy, ie.
~ = e!. Thus, extending e',...,e* to a basis e',...,e® of h* by €® := a; and €% := s + €3, we have

h=(0,0,12,0,13 — 24,15 — 34) = (0,0, 0, 12,14 — 23,15 + 34) = ng, where the latter isomorphism fixes e
for i ¢ {3,4} and interchanges €® and e?.

Next, let us consider the case a 2 (0,0, 12,13). By [Ov], all symplectic two-forms on a are symplecto-
morphic. Thus, we may assume that w; = e'* +e?3. Then wo = are'? 4+ age3* +b1e'3 —boe?t + 0(614 — 623)
for certain a1, as, b1, bo,c € R with ajas + biby — c? = 1.

Let us first assume that as # 0. Then

1 0 0 0
—be 1 0 0
as 5
azc+by by
e 1 0
asbq Jr%gc _c by 1
a2 az a2

is an automorphism of (0,0,12,13) which fixes w; and maps ws to —e'? + aze®, i.e. may assume that

as
1 34 124

W= Eeu + age*. Then dwy = aze'®* = —age? Awy, ie. ¥ = —aze?. Hence, extending e',...,e* to a

basis e!,...,e% of h* by €’ := a; and €® := L (ay — a—1263), we have h = (0,0,12,13, 14 + 23,34 — 25) = n;.

az
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Finally, we consider the case as = 0. Then biby — ¢ = 1 and so, in particular, by # 0. Thus,

1 0 0 0
o 1 0 O
0 - 1 0
2
—aib3+c 2 _c 1
b3 b2 b
is a well-defined automorphism of (0,0,12,13) which fixes w; and maps wy to éel?’ — bye?*. Hence,
we may assume that wo = éel?’ — bye?* and then v = —bge! as dwy = —bye'?® = —bye! Aw;. Thus,
extending e',...,e* to a basis e',...,e% of h* by €® := a1 and € := fé (ag - ée‘l), we have h =

(0,0,12,13,14 + 23,24 + 15) = n4.
Conversely, the existence of forms as in Proposition 4.2 follows from the discussion above on any of the
Lie algebras ni, nyg, ng, nyg and nog. O

4.2. Half-flat SU(3)-structures (w, p) with exact p. Here, we determine the six-dimensional nilpotent
Lie algebras which admit a half-flat SU(3)-structure (w, p) for which p = dv for a primitive (1, 1)-form v.
In fact, we will determine all nilpotent Lie algebras which admit a half-flat SU(3)-structure (w, p) with
exact p and show that these are the same for which p = dv with a primitive (1,1)-form v.

For this, note that by Corollary 4.3, only ny, ng, ng, nig, nog may admit a half-flat SU(3)-structure
(w, p) with exact p. Now Conti determined the six-dimensional nilpotent Lie algebras admitting a half-flat
SU(3)-structures in [C] and his results reduce the possible cases to ng, ng, ngg. We will show that ny cannot
admit a half-flat SU(3)-structure (w, p) with exact p and for the proof we use the following obstruction
by Schulte-Hengesbach and the first author [FrSH] adapted to our setting. Note that this obstruction is a
refinement of one used by Conti in [C]:

Lemma 4.4. Let b be a siz-dimensional Lie algebra and v € ASh* \ {0}. If there is a non-zero one-form
o € h* satisfying

(4.1) aNJahe =0
for all exact three-forms T € A>h* and all closed four-forms o € A*h*, where j;'_‘a is defined for X € h* by
(4.2) Ja(X)v = aA(XiT)AT,

then g does not admit a half-flat SU(3)-structure (w, p) € A%b* x A3h* with ezact p.
This allows us now to prove:

Theorem 4.5. Let b be a siz-dimensional nilpotent Lie algebra. Then by admits a half-flat SU(3)-structure
(w, p) € A%h* x A3h* with exact p if and only if b is isomorphic to ng or nog. In these cases, b also admits
a half-flat SU(3)-structure (&, p) € A2h* x A3h* with p = dv for some primitive (1,1)-form v € [Ay'b*].

Proof. As explained above, by the results of [C] and Corollary 4.3, only ny4, ng or ngg may admit a half-flat
(w, p) € A%p* x A®h* with exact p
Now a direct computation, efficiently carried out with a computer algebra system like MAPLE; shows
that one may use the obstruction in Lemma 4.4 with, e.g. & = e! or a = €2, to exclude the existence of a
half-flat SU(3)-structure (w, p) € A%2h* x A3h* with exact p on ny.
For the other two cases, we provide a half-flat SU(3)-structure (@, p) € A%H*x A3h* and some v € [Aé’1 h*]
with p = dv:
e ny: Here, we may take the SU(3)-structure defined by the adapted basis (e!,e?, €2, e*, e®, —ef), i.e.
w=el® 42 _ 56 p= el 4 M6 _ 286 _ ;345
Then one checks that d(w?) = 0. Moreover, set v := e'3 + 120 + 1¢4% 4 €56, Then dv = p and p
is a (1, 1)-form. Since v A w? = 0, v is primitive as well, i.e. v € [A(l)’lf)*].
e nyg: Take the SU(3)-structure defined by the adapted basis (e!,e2,e3, e*, €%, e%), i.e.

w=el? 3 56 p=el3 _l45 (235 246

Then d(w?) = 0. Setting now v := e'? + €5 we get dv = p and that p is a (1,1)-form. Again
v Aw? =0 and so v is primitive, i.e. v € [A(l)’lb*].
O
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Remark 4.6. Fino and Raffero determined in [FR] all six-dimensional nilpotent Lie algebras admitting a
so-called coupled half-flat SU(3)-structure, i.e. a half-flat SU(3)-structure (w, p) € A2h* x A3h* with dw = p.
Interestingly, the six-dimensional nilpotent Lie algebras admitting a coupled half-flat SU(3)-structure are
also ng and ngg.

Our proof of Theorem 4.5 is independent of the coupled approach, and in some sense more direct. Fino
and Raffero compute with a computer algebra system for all 24 six-dimensional nilpotent Lie algebras
admitting a half-flat SU(3)-structure the most general exact three-form p and check if the quartic invariant
A of p can be negative. This way they obtain that, of the six-dimensional nilpotent Lie algebras admitting
a half-flat SU(3)-structure, those which admit a maybe non half-flat SU(3)-structure with exact three-form
part are precisely ng, ng and nsg. Then they show by different methods that ns cannot admit a coupled
SU(3)-structure.

5. EXACT G2-STRUCTURES ON COMPACT ALMOST NILPOTENT SOLVMANIFOLDS

Here, we prove that a compact almost nilpotent solvmanifold cannot admit an invariant exact Go-
structure.
For this, note first that Corollary 4.3 implies the following:

Corollary 5.1. Let g be a seven-dimensional almost nilpotent Lie algebra with codimension-one nilpotent
ideal . If g admits an exact Go-structure, then b is isomorphic to ny, nyg, ng, Nig Or Nag.

