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Abstract: We study correlation functions in five-dimensional non-Lorentzian theories
with an SU(1, 3) conformal symmetry. Examples of such theories have recently been
obtained as Ω-deformed Yang-Mills Lagrangians arising from a null reduction of six-
dimensional superconformal field theories on a conformally compactified Minkowski space.
The correlators exhibit a rich structure with many novel properties compared to conven-
tional correlators in Lorentzian conformal field theories. Moreover, identifying the instan-
ton number with the Fourier mode number of the dimensional reduction offers a hope to
formulate six-dimensional conformal field theories in terms of five-dimensional Lagrangian
theories. To this end we show that the Fourier decompositions of six-dimensional correla-
tion functions solve the Ward identities of the SU(1, 3) symmetry, although more general
solutions are possible. Conversely we illustrate how one can reconstruct six-dimensional
correlation functions from those of a five-dimensional theory, and do so explicitly at 2- and
3-points. We also show that, in a suitable decompactification limit Ω→ 0, the correlation
functions become those of the DLCQ description.
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1 Introduction

Understanding higher-dimensional conformal field theories (CFT’s) is one of the major
challenges of Theoretical Physics. Progress in these theories is hampered by the fact
that they are not expected to admit a Lagrangian description, at least in a traditional
sense. Although CFT’s have many applications in physics, six-dimensional examples are
especially important in M-theory where they describe the worldvolume dynamics of M5-
branes and hence, via the AdS/CFT correspondence they can be used to define M-theory
in asymptotically AdS7 × S4 spacetimes.

M-theory also admits M2-branes described by strongly coupled three-dimensional
CFT’s. The first construction of these CFT’s was given in [1–3]. This theory has a
Lagrangian with the required SO(2, 3) conformal symmetry and SO(5) R-symmetry along
with 16 supersymmetries and 16 superconformal symmetries. However it is only capable of
describing a small number of interacting M2-branes. It turns out that to find a description
for an arbitrary number of interacting M2-branes requires one to give up some symmetries
of the Lagrangian. In particular the ABJM models [4] have SO(2, 3) conformal symmetry
but only an SU(4) R-symmetry along with 12 supersymmetries and 12 superconformal
symmetries. However there is a topological conserved current JM ∼ ?tr(F ) which gives an
additional U(1) symmetry. The missing symmetries arise in the quantum theory through
the use of monopole operators at special, order one, values of the coupling, and enhance
U(1) × SU(4) to SO(8), as well as supplying the missing 4 super and 4 superconformal
symmetries. Thus we have, via the AdS/CFT correspondence, a complete description of
M-theory in asymptotically AdS4 × S7 spacetimes.

To date there is no satisfactory construction of the six-dimensional CFT for M5-branes.
In [5, 6] we constructed Lagrangian field theories for an arbitrary number of M5-branes
reduced on a null direction in conformally compactified Minkowski space. The resulting
five-dimensional theories have a non-Lorentzian Lagrangian description with an SU(1, 3)
conformal symmetry, SO(5) R-symmetry, 8 supersymmetries and 16 superconformal sym-
metries. Furthermore these theories retain a knowledge of the sixth spacetime dimension
through a topological U(1) current generated by JI ∼ ?tr(F ∧ F ). Thus they offer an
M5-brane analogue of the ABJM description of M2-branes: see table 1 for a comparison.
In particular one sees that the M2-brane SO(2, 3) conformal symmetry is swapped for an
SO(5) M5-brane R-symmetry, whereas the M2-brane SU(4) R-symmetry is swapped for
an M5-brane SU(1, 3) conformal symmetry.1 The conjecture of [5] is that at strong cou-
pling the topological JI current will enhance the SU(1, 3) × U(1) symmetry to SO(2, 6),
add the missing 8 supersymmetries and thereby describe the six-dimensional M5-brane
CFT. The total symmetries of the M2 and M5-brane CFT’s expected from these enhance-
ments by topological currents are listed in table 2. We see that the key enhancement
that is required is SU(4) × U(1) → SO(8) for M2-branes and SU(1, 3) × U(1) → SO(2, 6)

1We note that a six-dimensional Lagrangian, with SO(1, 5) × SO(5) Lorentz and R-symmetries and 16
supersymmetries can be constructed for two M5-branes [7] (although in this case the translational and
conformal symmetries are spontaneously broken), offering an M5-brane analogue of the BLG M2-brane
Lagrangian.
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Symmetry M2 M5

Conformal SO(2, 3) SU(1, 3)

R-symmetry SU(4) SO(5)

Topological U(1) U(1)

Supersymmetry 12 8

Superconformal 12 16

Table 1. Symmetries of M-brane Lagrangians.

