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Abstract

Meta-learning automatically infers an inductive bias by observing data from a number of related
tasks. The inductive bias is encoded by hyperparameters that determine aspects of the model class
or training algorithm, such as initialization or learning rate. Meta-learning assumes that the learning
tasks belong to a task environment, and that tasks are drawn from the same task environment both
during meta-training and meta-testing. This, however, may not hold true in practice. In this paper, we
introduce the problem of transfer meta-learning, in which tasks are drawn from a rarget task environment
during meta-testing that may differ from the source task environment observed during meta-training.
Novel information-theoretic upper bounds are obtained on the transfer meta-generalization gap, which
measures the difference between the meta-training loss, available at the meta-learner, and the average
loss on meta-test data from a new, randomly selected, task in the target task environment. The first
bound, on the average transfer meta-generalization gap, captures the meta-environment shift between
source and target task environments via the KL divergence between source and target data distributions.
The second, PAC-Bayesian bound, and the third, single-draw bound, account for this shift via the log-
likelihood ratio between source and target task distributions. Furthermore, two transfer meta-learning
solutions are introduced. For the first, termed Empirical Meta-Risk Minimization (EMRM), we derive
bounds on the average optimality gap. The second, referred to as Information Meta-Risk Minimization
(IMRM), is obtained by minimizing the PAC-Bayesian bound. IMRM is shown via experiments to
potentially outperform EMRM.
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[. INTRODUCTION

Any machine learning algorithm makes assumptions on the task of interest, which are col-
lectively referred to as the inductive bias. In parametric machine learning, the inductive bias is
encoded in the choice of a model class and of a training algorithm used to identify a model
parameter vector based on training data. The inductive bias is fixed a priori, ideally with the
help of domain expertise, and it can be refined via validation. As a typical example, an inductive
bias may consist of a class of neural networks parameterized by synaptic weights and of an
optimization procedure such as stochastic gradient descent (SGD). Hyperparameters including
number of layers and SGD learning rate schedule can be selected by optimizing the validation
error on an held-out data set.

Meta-learning or learning to learn aims to automatically infer some aspects of the inductive
bias based on the observation of data from related tasks [1]-[3]. For example, the choice of
an inductive bias—model class and training algorithm—for the problem of classifying images
of animals may be based on labelled images of vehicles or faces. As formalized in [4], meta-
learning assumes the presence of a task environment consisting of related learning tasks. A task
environment is defined by a distribution on the set of tasks and by per-task data distributions. A
meta-learner observes data sets from a finite number of tasks drawn from the task environment
to infer the inductive bias, while its performance is evaluated on a new, previously unseen, task
drawn from the same task environment.

As discussed, a key assumption in the standard formulation of meta-learning is that the
tasks encountered during meta-learning are from the same task environment that generates
the new “meta-test” task on which the performance of the hyperparameter is evaluated. This
assumption may not be realistic in some applications [5]]. For example, a personalized health
application may be meta-trained by using data from a population of users that is not fully
representative of the distribution of the health profiles expected in a different population on
which the application is deployed and meta-tested. In this paper, we introduce the problem of
transfer meta-learning, wherein the performance of a meta-learner that uses data sets drawn from

a source task environment is tested on a new task drawn from a generally different target task



environment. In the proposed formulation, highly popular, or more frequently observed, tasks
during meta-training may have a small probability in the target task environment, while other

tasks may have a higher chance of being encountered.
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Fig. 1: Illustration of conventional learning, transfer learning, conventional meta-learning and

transfer meta-learning with Pz, denoting the distribution Pzr—.

As illustrated in Figure [T} we consider a general formulation of transfer meta-learning where
the meta-learner observes a meta-training set of N datasets Z, ..., Z¥ each of M samples, of
which SN, with 5 € (0, 1], datasets correspond to tasks drawn from the source task environment
and (1 — B)N datasets correspond to tasks from the rarget task environment. Under source
and target task environments, tasks are drawn according to distinct distributions Pr and Py,
respectively. Based on the meta-training set ZM, = (ZM ... ZY), the meta-learner infers the
vector of hyper-parameters « € U. The hyperparameters v determine the base learning algorithm
through a conditional distribution Py zum 7—,, that maps a training set Z M to a model parameter
W given u. The performance of the inferred hyperparameter v is evaluated in terms of the
transfer meta-generalization loss L] (u), which is the expected loss over a data set Z" ~ P}/ il
sampled from a task 7" randomly selected from the target task distribution P;. The subscript

g of E’g(u) indicates that the considered loss is the generalization loss and the superscript ’



indicates that the generalization loss is evaluated with respect to the target task distribution Pr.
This objective function is not available at the meta-learner since the target task distribution P,
and the per-task distributions Pzr—. for every task 7 are unknown. Instead, the meta-learner
can evaluate the empirical performance of the inferred hyperparameter on the meta-training set
ZM in terms of the meta-training loss L;(u|Z%). The subscript ¢ of £;(u|Z};) indicates that
the loss considered is training loss.

The difference between the transfer meta-generalization loss and the meta-training loss, re-
ferred to as the transfer meta-generalization gap AL'(u|ZM,), is a key metric to evaluate the gen-
eralization performance of the meta-learner. If the transfer meta-generalization gap is small, on
average or with high probability, the meta-learner can take the performance on the meta-training
set as a reliable measure of accuracy of the inferred hyperparameter in terms of the transfer
meta-generalization loss. In this paper, we first study information-theoretic upper bounds on the
transfer meta-generalization gap of three different flavours — bounds on the average transfer meta-
generalization gap, high-probability probably-approximately-correct (PAC)-Bayesian bounds, and
high-probability single-draw bounds— and, we introduce two transfer meta-learning algorithms
based on Empirical Meta-Risk Minimization (EMRM) and Information Meta-Risk Minimization
(IMRM).

The transfer meta-learning setting considered in this paper generalizes conventional transfer
learning [6]-[8]], as well as meta-learning (see Figure [I)). Specifically, when the source and
target task distributions are delta functions centered at source domain task 7 and target domain
task 7’ respectively, with 7 # 7/, and the hyperparameter u to be inferred coincides with the
model parameter, the transfer meta-learning setting reduces to transfer learning. While there
exists a rich literature on generalization bounds and algorithms for transfer learning, this work
is, to the best of our knowledge, the first one to extend the notion of transfer to meta-learning,
to derive information-theoretic upper bounds on the transfer meta-generalization gap, and to

propose transfer meta-learning design criteria.

A. Related Work

Three distinct kinds of bounds on generalization gap, i.e., the difference between training
and generalization losses, have been studied in literature for conventional learning—bounds on
average generalization gap, high-probability PAC-Bayesian bounds and high-probability single-

draw bounds [9]. For learning algorithms described as a stochastic mapping from the input



training set to the model parameter, the average generalization gap evaluates the average dif-
ference between the training and generalization losses over the learning algorithm and its input
training set. Information-theoretic upper bounds on the average generalization gap have been
studied first by Russo et al. [10] and Xu et al. [11], and variants of the bounds have been
investigated in [[12]-[14]. Of particular relevance to our work is the individual sample mutual
information (ISMI) based bound [12], which captures the sensitivity of the learning algorithm
to the input training set, and thus the generalization ability, via the mutual information (MI)
between the model parameter output of the algorithm and individual data sample of the input
training set. These bounds have the distinction that they depend explicitly on the data distribution,
the learning algorithm, and the loss function. Moreover, for deterministic algorithms, the ISMI
approach yields a finite upper bound as compared to the MI bounds in [[11]]. The ISMI bound
has been extended to obtain bounds on generalization gap for transfer learning in [15] and for
meta-learning in [16], where, in the latter, the MI between the hyperparameter and per-task data
of the meta-training set captures the sensitivity of the meta-learner to the meta-training data set.
The results in this paper can be seen as a natural extension of these lines of work to transfer
meta-learning.

Apart from bounds on average generalization gap, PAC bound on the generalization gap which
holds with high probability over the training set have been studied in the literature. Classical PAC
bounds for conventional learning assume deterministic learners and employ measures of complex-
ity of the model class like Vapnik-Chervonenkis (VC) dimension [17] or Radmacher complexity
[18] to characterize the generalization gap. For stochastic learning algorithms, McAllester [19]
developed a PAC-Bayesian upper bound on the average of the generalization gap over the learning
algorithm, which holds with probability at least 1 — 4, with § € (0, 1), over the input training set.
These bounds employ a reference data-independent ‘prior’ distribution on the model parameter
space, and the sensitivity of the learning algorithm to the training set is captured by the Kullback-
Leibler (KL) divergence between the posterior distribution of the learning algorithm and the prior.
As such, the PAC-Bayesian bounds are independent of data distributions. We note that the recent
line of work in [20]] suggests tightening the PAC-Bayesian bounds by choosing a data-dependent
prior distribution evaluated on an heldout data set, which is not part of the training data.

Various refinements of PAC-Bayesian bounds have been studied for conventional learning
[21]-[24], and for meta-learning [25]-[27]] where for the latter PAC-Bayesian bounds employ
a hyper-prior distribution on the space of hyperparameters in addition to the prior. A PAC-



Bayesian approach to domain adaptation specialized to linear classifiers has been considered in
[28]]. Furthermore, PAC-Bayesian bounds can be employed to design learning algorithms that
ensure generalization through the principle of Information Risk Minimization (IRM) [29]. For
conventional learning, the IRM principle finds a randomized learning algorithm that minimizes
the PAC-Bayesian upper bound on the generalization loss, which is given by the empirical
training loss regularized by the KL divergence between the posterior learning algorithm and the
prior. In Section we resort to the IRM principle and propose a novel learning algorithm
for transfer meta-learning.

PAC-Bayesian bounds apply to the scenario when a model parameter is drawn every time
the learning algorithm is used, and the performance of the learner is evaluated with respect to
the average of the generalization gap over these draws. In contrast, high-probability single-draw
bounds are relevant in scenarios when a model parameter is drawn only once from the stochastic
learner, and the goal is to evaluate the generalization performance with respect to this parameter.
Precisely, single-draw probability bounds yield upper bounds on the generalization gap which
holds with probability at least 1 —d, with § € (0, 1), over the training set and the model parameter.
For conventional learning, MI-based single-draw bounds have been obtained in [30]], [31], while
information-theoretic quantities like Rényi divergence, a-mutual information, and information
leakage have been used in [32]]. To the best of our knowledge, single-draw bounds have not been
studied in the context of meta-learning or transfer meta-learning before.

In comparison to the generalization bounds for conventional learning, the generalization bounds
for transfer learning have to account for the domain shift between source domain and target
domain. For conventional transfer learning, upper bound on the generalization loss on target
domain is obtained in terms of generalization loss on the source domain, together with a
divergence measure that captures the domain shift [6], [33]], [34]. Various distance and divergence
measures have been explored in the literature to quantify the domain shift. These measures have
the advantage that they can be empirically estimated from finite data sets from source and target
domains. For example, [6] studies transfer learning for classification tasks and obtains high-
probability upper bounds on the target domain generalization loss based on the .#-divergence,
or dy-distance, in terms of VC dimensions or Radmacher complexity [33]. The d4 distance
has been generalized to the discrepancy distance so as to account for loss functions beyond
the detection loss in [34], and to integral probability metric in [35]]. Estimates of these distance

measures yield generalization bounds in terms of Radmacher complexity. The .7#’-divergence has



been further extended to define the 7 A7 divergence in [36]. While these distance measures
are tailored to given loss functions and model class, general statistical divergence measures,
such as Rényi divergence and Wasserstein distance have been considered in [37]-[39]] and [40]
respectively. The information-theoretic generalization bound in [[15] captures the domain shift
in terms of the KL divergence between source and target domain. Our work draws inspiration

from this line of research.