We show now that four of the five cases of a codimension-one nilpotent ideal, namely ny, ng, ni;g and
nag, may occur in Corollary 5.1 leaving open if there is an almost nilpotent Lie algebra with codimension
one ideal ny which admits an exact Ga-structure.

For this, note that Theorem 6.9 below even classifies all the almost nilpotent Lie algebra with codimen
sion-one nilpotent ideal isomorphic to nsg which admit an exact Go-structure. For h € {n;,ngnig}, we
provide now one example of an exact Go-structure on a seven-dimensional almost nilpotent Lie algebra
with codimension-one nilpotent ideal h:

Example 5.2. For the six-dimensional nilpotent Lie algebras h € {n;,ng, n1s}, we give an SU(3)-structure
(w,p) € A%h* x A%h*, a two-form v € A%h*, a one-form o € h* and a derivation f € Der(h) such that
p = dv and such that (3.5) is valid.
e ny: Take the SU(3)-structure (w, p) € A?n} x A®n} defined by the adapted basis (—e'+ae®, e*+ae®,
e, et e, e%) with a := 3+T\/5, ie.
w=—e®—ae® 4 e —qe® 4 (14 a?) e, p= —el25 4 QM6 | 236 _ ;345

Setting
V= (2 — %a) eld — %616 + (2 — %a) et — %635 + €56,
one gets dv = p. Moreover,

~
0

— 0
f T 0
0

—1

S]
ORluO © © O
IS}
BN OO O OO

0
0
0
0

a

is a derivation of n; and one computes f.v = w + e'3. Hence, choosing o := e*, we have da = e'3

and so f.v —da = w, i.e. (3.5) is fulfilled.
e ng: In this case, we choose the SU(3)-structure (w, p) € A%n} x A3n} defined by the adapted basis
(el e3,e? et b, —eb), ie.

w=el® 4 o2 _ 56 p =l | old6 _ 236 ;345
Setting
U= _%613 424 4 %626+ %645_’_656’
one obtains dv = p. Moreover,
N H 1 _3 113
f T dlag (57 VRl 17 BVRENE Z)

is a derivation of ng and f.v = e!? + €24 — %0 = w. Thus, for o := 0, (3.5) is satisfied.
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e nyg: Here, we look at the SU(3)-structure (w,p) € A%njg x A®njg defined by the adapted basis

(el,e2,e3,et, el ed), ie.

w:el2+e34—e56, p:6136—6 —e —e

Taking

we get dv = p. Now one checks that

£ 00000
020000
1l ootooo
f= 000io00
-100030
000003
is a derivation of n;g and that f.v = e3* — ¢, Thus, for a := —e*, we have da = —e'? and so

fv—da=el?2+e3* — e =w, ie. (3.5) is valid for our choices.

Next, we look at compact almost nilpotent solvimanifolds, i.e. manifolds of the form I'\G, where G is
a simply-connected almost nilpotent Lie group and I' a cocompact lattice in G. A necessary condition for
the existence of such a lattice is that the associated Lie algebra g is strongly unimodular, cf. [G]:

Definition 5.3. Let g be a solvable Lie algebra g, n be its nilradical and n°,n!,... be the descending
central series of n. One checks that adyx preserves n’ for all X € g and all i € N. g is called strongly
unimodular if tr(adx |ni/mi+1) = 0 for all i € N and all X € g.

Remark 5.4. Since the commutator ideal [g, g] of a solvable Lie algera g is nilpotent, the nilradical n
contains the commutator ideal [g,g]. Hence, if g is strongly unimodular, one has tr(adx) = 0 for all
X € g, ie. gis unimodular.

Theorem 5.5. Let g be a seven-dimensional strongly unimodular almost nilpotent Lie algebra. Then g
does not admit an exact Go-structure.

Proof. Assume the contrary. By Corollary 5.1 the Lie algebra g then admits a codimension-one nilpotent
ideal h which is isomorphic to ny, ny, ng, n1g or nag. Moreover, b is the nilradical as the entire Lie algebra
cannot be nilpotent according to Proposition 2.17. Furthermore, we have an induced SU(3)-structure
(w,p) € A2h* x A3h* on b with exact p, i.e. there is some v € A%h* with dv = p which has to fulfill

fv—dya=w

for some one-form o« € h* by Theorem 3.5. Now we know that in the cases n;, ngy and ng, we have
dim(3(h)) = 1 and dim(hy) = 2 with by being J-invariant by Proposition 4.2 for the almost complex
structure J induced by p. Moreover, in all theses cases, one checks that hs is the sum of quotient spaces
of the form h?/h"*1 i.e. the trace of each adx, X € g, has to be trace-free on ho. In these cases, we set
a:= [’)2.

In the cases n1g and nag, we have dim(3(h)) = 2 and 3(h) is J-invariant by Proposition 4.2. Moreover,
3(h) equals in both cases the last non-zero h?, so is of the form h?/h**!1. Hence, each adx, X € g, has to
be trace-free when restricted to 3(h). Here, we set a := 3(b).

Now coming back to genereal case, choose some 0 # X € 3() C a. Then we get

0= —tr(fla) v(X, JX) = (fr — dya)(X, JX) = w(X,JX) = — | X|* #£0,

since f has to preserve a = span(X, JX). This yields the desired contradiction and so g cannot admit an
exact Go-structure. O

In general, if G is a simply-connected solvable Lie group which admits a cocompact lattice I', then any
left-invariant differential form g induces a differential form B on the compact quotient I'\G. We then call
B invariant. By [OTr, Theorem 3.2.10], the assignment 8 — f induces an injection H*(g) — H};p(T\G).

Hence, Theorem 5.5 implies that no compact almost nilpotent solvmanifold can admit an invariant
exact Go-structure. If G is completely solvable, i.e. adx has only real eigenvalues for all X € g, then
H*(g) = H}z(I'\G) is an isomorphism by [H] and so one may skip the word ‘invariant’ in the statement:
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Corollary 5.6. Let M = T'\G be an almost nilpotent solvmanifold, i.e. G is a simply-connected almost
nilpotent Lie group and I' a cocompact lattice in G. Then M does not admit an invariant evact G-
structure. If G is completely solvable, then M does not admit any exact Go-structure at all.

6. CLOSED GQ—EIGENFORMS ON ALMOST NILPOTENT LIE ALGEBRAS
In this section, we establish:

Theorem 6.1. Let g be a seven-dimensional almost nilpotent Lie algebra. Then g does not admit a closed
Go-eigenform.

To start the proof, note that by Theorem 3.4 and Theorem 4.5, the codimension-one nilpotent ideal b
of an almost nilpotent Lie algebra admitting a closed Go-eigenform has to be isomorphic to ng or to nog.

In Subsection 6.1, we will show in Theorem 6.6 that no almost nilpotent Lie algebra with codimension-
one nilpotent ideal isomorphic to ng can admit a closed Go-eigenform and in Subsection 6.2, we will show
in Theorem 6.12 that no almost nilpotent Lie algebra with codimension-one nilpotent ideal isomorphic to
ngg can admit a closed Ga-eigenform. This work completes the proof of Theorem 6.1.