Symmetry M2 M5

Conformal SO(2, 3) SO(2, 6)

R-symmetry SO(8) SO(5)

Supersymmetry 16 16

Superconformal 16 16

Table 2. Symmetries of M-brane CFT’s.

for M5-branes. Indeed from a group theoretic point of view these are the same, just
with a different choice of signature for the inner-product. If this enhancement occurs
then the additional supersymmetries and superconformal symmetries must also arise and
vice-versa. In terms of the field theory, the role of monopole operators is presumably re-
placed by so-called instanton operators [8, 9]. Part of the motivation of this paper is to
explore how the enhancement of conformal symmetry could happen at the level of corre-
lation functions.

It has been previously argued that the M5-brane CFT can arise from a discrete light
cone quantization (DLCQ) description where a null direction of six-dimensional Minkowski
space is periodically identified with period R+ [10, 11]. Those authors proposed that the
dynamics of M M5-branes at fixed light cone momentum P+ = n/R+, n ∈ Z is described
by quantum mechanics, with ‘time’ played by x−, on the moduli space of charge n, SU(M)
instantons on R4. In principle one can then recover the full six-dimensional theory by
taking the limit R+ →∞.

It has also been argued that five-dimensional maximally supersymmetric Yang-Mills
is in fact non-perturbatively well-defined despite being naively power counting non-
renormalizable [12, 13]. This corresponds to the M5-brane CFT compactified on a circle
of radius R5 = g2

YM/4π2. In this way the full six-dimensional CFT should arise as a strong
coupling limit R5 →∞. Another approach conformally maps the M5-brane CFT to R×S5

of arbitrary radius R and then performs a Hopf reduction of S5 to CP 2 [14]. In the re-
sulting five-dimensional Lagrangian on R× CP 2 the coupling constant is controlled by an
integer k which plays the role of a Chern-Simons level. The full six-dimensional theory cor-
responds to the strong coupling point k = 1. Other constructions include deconstruction
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from four-dimensional superconformal field theories [15] as well as variety of proposals to
capture at least a part of the dynamics through various novel constructions.

The approach adopted in this paper contains elements of many of these previous con-
structions but we hope with additional benefits. In particular we perform a conformal
compactification that maps a null direction in six-dimensions to x+ ∈ [−πR, πR], where R
is an arbitrary scale introduced by the conformal compactification, while still preserving
∂/∂x+ as an isometry. This construction naturally arises from holographic considerations
analogous to those of the ABJM theory, as shown in [5]. Thus we can form a natural
expansion in Fourier modes labelled by n ∈ Z with period 2πR. As such, the map from
six-dimensional fields to five-dimensional ones is invertible, at least for a large class of oper-
ators. However we can also restrict n ∈ kZ for an integer k, thereby imposing an analogue
of a Zk orbifold, leading to coupling constant g2

YM = 4π2R/k in the five-dimensional gauge
theory that can be made small. We claim that the enhancement of symmetries required to
describe the full six-dimensional theory occurs at k = 1, for any value of R. On the other
hand we will see that the degenerate limit k,R→∞ with R+ = R/k fixed reproduces the
DLCQ description. Indeed taking such a limit of our correlation functions leads to those
of the DLCQ prescription.

Furthermore other constructions in M-theory and massive type IIA string theory lead
to six-dimensional CFT’s with (1, 0) supersymmetry. In [16] a large class of five-dimensional
Lagrangians with SU(1, 3) conformal symmetry but half as many super and superconformal
symmetries were constructed, corresponding to a similar conformally compactified null
reduction of (1, 0) CFT’s. Independently of their application to six-dimensional CFT’s,
string and M-theory, these Lagrangians form a new class of interacting five-dimensional field
theories with novel features which are of interest in their own right. Thus it is of interest
to further explore the features of non-Lorentzian field theories with SU(1, 3) conformal
symmetry.

As explained above, the main motivation of this paper is to get a better handle on
the worldvolume theory for M5-branes and other six-dimensional CFT’s. Being a six-
dimensional superconformal field theory, the main observables which can be used to probe
the dynamics are its correlation functions. Although it is very challenging to compute
anything dynamical (i.e. unprotected) in this theory from first principles, there has re-
cently been a great deal of progress in computing correlations functions using a combi-
nation of conformal bootstrap and holographic methods. In particular 3-point correlators
were first computed in [17–19] and 4-point correlators were computed in the supergravity
approximation in [20–23]. The study of 4-point correlators beyond the supergravity ap-
proximation was initiated in [24] and further developed in [25], which fixed coefficients of
higher-derivative corrections using a powerful chiral algebra conjecture formulated in [26].
Higher derivative corrections to eleven-dimensional supergravity were also studied from
various other points of view in [27–29].