B. Main Contributions

Building on the lines of work on transfer learning outlined above, we introduce the problem of
transfer meta-learning, in which data from both source and target task environments are available
for meta-training. Extending the methods in [33]], [35], [36] for transfer learning, we measure
the meta-training loss as a weighted average of the training losses on source and target task
environment data sets. This weighted average includes as special cases methods that use only
data from source or target task environments. We refer to the resulting design criterion as EMRM.
We derive information-theoretic upper bounds on the average transfer meta-generalization gap,
i.e., on the average difference between transfer meta-generalization loss £ (u) and meta-training
loss £;(u|ZM,). The bounds generalize prior works on transfer learning [15] and meta-learning
[16]. We also present novel PAC-Bayesian and single-draw probability bounds. Central to the
derivation of these generalization bounds is the information-density based exponential inequality

approach of [9]. We detail the main contributions as follows.

1) We extend the individual task mutual information (ITMI) based approach of [16] for meta-
learning to obtain novel upper bounds on the average transfer meta-generalization gap that
holds for any meta-learner. The resulting bound captures the meta-environment shift from
source to target task distributions via the KL divergence between source environment data
distribution and target environment data distribution.

2) We specialize the obtained generalization bound on the average transfer meta-generalization
gap to study the performance of the EMRM algorithm that minimizes the empirical average
meta-training loss, and obtain a novel upper bound on the average transfer excess meta-risk
for EMRM. The average transfer excess meta-risk is the optimality gap between the average
transfer meta-generalization loss of EMRM and the optimal transfer meta-generalization

loss.



3) We derive novel PAC-Bayesian bounds for transfer meta-learning that quantify the impact
of the meta-environment shift through the log-likelihood ratio of the source and target task
distributions. We use these bounds to introduce a novel meta-training algorithm, termed
IMRM, based on the principle of information risk minimization [29].

4) We obtain new single-draw probability bounds for transfer meta-learning in terms of in-
formation densities and a log-likelihood ratio between source and target task distribution.
Single-draw bounds captures the performance under a single realization of the hyperparame-
ter drawn by a stochastic meta-learner. Furthermore, the resulting bounds can be specialized
to obtain novel single-draw bounds for conventional meta-learning.

5) Finally, we compare the performance of EMRM and IMRM algorithms on a transfer meta-
learning example, and show that IMRM can outperform EMRM in terms of transfer meta-
generalization loss for sufficiently small number of tasks and per-task data samples. As the

number of tasks and per-task data samples grow, IMRM reduces to EMRM.

C. Notation

Throughout this paper, we use upper case letters, e.g. X, to denote random variables and lower
case letters, e.g. = to represent their realizations. We use P(-) to denote the set of all probability
distributions on the argument set or vector space. For a discrete or continuous random variable
X taking values in a set or vector space X, Px € P(X) denotes its probability distribution,
with Py () being the probability mass or density value at X = x. We denote as P¥ the N-fold
product distribution induced by Px. The conditional distribution of a random variable X given
random variable Y is similarly defined as Px|y, with Pxy(z|y) representing the probability
mass or density at X = x conditioned on the event Y = y. We define the Kronecker delta
d(z —x9) = 1if 2 = 29 and 6(x — zp) = 0 otherwise, and use Iy to denote the indicator

function which equals one when the event £ is true and equals zero otherwise.

II. PROBLEM FORMULATION
A. Conventional Transfer Learning

We review first the conventional transfer learning problem [33]], [35], [36] in order to define
important notation and provide the necessary background for the introduction of transfer meta-
learning. We refer to Figure (1| for an illustration comparing conventional learning and transfer

learning. In transfer learning, we are given a data set that consists of: (i) data points from a source



task T drawn from an underlying unknown data distribution, Pyr—, € P(Z), defined in a subset
or vector space Z; as well as (ii) data from a target task 7/, drawn from a generally different
distribution Pyr—. € P(Z). The goal is to infer a machine learning model that generalizes well
on the data from the target task 7'. For notational convenience, in the following, we use Pz, to
denote source data distribution P r—,, and Py, to denote the target data distribution Pyr—..

The learner has access to a training data set ZM = (Z,, Z,, ..., Zy), which consists of 3M,
for some fixed 8 € (0, 1], independent and identically distributed (i.i.d.) samples (Z1, ..., Zgn) ~

PZfB‘]TW drawn from the source data distribution Py, and (1—3)M i.i.d. samples (Zgnr11, ... Zym) ~

p(lfﬁ)M

2 from the target data distribution Pz,.. Since the learner instead does not know the

distributions Pz, and Py, it uses the data set ZM to choose a model, or hypothesis, W
from the model class W by using a randomized training procedure defined by a conditional
distribution Py zm € P(W) as W ~ Py zm. The conditional distribution Py ;u defines a
stochastic mapping from the training data set Z* to the model class W .

The performance of a model parameter vector w € YV on a data sample z € Z is measured
by a loss function [(w, z) where [ : W x Z — R,. The generalization loss, or population loss,

for a model parameter vector w € W is evaluated on the target task 7/, and is defined as
Ly(w|r') = Ep,_,[l(w, Z)], (D

where the average is taken over a test example Z drawn independently of Z from the target
task data distribution Pg,.

The generalization loss cannot be computed by the learner, given that the data distribution
Py is unknown. A typical solution is for the learner to minimize instead the weighted average

training loss on the data set Z™ which is defined as the empirical average

BM M
My @ ‘ 11—« A
Li(w|ZM) = i ;l(w, Z;) + T a i:ﬁZM:Hl(w’ Z;), 2)

where « € [0, 1] is a hyperparameter [36]. Note that this formulation assumes that the learner
knows which training data comes from the source task and which are from the target task. We
distinguish the generalization loss and the training loss via the subscripts g and t of L,(w|7’)
and L;(w|ZM) respectively. The difference between generalization loss (T)) and training loss (2)),
known as transfer generalization gap, is a key metric that relates to the performance of the
learner. This is because a small transfer generalization gap ensures that the training loss (2) is

a reliable estimate of the generalization loss (I). An information theoretic study of the transfer



generalization gap and of the excess risk gap of a learner that minimizes (2) was presented in

[15].

B. Meta-Learning

We now review the meta-learning setting [41]. To start, let us fix a class of within-task base
learners Py zm y—, mapping a data set ZM to a model parameter vector W, where each base
learner is identified by a hyperparameter u € U/. Meta-learning aims to automatically infer the
hyperparameter v using data from related tasks, thereby “learning to learn”. Towards this goal,
a meta-learner observes data from tasks drawn from a task environment. A task environment is
defined by a task distribution Pr supported over the set of tasks 7, as well as by a per-task data
distribution Pz7—, for each 7 € 7. Using the meta-training data drawn from a randomly selected
subset of tasks, the meta-learner infers the hyperparameter v € U with the goal of ensuring that
the base learner Py ;n ,, generalize well on a new, previously unobserved meta-test task T" ~ Pr
drawn independently from the same task environment.

To elaborate, as seen in Figure |1} the meta-training data set consists of N data sets Z1%, =
(ZM ..., Z¥), where each ith sub-data set ZM is generated independently by first drawing a
task T; ~ Pr and then generating a task specific data set ZM ~ %T:TZ_. The meta-learner does

not know the distributions Pp and {Pzjr—.},c7. We consider a randomized meta-learner [16]
U~ P U|ZM, 3)

where By, zM, is a stochastic mapping from the meta-training set Z:%, to the space U of
hyperparameters. As discussed, for a given hyperparameter U = u and given a data set Z,
the within-task base learner Py ;um ,, € P(VV) maps the per-task training subset Z M to random

model parameter W ~ Py ;v . The average per-task test loss for a given task 7' is obtained as

L,(u|T, ZM) = Ep

s Lo (WIT), )
where the per-task generalization loss L,(w|T') is defined in (I)). The goal of meta-learning is

to minimize the meta-generalization loss defined as
£y(u) = Epy pat [Ly(ulT, 2] 5)

The meta-generalization loss is averaged over new, meta-test tasks 7" ~ Ppr drawn from the task
environment P and on the corresponding training data Z*! drawn i.i.d from the data distribution

M
PZ‘T-



The meta-generalization loss cannot be computed by the meta-learner, given that the task
distribution Pr and per-task data distribution Py are unknown. The meta-learner relies instead

on the empirical meta-training loss

N
1
LoulZin) = ;Lt(u|2¥ ) (©6)
where L;(u|ZM) is the average per-task training loss,

Ly(u|Z}) = Ep,

W|Z7{\/I,u

[L(W|ZM), (7)

with L;(w|ZM) defined in ) (with o = 3 = 1). The difference between the meta-generalization
loss (B) and meta-training loss (6) is known as the meta-generalization gap, and is a measure

of performance of the meta-learner.
C. Transfer Meta-Learning

. P, M
source environment Ul 21N

target environment

Fig. 2: A Bayesian network representation of the variables involved in the definition of transfer

meta-learning.

In this section, we introduce the problem of transfer meta-learning. As we will explain,
it generalizes both transfer learning and meta-learning. In transfer meta-learning, as seen in
Figure [2 a meta-learner observes meta-training data from two different environments: (i) a
source task environment which is defined by a source task distribution Pr € P(T) and a per-
task data distribution Pyr; and (i) a target task environment which is defined by rarget task
distribution Py, € P(T) and per-task data distribution Pz r. For a given family of per-task base

learner Py zm ,,, the goal of transfer meta-learning is to infer a hyperparameter u € U from the



meta-training data such that the base learner Py ;m , generalize well to a new task T' ~ Pr.
drawn independently from the target task distribution P.

The source and target task distributions Pr and P; model the likelihood of observing a
given set of tasks during meta-training and meta-testing, respectively. Highly “popular”, or more
frequently observed, tasks in the source task environment may have a smaller chance of being
observed, or they may even not appear, in the target task environment, while new tasks may
only be encountered during meta-testing. For example, a personalized health application may
be meta-trained by using data from a population of users that is not fully representative of the
distribution of the health profiles expected in a different population on which the application is
deployed and meta-tested.

The meta-training data set consists of N data sets Z{y = (Z],..., Z}]), where (Z}, ..., Z}}) £
Z%N, for some fixed S € (0, 1], constitutes the source environment data set, with each ith
sub-data set ZM being generated independently by first drawing a task 7; ~ Pr from the
source task distribution P and then a task-specific data set Z¥ ~ P%T:Ti. The sub-data sets
(Z§h v, ZN) & Z3} 1.y belong to the target environment with each ith data set generated
independently by first drawing a task 7; ~ P7 and then task specific data set Z}'' ~ P}l ;..
All distributions Pp, P;. and {Pzjr—-}.c7 are unknown to the meta-learner. Note that 3 = 1
corresponds to the extreme scenario in which only data from source task environment is available
for meta-training.

Considering a randomized meta-learner U ~ Pz € P(U) as in (3), the goal of the meta-

learner is to minimize the transfer meta-generalization loss
M
Ly(u) =Epppr [Ly(ulZ™,T)], (8)

evaluated on a new meta-test task 7' ~ PJ. drawn from the target task distribution P} and on
the corresponding training data Z* drawn i.i.d. from the data distribution Pyr.

In analogy with the weighted average training loss (2)) used for transfer learning, we propose
that the meta-learner aims at minimizing the weighted average meta-training loss on the meta-

training set Zi%;, which is defined as

BN N
My @ M -« M
Lzt = g L B2+ i e 3 izt ©

for some hyper-hyperparameter « € [0, 1]. We note that this formulation assumes that the meta-

learner knows which data comes from the source task environment and which are from the target



task environment. We distinguish the transfer meta-generalization loss and the meta-training loss
via the subscripts g, t of £} (u) and L(u|Z}/y) respectively, with the superscript ' of L] (u)
denoting that the generalization loss is evaluated with respect to the target task distribution P.
The meta-training loss (9) can be computed by the meta-learner based on the meta-training
data ZM, and it can be used as a criterion to select the hyperparameter u (for a fixed ).
We refer to the meta-training algorithm that outputs the hyperparameter that minimizes (9)) as
Empirical Meta-Risk Minimization (EMRM). Note that EMRM is deterministic with £, 7, =
§(U — UFMRM(ZM )} where

UM (Z1) = argmin £,(u] Z7y ). (10)

Here, and hence forth, we take arg min to output any one of the optimal solutions of the problem
at hand and we assume that the set of optimal solutions is not empty. In the following sections,
we also use loss functions with double subscript. For example, £ ,(u) = Ep, Py [Ly(u|ZM)],
defined in (21)), with subscripts g,¢ denote that it accounts for the generalization loss (‘g’) at
the environment level (with average over 7' ~ P} and Z M)y and the empirical training loss (‘¢’)
at the task level (L;(u|Z™)). We conclude this section with the following remark.