In Subsection 6.2, we also give a classification of all almost nilpotent Lie algebras with codimension-one
nilpotent ideal isomorphic to nog that admit an exact Go-structure, and we distinguish those with special
torsion of positive type or of negative type, respectively.

6.1. The case ng. Note first that the Lie algebra Der(ng) of all derivations of ng is given by

f5,5—fa,4 0 0 0 o0 0
fa,3 —fs55+2fa,4 0 0 0 0
0 0 2s5—2fsa 0 0 0
(61) Der(ng) = s Foa Fas 44 faa O 0 f@j cR
f5,1 fe,4 f5.3 f5,4 f5,5 0
fe,1 fe.2 fe,3 fe,a f5,4 2f5,5—fa,4

with respect to the basis (eq, ..., eg) of ng. This can be checked by a lengthy but straightforward calculation
done efficiently with a computer algebra system like MAPLE. Exponentials of these derivations are then
(inner) automorphisms of the Lie algebra ng. Using these automorphisms, one obtains:

Lemma 6.2. Let (w,p) € Ang x A3n§ be an SU(3)-structure on ng with exact p, i.e. there exists some
v € A*nf with dv = p. Then w,p and v are given, up to automorphism, by
(6.2)

p=e( — eon,

w=a1e’® + aze® + aze™ + as(e? + €3) + a5 (¥ — ) + ag (€2 — 49 + ay (2 + )

v =brel? 4 byel® 4 byel® 4 by (€1 + €3) + by (€20 + €5°) + bge® + bre?d + £ (€20 + ) + €™,
for certain € € {1,-1}, ay,...,a7 € R with ajas > 0, ajag < 0 and certain by,...,by € R. If (w,p) is
half-flat and v of type (1,1), then we may assume that ag = a5 =0, by = by = 0 and bg = b3 in (6.2).

125 | 146 _ (236 _ (345

€

Proof. First of all, observe that the most general exact three-form p is given by

4
123 124 125 126 134 135 145 146 +0862

p = ce + coe 34

6 345

+ c3e + cqe + cse + cge + cqe + cre 707623 — cre

for certain ¢; € R, ¢ = 1,...,8. The quartic invariant A(p) of p computes to be equal to

®2
Ap) = —4c3(czer — ) (e!#34967) 77

As A(p) has to be negative, we surely must have ¢; # 0. Now exponentials of matrices as in (6.1) give
automorphisms of ng. We consider first the automorphism F; := exp(A;) for the matrix A; as in (6.1)

; — _ — — — _ _ _Jssafs :
with f473 = O, f4,4 = 0, f575 = O, f6,1 = 0, fﬁ,g = O7 f6,3 = 0 and f571 = —%. For notational
simplicity, we set a := f53, b:= f54, 5 := f6,4 and so have

s Q@ OO

Al =

b

vl
o » co0Oo

O Q2 OO00O
w " O000O

00
00
00
00
00
b0

(=)

The exponential of this matrix is easily computed to be

F1 =

rOQ oor
Thooro
Qe oroco
nNo—rooo
S elolala)
—~ooooo
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with A = %as—l—lgabQ,szs—l—%, C’z%b andst—!—%bQ. Then
(Frp)(er, ez, es) = c4 + ber, (Frp)(er,es, es) = ce + acr, (Frp)(ez,e3,eq) = cg — 2sc7

So, setting a := =% and b := —2 and s := 72, we get that (Fyp)(e1,eq,e5) = (F{'p)(e1,e2,66) = 0,

(Ffp)(e1,es,es) =0 and (Fyp)(eq,es, eq) =0, i.e. we have
Fl*p — 616123 + 626124 + 636125 + 646134 + 65 (6146 _ 6236 _ 6345) ;

for certain ¢; € R, i = 1,...,5, now with ¢ # 0 (in fact, é5 = c¢7). Next, we consider the automorphism
F5 := exp(Az) with the matrix A asin (6.1) with fy3:=0, f44 =0, f55 =0, f53=0, fs54=0, f51 =0
and fg4 =0, i.e. we have

0
00
A2 = 0
0
p

where we set p := fs.1, ¢ := fo2 and r:= fg 3. With F» := exp(Az2) = Is + A2, we obtain
(F5 Fyp)(er, ez, e3) = &1 — G5 p, (F5 Fyp)(er, e, e4) = G2 — E5 4, (F5 Fyp)(er,e3,eq) =Cs— G5

C2
Cs

Thus, setting p := g—;, q:=2 and r := g—:, we get that

F2*Fl*p — A€125 + B (6146 _ 6236 _ 6345) .

Then \(Fy Fyp) = —4AB3, i.e. we must have A - B > 0. It is now fairly easy to see that the exponential
F5 := exp(Ajs) of a diagonal matrix As as in (6.1) allows to normalise A = B € {—1, 1}, i.e. we have

(F;F;Ffp) _ 6(6125 + 6146 _ e236 o 6345) = epo

for some € € {—1,1}.

From now on, we will use again p for F5 Fy F}*p, so that p = epy. Note that e(e1, —es, 2, —eq, €5, €6) Or
e, es, ea,eq, 65, —eg) is an oriented adapted basis for p = €pg, depending on the orientation induced by
w3. Hence, the induced almost complex structure J = J, is either given by Joe; = —e3, Jopea = —e4 and
Joes = eg or by —Jy. A straightforward computation shows that a two-form v € A%ng with dv = p has to
be as claimed and v is of type (1,1) precisely when b; = by = 0 and bg = bs.

Next, we are interested in bringing w into a canonical form. To this aim, note first that w has to be a
(1,1)-form with respect to Jy and so

w =are’® + age?t + a5e + ay (612 +e34) +as (614 +e23) + ag (615 . 636)
+as (616 + 635) + ag (625 . 646) + ag (626 + 645)

for certain ay,...,a9 € R. Observe that a1 = w(ey,e3) = w(er, FJe1) = xgler,e1), az = w(ea,eq) =
+g(ea, e2) and a3 = w(es, eg) = Fg(es, e5), and so ajas > 0, ajas < 0 as claimed.

In order to bring w into a form with less parameters without changing p, we need to look at those
matrices A in (6.1) that are in the Lie algebra a of the stabiliser group of py. Such an A has to commute
with Jy, which is the case if and only if fs5 = fa4, f53 =0, f54 =0, fo1 =0, fo3 = —f51, fo2 =0,
fe,4 = 0. Moreover, the complex +.Jy-trace of A must be equal to zero, which additionally gives us f44 = 0.
So A is given by

000 000

z0 0 000

A= (3288

y0 0 000

00-5000

for z := f43 and y := f5 1. Then F :=exp(A) = Is + A and
(F*w)(e1,e4) = a5 + zaz — yag, (F*w)(e1, e5) = a7 + zag + yas.