1.1 Plan and summary of the paper

In this paper we will consider five-dimensional correlators in theories with an SU(1, 3)
symmetry. Note that this is not a standard conformal group of the form SO(2, d) and is
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best thought of as a non-relativistic conformal symmetry group since it contains a Lifshitz
scaling. As a result, far less is known about correlators with this symmetry. To our
knowledge, non-relativistic conformal correlators were first studied in [30] in the context
of condensed matter physics. In that paper, the Ward identities were solved at 2- and 3-
points, showing that 3-point correlators are not completely fixed by symmetry, in contrast
to conformal correlators in Lorentzian theories. The same structure was later found when
computing 2-point functions of protected operators of the M5-brane theory using the DLCQ
proposal [11]. Supersymmetric extensions of the conformal Ward identities were formulated
and solved at 2-points in [31]. More recently, the prospect of carrying out the bootstrap
for two-dimensional Galilean conformal theories was explored in [32].

As described above, our motivation for this paper was a certain class of non-Lorentzian
Ω-deformed Yang-Mills gauge theories which admit an SU(1, 3) conformal symmetry and
provide the Lagrangians for six-dimensional CFT’s conformally compactified along a null
direction [5, 16]. On the other hand, our results do not rely on this Lagrangian and can
potentially apply to any theory with this symmetry. We first solve the conformal Ward
identities, revealing an intricate mathematical structure. Perhaps the most notable feature
is that the correlators naturally decompose into a perturbative part with power-law decay
and an oscillating non-perturbative part. In addition the coordinate dependence can be
expressed using complex structure which is reminiscent of that found in two-dimensional
CFT’s. Another notable feature is that 3-point correlators are once again not fully fixed
by the symmetry while 4-point correlators can depend on five conformal cross-ratios in
contrast to the standard result in relativistic CFT where there are only two cross-ratios.
As a result, crossing symmetry (which forms the backbone of the conformal bootstrap) is
more intricate in theories with non-relativistic conformal symmetry.

We then ask the question how are these general solutions constrained by the condition
that they arise from conformal compactification of Lorentzian six-dimensional CFT correla-
tors? In this case, five-dimensional correlators are labelled by Fourier modes along the null
direction and dimensional reduction implies many additional constraints. For example, it
fixes the normalisation of five-dimensional 2-point functions in terms of combinatoric factors
which vanish if the mode number is less than half of the scaling dimension of each operator,
implying that zero modes cannot contribute. This resolves a long-standing ambiguity in
the role of zero modes in DLCQ theories [33, 34]. Moreover, if we identify Fourier modes
with instantons in the five-dimensional theory, this implies that only anti-instantons can
propagate, which is consistent with the observation that the five-dimensional Lagrangians
derived in [5, 16] localise onto anti-self-dual field configurations. At three points, dimen-
sional reduction also fixes the functional form of the correlators and implies various sum
rules on the Fourier modes which essentially enforce that the sum over Fourier modes can
never go positive. In the case of the gauge theories of [5, 16] this implies that instantons
cannot be produced. At four points, the functional form in six-dimensions is not fixed
and hence for simplicity we consider dimensional reduction of disconnected free correlators
and show that the corresponding five-dimensional correlators nontrivially decompose into
products of 2-point correlators. This also serves to illustrate how the conformal cross-ratios
derived earlier in the paper appear in practice.
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Lastly we consider the limit R→∞ where the conformal compactification is removed.
However we can get a non-trivial limit by keeping modes with n/R finite (so we can write
n = n+k, R = kR+ with k ∈ Z and take the limit k → ∞). This effectively leads to a
situation where the operators in flat six-dimensional Minkowski space are constrained to
be periodic in x+ with period 2πR+. In this limit the 2-point correlators we obtain reduce
to the DLCQ correlators found in [11]. Therefore our results can be used to extend their
analysis up to 4-points. It should be noted that various divergences arise when computing
DLCQ correlators from dimensional reduction, which are regulated in the SU(1, 3) theory.
Hence, the Ω-deformed Lagrangian for conformally compactified M5-branes appears to be
more fundamental than the original DLCQ proposal. However we note that [11] discusses
a resolution of the instanton moduli space that is reminiscent of an Ω-like deformation.
Ultimately, identifying the Fourier modes with instanton-solitons in five-dimensional gauge
theories offers the tantalising possibility of computing correlators using Lagrangian methods
and then re-constructing six-dimensional correlators via a Fourier series.

The rest of this paper is organised as follows. In section 2 we consider the Ward
identities of 2, 3 and higher-point functions that arise in five-dimensional theories with an
SU(1, 3) conformal symmetry. This symmetry fixes the 2-point functions (up to a constant)
and determines the 3-point functions up to a single function. Furthermore one sees that
there is a natural complex structure that appears where the correlation functions factorise
into a product of holomorphic and anti-holomorphic components. In section 3 we discuss a
null conformal compactification of six-dimensional Minkowski space. Performing a Fourier
expansion leads to a five-dimensional theory with SU(1, 3) conformal symmetry but no
Lorentz invariance and a Kaluza-Klein-like tower of operators. For a wide class of operators
this mapping from six to five dimensions is invertible. We also show how the correlation
functions of the six-dimensional theory reduce to those of the five-dimensional theory with
specific expressions for the otherwise undetermined function. In section 4 we take a limit of
our construction where the conformal mapping degenerates into a null compactification of
Minkowski space. In this limit only operators which are periodic in the null coordinate can
be mapped to the five-dimensional theory. We show that the correlation functions reduce
to those of a DLCQ construction. In section 5 we give our comments and conclusions. In
the appendices we discuss some details of the evaluation of various integrals we encounter
in the main analysis and in particular the role that the six-dimensional causal structure
plays in the form of an iε prescription to regulate the integrals.