Remark I1.1. The transfer meta-learning setting introduced here generalizes conventional learn-

ing, transfer learning and meta-learning:

1) When 8 = 1, only data from source task environment is available for meta-training. If, in
addition, source and target task distributions are equal, i.e., if Pr = P, we recover the
conventional meta-generalization problem reviewed in Section [[I-B

2) Consider now the special case where source and target task distributions are concentrated
around two specific tasks 7 and 7’ respectively, that is, we have Pr = 6(T — 7) and P} =
8(T —7') for some 7,7' € T. With N = 2, the meta-training set Z}%, = (Z2NM  7(-FINM)
with Z8NM Pgﬁﬁ and Zﬁ,l_ﬁ VM Pg;ﬁ )T],VM contains samples that are generated
i.i.d. from the source data distribution Pz7—, and target data distribution Pz7—.. Assume
that the base learner neglects data from the task to output always the hyperparameter
U, ie., Pyjzuy = 6(W — U). Upon fixing W = U, we then have the meta-learner
Py, ZM = Py, zu . With these choices, the problem of transfer meta-learning reduces to
the conventional transfer learning reviewed in Section by mapping the transfer meta-

generalization loss £ (u) to the generalization loss Ly(w|7’) = Ly(u|r’) and the meta-

training loss £;(u|Z};) to the training loss L (w|ZVM) = L;(u]ZNM).



III. INFORMATION-THEORETIC ANALYSIS OF EMPIRICAL META-RISK MINIMIZATION

In this section, we focus on the information-theoretic analysis of empirical meta-risk mini-
mization (EMRM), which is defined by the optimization (10). To this end, we will first study
bounds on the average transfer meta-generalization gap for any meta-learner Py, ZM s where the
average is taken with respect to PzﬁfN Py zM - Since our goal is to specialize the derived bound to
a deterministic algorithm like EMRM, we obtain individual task based bounds [16], which yield
non-vacuous bounds for deterministic mappings from the space of ZM, to U. We then apply the
results to analyze the average transfer excess meta-risk for EMRM. We refer to Section [[V-B
for PAC-Bayesian bounds and Section |V| for single-draw bounds on transfer meta-generalization
gap. We start with a formal definition of the performance criteria of interest.

The transfer meta-generalization gap is the difference between the transfer meta-generalization

loss (8) and the meta-training loss (9). For any given hyperparameter u € U, it is defined as
AL (u| Z1Yy) = L (u) — Lo(u| Z). (11)

For a general stochastic meta-learner P zM s the average transfer meta-generalization gap is

obtained as

P Py AL (UNZ0)] (12)

with the expectation taken over the meta-training data set Z}; and hyperparameter U ~ Pyjzm, .
Note that Py is the marginal of the product distribution 17" P, Pylr_p I1 Yo Ph Pl
as described in the previous section. The average transfer meta-generalization gap quantifies
how close the meta-training loss is to the transfer meta-generalization loss, which is the desired,
but unknown, meta-learning criterion. If the transfer meta-generalization gap is sufficiently small,
the meta-training loss can be taken as a reliable measure of the transfer meta-generalization loss.
In this case, one can expect EMRM (10), which relies on the minimum of the weighted meta-
training loss £;(u|Z},), to perform well.

The average transfer excess meta-risk evaluates the performance of a meta-training algorithm

with respect to the optimal hyperparameter v* that minimizes the transfer meta-generalization



loss (8)). For a fixed class of base learners Py ;u ,,, the optimal hyperparameter minimizing

is given by

u* = arg 15161151 L, (u). (13)

The average transfer excess meta-risk of the EMRM algorithm is hence computed as
Ep,y [Lo(UPN(Z1N)) = Lo(u")]. (14)
1:N

In the next subsection, we present the technical assumptions underlying the analysis, as well as
some exponential inequalities that will play a central role in the derivations. In Section [[II-B| we
obtain upper bounds on the average transfer meta-generalization gap (12) for any meta-learner,

while Section [lII-C| focuses on bounding the average transfer excess meta-risk for EMRM.

A. Assumptions and Exponential Inequalities

We start by defining o?-sub-Gaussian random variables.
Definition 3.1: A random variable X ~ Px with finite mean, i.e., Ep, [X] < oo, is said to be

o?-sub-Gaussian if its moment generating function satisfies

A2o?

Ep, [exp(AM(X — Ep,[X]))] < exp( ), for all A € R. (15)

Moreover, if X;, ¢ = 1,...,n are independent o2-sub-Gaussian random variables, then the
average > ., X;/n is 02 /n-sub-Gaussian.

Throughout, we denote as Py the marginal of the joint distribution Py Py, induced by
the meta-learner. We also use Pzwm to denote the marginal of the joint distribution PTP%T of
the data under the source environment and, in a similar manner, Pé v to denote the marginal of
the joint distribution P}P%T of the data under the target environment. In the rest of this section,
we make the following assumptions on the loss function.

Assumption 3.1: The environment distributions Pr, P}, and {PZ|T:T}TeT, the base learner
Py zm p, and the meta-learner Py, zM, satisfy the following assumptions.

(a) For each task 7 € T, the loss function [(W,Z) is d2-sub-Gaussian when (W,Z) ~
Pywr—+Pzr—-, where Py r—, is the marginal of the model parameter trained for task
7, which is obtained by marginalizing the joint distribution PUP%T:TPM ZM 175

(b) The per-task average training loss L,(U|Z") is o*-sub-Gaussian when (U, ZM) ~ Py P,,,,.

We note that the sub-Gaussianity properties in Assumption [3.1)(a) and Assumption [3.1b) are
with respect to different distributions. As such, satisfying Assumption (a) does not guarantee



sub-Gaussianity in the sense of Assumption (b) However, if the loss function is bounded,
ie, () € [a,b] for 0 < a < b < oo, it can be verified that both of these assumptions hold
with 62 = (b —a)?/4 = o* for any 7 € T.

Definition 3.2: The information density between two discrete or continuous random variables
(A,B) ~ P4 p with well-defined joint probability mass or density function P4 p(a,b), and
marginals P4(a) and Pg(b) is the random variable

Pap(AB) _ | Pap(AlB)
Pa(A)Ps(B) % Pa(4)

The information density quantifies the evidence for the hypothesis that A is produced from B

1(A, B) =log (16)

via the stochastic mechanism Py p rather than being drawn from the marginal P,. The average
of the information density is given by the mutual information (MI) I(4; B) = Ep, ,[1(A, B)].
In the analysis, the information densities «(U, ZM) for i = 1,..., N, and «(W, Z;|T = 1) for
j = 1,..., M will play a key role. The information density +(U, ZM) is defined for random
variables (U, ZM) ~ Py, zm, Where Py zu is obtained by marginalizing the joint distribution
Pyu Pyjzm  over the subsets Z] of the meta-training set Z{y for all j # 4,j = 1,...,N.
Similarly, the information density «(W, Z;|T" = 7) is defined for random variables (W, Z;) ~
Py, z,\7=-» where Py, 77—, is obtained by marginalizing the joint distribution Py Py ZJM7UP§‘4T:T
over U and over data samples 7 of the training set Z* for all k # j with k= 1,..., M. The
information density +(U, ZM) quantifies the evidence for the hyperparameter U to be generated
by the meta-learner P, 7, based on meta-training data that includes the data set Z. Similarly,
the evidence for the model parameter W to be produced by the base learner Pz (which is the
marginal of the joint distribution Py Py ;v ;) based on the training set for task 7 that includes
the data sample Z; is captured by the information density «(W, Z;|T" = 7). All these measures
can also be interpreted as the sensitivity of hyperparameter and model parameter to per-task
data set ZM (from source or target environment) and data sample Z; within per-task data set,

respectively. Moreover, the average of these information densities yield the following MI terms

(U, ZM)] for i=1,...,8N,

PZZ.IMPU\ZZM

I(U; z}") =
Ep: P (U, ZM)] for i =N +1,...,N,

MTu|zM
IW; Z|T =71) = Epy 2, 0-r (W, Z;|T =1)] for j=1,..., M. (17)

Assumption 3.2: The source environment data distribution satisfies P, (™) = 0 almost surely

for all 2™ = (z,...,2y) € ZM such that P}, (z") = 0.



We are now ready to present two important inequalities that will underlie the analysis in
the rest of the section. We note that a similar unified approach was presented in [9] to study
generalization in conventional learning, and our methodology is inspired by this work. The proofs
for these inequalities can be found in Appendix

Lemma 3.1: Under Assumption [3.1fa), the following inequality holds

252

EPW,Z]-\T:T {exp (A(KWa Zj)_EPW|T:TPZj|T:-r [Z(W, Zj)] -

forall j =1,...,M, A € R and for each task 7 € T.
Lemma 3.2: Under Assumption [3.1)(b) and Assumption [3.2] we have the following inequalities

\2o2

— (W, Z,|T = r))} <1, (18)

Ep p [exp()\(Lt(U\ZiM)—EpUpsz[Lt(U\ZiM)]

M
ZiM Ulz;

—(U, ZZ-M))} <1 (19

7

fori=p4N+1,...N and

A2o?
EPZ{‘/[PUIZZ-M |:6Xp(/\(Lt(U|ZIM) - EPUP'ZM [Lt(U|ZzMH - T 5
PZ}\/I<ZM)
—1lo i—z—zU,ZiM)]gl, (20)
57z A

forv=1,..., BN, which holds for all A € R.

Inequalities (18)—(20) relate the per-task training and meta-training loss functions to the
corresponding ensemble averages and information densities, and will be instrumental in deriving
information theoretic bounds on average transfer meta-generalization gap and average transfer

excess meta-risk.

B. Bounds on the Average Transfer Meta-Generalization Gap

In this section, we derive upper bounds on the average transfer meta-generalization gap ((12))
for a general meta-learner Py, . The results will be specialized to the EMRM meta-learner
in Section

To start, we decompose the average transfer meta-generalization gap as
Ep,y, JALWIZIN] =By, | [(£4U) = £, 0)) + (£,,0) = LU1Z24)], @D

where we have used the notation Pyu i = Pyum Pryjzum . and L ,(u) is the average training
loss when data is drawn from the distribution P77 of a task 7" sampled from the target task

distribution P, i.e.

Lyy(u) =Ep,Epy [Ly(u]Z")]. (22)



T; ~

Zi ~ Pyir, ﬁ Zi ~ Pz,
| l

Li(ulZ}M) Ly(u|ZM, T7) Li(u|Z]) Ly(u|ZM,T7)

i=1,...,N \

meta-training

N

Li(u|ZM,) Lig(u|Ziy)
T ~ P}
Z~P
meta-testing l 21T
Ly(u|ZM) Ly(u|ZM,T)
1 |
i l
Ly (u) L4 (u)

Fig. 3: Illustration of the variables involved in the definition of transfer meta-generalization gap

(L1).

A summary of all definitions for transfer meta-learning can be found in Figure [3]

The decomposition (21)) captures two distinct contributions to the meta-generalization gap in
transfer meta-learning. The first difference in (21)) accounts for the within-task generalization
gap that is caused by the observation of a finite number M of data samples for the meta-test
task. In contrast, the second difference accounts for the environment-level generalization gap that
results from the finite number of observed tasks (SN from the source environment and (1— 5)N
from the target environment), as well as from the meta-environment shift in task distributions
from Pr to Pj. To upper bound the average transfer meta-generalization gap, we proceed by
separately bounding the two differences in (21]) via the exponential inequalities (T8)—(20). This
results in the following information-theoretic upper bound for transfer meta-learning that extends
the individual sample mutual information based approach in [[12]] for conventional learning.