Now g(ez2,e2) = *ag, g(es,es5) = Fas, as we observed above, and g(ez, e5) = w(ez, Jes) = Fw(es, €g)
+ag. Since any minor of g has to be non-zero, we get 0 # —(g(ez, e2)g(es, e5) — g(ea, e5)?) = azaz + a
Thus, setting

2
9-

_ asas +aray G207 — asag

- asaz +a? ’ T asas + a2
yields (F*w)(es, e3) = (F*w)(e1,eq) =0 and (F*w)(es,e5) = (F*w)(e1,es) = 0. Hence, renaming F*w by
w and using again coeflicients labeled a1, ..., a7, we have

w = are’® + age®® + age® +a4(612 +e34) toas (615 _636) +ag (625 _646) tan (626 +€45)_
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Then

123435 12356
+ ( ,

d (%wg) = (agas + agar + (asa7 — azaq))e asa7 — a3aq)e

i.e. (w,p) is half-flat if and only if

agas + agar = 0, asar — azayq = 0.
The first equation gives us a5 = —“‘;—‘;7 and inserting this into the second equation yields
2 2
asa7  asazas _ _a4(a2a3 + a?)

0= asa7 — azy = —
a2 a2 a2

Since ay plays the role of the former ag, we showed above that asaz + a2 # 0. Thus, as = 0 and so a5 = 0.
The equations asas + asa7 = 0, asay — azas = 0 are now fulfilled, so this finishes the proof. O

For the rest of this subsection, we assume that (w, p,v) is as in (6.2) with (w, p) being half-flat and v
being a primitive form of type (1,1). Moreover, we assume that (3.3) and (3.4) are valid. We show that

these assumptions give rise to a contradiction. First note the following:

(i) We may assume that w® € R - e1234%6ie. w induces the orientation in which the ordered basis

(e1,...,eq) is oriented. This follows from the observation that with (w, p,v, f) also (—w, p,v, —f)
satisfies (3.3) and (3.4).
(ii) Moreover, we may assume that e = 1 as with (w, p, v, f) also (w, —p, —v, —f) fulfills (3.3) and (3.4)

Using these simplifications, we obtain:

Lemma 6.3. We have
fs3=1f61 = fea=0, fe.3=—151, fe,2 = 2f5.4,

_f474 + f5,5

a3 = fa4 — 3fs5,5, ag = f5.4, ay = 5

and by =bs =0 or f54 =0,
Proof. First of all,
0= (w—fv)(es,ec) = foz, 0= (w—fu)(es,es) = bsfoa—I32, 0= (w—fr)(er,e5) = bsfsa—for+ 2152,
ie. fs3 = fs,1 =0 and b5 f5 4 = 0. Moreover, we get
0=(w—fv)(es, es) = fv=—fos+ 5% +b5(3f5.5 — 2f1a),

0=(w—fv)(er,es) = fv=fs1+ % +b5(3f5,5 — 2f1,4),
which yields fs 3 = —f5,1. Furthermore,
Jaat f5s

0= (w— fv)(ees) = a7+ 5 + fe.4,
0= (w—fv)(eses)=ar+ % — fe.,4,

_ faatfss
2

which gives fs4 = 0 as well as a7 = . Next, we have

0= (w— fr)lees) =as— fo2+ f5.4, 0= (w— fv)(eses) =—as + f5.4,

ie. foo =2f54 and ag = f5.4. Moreover, we get
0=(w—fr)es,e6) = a3 — (faa —3f55), 0= (w— fv)(er,e2) = f5,4(bs+ 2bs),
ie. ag = f14 — 3f55, and, since also bsf54 =0, f5.4 =0 or bg = b5 = 0. O
Lemma 6.4. In Lemma 6.3, we must have f5 4 = 0.
Proof. Assume that f5 4 # 0. Then b3 = b5 = 0 by Lemma 6.3 and so
0= (w—fr)le,es) = % + f5,1, 0= (w— fv)(er,e3) = a1 +3ba(fs55 — fa,4),
0= (w—fv)(e,eq) =az+br(3fsa— f55),
ie. a1 =3ba(faa— f5,5), a2 =br(f55 —3f14) and f51 = —f42’3. Imposing these identities, we get

_ fas(1+4b7)
4 b

0= (w— fr)(er,eq)
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and so either f43 =0 or by = —% holds.
We show that fy 3 = 0 and argue by contradiction, i.e. we assume that fi 3 # 0 and so by = —
(3.4) gives us

i. Then
0=(fwAw—wAv—dp)er,es es,e6) = —f13((fr.a — f55) + [24),

so that fs5 = f14 and f54 = 0 due to f13 # 0. But then one checks that w® = 0, a contradiction. Hence,
we must have fs3 = 0.
Assuming fy 3 = 0, one computes

0=(fwAw—wAv—dp)(er, e, e3,e5) = —ebyfsa (12fF 4 — 36 fsafs5+24f55 — 1)
0 = (fo.) ANw—wAV — dﬁ)(@l, €3, €5, 66) = 2b2(3fi4 — 12f4’4f5’5 + 9f5275 - 1)(2]04,4 - 3](5’5)

One checks that by = 0 implies w® = 0, and so we must have by # 0. Since f54 # 0 by assumption, (6.3)
yields

(6.3)

0=12f7, —36fsaf55+24f25— 1,

0=(3fia—12fsafs5+9f25—1)(2f14—3f55)
So either 3fi4 —12fsaf55 +9f§75 —1=0o0r2fs4—3fs5 =0. However, both cases give us a contradiction:

Namely, if SfZA —12f4af55+ 9]“52’5 —1=0, then
3fia—12faafss+9f35 =1=12f7, —36fsafss + 24f35,
and so
0=9f14—24fsaf55+ 1525 = (3fsa—4f55)° — f35,
ie.
3faa—4fs5 =+£f55.

So either fa4—fs5 =001 f55 = %f474. However, in the first case, one checks that w? = 0, a contradiction.
Thus, we must have f55 = %f4,4. But then

1=3f74—12fsafss+9/25 =3fFs— L fia+ 5114 = —%ff/; <0,

again a contradiction.
Consider now the case 2f4 4 —3f55 =0. Then f55 = §f4’4 and so

1=12f2, —36fsafss +24f25 = —3f14 <0,

which is a also a contradiction.
Thus, we must have f5 4 = 0. O

To simplify the notation, we set from now on

T = faa, y = f5.5, z:= fy3.