2 Constraining correlators in five dimensions

2.1 The symmetry algebra

The geometric symmetry algebra of the five-dimensional theories we are considering
is given by central extension to su(1, 3). The symmetry generators of SU(1, 3) are
{P−, Pi, (B,CI), T,Mi+,K+} with i = 1, . . . , 4, I = 1, 2, 3 and correspond respectively
to what were called Types II-VII in [6]. In addition there is the central element P+,
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corresponding to Type I. A subset of the commutation relations of the algebra is

[Mi+, Pj ] = −δijP+ −
1
2ΩijT −

2
R
δijB + Ωikη

I
jkC

I , [T, P−] = −2P− ,

[T,K+] = 2K+ , [P−, Pi] = 0 ,
[K+, P−] = −2T , [P−,Mi+] = Pi ,

[Mi+,Mj+] = −1
2ΩijK+ , [K+, Pi] = −2Mi+ ,

[T, Pi] = −Pi , [K+,Mi+] = 0 ,
[T,Mi+] = Mi+ , [Pi, Pj ] = −ΩijP− , (2.1)

where Ωij is anti-symmetric, anti-self-dual and satisfies ΩijΩjk = −R−2δik. Here R is a
constant with dimensions of length. The rotations B,CI form an u(1)⊕ su(2) subalgebra;

[B,CI ] = 0 , [CI , CJ ] = −εIJKCK . (2.2)

In particular these generate all rotations in the four-dimensional plane that leave Ωij invari-
ant. The remaining brackets are neatly summarised by noting that the ‘scalar’ generators
S = P−, T,K+ are inert under the rotation subgroup, i.e. [S,B] = [S,CI ] = 0, while the
‘one-form’ generators Wi = Pi,Mi+ transform as

[Wi, B] = −1
2RΩijWj , [Wi, C

I ] = 1
2η

I
ijWj . (2.3)

As with any geometric symmetry, this algebra then admits a representation in terms
of vector fields under commutation. Writing (x−, xi) for the coordinates on our five-
dimensional space, and (∂−, ∂i) for their derivatives, the vector field representation is then

(P+)∂ = 0 ,
(P−)∂ = ∂− ,

(Pi)∂ = 1
2Ωijx

j∂−+∂i ,

(B)∂ =−1
2RΩijx

i∂j ,(
CI
)
∂

= 1
2η

I
ijx

i∂j ,

(T )∂ = 2x−∂−+xi∂i ,

(Mi+)∂ =
(1

2Ωijx
−xj− 1

8R
−2xjxjxi

)
∂−+x−∂i+

1
4
(
2Ωikx

kxj +2Ωjkx
kxi−Ωijx

kxk
)
∂j ,

(K+)∂ = (2(x−)2− 1
8R
−2(xixi)2)∂−+

(1
2Ωijx

jxkxk+2x−xi
)
∂i . (2.4)

In particular, since (P+)∂ = 0, this is just a representation of su(1, 3).
We can finally build representations of the algebra (2.1). Although the algebra is not

a conventional conformal algebra, it shares many properties with one. We still have a five-
dimensional subalgebra of translations generated by {P−, Pi}, although it is not Abelian,
and a Lifshitz scaling T which plays the role of the usual dilatation. Further, we still
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have pairs of ladder operators that raise and lower an operator or state’s eigenvalues under
T , except unlike usual conformal algebras there are two different gradations. The pair
(Pi,Mi+) of raise and lower T by one unit, while (P−,K+) raise and lower by two units.

We therefore proceed in analogy with the familiar construction of conformal algebra
representations. We first consider representations of the subalgebra that stabilises the
origin {x− = 0, xi = 0}, which is generated by {B,CI , T,Mi+,K+}. Then, an operator
O(0) at the origin transforms as

[O(0), B] = RO[B]O(0) ,
[O(0), CI ] = RO[CI ]O(0) , (2.5)

for some representations RO[B], RO[CI ], while we also have [O(0), P+] = −ip+O(0).
Further supposing that RO[CI ] is irreducible, by Schur’s lemma we must have

[O(0), T ] = ∆O(0) ,
[O(0),Mi+] = 0 ,
[O(0),K+] = 0 ,
[O(0), P+] = −ip+O(0) , (2.6)

for some p+,∆ ∈ C.
Then, an operator O(x) at a generic point (x−, xi) is defined by