Theorem 3.1: Under Assumption [3.1) and Assumption [3.2] the following upper bound on the



average transfer meta-generalization gap holds for 5 € (0, 1)

Er,, [ALWIZN)

N
o' 11—«
< — 202 D(Pzwm +IU;ZZZ‘/I)+— 2021(U; ZzM
BNZZ\/ llP) + 1020 ) + i 30 \faoriUi)
1 2
+Ep |7 Z \/26T[(W; 2T =7)|, 23)
j=1
with the MI terms defined in (17).
Proof: See Appendix [ |

The upper bound (23)) on the average transfer meta-generalization gap is expressed in terms of
three distinct contributions (i) source environment-level generalization gap: the M1 [(U; ZM),
for i = 1,...,3N, captures the sensitivity of the meta-learner U to the per-task data ZM
of the source environment data set, while the meta-environment shift between the source and
target environment per-task data is captured by the KL divergence D(P,u||Py,,) ; (ii) target
environment-level generalization gap: the MI I(U; ZM), fori = BN +1, ..., N, accounts for the
sensitivity of the meta-learner to the per-task data sample Z from the target task environment;
and lastly (i) within-task generalization gap: the M1 I(W; Z;|T = 7) captures the sensitivity
of the base learner to the data sample Z; of the meta-test task data Z" ~ P%T -

As N increases, the dependence of a well-designed meta-learner output on each individual
task-data set is expected to decrease, yielding a vanishing MI I(U; ZM). Similarly, with an
increase in number ) of per-task data samples, the MI [(W; Z;|T = 1) is expected to decrease
to zero. An interesting observation from (23)) is that, even if these conditions are satisfied, as
N, M — oo, the meta-environment shift between source and target task distributions results in
a non-vanishing bound on the transfer meta-generalization gap, which is quantified by the KL
divergence D(Pzu || P, ). Futhermore, when no data from target environment is available for
meta-training, the bound in (23)) can be specialized as follows.

Corollary 3.2: Under Assumption and Assumption when only data from the source

environment is available for meta-training, i.e., when 8 = 1 and o = 1, the following upper
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bound on average transfer meta-generalization gap holds

[Ep,,  [ALWUIZEN)]

Z 202( (Pyu||Plas) + 1(U; ZM )+Ep/[ Z\/%?IWZIT—T) 24

If, in addltlon, the source and target task distributions 001n01de, i.e., if Pr = P, the bound
(23) recovers the following result presented in [[16, Cor. 5.8].

Corollary 3.3: When the source and task environment data distributions coincide, i.e., when
Pr = Pj, for § = 1 and a = 1, we have the following upper bound on average meta-

generalization gap

Er,, [ALWIZ)]

<_Z,/2021UZM +IE1PT[ Z\/252]WZ|T_T) (25)

Finally, the upper bound in (23)) on average transfer meta-generalization gap can be specialized

to recover the following upper bound [15, Cor. 2] on average generalization gap in conventional
transfer learning (see Remark [ILT].

Corollary 3.4: Consider the setting of Theorem [3.1) with Pr = 6(T — 7) and Py = 6(T — 7/)
for some 7,7 € T. For N = 2, let the meta- tralmng set be ZM; = (ZEM,ZS%)M) = ZM
where M = NM and Z°M ~ Pg‘]‘f and ZU M ~ Pélh,ﬁ)M. Assume that Py zu ¢ = §(W —U)

and fix W = U. Then, the following upper bound on the average generalization gap for transfer

learning holds for § € (0, 1)

[Er s [La(WIT) = L(W|ZM)] ’—BMZ 207 ( (PyallPay) + (W Z, >>

1_0‘ Z V202 1(W: 7). (26)

i=BM+1
where the MI I(W;Z;) is evaluated with respect to the joint distribution Py, z,, for i =

1,...,3M and is evaluated with respect to the joint distribution Py 7, for i = SM +1,..., M.
Proof: See Appendix [ |

Finally, we remark that, as proved in Appendix [D] all the upper bounds in this section, starting
from (23)), can be also obtained under the following different assumption analogous to the one

considered in the work of Xu and Raginsky [11].
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Assumption 3.3: For every task 7 € T, the loss function [(w, Z) is 62-sub-Gaussian when
Z ~ Pyir—, for all w € W. Similarly, the per-task average training loss L;(u|Z*) is o?-sub-
Gaussian when ZM ~ P, for all u € U.

As discussed in [13]], this assumption does not imply Assumption [3.1, and vice versa. This
is unless the loss function I(-,-) is bounded in the interval [a,b], in which case both these

assumptions hold.

C. Bounds on Transfer Excess Meta-Risk of EMRM

In this section, we obtain an upper bound on the average transfer meta-excess risk (14) for the
EMRM meta-learner (I0). We will omit the dependence of UMM on 7 to simplify notation.

We start by decomposing the average transfer excess meta-risk of EMRM as
Ep,,, [£5(UP) = £ (u)]
= Er,y, | (£5U) = £, P Z20)) + (LUPNZ0) — Lo |Z2) )
1I:N

+ (L1 2t = ) | @7

We first observe that we have the inequality £,(UMEM|ZM ) < £, (u*|Z},) which is by the
definition of EMRM ([10)). Therefore, from (27), the average transfer meta-excess risk is upper
bounded by the sum of average transfer meta-generalization gap studied above, which is the first
difference in (27), and of the average difference Ep, " [Le(u*| ZY ) — L, (u*)], the last difference
in (27). Combining a bound on this term with the bound on the transfer meta-generalization
gap yields the following upper bound on the average transfer excess meta-risk.

Theorem 3.5: Under Assumption [3.3| and Assumption and for 3 € (0,1), the following

upper bound on the average transfer meta-excess risk holds for the EMRM meta-learner (10)

EP [E/ (UEMRM) E;(u*)]

< e 50 oo (P + e 220

11—«

T o AN Z \/2021 UEMRM; ZM) 1 | p, { Z\/2521 W Z, |T—T):|

i=AN+1

M
1
+Oé\/20'2D PzMH ZM) +EP7’H {MZI\/2(5%I<W, Zj‘T:T7u*)}7 (28)

Jj=
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where the MI terms are defined in (I7) with U = UFMEM,
Proof: See Appendix [ |

Comparing (28) with (23) reveals that, in addition to the terms contributing to the average
transfer meta-generalization gap, the excess meta-risk of EMRM meta-learner also includes the
KL divergence between source and target environment per-task data D(Pyu||P,,,) and the MI
I(W; Z;|u*, 7). The latter captures the sensitivity of the base learner Pyy|;u - under the optimal
hyperparameter u* to a training sample Z; of the meta-test task data ZM ~ P . Since u* is
unknown in general, once can further upper bound this mutual information by the supremum
value sup, o, [(W; Z;|T = 7,u).

All the bounds obtained in this section depend on the distributions of source and target task
environments, namely Pr, and Pj, and per-task data distributions {PZ‘T:T}TGT, all of which
are generally unknown. In the next section, we obtain high-probability PAC-Bayesian bounds
on the transfer meta-generalization gap, which are in general independent of these distributions
except for the quantity that captures the meta-environment shift. We further build on this bound

to define a novel meta-learner inspired by the principle of information risk minimization [29].

IV. INFORMATION RISK MINIMIZATION FOR TRANSFER META-LEARNING

In this section, we first obtain a novel PAC-Bayesian bound on the transfer meta-generalization
gap which holds with high probability over the meta-training set. Based on the derived bound,
we then propose a new meta-training algorithm, termed Information Meta Risk Minimization
(IMRM), that is inspired by the principle of information risk minimization [29]. This will be
compared to EMRM through a numerical example in Section

We first discuss in the next sub-section some technical assumptions that are central to the
derivation of PAC-Bayesian bound for transfer meta-learning. We then present the PAC-Bayesian

bounds in Section [IV-B| and we introduce IMRM in Section [IV-C

A. Assumptions

The derivation of the PAC-Bayesian bound relies on slightly different conditions than As-
sumption which are stated next.
Assumption 4.1: The environment distributions Pp, Pr, and {Pzp—;},c7, the base learner

Py zm py and the meta-learner Py 7M1, satisfy the following assumptions.
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(a) For each task 7 € T, the loss function I(w, Z) is 2-sub-Gaussian under Z ~ Py, for all
weW.

(b) The average per-task generalization loss L,(u|T,Z*) in (@) is o*-sub-Gaussian when
(T, ZM) ~ PpPyjp for all u € U.

Assumption [4.1}(a) on the loss function {(w, Z) is the same as the one considered in Assump-

tion In contrast, while Assumption [4.1[(b) is on the average per-task generalization loss,

Assumption [3.3] considers average per-task training loss. This distinction is necessary in order to

also bound the task-level generalization gap in high probability. If the loss function is bounded

in the interval [a, b], then both Assumption and Assumption are satisfied with 0% = §2

for all 7 € T.

PAC-Bayes bounds depend on arbitrary reference data-independent “prior” distributions that
allow the evaluation of sensitivity measures for base learners [42]] and meta-learners [26]. Accord-
ingly, in the following sections, we consider a hyper-prior Qy € P(U) for the hyperparameter
and a family of priors Qw|y—., € P(W) for each u € U satisfying the following assumption.

Assumption 4.2: The hyper-prior Qu € P(U) must satisfy that Ppzm . (u) = 0 almost
surely for every u € U such that Q(u) = 0, for all 24, € ZM¥Y, Similarly, for given u € U, the
prior Qwv—, € P(W) must satisfy that Py zm_ vy, (w) = 0 almost surely for every w € W
such that Qu—,(w) = 0, for all 2" € ZM_ Finally, Pr(7) = 0 almost surely for every 7 € T
such that Pj.(7) = 0.

The derivation of PAC-Bayesian bound is based on novel exponential inequalities that are

derived in a similar manner as in the previous section and can be found in Appendix [F| In the

following, we use T1.y = (71,...,Ty) to denote the N selected tasks for generating the meta-
.. Moo BN N .
training data set Zy;y with Pr,, = [[;2; Pr, [[;_sn41 Pr, and Pya 7y o denoting the product

distribution [T, P %T

B. PAC-Bayesian Bound for Transfer Meta-Learning

In this section, we focus on obtaining PAC-Bayesian bounds of the following form: With
probability at least 1 — & over the distribution of meta-training tasks and data (7%.n, ZMy) ~

Pr,. NPZ{»;N 1,y the transfer meta-generalization gap satisfies

Ep

M
U‘leN

[AL(UIZM)]| < e, (29)
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for 9 € (0,1). To start, we define the the empirical weighted average of the per-task test loss of

the meta-training set as

N
S Lz, T, (30)

BN
o} 1 -«

Log(lZi, Tin) = 5 > LlZT) + s

i=1 i=BN+1

where L,(u|ZM,T;) is defined in (@). Then, the transfer meta-generalization gap can be decom-

posed as

Ep

M
U‘ZI:N

= Ep, . | (£0(0) = £, (U122 Tiw) ) + (Lea(U1 28 Tow) = £UIZE)) ] GD)

[AL'(U|Z7)]

In (31)), the first difference accounts for the environment-level generalization gap resulting from
the observation of a finite number /N of meta-training tasks and also from the meta-environment
shift between source and target task distributions. The second difference accounts for the within-
task generalization gap in each subset of the meta-training set ZM, arising from observing a
finite number M of per-task data samples. We note that the decomposition in (31)) can also be
used to obtain an upper bound on the average transfer meta-generalization gap. However, the
resulting bound does not recover the bound in [16], or specialize to the case of conventional
transfer learning. We leave a full investigation of this alternate bound to future work.

As in the bounds on average transfer meta-generalization gap presented in Section the
idea is to separately bound the above two differences in high probability over (Ty.y, ZM,) ~
Pry yPym 1, and then combine the results via union bound. This results in the following
PAC-Bayesian bound.