With this new notation, one gets:

Lemma 6.5. We have az = (y — 3x)br, fs1 = (20 —3y)bs — 5, v +y # 0, 4br +1 # 0, by # 0 and
i =
Proof. Firstly
0= (w—fr)(ees) =as+br(3x—y), 0= (w— fr)(es,e5)= 3y —2x)bs+ 35+ fs51,
i.e. ag = (y —3x)br, f51 = (20 — 3y)bs — 5. Next, set
A= (12by — 1)x? — (40b7 + 2)zy + (1207 — 1)y
Then
0 # w? = 20y Ae!24456,

which implies a; # 0 and A # 0. Since
0=vAw?= (% + a1(4b7 + 1)(z + y))6123456,
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we either have by = 0, and then (4b7 + 1)(x +y) = 0 as well, or by # 0, and so x +y # 0, 4b; + 1 # 0, and
A _ 72a1(4b7+1)(a:+y)
ba
(6.4) O:(f.OJ/\w_dﬁ_V/\W)(€2764,€5,€6):w
Assume now first that b, = 0. Then we must have x +y = 0, as otherwise 4b;+1 =0 and so (z+y)A =0,
a contradiction to z +y # 0 and A # 0. But then
0=(fwAw—dp—vAw) (e, ez e3,e)=—1+%,

0= (fwAw—dp—rvAw)(er,es es,es) = ar(40x? — 1),

. Moreover, we have

from which we obtain a; = 2 and z = §,/ 5 for some § € {—1,1}. But then
0= (fwAw—dp—vAw)(er, ez, e3 eq) = 2br —3,
ie. by = g. Hence,

O:(f.w/\w—d/f)—y/\w)(61764765,66):%_5@1737

0=(fwAw—dp—vAw) (e, e3,€4,65) = —%(3\/ﬁb5 —262),

_ 568 _ 26
and so by = 310 bs = 5/10°" However,

0=(w—fv)(eneq) = %zz,
i.e. z=0, and so
0= (w — f.V)(eh 63) = 2,
a contradiction.
Hence, we must have by # 0, v +y # 0, 4b7 +1# 0 and A = —M%%W. But then (6.4) gives us
A = —(4b7 + 1). Thus,
2a1(4b7b+21)(m+y) — A= 4b7 +1
and so, since 4b7 + 1 # 0,

b
2(z+y) "

a; =

This allows us now to prove:

Theorem 6.6. Let g be a seven-dimensional almost nilpotent Lie algebra with codimension-one nilpotent
ideal isomorphic to ng. Then g does not admit a closed Go-eigenform.

Proof. We assume that the parameters fulfill all the conditions that we derived in all the previous lemmas.
Then we first get

0= (w—fr)(e,es) = —(4w_6y)b5_4gb3_(4b7+1)z»

ie.
(4z—6y)bs —4ybs
4b7+1

since 4b7 + 1 # 0 by Lemma 6.5. Then one computes

z =

by (6zy+6y>—1)+4(z+y)

O0=(fwAw—dp—vAw)(e1,e2,e3,65) = —

4(z+y) ’
i.e. ba(6zy + 6y? — 1) = —4(x +y). Since z +y # 0, also 6xy + 6y? — 1 # 0, and so
_ 4(z+y)
bo = — Gy o1

Moreover,
0= (fwAw—dp—vAw) (e, eq,e565) = ‘”TJ”’ (b7(12.’L‘2 — 402y +129° +4) + 1 — (z + y)z),
0= (fwAw—dp—vAw)(e1,es3,e5,6e5) = —m (22% — 1dzy + 24y* — 1),
that is,
222 — 1dxy + 24y* — 1 =0, br(122% — 40zy + 12¢y% +4) = (2 +y)* — 1,

since by # 0, x + y # 0 by Lemma 6.5.
We show now that 1222 — 40xy + 12y% + 4 # 0:
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If this is not the true, then (z +y)? = 1, i.e. y = § — x for some § € {—1,1}. But then 0 =
2

1202 — 402y + 1292 + 4 = 16 (22 — 6)", ie. @ = 3 = yandso 222 — Moy + 2442 —1 =2 £ 0, a

2
contradiction.

Thus, 1222 — 40zy + 12y? + 4 # 0 and we have

by — (z+y)*—1
7T 1202 —40wy+12y2+4 "

On then computes

0:(f.w/\wfdﬁfu/\w)(eg,eg,e&eg,):(bﬁ%?’iw.

Hence, b5 = —2b3 or x = 4y. However, x = 4y is impossible since then

0=(fwAw—dp—vAw)(e,es es e5) = Soy%,

a contradiction. Thus b5 = —2bs and one gets

2b3 (w—y)2 (z+42y)

0:(f.OJ/\(JJ_dﬁ_VAW)(€1,€2,€4766):_m

and

3 _ 12(z—y)? 123456
0 7é W= (61’y+6y2—1)~(3x2—10xy+3y2+1)e .

Thus, z — y # 0 and so bs(x + 2y) = 0. We show that b3 # 0 and, consequently, x = —2y:

If b3 = 0, then b5 = 0 as well and we do get

2 15,2
0= (w—fv)(e,es) = %,

0=(fwAw—dp—vAw)(e1,es3,e5,65) = —4a2” 4280y —48y°+2

6xy+6y2—1
One easily checks that all solutions of
—1222 + 129> +2 =0, —42? 4+ 28xy — 48y* +2 =10
are given by
(2,9) =6 (3.1),  (wy) =561
for 61,02 € {—1,1}. However, in the first case, one computes
0=(fwAhw—dp—vAw)(er, ez, e3,e4) = —52
and in the second case one obtains
0=(fwAw—dp—vAw)(er ez, ez eq)=—32
and so a contradiction in both cases.
Hence, b3 # 0 and so x = —2y. But then
2_
0=(fwAw—dp—vAw)(e1,e3,es5,65) = 1222’“2,
i.e. y =0,/55 for some § € {—1,1} and we finally obtain
0=(fwAw—dp—vAw)(er, ez, e3 e4) = —o50,

a contradiction.
Hence, g does not admit a closed Gs-eigenform.

O

6.2. The case nsg. In this subsection, we are considering exact Go-structures and closed Go-eigenforms
on seven-dimensional almost nilpotent Lie algebras with codimension-one nilpotent ideal isomorphic to
nog. We will determine all such Lie algebras which admit an exact Go-structure and we will show that no

such Lie algebra can admit a closed Go-eigenform.

First of all, note that nsg is a well-known real six-dimensional nilpotent Lie algebra, namely the one
underlying the complex three-dimensional Heisenberg Lie algebra, and the Iwasawa manifold, see e.g.
[KSa]. Moreover, for this subsection, denote by Jy the almost complex structure on ngg uniquely defined

by Jpeo;_1 = eg; for i = 1,2 and Jpes = —egq.
The Lie algebra of all derivations of nsg is given by

_ A 0 2%2 2x4
(65) Der(ngg) = { (B tI‘(CA> ‘ AeC , BeR R
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with respect to the basis (ej,...,eg), where we consider A € C?*2 as a real 4 x 4-matrix and trrA e C
as a real 2 x 2-matrix. The Lie group Inn(nsg) of inner automorphism of nog is given by the Lie group
generated by the exponentials of elements in Der(nsg), and so equals

(6.6) Tnn(nag) = { (g detg(0)> ' CcGLE,C), De R2X4} .