O(x) = exp
(
−x−P− − xiPi

)
O(0) exp

(
x−P− + xiPi

)
. (2.7)

The action of P− and Pi at generic points is then determined by requiring

O(x+ ε)−O(x) = ε−∂−O(x) + εi∂iO(x) , (2.8)

to leading order in ε−, εi. Making use of the relation

exp
((
x− + ε−

)
P− +

(
xi + εi

)
Pi
)

= exp
(
x−P− + xiPi

)
exp

(
ε−P− + εjPj

)
exp

(
−1

2Ωklε
kxlP−

)
= exp

(1
2Ωklε

kxlP−

)
exp

(
ε−P− + εjPj

)
exp

(
x−P− + xiPi

)
, (2.9)

we find

[O(x), P−] = ∂−O(x) = (P−)∂ O(x) ,

[O(x), Pi] =
(
∂i + 1

2Ωijx
j∂−

)
O(x) = (Pi)∂ O(x) , (2.10)
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as expected. Using (2.1), we determine the action of the whole algebra on O(x) to be

[O(x),P+] =−ip+O(x) ,
[O(x),P−] = (P−)∂O(x) ,
[O(x),Pi] = (Pi)∂O(x) ,
[O(x),B] = (B)∂O(x)+RO[B]O(x) ,

[O(x),CI ] =
(
CI
)
∂
O(x)+RO[CI ]O(x) ,

[O(x),T ] = (T )∂O(x)+∆O(x) ,

[O(x),Mi+] = (Mi+)∂O(x)+
(1

2∆Ωijx
j− ip+x

i+ 2
R
xiRO[B]−Ωikη

I
jkx

jRO[CI ]
)
O(x) ,

[O(x),K+] = (K+)∂O(x)+
(

2∆x−− ip+x
ixi+ 2

R
xixiRO[B]−xixjΩikη

I
jkRO[CI ]

)
O(x) .

(2.11)

Then, under an infinitesimal conformal transformation generated by generator G, we have
that the coordinates and a generic local operator O(x) transform as

xµ → x′µ(x) = xµ +G∂ x
µ ,

O(x) → O′(x′) = O(x′)− [O(x′), G] = O(x) +G∂O(x)− [O(x), G] . (2.12)

2.2 Ward identities

The general Ward identity associated with symmetry generator G acting on an N -point
correlation function is

0 =
N∑
a=1
〈O(1)(x−1 , xi1) · · · [O(a)(x−a , xia), G] · · · O(N)(x−N , x

i
N )〉 , (2.13)

where each O(a)(x−a , xia) denotes a generic operator with associated eigenvalues2 ∆a, pa
inserted at spacetime point (x−a , xia). Focusing on scalar operators for which RO[B] = 0 =
RO[CI ], the Ward identities for the generators {P+, P−, Pi, B,C

I , T,Mi+,K+} read

0 =
N∑
a=1

(
− ipa

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 , (2.14)

0 =
N∑
a=1

(
∂

∂x−a

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 , (2.15)

0 =
N∑
a=1

(
∂

∂xia
+ 1

2Ωijx
j
a

∂

∂x−a

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 , (2.16)

0 =
N∑
a=1

(
− 1

2RΩijx
i
a

∂

∂xja

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 , (2.17)

2We have suppressed the + subscript on p+ here and in the remaining subsections to improve readability.
Moreover, a, b indices are never subject to the Einstein summation convention.
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0 =
N∑
a=1

(
ηIijx

i
a

∂

∂xja

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 , (2.18)

0 =
N∑
a=1

(
2x−a

∂

∂x−a
+ xia

∂

∂xia
+ ∆a

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 , (2.19)

0 =
N∑
a=1

((1
2Ωijx

−
a x

j
a −

1
8R
−2xjax

j
ax

i
a

)
∂

∂x−a
+ x−a

∂

∂xia
+ 1

2∆aΩijx
j
a − ipaxia

+ 1
4
(
2Ωikx

k
ax

j
a + 2Ωjkx

k
ax

i
a − Ωijx

k
ax

k
a

) ∂

∂xja

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 , (2.20)

0 =
N∑
a=1

((
2(x−a )2 − 1

8R
−2(xiaxia)2) ∂

∂x−a
+ 2∆x−a − ipaxiaxia

+
(1

2Ωijx
j
ax

k
ax

k
a + 2x−a xia

)
∂

∂xia

)
〈O(1)(x−1 , xl1) · · · O(N)(x−N , x

l
N )〉 . (2.21)

There are some consequences of these equations which hold for any N -point function; the
first equation immediately imposes

0 =
N∑
a=1

pa , (2.22)

whilst equations (2.15) through (2.18) force the correlation function to be a function of the
variables

x̃ab ≡ x−a − x−b + 1
2Ωijx

i
ax

j
b , xiabx

i
cd ≡ (xia − xib)(xic − xid) . (2.23)

It will also be convenient to define:

ξab ≡
xiabx

i
ab

x̃ab
, (2.24)

as well as the complex combination

zab = x̃ab + i

4R |xab|
2 . (2.25)

The further constraints that the remaining equations (2.19)–(2.21), corresponding to
the generators T,Mi+ and K+, place on correlation functions have to be considered on a
case-by-case basis and we turn to that question now.