Theorem 4.1: For a fixed base learner Py zm 1, let Qu € P(U) be an arbitrary hyper-prior
distribution over the space of hyper-parameters and Qwy—, € P(VV) be an arbitrary prior
distribution over the space of model parameters for each u € U and § € (0,1). Then, under

Assumption {.1] and Assumption §.2] the following inequality holds uniformly for any meta-
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learner PU‘Z{»;N with probability at least 1 — 4§, 6 € (0,1), over (T1.n, Z1%,) ~ PTLNPZ{WMTLN

2 (1—a)2\ /(X Pu(T 2
B A O < |27 G5+ () (208 gy + PP 00 + 1)
48N
\/ D(Pyjzm ||Qu) +Ep, v1ZM, [D(Pyiy,z0||Qwiv)] + log 55 )
1 — 41 - B)N
e S (DU 100 + Br, D@ + 108 L5,
i=BN+1
(32)
Proof: See Appendix [ |

The first term in the upper bound captures the environment-level generalization gap
through the log-likelihood ratio log(PT( 1)/ Pr(T;)), which accounts for the meta-environment
shift, and through the KL divergence D(Py 2 [|Qu). This quantifies the sensitivity of the
meta-learner Py, to the meta-training set Z M, through its divergence with respect to the data-
independent hyper-prior (J;;. The second term of captures the generalization gap within the
task data from source environment in terms of the average KL divergence Ep_ o1z, [D(Pyiu, 20| |Qwvr)]
between model posterior and prior distributions together with D(Py 2 |[Qu), whﬂe the last term
accounts for the generalization gap within the task data from the target environment. We note
that the average KL divergence, Ep vz, [D(Py v, ZZ_MHQW|U)]’ quantifies the sensitivity of the
base learner Py zm ; to the training set ZM through its divergence with respect to the data-
independent prior Q| for a hyperparameter U ~ Py ZM, -

The bound in (32)) can be relaxed to obtain the following looser bound that is more amenable
to optimization, as we will discuss in the next subsection.

Corollary 4.2: In the setting of Theorem 4.1| the following inequality holds with probability
at least 1 — 0 over (Ti.n, Z{ly) ~ Pry.y Pz ., for 8. € (0,1),

Epy o [L(U)] < Ep, {Et(U!Z )+ 5§MZD(PW|Z%U\1QWU)

l—«

+<1T Z DPW|ZN1U||QWU>] (%‘f‘%) ( UlZM,, HQU)

=BN+1
(33)
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where we have defined the quantity

o2 (a?  (1—a)? 1 X Pr(T;) 1 a & a 45]\7
L?(E*W) +NZ“ o8 Brim) TN 85 _NZ A8 T
N
1—a 67 1—a, 4(1-B)N
e — + lo . (34)
(1-B)N iz%ﬂ o T TM ®T 5

Proof: To obtain the required bound, we proceed as in the proof of Theorem To bound
the first difference of (31)), we use the upper bound in (9I) with A\ = —N. To bound the second
difference, we use the upper bound in (95) with A\ = — M. Combining the resultant bounds via

the union bound and rearranging results in (33)). [

C. Information Meta-Risk Minimization (IMRM) for Transfer Meta-Learning

For fixed base learner Py |;m ;; and given prior Qwy and hyper-prior () distributions, the
PAC-Bayesian bound in holds for any meta-learner Py 70 - Consequently, following the
principle of information risk minimization [29], one can design a meta-learner Py zM SO as to
minimize the upper bound (33)) on the transfer meta-generalization loss. As compared to EMRM,
this approach accounts for the transfer meta-generalization gap, and can hence outperform
EMRM in terms of meta-generalization performance. The same idea was explored in [27] for
conventional meta-learning, i.e., for the special case when Pr = P.

To proceed, we consider 3 € (0,1) and denote

BN
L(u, Zf‘;/IN) = Et(U|Z¥N> ﬁNM ZD PW\ZM U= uHQW|U w)
1 -« al
+ D(Pyi v ey —u 35
(1 —ﬁ)NM i_BZN—H ( wW|zM U= ||QW|U ) ( )

as the meta-training loss regularized by the average KL divergence D(Pyzm -, ||Qwiv=u)
between the base learner output and the prior distribution Qyy|7—, over the base learner input data
from source and target environments. The IMRM meta-learner is then defined as any algorithm

that solves the optimization problem

1 1
IMRM M
P —argPUlZgngp()(EpU% 602801+ (5 + 57 ) PPy Q) ). 36)
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For fixed N, M, Qu, Qwy and base learner Py|zm 17, the IMRM meta-learner can be expressed

as

NM
N+M

PRI (1) o Qu(u) exp(— L, zyN)), (37)

where the normalization constant is given by Eg,, [exp(—N MLWU; ZM) /(N + M ))]

For a given meta-training set, EMRM outputs the single value of the hyperparameter v € U
that minimizes the meta-training loss (9). In contrast, the IMRM meta-learner updates the
prior belief () after observing meta-training set, producing a distribution in the hyperparameter
space. Given the significance of the meta-learning criterion (36) as an upper bound on the
transfer meta-generalization loss, the optimizing distribution captures the impact of the
epistemic uncertainty related to the limited availability of the meta-training data. In line with
this discussion, it can be seen from that as M, N — oo with M /N equal to a constant, the
IMRM meta-learner tends to EMRM.

To implement the proposed IMRM meta-learner, we adopt one of the two approaches. The
first, referred to as IMRM-mode, selects a single hyperparameter centered at the mode of
as

NM
N+ M

UIMRM—mode(zi\:/IN) = arg Iilgz/}[{ QU(U> exp (— E(u, Z%N)) . (38)

IMRM-mode is akin to Maximum A Posteriori (MAP) inference in conventional machine learn-
ing. Alternatively, we obtain one sample from the IMRM meta-learner for use by the base
learner and then average the obtained transfer meta-generalization loss as per definition (12)).
This can be in practice done by using Monte Carlo methods such as Metropolis-Hastings or
Langevin dynamics [43]]. As mentioned, this approach, referred to IMRM-Gibbs, reduces to the
EMRM in the limit as M, N — oo when M/N is a constant.

V. SINGLE-DRAW PROBABILITY BOUNDS ON TRANSFER META-LEARNING

So far, we have considered the performance of meta-learning procedures defined by a stochastic
mapping [ zu ~on average over distributions /7 ;u . As discussed in the context of IMRM, this
implies that the performance metric of interest is to be evaluated by averaging over realizations
of the hyperparameter U ~ Py, zm - It is, however, also of interest to quantify performance
guarantees under the assumption that a single draw U ~ Py zM, is fixed and used throughout.

Similar single-draw bounds have been derived for conventional learning in [9]. With this goal
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in mind, in this section, we present novel single-draw probability bounds for transfer meta-
learning. The bound takes the following form: With probability at least 1 — §, with 6 € (0, 1),
over (Ty.y, Z¥%,U) ~ Pr, ~ Pzt 1y Pujzn . the transfer meta-generalization gap satisfies the

bound
AL (U|Zy)| < e (39)

Towards the evaluation of single-draw bounds of this form, we resort again to the decomposition
(3T) used to derive the PAC-Bayesian bound in Section We use the following mismatched

information density
PU\Z%V(U‘Z{\:/[N)
Qul)

which quantifies the evidence for the hyperparameter U to be generated according to the meta-

I(U, Zy) = log (40)

learner Py, based on meta-training set, rather than being generated according to the hyper-
prior distribution ()y;. Considering Assumption on loss functions and Assumption on
information densities then yield the following single-draw probability bound for transfer meta-
learning.

Theorem 5.1: For a fixed base learner Py ;v 1, let Qu € P(U) be a hyper-prior distribution
over the space of hyperparameters and Qwj—, € P(W) be a prior distribution over the
space of model parameters for each v € U and § € (0,1). Then, under Assumption and
Assumption the following inequality holds uniformly for any meta-learner zM with

probability at least 1 — 6, § € (0,1), over (T1.n, Zi,U) ~ Pr, ~ Pz iy Pojzm,

2 1 . Oé ,
/ M < of @ B
[Acwizihy)| < || 20 (BN . ) (Zl o P’ T g 5)
BN
a_§ : 48N
+ N jWTZ (D(PWIZZ,MpHQWU) + (U, ZM,) + log ; )

1 5% 1—-B)N

§ : ( (P izm o|Qww) + (U, ZM) + log %)
i=BN+1
41
Proof: See Appendix ;

As in the PAC-Bayesian bound (32)), the upper bound in comprises of three contributions:

(7) the environment-level generalization gap, which is captured by the meta-environment shift
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term log(Pr(T;)/Py(T;)) and by the mismatched information density j(U, Zi), with the latter
quantifying the sensitivity of the meta-learner P zir, to the meta-training set; (i) the gener-
alization within the task drawn from source environment, which is accounted for by the KL
divergence D(Pyyzm y||Qwr) quantifying the sensitivity of the base learner Pyyzu 1y to the
training set Z* through its divergence with respect to the prior distribution Qy|s, along with
the mismatched information density j(U, Z), and finally, (iii) the generalization gap within
the task data from target environment, which is similarly captured through the KL divergence
D(Py)zn u||Qwv) and the mismatched information density j(U, ZM).

The bound in 1)) can be specialized to the case of conventional meta-learning as given in
the following corollary, which appears also to be a novel result.

Corollary 5.2: Assume that the source and target task distributions coincide, i.e., Pr = Pj., and
a = [ = 1. Then, under the setting of Theorem the following bound holds with probability
at least 1 — 4, 6 € (0,1), over (Th.n, Z{, U) ~ Pry.x Poy 1y, Pujzm,

202 2
< \/T (J(U7 Z) + log 5)

1 N
+N;

\Acwrzm

202, 2N
2 (D sllQwe) + 50,288 +10e % ). @

VI. EXAMPLE
In this section, we consider the problem of estimating the mean of a Bernoulli process based

on a few samples. To this end, we adopt a base learner based on biased regularization and

meta-learn the bias as the hyperparameter [44].

A. Setting

The data distribution for each task is given as Pjp—, ~ Bern(r) for a task-specific mean
parameter 7 € [0, 1]. For meta-training, we sample tasks from the source task distribution 7 ~ Pr
given by a beta distribution Beta(T;a,b) with shape parameters a,b > 0, while the target task
distribution 7 ~ Pj. encountered during meta-testing is Beta(r;a’,0’) with generally different
shape parameters a’,b’ > 0. We recall that the mean of a random variable 7 ~ Beta(7;a,b) is
given as R(a,b) = a/(a+b) and the variance is V (a,b) = ab/((a+b)*(a+0b+1)). For any task
7, the base learner uses training data, distributed i.i.d. from Bern(7), to determine the model

parameter W, which is used as a predictor of a new observation Z ~ Bern(7) at test time. The
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loss function I(w, 2) = (w — z)* measures the quadratic error between prediction and the test
input z.

The base learner adopts a quadratic regularizer with bias given by a hyperparameter u € [0, 1]
[44]], and randomizes its output. Accordingly, the base learner computes the empirical average
D;, = % Z;‘il i, over the training set, where Z% denotes the jth data sample in the training
set of ith task. Then, it computes the convex combination R;(u) = vD; + (1 — 7)u, with the
hyperparameter u € [0, 1], where v € [0, 1] is a fixed scalar. Finally, it outputs a random model

parameter W with mean R;(u) by drawing W as
PW‘Z%U:u(w) = Beta(w; cR;(u), c(1 — R;(u))), (43)

where ¢ > 0 is fixed and it determines the variance V;(u) := V(cR;(u),c(1 — R;(u))) of the
output of the base learner.

The meta-training loss (9) can be directly computed as

BN M
£dulZih) = 35 Z(w(u) R~ 2R(w)Di+ Y 222,

j=1
1 (1-a) Y1,
Z <V (u)? = 2Ri(w)Ds + Y MZM>, (44)
z BN+1 Jj=1
while the transfer meta-generalization loss evaluates as
1 YR
L (u) =u(l-— — l—y)—— +29R'—— — 2R/
o) = ul 7)(c+1+“( 7)c+1+ v +1 )+c+1
2 /
vc R / 2 1 / /2 /
— 4+ (V'+R)(1-—— )| —29(V'+ R R 45
s 2o (g (o)) - e R4 R, @)
where V' = V(d/, V') is the variance and R’ = R(a/,b') is the mean of the random variable

T ~ Pr.