Now split nog = V @ W with V := span(ey, es, €3, e4) and W := span(es, eg) and do the same for the dual
space njs = V* @ W*. Let an SU(3)-structure (w, p) € Ankg x A3nig with exact p be given, i.e. there
exists v € A’n3g with dv = p. Write

w:ae56+e5/\a1+e6/\a2—|—@
for a € R, ay,as € V* and & € A2V* and, similarly,
v=">0e" 4+ ABL+eSABy + D

for b € R, B1,B2 € V* and 7 € A2V*. Moreover, let 05 := de® and o3 := deb, note that oq,03 € [[A2OV*]]
with respect to the almost complex structure Jy on V. Set

po = 66/\0'2 —65/\0'3.
Then pg induces the complex structure Jy (if one chooses the right orientation on nsg) and we have
p=dv=>bpy+ o2 AP+ 03N .

This shows that b # 0 as otherwise p(es, -, -) = 0, contradicting Lemma 2.5 (a). Moreover, p(es, eg,) = 0,
i.e. e5 and eg are J := J,-linearly dependent by Lemma 2.5 (a). But so
56(

0 # g(es,e5) = w(Jes, es5) = ae”(Jes, es),

implies a # 0 and we may apply an inner automorphism F as in (6.6) with C' = I5 and suitable D € R?**
to get rid of a; and ay in w, i.e. we may assume that w = ae®® + @& with & # 0 due to the non-degeneracy
of w. Now we must have

O0=wAp=ae®A(ocoABL+03NB2) +beS Nog Ao —be®> Nos A&

Thus, oo A B1 + 03 A B2 = 0, and so p = bpg, and o; A& = 0 for i = 2,3. Now oy, 02 span [[A2°V*]] and
so the latter identity shows & € [AL1V*]. A straightforward computation shows that o3 A 2 = —02 A 3
implies By = J§j 1.

Next, (o1, Jo|v), o1 := e'? + €34, defines an almost Hermitian structure on V and SU(2) preserves o
and acts as SO(3) on [A)'V*]. Since matrices of the block-diagonal form diag(A, I;) with A € SU(2)
are in Inn(ngg) and preserve py, we may thus assume that @ = a1e'? + ase3*. Moreover, an element of
the form diag (by, b1, ba, ba, b1ba, b1b2) is in Inn(nag) and only scales pp, and so we may even assume that
la1| = |az| = |al, i.e. there are €1, €2 € {—1,1} such that @ = €1 (aeze'? + €3%). Since J = +.Jp, we do get

€0’ = w(er,en)w(es, eq) = w(Jea, ea)w(Jeq, eq) = g(ea, ea)g(eq, eq) > 0,

and s0 €3 = 1, i.e. w = ae(e'? + €3*) + ae®®. Moreover,

e10? = wler, ex)w(es, e6) = —w(Jea, ex)w(Jeg, e6) = —glea, ea)g(es, es) < 0,
i.e. e, = —1 and, consequently, w = a(—e!? + €3*) + €°0) =: awy. Noting that for a > 0, the ordered basis
(e1,—ea, €3, —eyq, €5, —¢eg) is oriented and so J = Jy, and otherwise J = —Jy, the normalisation condition

reads |a]? = b?. Hence, we may write a = eA? and b = \? for some A € R\ {0} and some € € {—1,1}.

Finally, we may use block-diagonal matrices diag(A, Is) with A € SU(2) to bring # into a canonical
form. For this, note that diag(A,Iz) is in Inn(ngg) and preserves (w,p) and so we may assume that
U = c1e'? + c9e* + c309 + caos for certain cq, co, c3,cs € R. Thus,

v=Xe% 4+ e AB+ e AT B+ cre'? + et + e300 + ca03

for g:=p eV . lfve [Aé’lngg], then ¢z = ¢4 = 0 and ¢y = A3 — ¢;. Summarizing, we have arrived at
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Lemma 6.7. Let (w,p) € A’n3g x A3nbg be an SU(3)-structure for which there exists v € A’njg with
p=dv. Then (w,p,v), are, up to automorphism, given by

w=eXwy = eA? (—612 —e3t 4 656) ,
(6.7) p=Npy = \3 (6136 _ o246 _ 145 _ 6235)

v=Xe 4 AL+ e AT B+ cre'? + coe + e300 + caos,

b

for certain cq,ca,c3,c4 € RAXERN\ {0}, e € {—1,1} and 8 € V*.
If v e [Ay ' nsg), then, up to an automorphism, (w,p) take the form as in (6.7) and
(6.8) v=Me LS NAB e ATFB+ e + (N3 —c)e3?
for some c € R and 5 € nig.
Next, we determine those seven-dimensional almost nilpotent Lie algebras g with codimension-one

nilpotent ideal nog which admit an exact Go-structure. First of all, we get some restriction on f if g
admits an exact Go-structure, i.e. if (3.5) is valid:

Lemma 6.8. Let (w, p) € A%nig x A3nig be as in (6.7) and assume that v € A*nkg satisfies dv = p. Then
a € nig and f € Der(ngg) fulfill (3.5) if and only if

forht=w,  fP0=da, [, Jo] =0,
where v is the (1,1)-part and v*° is the (2,0) + (0,2)-part of v. If this is the case, then no eigenvalue
of f is purely imaginary.

Proof. We decompose f = f1 + fo into its Jy-invariant part fi; and its Jy-anti-invariant part fo. Then f;
preserves the splitting A?n3g = [AbInjg] @ [[A%On3g]] while fo interchanges the two summands. As da is
of type (2,0) 4 (0,2), (3.5) is equivalent to

At 4+ fo?0 =, fr.20 + frob! =da.

if we decompose v = v+ 120 as in the statement. Note that fs is a strictly lower triangular block matrix
with respect to the splitting nog =V @ W, while f7 is a lower triangular block matrix with respect to the
same splitting. Moreover, v?°, da € A2V* and v"! has a non-trivial A2W*-part. Thus, f;.0>° € A2V*
and fo.vbt € W* AV* @ A2V* with non-trivial W* A V*-part if f; # 0. Hence, fo = 0, i.e. f = f1, and
so [f, Jo] = 0, and the above equations simplify to

f.l/l’1 = w, f.Z/Q’O = do

as stated.
Finally, assume that there is an eigenvector X € nag \ {0} of f with purely imaginary eigenvalue ic,
c € R. Then f(X) = cJoX, and so f(JoX) = Jof(X) = —cX, and we get
0 #9(X, X) = w(JoX, X) = frr (X, X) = =" (f(JoX), X) =" (JoX, f(X))
=N (X, X) — et (S X, JoX) =0

a contradiction. Hence, no eigenvalue of f can be purely imaginary. O

We are now in the position to give a classification of those almost nilpotent Lie algebras with codimen-
sion-one nilpotent ideal isomorphic to nsg which admit an exact Go-structure:

Theorem 6.9. Let g be a seven-dimensional almost nilpotent Lie algebras g with codimension-one nilpotent
ideal nag, i.e. g = nog X R for some f € Der(ngg). Then g admits an exact Go-structure if and only
if f has no purely imaginary eigenvalues. FEquivalently, g admits an exact Go-structure if and only if
g ngg Xy, , . R for certain a € [—%, oo) \ {0}, b1,b2 € R or g X ngg xp, R for some b € R, where

atiby e
1 .
R = R 1 .
fa,bl,bz L ( 2 a+lb2 1 ) b hb T _Z+1b
—5+i(b1+b2)

— 142
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Proof. We note that the forward implication in the first statement is incorporated in Lemma 6.8.
So let g = nyg % R for some f € Der(ngs) which has no purely imaginary eigenvalues. By (6.5), we

know that
A 0
f= (B trCA>

for some A € C?*% and B € R?*%. If we conjugate f with an automorphism F of npg as in (6.6) with
C = I3, we surely get a Lie algebra nog X psp—1 R which is isomorphic to g, where

_ A 0
FrE 1:<B+D(A—(tr(cA)12) trCA)'

Thus, FfF~! is block-diagonal if A — (treA)I is invertible, i.e. if troA is not a complex eigenvalue of
the complex matrix A. However, if tro A would be an eigenvalue of the complex matrix A, then the other
complex eigenvalue would have to be zero and so the real matrix f would have one eigenvalue equal to
zero, which is excluded since f has no purely imaginary eigenvalues.

Thus, calling FfF~! again f, we may assume that f = diag(A,troA). But then we may use an
automorphism of ngg as in (6.6) to bring A into complex Jordan normal form. Hence, we may assume that
either A = diag(wy, ws) for wi,wy € C with Re(w:) # 0, Re(ws) # 0, Re(wy +wz) = tro A # 0 or

(5 )

for some w € C with Re(w) # 0. We provide now in both cases an example of an SU(3)-structure
(w, p) € A%n3g x A3njg a two-form v € A?n}g and a one-form a € nig such that p = dv and such that (3.5)
is fullfilled, where the latter equation is valid by Lemma 6.8 if and only if f.o'! = w, f?% = da. We
will always choose « = 0 and a (1, 1)-form v, so that the second equation is automatically fulfilled and we
only have to deal with the first one.

In the first case, one checks by a straightforward computation that

)\2 12 /\2

— 34 | 43,56
B 2Re(w1)e * 2Re(wg)e e

w = A2(*)(:!’ pP= /\3/)07 v

with A\ := —m fulfills all necessary equations, whereas in the second case
w=Nwy, p=2Npy, v=-222(16)° +2)X3)e3 — 4\ . (e — €23) 4 A3
with \ := —m does the job.

The second statement in the assertion follows immediately from the considerations above by noting
that rescaling f by a non-zero scalar gives an isomorphic Lie algebra and by noting that we may order the
real parts of the eigenvalues of A in such a way that the first one is greater or equal to the second one. [J

Remark 6.10. Note that f, 4, ., and hp in Theorem 6.9 both fix €% and so one easily sees that (w, p) as
in Lemma 6.7 with A = 1, i.e. w = —e!2 — 3% 4 56, p = 136 — 246 _ 145 _ 235 give rise to an exact
Go-structure on nog X Fapy by R and nog x5, R, respectively. This explains the strange ‘normalisation’ of
the endomorphisms in Theorem 6.9.

Looking for exact Go-structures of special torsion, we obtain:

Theorem 6.11. Let g be a seven-dimensional almost nilpotent Lie algebra with codimension-one nilpotent
ideal isomorphic to nog which admits an exact Go-structure. Then:

(a) g admits an exact Ga-structure with special torsion of negative type.
(b) g admits an exact Go-structure with special torsion of positive type if and only if g % nag Xf_yapsR
for allb e R.

Proof. By Theorem 6.9, we may assume that g = nog xR with either f = f, 1, s, for certain a € [—%7 oo),

b1,b0 € R or f = hy for some b € R. We divide the proof into four different parts:
(I) We first show that g = mnog Xy, , , R for a,b1,b2 € ([-1.2] \ {0}) x R? with a # —1 or b # by
and ngg Xp, R for b € R admits an exact Go-structure with special torsion of positive type.



CLOSED G2-EIGENFORMS AND EXACT G2-STRUCTURES 25

For this, note that under the assumptions on a, b1, bz, the Lie algebrangg s, , , R is isomorphic

to nog Xy R with
a+ibq c
1
9 = Gaby,ba,c = Rk 1
—5+i(b1+b2)

Ifa= —i and by = by =: b, then, for any ¢ € R\ {0}, we have nog Mg 1 japee R = ngg xp, R
So we are looking for exact Go-structures with special torsion of positive type on nag x4 R. For
this, note that a # 0 and 2a 4+ 1 # 0 by assumption. Thus,

Y= iem 2¢? —da(by —b2)* +1) 44 L6 2(b1 — bo)c (€% 4 1)
2a a(4(by —b2)2+1)(2a+ 1) a(4(by —b2)2+ 1)
¢ 14 _ 23 2%
+ e —e*?) e An
a(4(by — b))% + 1)( ) 3
is well-defined and one checks that dv = pg = el36 _g246_ol45_ 0235 and g.v = wy = —el2—e34 €5,
Thus, the pair (w, p) gives rise to an exact Ga-structure . As p = 135 — 116 — 236 _ 245 e get

dxo o =d(tw’ +e"Np) =€" Ag. (30?) — " Aduyep
= eT A (—3e123 4 (20 — 1)1 250 — (24 20)e345 4 (1496 _ £2356))
due to d(w?) = 0. Hence, the torsion two-form 7 is given by
T=—xpdx, 0= (2+2a)e'? — (2a — 1)e** + c(e™ — e**) + 3¢,

Now the exact Go-structure ¢ has special torsion of positive type if and only if 73 = 0, which is
equivalent to ((2 + 2a)e!? — (2a — 1)e3* + c(e'* — €%3))2 = 0, and so to

0=(2+2a)(2a—1)+c* =4a®> +2a — 2+ .

Here, a is fixed and we are searching for a solution of this equation for ¢, which is possible if
40 +2a—2<0,ie. ifac [—i, %] Note that for a = —%, we have ¢ = :i:% # 0 and so nag xp, R
admits an exact Ga-structure with special torsion of positive type for any b € R.
(IT) We show now that (wo, po) defines also an exact Go-structure on nag 3, ,,, R = ngg x5, R with
special torsion of negative type for a suitable chosen ¢ € R\ {0}.
The computations in (I) show that 7 = 2(e'? 4 €34) + c(e'* — €?3) + 3¢°. Hence, ¢ has special
torsion of negative type if and only if % |T|Z = |T3}i7 which here is equivalent to
2 4
28427 =(18(8 - %) = (' —216¢7 +2187) =0,
ie.toc=0o0r c= :I:%. Thus, for ¢ = %, we get an exact Gg-structure with special torsion of
negative type on nag X4

9 R & N2g Xp, R.
—1/4,bb,5

(III) Next, we show that nog X7, , R admits an exact Ga-structure with special torsion of positive
type if (a,b1,bq) € (%, oo) x R? and that it admits an exact Go-structure with special torsion of
negative type for any possible values of (a, b1, bs), i.e. for any (a, b, b2) € ([%, oo) \ {0}) x R2.