2.3 2-point functions

We begin with the simplest non-trivial correlation function of scalar operators and define

〈O(1)(x−1 , xi1)O(2)(x−2 , xi2)〉 = F (x̃12, |x12|2) , (2.26)

with |xab|2 = xiabx
i
ab. We take as an ansatz

F = (x̃12)−αG(x̃12, |x12|2) , (2.27)
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for some constant α. Then the Ward identity (2.19) associated with Lifshitz scaling is
solved if

0 = α− 1
2(∆1 + ∆2) ,

0 =
(
x̃12

∂

∂x̃12
+ |x12|2

∂

∂|x12|2
)
G(x̃12, |x12|2) . (2.28)

The second condition forces the functional form of G to be

G(x̃12, |x12|2) = G

( |x12|2

x̃12

)
= G(ξ12) . (2.29)

Moving onto the Ward identity associated with the operator Mi+ we find using F =
(x̃12)− 1

2 (∆1+∆2)G(ξ12) leads to

0 = 1
4(∆1−∆2)Ωijx

j
12G(ξ12)+xi12

[( 1
8R2 ξ

2
12 +2

) d
dξ12

+ 1
16R2 (∆1 +∆2)ξ12− ip1

]
G(ξ12) .

(2.30)

Since xi12 and Ωijx
j
12 are independent for each value of i and assuming a non-trivial G(ξ12),

we have two equations for this Ward identity to hold:

0 = 1
4(∆1 −∆2) ,

0 =
[( 1

8R2 ξ
2
12 + 2

) d
dξ12

+ 1
16R2 (∆1 + ∆2)ξ12 − ip1

]
G(ξ12) . (2.31)

Solving we find ∆1 = ∆2 and

G(ξ12) = C∆1,p1(ξ2
12 + 16R2)−

1
2 ∆1e

(
2ip1R arctan

(
ξ12
4R

))
, (2.32)

where C∆1,p1 is a constant which may depend on ∆1 and p1. The above formula can be
written more explicitly using the identity

e2i arctan(x) = i− x
i+ x

. (2.33)

The final Ward identity (2.21) places no further constraints on G(ξ12). Therefore the 2-
point correlation function is fully determined up to a constant by the symmetries, in direct
analogy with the more familiar case of the SO(p, q) conformal group. It is given by

〈O(1)(x−1 ,xi1)O(2)(x−2 ,xi2)〉= δ0,p1+p2δ∆1,∆2

C∆1,p1[
x̃12

(
ξ2

12+16R2) 1
2

]∆1
e2iRp1 arctan

(
ξ12
4R

)
. (2.34)

Using the definition (2.25) may now factorise the 2-point function into holomorphic
and anti-holomorphic parts;

〈O(1)(x−1 , xi1)O(2)(x−2 , xi2)〉 = δ0,p1+p2δ∆1,∆2C∆1,p1

( 1
z12

)∆1/2−p1R ( 1
z̄12

)∆1/2+p1R

.

(2.35)
This resembles a 2-point function in a two dimensional CFT. From the Lagrangian gauge
theory perspective it can be decomposed into a perturbative piece with power-law decay
times an oscillating non-perturbative piece associated to a non-vanishing instanton number.
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2.4 3-point functions

We define

〈O(1)(x−1 , xi1)O(2)(x−2 , xi2)O(3)(x−3 , xi3)〉 = F (x̃12, x̃23, x̃13, |x12|2, |x23|2, |x13|2) , (2.36)

where we have used the relation xi12 +xi23 +xi31 = 0 to remove3 all cross terms xiabxicd with
ab 6= cd. To start we take as an ansatz

F = (x̃12)−α12(x̃23)−α23(x̃13)−α13G(x̃12, x̃23, x̃13, |x12|2, |x23|2, |x13|2) . (2.37)

Then the Lifshitz Ward identity (2.19) is solved if

0 =
3∑
a<b

αab −
1
2∆a , (2.38)

0 =

 3∑
a<b

x̃ab
∂

∂x̃ab
+ |xab|2

∂

∂|xab|2

G(x̃12, x̃23, x̃13, |x12|2, |x23|2, |x13|2) . (2.39)

Substituting the ansatz (2.37) into the Ward identity (2.20) associated with the generator
Mi+ and using (2.38) fixes

αab = ∆a + ∆b −
1
2∆T (2.40)

where ∆T denotes the total scaling dimension, ∆T = ∆1 + ∆2 + ∆3, together with con-
straining the functional form of G to be