B. Experiments

For the base learner as described above, we analyze the average transfer meta-generalization
gap Ep Pyt [AL/(U|ZM)] in (12) under EMRM (1I0) and IMRM (37), as well as the
average excess meta-risk Ep, [L] (U)] — min,ep1) £;,(u). For IMRM, we consider a prior distri-
bution Qyjy—.(w) = Beta(w; cu,c — cu) in the space of model parameters and a hyper-prior
distribution Qy(u) = Beta(u;1.8,2.5) in the space of hyperparameters. The prior distribution

Qw|v indicates that, in the absence of data, the base learner should select a model parameter
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Fig. 4: Hyper-prior distribution QQ;;, IMRM hyper-posterior PII}T/[ZP{‘\%/IV in (37), and EMRM solution
@) for a given meta-training set Zi4,. (M =10, N =8, a =15, b="75,ad =4, =5,

c=5,a=0.1, §=0.6,v=0.55)

with mean equal to the hyperparameter u. For the IMRM, we consider both IMRM-mode and

IMRM-Gibbs.

PIMRM
Uz

in (37), and the output of EMRM (10). It is observed that, for the given values of M = 10 and

To start, in Figure 4] we illustrate the hyper-prior Qy(u), the IMRM hyper posterior

N = 8 and for the given hyper-prior, the IMRM hyper-posterior retains information about the
residual uncertainty on the value of the hyperparameter u, which is instead reduced to a point
estimate based solely on meta-training data by EMRM.

In Figure [5| we then analyze the performance of EMRM, IMRM-mode and IMRM-Gibbs as a
function of increasing values of M and N, for a fixed ratio M /N = 0.85, where a = 1.5,b = 7.5,
a =4, =5 v=055 a=048, f =048 and ¢ = 5. It can be seen that while EMRM
yields, by definition, the smallest meta-training loss, IMRM improves the average transfer meta-
generalization loss (Figure (a)) by decreasing the average transfer meta-generalization gap
(Figure (b)). This gain is more significant for sufficiently small values of M and N, since, as
M and N increases, IMRM tends to EMRM. We also observe that there exists a non-vanishing
generalization gap even at high values of M and N. As discussed in Section this is caused
by the meta-environment shift from Pr to P. Finally, IMRM-mode and IMRM-Gibbs are seen

to perform similarly, with the former being generally advantageous in this example. This suggest
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that the main advantage of IMRM is due to the meta-regularizing effect of the KL term in (36).

In the following two experiments, we adopt IMRM-mode.

0.28

0.26 014\
\

avg. transfer
meta-gen. gap

—EMRM
— -IMRM-Gibbs|
—--IMRM-mode

0.24

0.22

0.2 0.1~

— EMRM
016- .7 y ~ - IMRM-Gibbs
r 7 ==+ IMRM-mode

8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
M, N =dM M,N =dM

(a) (b)

Fig. 5: Average losses under EMRM, IMRM-mode and IMRM-Gibbs against increasing values
of M and N = dM with d =1/0.85 for a = 1.5,b =75, a' =4, b =5, v = 0.55, o = 0.48,
f = 0.48 and ¢ = 5: (a) average transfer meta-generalization loss (§]) and average meta-training

loss (9), and (b) average transfer meta-generalization gap (12).

Figure [0 studies the impact of the meta-environment shift when the target task distribution
Py is fixed to Beta(a’ = 4,0 = 5) and the source task distribution Pr is given as Beta(a =
9—0,b=9(1 — R)) with a varying mean R = a/(a+ b). Other parameters are set as 7 = 0.55,
a=20.6,5=0.6, N =10, m =5 and ¢ = 5. The analysis in Section mrevealed that the KL
divergence D(P,u|| P, ) between the data distributions under source and target environments
is a key quantity in bounding the average transfer meta-generalization gap. The numerical results
in the figure confirm that average transfer meta-generalization gap (23) for EMRM and IMRM-
mode also shows a similar trend as the KL divergence as we vary the degree of meta-environment
shift: The gap is small when Pr and P; are similar in term of KL divergence, and it increases
when the divergence grows.

The average transfer excess meta-risk of EMRM and IMRM-mode are considered in Figure
as a function of the parameter o used in the definition (9) of the weighted meta-training loss.

The choice of « that minimizes the average transfer excess meta-risk is seen to generally
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Fig. 6: Impact of meta-environment shift when P is fixed to Beta(a’ = 4,V = 5) and Pr varies
as Beta(a = 9—0,b=9(1-R)), R = a/(a+Db): (a) the KL divergence between P, and P,,;
and (b) (top) MI bound on the average transfer meta-generalization gap (23)); (bottom) average
transfer meta-generalization gap for EMRM and IMRM-mode (y = 0.55, a = 0.6, 5 = 0.6,
N =10, M =5 and ¢ = )).

lie somewhere between the extreme points o = 0, which prescribes the use of only target
environment data, or o = 1, corresponding to the exclusive use of source environment datasets.
Furthermore, the analytical bound (28) for EMRM (top figure) is seen to accurately predict
the optimal value of « obtained from the actual average transfer excess meta-risk (14]) (bottom
figure). We note that it would also be interesting to derive similar analytical upper bound on the
average transfer excess meta-risk for IMRM, by following the methodologies of papers such as
[45], [46].

Finally, in Figure 8] we evaluate the single-draw probability bounds obtained in for
IMRM-Gibbs. Note that the single-draw performance of EMRM coincides with its average
performance since it is deterministic. To illustrate the single-draw scenario, for each meta-

training set of NV tasks, we generate samples U of the hyperparameter according to P(IJT/[Z%
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Fig. 7: Average transfer excess meta-risk as a function of the parameter o used in the definition
(@) of the weighted meta-training loss: (top) MI-based bound on the average transfer excess
meta-risk for EMRM; (bottom) average excess transfer meta-risk for EMRM and IMRM-
mode (¢ = 1.67,b = 8.3, a’ = 4.45,t/ = 555, v = 0.55, § = 04, N = 23, M = 15 and
c=25H).

We then compute the transfer meta-generalization gap AL'(u|Z!;) for each of the generated
samples. In the bottom panel of Figure |8, we use a box plot to illustrate the obtained empirical
distribution of the transfer meta-generalization gap AL (U|Z}) with U ~ PST/IZP}% for increasing
values of N and fixed M = 5. For each value of N, the top of the box represents the 25th
percentile (0 = 0.25), the bottom corresponds to the 75th percentile (§ = 0.75) and the centre
dash correspond to the median (§ = 0.5) of the distribution of AL (U|Z}). The two lines
outside the box are the “whiskers” that indicate the support of the empirical distribution. The
information-density based single-draw upper bound is illustrated for comparison in the top

panel of Figure [8| for 6 = 0.25,0.5, and 0.75. It can be seen that the bounds exhibit a similar

decreasing trend as the empirical transfer meta-generalization gap in the bottom panel.

VII. CONCLUSIONS

This paper introduced the problem of transfer meta-learning, in which the meta-learner ob-
serves data from tasks belonging to a source task environment, while its performance is evaluated

on a new meta-test task drawn from the target task environment. We obtained three forms of
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Fig. 8: Analysis of single-draw probability bounds for IMRM-Gibbs as a function of the number
of tasks N for § = 0.25,0.5 and 0.75. The top panel illustrates the single-draw bound
on transfer meta-generalization gap, while the bottom panel shows a box plot of the numerical
evaluation of transfer meta-generalization gap. The lower quantile (0 = 0.25) correspond to the
top of the box and the upper quantile (§ = 0.75) correspond to the bottom of the box, while
the circled dot in the middle of the box indicates the median (6 = 0.5) (a = 1.5,b = 7.5,
a =4, =5 ~v=0.55 =a=025 M =5 and c =5).

upper bounds on the transfer meta-generalization gap — bounds on average generalization gap,
high-probability PAC-Bayesian bounds and high-probability single-draw bounds. These bounds
capture the meta-environment shift between source and target task distributions via the KL
divergence between source and target data distributions for the average generalization gap bound,
and the log-likelihood ratio between the source and target task distributions for the PAC-Bayesian
and single-draw bounds. We note that these metrics can be numerically estimated from finite per-
task data sets via various parametric or non-parametric methods [47]]. Furthermore, we leveraged
the derived PAC-Bayesian bound to propose a new meta-learning algorithm for transfer meta-
learning, IMRM, which was shown in experiments to outperform an empirical weighted meta-risk
minimization algorithm.

Directions for future work include the development of larger-scale experiments for linear
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and non-linear base learners, the application of the bounding methodologies of [[13]], [14] and
the analysis of the excess risk for IMRM by adapting the tools of [45], [46]. It would also
be interesting to analyze bounds on transfer meta-generalization gap that capture the meta-

environment shift via other statistical divergences like Jensen-Shannon divergences [48].

APPENDIX A

PROOFS OF LEMMA [3.1]AND LEMMA 3.2

Throughout the Appendices, we use the notation Py |- to denote the distribution Py 7—-, Pz,
to denote Pzjr—, and Pyyzw , to denote Pyyjzm y—,. Under Assumption [3.1(a), the following

inequality holds for each task 7 € T,

202
By reyc [ (AIOV.Z) = Bry o, 100, 2)] = 25 )| < 1, 46)
which in turn implies that
242
EPWh—PZj\T |:]Ig eXp ()\(Z(W, Z) — EPW\TPZjh— [Z(W, Z)] — TT):| S 17 (47)

where £ = supp (P, Zj‘T). Subsequently, using a change of measure from Py, Pz |, to P,z
as in [49| Prop. 17.1] then yield the inequality (IS8).
Under Assumption (b) the following inequality holds for: =1,... N,

A2
Erur, o (MLAUIZY) ~ B (L0120 - 27 ) < 1 48)
To get to (19), we note that (48) implies the following inequality for i = SN + 1,..., N,
o o )\20.2
EPUP;M [Hgl exp()\(Lt(U|Zl ) _]EPUP/ZM[Lt(Ulz’L’ )] — 9 >:| < 1, (49)
where & = supp(Pyzm P, iM)' Applying change of measure as before from P, M Py to P, M Pyigm
then yields inequality (19).
To get to (20), we start from (@8)), which implies for i = 1,..., 8N
o o )\20.2
EPUP;/M |:]Igz CXP(A(Lt(U|Z,L ) _]EPUP/ZM[Lt(Ulz’L’ )] — 9 >:| < 1, (50)

where & = supp(Pyn). Performing change of measure from P, to P,u then gives that

Ao Py (Z)
EPUPZM |:exp ()\(Lt(U‘ZZ]\/[) - EPUP/ZM [Lt(U‘Zl]\/[)] - 9 - lOg W)] S 1. (51)

M
Z 7

Applying the change of measure again from Pym Py to Pyu Py g then yields (20).
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APPENDIX B

PROOF OF THEOREM [3.1]

To obtain the required upper bound on |Ep 2 P, AL(U|ZM)]|, we leverage the decom-

‘ZM [

position in (21). Using triangle inequality, it then follows that
|EP M P vlzM, [A‘C,(U|Z )H
< [En £y(0) - £5,(0)] + Bpyy 2yppar [£50(U) = LU1Z25)] (52)

The idea is to separately bound the two averages in @]) Towards this, we first consider the

average difference |Ep, [L] (U) — L] (U)| which can be equivalently written as

By sty By £y s o [Lo(WIT) = L(W| Z)
< Ep[Epy Ep, 0 [Ly(WIT) = Li(W|Z")] (53)
M
1
< Ep {M S Bnur, oLV, Z)) = g, [1(W, Z))] H . (54)
j=1

We now bound the difference Ep,, ., [[(W,Z;)] — Ep,, [[(W, Z;)] using (18). For T' = 7,
J )

applying Jensen’s inequality on (I8) and taking log on both sides of the resultant inequality

gives that
252
A (EPW,ZJ-T:T [Z(W7 Zj)] - EPW|T:7-PZ]-|T=7- [Z(VV, Z)]) < T 4+ I(W; Zj|T = T)' (55)
Choosing A = /21(W; Z,;|T = 7) /4, then yields that
[E o 1OV Z)] = By o MW, Z)]| < \[221(W; ZIT = 7). (56)

Substituting back in (54)), averaging over 7', then yields the following upper bound