For this, we note that ngg X, , , R is isomorphic to nag x5 R with

a —by
b1 a
—%—a —b2
h = hqp, by = by —i-a
r —1 —(bitba)
—r  bi+bs —%

for any » € R. The minus sign occuring before one of the rs is due to (e1, —es, €3, —e4, €5, —€5)
being a complex basis, i.e. due to the shift in the order of e5 and eg.
We have dv = pg and h.v = wq for

_ 1 .12 (bi+2b2)%+(2r2+a+1)(at+1) 34 56 r(b1+2b2) 35 46

v=g.¢ — i ¢ e ey (€0 — ')
r(14a) 36 |, 45

+ wrnrro oy (€0 +e®).
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Hence, the pair (wo, po) defines an exact Gao-structure ¢ on ngg x5, R for any value of r € R.
Moreover, we have
dxy o =e" A (h. (30w?) = duyeh)
— A (7361234 + (20— 1)e1%6 _ (2 4+ 2a)e31% 4 (1236 & 61245»
and so the torsion two-form 7 is given by
T=—xpdx,p=(2+2a)e'? — (2a — 1)e** —r(e3® 4 e*®) + 3€°.
Hence,
7 = —12(1 + a)(6a — 3 — r?)e!23456

and 73 = 0, i.e. ¢ has special torsion of positive type, if and only if 2 = 6a — 3. But we assumed

a > % and so have 6a — 3 > 0 and, consequently, ¢ has special torsion of positive type for

r=+6a—3€R.
Moreover, ¢ has special torsion of negative type if and only if

6 2 2
3(2+20)* + (20 = 1)* + 2 +9)? = 7] = |[7*|_ = (12(1 + a)(6a — 3 - 1%))".

Bringing both terms on one side and factorising gives
16 ((a—2)2+72) - (8¢ +22a+ 5 —1?)> = 0.

So one may find some 7 € R such that ¢ has special torsion of negative type if (2a +5)(4a+1) =
8a®+22a+5 > 0. But this is the case if a > —+ and so nas Xf, 0 0, R admits an exact Go-structure
with special torsion of negative type for any possible values of (a, by, ba).
Finally, we need to show that for any b € R, the Lie algebra nog x¢_, ,,, R does not admit an
exact Go-structure with special torsion of positive type.

For this, let (w, p) be a half-flat SU(3)-structure which determines an exact Gg-structure ¢ on

nog Xy ., Randlet v e A2n3g and o € nag be such that (3.5) holds. By Lemma 6.7, we may
assume that

w=eN2wp = eN2(—el2 — 34 1 50) p= A3py = A3(e136 _ (246 _ (145 (235

for some A € R\{0}, up to an automorphism F of nag, i.e. (w, p) are of this form on nog XEfy appF
R. Now one computes that f := Ff_1/47b7bF_1 is of the form

1 .
f _ (71 + 'Lb) IQ
B —3 +2ib
for some B € R?*4, By Lemma 6.8, we have [f, Jo] = 0, which amounts to B being of the form
po(m 9 a a
az —aip a4 —as
for certain ai,ag, as,as € R. Moreover, by Lemma 6.8, we have f.v™! = w and

vhE = 2350 L P A B+ e5 AT B+ cret? + cae®t

for certain 3 € span(el, e?, €3, e?) and ¢, c2 € R by Lemma 6.7. Thus,

EN2(—el? — 34 1 e50) = iy = fll = \3e50 1 eB Ay b B A J5y + %612+ %2634
for some v € span(el,e?, €3, et), which implies, in particular, A = ¢, i.e. w = ewp and p = €epp.
Since for ¢ = —1, the induced orientation is the opposite of that for ¢ = 1, we always have
p=el3 —l46 _ 236 _ 245 Thys, one cpmputes

dxy @ =e" A (f. (%wg) — duyeh)

—T A (_361234 _ %(31256 _ %63456 +a (62345 T 61346) T as (62346 _ 61345)
tas (61245 " 61236) +ay (61246 _ e1235))

independently of €. Hence,

T = — %ol %y @

_ e(% (612 +€34) +3€5 — gy (616 +€25) +ay (615 _ e26) — a3 (636 +€45) +ay (635 _ 646))7



CLOSED G2-EIGENFORMS AND EXACT G2-STRUCTURES 27

and so
7 =9¢ (2 +al + a3 +aj +aj) "% £0,
i.e. ¢ does not have special torsion of positive type.
O

Finally in this section, we show that a Lie algebra of the form g = nog Xy R cannot admit a closed
Go-eigenform:

Theorem 6.12. Let g be a seven-dimensional almost nilpotent Lie algebra with codimension-one nilpotent
ideal isomorphic to nog. Then g does not admit a closed Go-eigenform.

Proof. We assume the contrary. Then, by Lemma 6.7, A\ € R\ {0}, ¢ € {—1,1} such that w = e wo,
p=Npoand v € [Ay nig] is as in (6.8), i.e.

v=ce2+ (A - )3 £ N3 LS ANB+ e ATLB
for certain ¢ € R and g € V*. Moreover, we may assume that
fv=uw, wA (fw—v)=dp.

for some f € Der(ngg). Since then also (—w, p, v, —f) fulfills all necessary equations, and so defines a closed
Go-eigenform, we may assume that e = 1.
But then one computes

dp = N3dpo = AN3 €12 = N2(—el? — ¢34 1 €56) A —2M(e!2 4 €34 4 ¢56)
=w A —2)\(e!? + €34 4 5.
Since wedging with w is an isomorphism from A%h* to A*h*, the latter equation implies

fw—v=-2)e"?+e* +¢%)

A 0
f= (B trCA>

for some A = (a;;);; € C**? and some B € R?*?. Thus, inserting (e1,es) into the equality f.w — v =
—2X(e!? + €31 + %) yields

By (6.5), we know that

2Re(a11)\? — ¢ = —2Re(a1r)w(er, e2) — vier, es) = (f.w —v)(e1,e2) = —2\.
Similarly, we obtain
2Re(ag)\? — (\* —¢) = (fw —v)(es, eq) = =2\
by inserting (e3,e4). Adding these two equations yields
(6.9) 2Re(troA)A* — A° = —4A.
Moreover, inserting (es, eg), we do get
—2Re(tro AN — N = (f.w — v)(es,e6) = —2.

Adding (6.9) to this equation, we obtain —2\3 = —6, and so, since A # 0, that \? = 3.
However, we also get

-2 Re(tr(cA)/\3 = —2Re(tr A)v(es, e6) = f.v(es,es) = w(es, eq) = A2,

ie. 2Re(troA)A% = X, which, together with (6.9), yields A — A3 = —4), i.e. A* =5, a contradiction.
Thus, g does not admit a closed Go-eigenform. 0
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