G(x̃12, x̃23, x̃13, |x12|2, |x23|2, |x13|2) = G(ξ12, ξ23, ξ13) . (2.41)

This functional form for G also solves (2.39). Using all this information, the Mi+ Ward
identity can be reduced to

0 =
3∑
a<b

xiab

[( 1
8R2 ξ

2
ab + 2

)
∂

∂ξab
+ 1

8R2

(
−1

2∆T + ∆a + ∆b

)
ξab −

i

3pab
]
G(ξ12, ξ23, ξ13) ,

(2.42)

where we have also defined4

pab ≡ pa − pb . (2.43)

A solution to these coupled partial differential equations is

G(ξ12, ξ23, ξ13) = C123

 3∏
a<b

(ξ2
ab + 16R2)

1
4 ∆T− 1

2 ∆a− 1
2 ∆be

(
2iR
3 pab arctan

(
ξab
4R

))
×H

 3∑
a<b

arctan
(
ξab
4R

) , (2.44)

3Note that the presence of Ωij in the definition of x̃ means that they do not satisfy x̃12 + x̃23 + x̃31 = 0.
4Here we have chosen not to impose total p+ conservation given by (2.22) in order to display the most

symmetric form for G.
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where H is an arbitrary function of its argument and C123 is a constant which may depend
on the ∆’s and p’s. As with 2-points, the remaining Ward identity (2.21) is satisfied
automatically. The full 3-point function is

〈O(1)(x−1 , xi1)O(2)(x−2 , xi2)O(3)(x−3 , xi3)〉

= δ0,p1+p2+p3C123

 3∏
a<b

[
x̃ab(ξ2

ab + 16R2)
1
2
] 1

2 ∆T−∆a−∆b
e

(
2iR
3 pab arctan

(
ξab
4R

))
×H

 3∑
a<b

arctan
(
ξab
4R

) . (2.45)

Using the identity

arctanα+ arctan β + arctan γ = arctan
(
α+ β + γ − αβγ
1− αβ − βγ − γα

)
, (2.46)

the undetermined function can also be written as

H = H

(
16R2 (ξ12 + ξ23 + ξ31)− ξ12ξ23ξ31
16R2 − ξ12ξ23 − ξ23ξ31 − ξ31ξ12

)
. (2.47)

Thus in theories with SU(1, 3) conformal symmetry, 3-point functions of scalar operators
are determined only up to an arbitrary function. This is in contrast to Lorentzian CFT’s
where 3-point functions are completely fixed by conformal symmetry. We will later show
that dimensional reduction fixes the form of this function.

Written in terms of the complex variables (2.25), we again see factorisation into holo-
morphic and anti-holomorphic pieces times the undetermined function H:

〈O(1)(x−1 ,xi1)O(2)(x−2 ,xi2)O(3)(x−3 ,xi3)〉

= δ0,p1+p2+p3C123

3∏
a<b

( 1
zab

)− 1
4 ∆T+ 1

2 ∆a+ 1
2 ∆b−R3 pab

( 1
z̄ab

)− 1
4 ∆T+ 1

2 ∆a+ 1
2 ∆b+R

3 pab
H

(
z12z23z31
z̄12z̄23z̄31

)
.

(2.48)

2.5 4-point functions

For 4-point and higher-point correlation functions we expect to see the appearance of
analogues of cross-ratios which are annihilated by the SU(1, 3) generators given in (2.4).
Inspection of the 2- and 3-point functions found in the previous subsections suggests that
there are two types of variables to consider constructing invariants from. These are

x′ab = x̃ab(ξ2
ab + 16R2)

1
2 , ξ′ab = 4R arctan

(
ξab
4R

)
. (2.49)

We find that cross ratios of the x′’s are indeed annihilated by all the generators however
because the action of the Mi+ and K+ generators on the ξ′ab’s are

Mi+(ξ′ab) = 2xiab , K+(ξ′ab) = 16
(
|xa|2 − |xb|2

)
, (2.50)

we see that it is linear combinations which will be invariant rather than cross ratios.
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Specialising to the case of 4-points, there are two independent cross ratios of the x′’s;

u = x′12x
′
34

x′13x
′
24
, v = x′14x

′
23

x′13x
′
24
, (2.51)

and three independent combinations of the ξ′’s;

ξ′12 + ξ′24 + ξ′41 , ξ′13 + ξ′34 + ξ′41 , ξ′23 + ξ′34 + ξ′42 . (2.52)

Hence at 4-points under the SU(1, 3) symmetry group there are five independent conformal
invariants compared to the more familiar case of two cross ratios under SO(p, q).