Z|T

M
1
Ery[Epy Er,, o [Lo(WIT) = Li(W|ZM)]| < Epy [M > \/Qd%I(W; ZJT=7). (57
j=1
We now bound the second average difference in using the the exponential inequalities

(T9)—(20). Towards this, we denote by Py . the marginal of the joint distribution 12 P, P%Ti
and by P, the marginal of the joint distribution Hl s Pr P%T We will also use

ZEN+1:N

Lo(u|ZM ) ZLt (u] ZM)
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for the the meta-training loss on task data from source environment and

N

1
Y Li(u| Z}]")
1-BN i:BZNJrl

for the meta-training loss on task data from target environment. Then, the second average

‘Ct(u‘Z%\H-l:N) =

difference in (52)) can be equivalently written as

[Ep, ,[L5:(U) = LU Zity)]

M
1:N’U

iy i |2 (£aal0) = 0120 ) + (- ) (£3,(0) = L0123 ) )|

BN ZBN41:N

< a’EPZ{%NPU‘Z%BN 1L, (U) — LU Z{503)]]
+(1- Oé)l]EP/Z%NJrl;NPUlZé%\H»l:N 1£54(U) = LiU| Z511.8)]]
1 &
= 0| iy 2 (B 01 =B (101229 )|
1 N
+(1—a) A= AN Z (EPUP/ZZM [L(U|ZM)] - ]EP/ZZ!WPU‘ZZ!W [Lt(U’Zz'M)]) ‘ (58)

i=AN+1
We now proceed to use the exponential inequalities in (19) and (20) to bound the two terms in
(58). To bound the first difference, we use (20). Applying Jensen’s inequality and taking log on
both sides of the resulting inequality yields

A2o?
(e U122~ By [LUIZ2)]) £ 257 4 D(Pyu | Ph) + 103 2,

(59)

Further, choosing \ = \/Q(D(le\/IHPéIV[) + I[(U; ZM)) /o then gives that

|EPZ7_MPU‘ZZM [L(U|ZM)] — Epyr,, [L(U|ZM)]| < \/202 <D(PZA/1||P2M) + 1(U; ZiM)>. (60)

In a similar way, the second difference in can be bounded by using (I9). Applying Jensen’s
inequality, taking log on both sides, and finally choosing A = /2I(U; ZM) /o then yields

Epypy [LoUIZ)] = Epy o [L(UIZ]| < /202 1(U; ZY) (61)

M y|zM
7 K2

Combining (60) and (61)) in (58) and using it in (52) together with gives the upper bound
in (23).
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APPENDIX C

PROOF OF COROLLARY [3.4]

The bound follows by specializing the bound to the setting considered here. Towards
this, we first note that the meta-training set ZM, = zZM = (Zy,...Zy) with its ith sub-set ZM
corresponding to the data sample Z;, where Z; ~ Py, for i =1,..., BM and Z; ~ Pz, for
i = BM+1,..., M. Thus, there are SN M = M data samples from the source task environment
and (1 — )M samples from the target task environment. Using Pyzmy = 6(W — U) and
U = W, we then have £} (u) = Ly(w|r), and L,(u|Z¥) = Ly(w|Z™) with L(u|ZM) =
l(w, Z;). Consequently, we have I(U; ZM) = I(W; Z;) and the KL divergence D(Pyu || Py ) =
D(Py|;||Pz|). It can also be verified that Py, 2z~ = Pw|r Pz~ = Pw Pz, whereby the MI
I(W; Z;|7") = 0 in 23). Further, since L;(u|z") = I(w, z), Assumption then implies that
o? = 6%, Using all these expressions in yields the bound (26)).

APPENDIX D
EXPONENTIAL INEQUALITIES BASED ON ASSUMPTION [3.3]

Lemma D.I: Under Assumption and Assumption the following inequality holds for
j=1,... M,

\262
Em@{W%MWM%%E%MWM%H—MM%WZT%-QO]SL (62)

for all A € R and for each task 7 € 7. Moreover, we have the following inequality for ¢ =

1,...,8N

P M ZZM) )\20'2
By |50 (MLAUIZY) = By (L0120 — o 2 s — w2 - X)) <1,

(63)
and for i = SN +1,..., N, we have

2.2
” {exp (A(Lw 12) = Epy,, [LiUIZM)] (U, Z1) — A; )} <1 (64

FoyFuy
which holds for all A € R.
Proof: Under Assumption [3.3] the following inequality holds for each task 7 € 7 and for all

w € W and )\ € R,

262
Epzj‘T [exp(/\(l(w, Z;) — IE?ij‘T[l(w7 Z)] - 5 T>} <L (65)
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Now, averaging both sides with respect to W ~ Py, where Py, is obtained by marginalizing

PW\ZM,UPUPZM|T:T9 we get that

A2H2
EPW\TPZﬂ-r |:6Xp (A(KW? Z]) - EPZJ-\T [Z(Wv Z)] - 9 7—):| <L (66)

Performing change of measure from Pz |, Py, to Py, z,|, similar to Appendix @ gets us to the
exponential inequality in (62)).
Similarly, for obtaining environment-level exponential inequalities, we have from Assump-

tion [3.3] the following inequality

%

/\2 2
Ep,, [exp (A(Lt(uyZZ.M ) —Ep  [Le(ul Z")] - 20 )} <1, (67)

for i = 1,..., N, which holds for all u € & and A € R. Now, to get to (63), average both sides
with respect to U ~ Py, and change measure from P, to Pyu. This results in the following

forv=1,...,BN

Py (ZM) X202
Beyor op(MBU12) ~ B (101220 <o 5 G = ST ) <1 6
Performing a second change of measure from Pyu Py to Py Py ;v then yields the exponential
inequality in (63). For i = SN +1,..., N, we obtain from by first averaging over Py,

PUtOP/ PU‘Z{M' .

then performing a change of measure from P, M

ZM

To see how the exponential inequalities in Lemma yields the upper bound in Theorem [3.1]
we proceed as in the proof of Theorem [3.1]in Appendix [B] To bound the difference in expectation
in (54), we use the exponential inequality (62)). Note that applying Jensen’s inequality on (62)
results in the inequality (53). Similarly, to bound the enviroment-level generalization gap in (58],
we use the exponential inequalities (63)) and (64) and apply Jensen’s inequality. In particular,
applying Jensen’s inequality on leads to (39). The required bound is then obtained by
proceeding as in Appendix

APPENDIX E

PROOF OF THEOREM [3.3]

For obtaining an upper bound on the average transfer meta-excess risk, we bound the average

transfer generalization gap, the first difference in (27), by (23).
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We now bound the second difference in (27). This can be equivalently written as
Er,y, [C(u'|Z2) = £,(u") (69)
=Ep,, [L(u|Z7) = L4, (w") + L3, (u") — Ly (u)] (70)
1:N

— aEp,, [Lolw'|Zhy) — L) (u)] + (1 - a)Epr

1:8N ZEN+1:N

[Lo(w| Zan 1) — Lo ()]

+ Ly (ut) — Ly(u)

=aEp,,, [Lo(u|Zipn) — Loy ()] + Ly, (w") = Ly(u) (71)
1:BN
where the last equality follows since Ep |~ [£y(w"|Z bharn)] = L) (u*). We now separately
BN+1:N

bound the two differences in (71]).
To bound the first difference in (71]), note that

Ep
g

[Lo(w| Zy5n) — L (w)] = Ep, [Le(u'|ZM)] = Epy | [Le(u[Z7)).
To bound this term, we resort to the inequality which is a consequence of Assumption [3.3]
(note that we can ignore the subscript 7 in the current context), and fix v = u*. Applying change

of measure from P,,, to P,u then yields the following inequality,

Py (ZM A2o?
B,y [exp (ML12Y) = oy (107120 - log 22050 - 20 ) [ <1,
ZM

which holds for all A € R. Applying Jensen’s inequality and choosing A\ = \/2D(Pyu || P}, ) /o

then gives that

Ep,y [Li(w|Z")] = Epy | [Lo(u'|Z2")] < \/ 202D(Pyul|Ply,). (73)
We now bound the second difference in (71). Towards this, note that the following set of

relations hold,

E/g,t(u*) - ﬁ;(u*) = EP%EPQ/I EPW

(74)
To bound the difference Ep,, , .. ._ [[(W, Zj)| =Epy, o P, o [UW, Z;)], we slightly modify
the exponential inequality (62) in Lemma [D.I| Towards this, we average the inequality (65))

with respect to W' ~ Py, ,«, where Py, ,~ 18 the marginal of the joint Py zm - Py ., and
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subsequently perform a change of measure from Pz, Py ;. 10 Py, z;-.+. This results in the

following modified form of (62)

252
B |50 (MUY 2) = Br, 10V, 2)] = oW, 21T =) - 27 )| <1 09)

Now, applying Jensen’s inequality, and choosing A = /21 (W; Z;|T = 7,u*)/d, gives that

EPW,Zj\T,u* U(VV, Zj)] - EPW\T,u*PZjh— [Z(W Zj)] < \/25EI(W; Zj|T =T, U*) (76)

Substituting this in (74), and using the resulting inequality together with in yields the

required bound.

APPENDIX F
EXPONENTIAL INEQUALITIES FOR PAC-BAYESIAN AND SINGLE-DRAW PROBABILITY

BOUNDS

We now present two exponential inequalities that are crucial to the derivation of high-probability
PAC-Bayesian and high-probability single-draw bounds. Towards this, we first define the fol-
lowing mismatched information densities
PU|Z{”:IN(U|Z{\:4N) PW|ZM,U(W‘ZMa U)

Qu(U) Qwiv(WIU)

where QQy € P(U) represents an arbitrary data-independent hyper-prior over the space of

)(U, Zy) = log , (W, ZM|U) = log (77)

hyperparameters, and Qwy—, € P(W) represents a class of arbitrary data-independent priors
over the space of model parameters for each v € . The mismatched information density
9(U, ZM,,) quantifies the evidence for the hyperparameter U to be generated according to the
meta-learner Py, zM, based on meta-training set, rather than being generated according to the
hyper-prior distribution Q. Similarly, the density 7(W, ZM|U) quantifies the evidence of the
model parameter W being generated by the base learner Pyy|zm 1y based on the training set 2 M
rather than being generated according to the prior.

We denote Z%V/i = (ZM,. . ZM L ZM 2, for i = 1,...,N, to be the meta-
training set without the ith subset and is distributed according to PZ{\:IN/i which is obtained

by marginalizing PZ{\:/IN.
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Lemma F.1: Under Assumption4.1j(a) and Assumption[4.2] the following exponential inequal-
ity holds for the ith sub-set, Z;'' ~ Pji,_., of the meta-training set Z{'y = (2}, Z},) for

i=1,....N,
By Beln g A | 0 (ALAOVIZ) = L, 0VIT)) = T

1:N/i

— (W, ZMU) — 4(U, Z%))} <1 (78)

Proof: From Assumption {4.1{(a), we have that for task 7' = Tj, L,(w|ZM) is the average of M
independent 07, -sub-Gaussian random variables [(w, Z;). It is then easy to see that Ly(w|Z}) is

5%_ /M -sub-Gaussian under ZM ~ P%Ti for all w € W. This can be equivalently expressed as

252
M T;
Epy [exp (A(Lt<w|zi )~ Ly(wlT)) - 521 )] <1 19)
which holds for all w € W and \ € R. Averaging both sides with respect to Z}M, /i gives that
EPZﬁfN/i]EPg‘TT:Ti exp| A(Le(w|Z;") — Ly(w|T3)) — Wi <1 (80)

for all w € W. To get to the inequality (78), we consider as a function of both model
parameter w and hyperparameter u. Subsequently, average both sides of inequality with
respect to Qwuy = QuQwiw € P(W x U). We now follow the approach of [49, Prop. 17.1]
and apply a change of measure as detailed below. Towards this, we first note that average over

Qw,y on implies the following inequality

262
Eru, Ertte_r Fawo [Haz;w,zyw eXP(A(Lt(W!ZfW) — L,(WIT3)) — 2MZ>} <1, (@81)

M My _ _ ;
where £(z;", 217y ;) = supp(PW7U|ZZM’Z{VIJN/Z_) and PW’U‘ZZM’Z{VZIN” = Pyizm Py zm. It is then easy

7 0

to see that for ZM = M, 7/ /i = M /;» the following relation holds

262
Bawo [Teenaps o s (AL — L,(WIT) - 572 )] )
)\2(52, PVV,U‘Z/L!VI,ZA_I z(VV’ U)
By, X0 (MEOVIR) = Ly WIT) - G = tog =0 )]
(83)

Using this in (8T) and averaging over ZM Z%N/i then yields inequality with
PW,U|ZgVI,Z{kf]V/i(W U|ZZ~M, Z{\?N/i)
Qwu(W,U)

log = (W, ZMU) + (U, Z{1y).
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Inequality relates the per-task training loss to the per-task generalization loss and the infor-
mation densities 3(W, ZM|U), (U, Z¥;). We will use this to bound the contribution of within-
task generalization gap to transfer meta-generalization gap. Assumption (b) then provides the
following exponential inequality on the difference Ly (u|Zy, T1.n) — L)) (u).

Lemma F.2: Under Assumption {.1[(b) and Assumption 4.2} the following exponential inequal-
ity holds

A a?o?

/
Bty B, 90 (A LeaU1 T, 205 = £ ) - 2002

4 201 _ N2 2
B ) A ) B GV —y(U,Zi‘?N))} <1 (84)

Proof: In the following, we denote T35y := (T1,...,Tsn), Ton+1:nv = (Tsn+1,---,Tn), the

empirical average per-task test loss of the source environment data set as

ﬁtg(u|T1/3Nv 1:6N) ZL (ulZ"

and the empirical average per-task test loss of the target environment data set as

Ly g(ulTsn11:n, Z%V+1:N) Z Ly( (ulZ,T)).
i=fN+1
From Assumption (b), we get that L, (u|Ti.sn, Z1Yy) is the average of ii.d. o°-sub-
Gaussian random variables under (7}, ZM) ~ Py, P%T Consequently, it is 02 /3N -sub-Gaussian
when (Th.gy, ZY5) ~ Pr,, on Lzt 1,y for all u € U. Note here that we use Pr, Py i
to denote the product distribution Hﬁ N Py, P%T Similarly, L 4(u|Tpn41.8: Z5N41.y) is 07/ (1—

3)N-sub-Gaussian under (Tpn41:n, Z3y41.n) ~ for all u € U. Here,

P/

TaN+1: NPZBNH NITBN+1:N

/ P,
Ten+1:N" Zhn1.n| TN 1N

denotes the product distribution H Pﬁpév\[n- Denoting Pp, ==

i=BN+1
Hi:l Pr., the following set of relations then follow from the sub-Gaussianity assumptions

discussed above, and holds for all ©w € U and )\ € R:
Ery P s [exp(wtg(um v 24 - L) | )
_IEP, b {exp(ka(ﬁtg(u]Tl 8N 2y 5N) L"( )>)] X
Er,  p ex0 (M1 = ) (Lol 2 - £5(0)) )

ToN+1:N " Zgn 1.8 TBN+1:N

Nalo? A (1 — a)?0?
<o (i) = (=i ) o
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This in turn implies that

Na?o?
/
EP%BN+1:NPZ;%\UFLN”,BN-H:NEP%I:HNPZ{\;/IQN‘TI:L&N {Hs exp()\(ﬁt o(uTin, ZYy) = L o(u) — 28N
A (1 - «)?0?
- )<l 87
)] &

where & = supp(Pr, BNPZI\ Applying change of measure from P ﬁNP to

"an T BN) ZM TN

Pr, PZ% then yields

~NlTisN?

Na2o?
/
EPTl:,BNP%5N+1:NPZ{\:{NIT1:N {exp()\ (Etg(mTlN’ 1N) . ( )) - 26N

Pron(Tipy)  N(1 - 04)202)} <1
Pry(Tusn) 21— B)N -

which holds for all u € U. Average both sides of the inequality with respect to Qu € P(U).

— log (88)

The resultant inequality implies the following

A2alo?
/
]EPTLBNPI Py e {HS(Z%)GXP(A(Q@/(U|T1N, 7)) — Ly (u >> T 28N

TeN+1:N " Z{:nIT1:N
Prgy(Tusn) N1 - 04)202)] <1

— log -
Pr Tuipy) 21 =B)N

1 ). Applying change of measure from Qp to I 72 together

(89)

where &(2{ly) = supp(Pyzp _.m
with log (PTl:BN (Thpn)/ Pry (T1:6N>> = Zi:l log(Pr(T;)/Py(T;)) then gives the required
inequality (84). |
The inequality (84) relates the difference between weighted average per-task test loss and transfer
meta-generalization loss, L, 4(U|Ty.n, Z{y) — £, (U), to the mismatched information density
(U, ZM,) and the log-likelihood ratio log(Pr(T;)/Py(T;)), that captures the meta-environment

shift in task distributions.

APPENDIX G

PROOF OF THEOREM [4.1]

To obtain the required PAC-Bayesian bound, we use the decomposition (31). The idea is
to separately bound the two differences in (3T) in high probability over (Ti.y,Zi%), and

subsequently combine the bounds via union bound.
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To start, we bound the first difference in @ Towards this, we resort to the exponential
inequality (84). Applying Jensen’s inequality with respect to just Py zn on (84) results in

Na?0?

EPTLNPZ{\:/[NlTl:N {CXP (/\EPUZ{\:/IN {»Ct,g(U|T1:N7 Z%v) - L;(Uﬂ - 28N

Zl PT(E) /\2(1 —06)20'2

R O R

" PT)  21-B)N

Take V = exp(XEy, y, [£0y(U[Tin. Zi)~ L, (U)] ~Nao?/(28N)~ 2 loa(Pr (1) PH(T) ~
N1 — a)??/(2(1 — )N) — D(Py 7 ||Qu)). Applying Markov’s inequality of the form
PV > %] < §E[V] < & then gives that with probability at least 1 — dg over (ZM, Ti.x) ~

- D(PU|Z{V§VHQU))] <1 (90)

Pr,. NPZ{»;N .y We have V< = Takmg logarithm on both sides of the inequality then results
in

o202 A2(1 — a)202
)\(Ep {ﬁwwmm Ziiv) = ﬁ’<U>D = 22]3 i 2&1—%

+Z

which when optimized over A with the choice

>0 log i?é?i + D(Pyiz,||Qu) + log =

1(1)22

(
QBN + Sa-an

1
+D<PU|ZM HQU)‘HOg(S On

A:

yields

EPU‘ZM lﬁtg<u|T1Na ZiN) = Lo (u )”

2 —a)2 BN
< 20_2(5&]\7 + ((11_ 5))]\7) (Z log i, E;; + D(PU‘ZIVI ||QU) + log; ) (92)

=1

We now bound the second difference in (31), which can be equivalently written as

{ﬁt,gwrZ{VM Tiw) - £t<U|Z¥N>]

Fuiztly
| a o 1 -« al
—Ep Py, {BN Z( JUZM. T — Ly(U|ZM)) + miﬁzw( JU1ZM.T) — Lt(U|ZM))]
(93)
The idea then is to bound each of the terms Ep, [ JU|ZM T;) — Ly(U|ZM)] separately

with probability at least (1 — ;) over (Z}'},;, T, Zz ) PZ{\,/IN/.PTiP%Ti fori=1,...,8N and
over (Z}/, /e Ti ZM) ~ PZM Pr P%T for i = BN +1,..., N. Towards this, we resort to the
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exponential inequality and apply Jensen’s inequality with respect to Py, zM Py zm 1. This

results in
2

by 2
Br,y, vy, |ep(XEn, y, [LAVIZY) = L0122 T0] = S8~ DBz, v |Qu) )|

[\ J/

v

; (94)

<1

which holds for 2 = 1,..., N. Note that the above inequality holds even after averaging both
sides of the inequality with respect to Pr, (or Pr,). Applying Markov’s inequality of the form
PV > 5] < BE[V] < & then gives that with probability at least 1 —d; over (Z}'y,;, T3, Z}M) ~
PZ{VN/I.PTZ-PZ\TZ- for i = 1,...,3N and over (ZfWN/WE7Z¢M) ~ PZM Py P%T for i = BN +
1,...,N

(B8, (1012 - 1,012, 7))

<
_QM

1
-+ D(Pyizm [|Qu) + Ep v1ZM, [D(Pyiy,zm||Qwivr)] + log 5 (95)

Now, choosing

D(Py)zm ||Qu) + Er, u [D (P, z0||Qwiv)] + 10%5%.
. 1:N
7.
M

A\ =

then results in

Ex, p, [LUUIZ)) = Ly(U|Z)",T)

2(52 1
= \/ 7 (D(PUZM 1Qu) + Py, [D(Pw,zx||Qw)] + log 5—> (96)

Choosing 6y = g and 9, = 4BN fori=1,...,8N and ¢, = 4(1 TR fori=pN+1,...,N, and

combining the bounds and in via union bound then yields the bound (32} .

APPENDIX H

PROOF OF THEOREM

To obtain the required single-draw bound, we use the decomposition (31)). We start by bounding
the first difference in (31)) without the expectation over meta-training algorithm. Towards this,

we resort to the exponential inequality ( @ Take

020? T) )\2 1— )52
V = exp( A(CUTTiov, 22~ 6,0) 255 —Zl o8 i) o — g A2 ).
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Applying Markov’s inequality of the form P[V > %] < GE[V] < dp then gives that with
probability at least 1 —dq over (Ty.n, ZMy,U) ~ Pr,. x Pz iy Pojzm, we have V < %. Taking

logarithm on both sides of the inequality then results in

)\2 N(1—-a)o
! <
A(LuaUTTin 225 - £3(0)) < 25+ A0
(L) Y 1
Zlog Pz T2+l 5 97)
which when optimized over A yields

Etg(u|T1Na 1N) ﬁl( )
< 202 1_0‘ Zlo + (U, ZM) + log — (98)
= ﬁN g P’ J 1:N g~ 5

We now bound the second difference in @, which can be equivalently written as

[,tg(U’Z1 N> Tl:N) - ﬁt(U’Z{WN)

l—-a u
E ZMT) = L(U|ZM") + m—— D (Ly(UIZY.T) = L(U|Z}M)).
ﬁ (1 _ﬁ)NizﬁNH

99)
We now bound each of the terms L,(U|ZM,T;) — L,(U|ZM) separately with probability at
least (1 — &;) over (Z}Yy,, T;, ZM,U) ~ Py, Pr, Pyl Pyjgy, for i = 1,..., BN and over
(ZFN/Z,T,ZZ.M,U) ~ PZM Pr P%T Pyjzm, for i = BN +1,...,N. Towards this, we resort
to the exponential inequahty and apply Jensen’s inequality with respect to Py ;. This

results in

\262
ey, et g, [0 MEAUIZ) — L0122, T)) - % = D(PuayliQu) = o0, 25)

v~

\%4

<1, (100)

2

(.

which holds for7 = 1, ..., N. Note that the above inequality holds even after averaging both sides
of the inequality with respect to Pr, (or Pr,). Applying Markov’s inequality of the form P[V >
3] < BoE[V] < §; then gives that with probability at least (1 — d;) over (Z}'y,, T3, ZM,U) ~
Py, Pr, Pyl Pyjzy, fori=1,...,8N and over (Z},, T;, Z},U) ~ Py P, Pyl Pojzn,

fori= N +1,..., N, the following inequality holds,
252

A“07, 1
MLAUIZY) = Ly(UI 2, T)) < T3t + DRz lQwiw) +3(U, Ziy) +log = (101)
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Optimizing over A then results in

\Ltwwf”) _ L,(U|ZM.T)

202, . 1
< 7 D(PW|U,ZiM||QW\U) ‘l—](U, ZI:N) + log 5— . (102)

Choosingéozgandéi:Lforizl,...,ﬁNandéi:4(1+fori:ﬁN+1,...,N, and

48N B)N

combining the bounds (98) and (102) via union bound then yields the bound @&I).
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