Starting from a generic function of these five variables, we may solve each of the Ward
identities following the same steps as for 2- and 3-point functions. We eventually find5

〈O(1)(x−1 , xi1)O(2)(x−2 , xi2)O(3)(x−3 , xi3)O(4)(x−4 , xi4)〉

= δ0,p1+p2+p3+p4

 4∏
a<b

(x′ab)
1
6 ∆T− 1

2 (∆a+∆b)eipabξ
′
ab/8


×H

(
u, v, ξ′12 + ξ′24 + ξ′41 , ξ

′
13 + ξ′34 + ξ′41 , ξ

′
23 + ξ′34 + ξ′42

)
, (2.53)

where H is an undetermined function and now ∆T = ∆1 + ∆2 + ∆3 + ∆4.
It is also covenient to define an alternative basis for the space of conformal invariants

involving the ξ′ab,

λ1 = ξ′12 + ξ′24 + ξ′43 + ξ′31 = +
(
ξ′12 + ξ′24 + ξ′41

)
−
(
ξ′13 + ξ′34 + ξ′41

)
,

λ2 = ξ′13 + ξ′32 + ξ′24 + ξ′41 = +
(
ξ′13 + ξ′34 + ξ′41

)
−
(
ξ′23 + ξ′34 + ξ′42

)
, (2.54)

λ3 = ξ′14 + ξ′43 + ξ′32 + ξ′21 = −
(
ξ′23 + ξ′34 + ξ′42

)
−
(
ξ′12 + ξ′24 + ξ′41

)
.

Then, for instance under the interchange x1 ↔ x2 they transform as:

(u, v, λ1, λ2, λ3) −→ (−u/v, 1/v, λ3,−λ2, λ1) , (2.55)

with similar rules for the other five permutations of S3.
Generically, we may then consider the resulting crossing equations constraining the

function H. However, the main focus of this paper is a particular class of SU(1, 3) theories,
explored in section 3, which admit a six-dimensional interpretation. For these theories, we
will see that almost all crossing symmetry is broken by the parameters pa even if all the
scaling dimensions are the same.

We will however later consider a maximally symmetric case, in which all scaling di-
mensions equal, ∆a = ∆, and all pa have equal magnitude |pa| = p > 0. Then, after a
convenient redefinition of H, we can write

〈± ± ±±〉 = 〈O(1)
±pO

(2)
±pO

(3)
±pO

(4)
±p〉 =

(
x′13x

′
24
)−∆ exp

 i
8
∑
a<b

pabξ
′
ab

G±±±± , (2.56)

5Once again, we have not imposed total p+ conservation in order to present a more symmetrical result.
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where the G±±±± = G±±±±(u, v, λ1, λ2, λ3). Clearly by the overall conservation of P+
charge, only the combinations with two pluses and two minuses can be non-zero. We
will in fact find that theories with a six-dimensional interpretation have only G++−− and
G+−+− non-zero, with all other orderings vanishing.

We may then consider the crossing relations of, say, G++−− with itself. For example,
the interchange x1 ↔ x2 corresponds to

G++−−(u, v, λ1, λ2, λ3) −→ v−∆G++−−(−u/v, 1/v, λ3,−λ2, λ1) . (2.57)

2.6 Higher-point functions

At N -points, the general solution to the conformal Ward identities is

〈O(1)(x−1 , xi1) . . .O(N)(x−N , x
i
N )〉

= δ0,p1+···+pN

 N∏
a<b

(x′ab)−αabeipabξ
′
ab/2N

H (
x′abx

′
cd

x′acx
′
bd

, ξ′ab + ξ′bc + ξ′ca

)
, (2.58)

where the αab = αba satisfy ∑b 6=a αab = ∆a for each a = 1, . . . , N . Here, H is a generic
function of N2 − 3N + 1 variables, which fall into two classes:

• The N(N − 3)/2 independent cross-ratios of the form

x′abx
′
cd

x′acx
′
bd

. (2.59)

• The (N − 1)(N − 2)/2 independent triplets of the form

ξ′ab + ξ′bc + ξ′ca . (2.60)

To make explicit contact with our results at 3- and 4-points, note that one can always
choose H such that for N ≥ 3 the αab can be taken as

αab = 1
N − 2 (∆a + ∆b)−

1
(N − 1)(N − 2)∆T . (2.61)

Where as before, ∆T denotes the total scaling dimension, ∆T = ∑
a ∆a

As we are now used to, this form for the N -point function is more naturally written
in terms of the complex variables zab. We find then that the general N -point function is
written as

〈O(1)(x−1 , xi1) . . .O(N)(x−N , x
i
N )〉

= δ0,p1+···+pN

 N∏
a<b

(zabz̄ab)−αab/2
(
zab
z̄ab

)pabR/NH ( |zab||zcd|
|zac||zbd|

,
zabzbczca
z̄abz̄bcz̄ca

)
. (2.62)
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3 Relation to six-dimensional CFTs

3.1 Null conformal compactification

We start with six-dimensional Minkowski spacetime in lightcone coordinates with metric

ds2
M = ĝµνdx̂

µdx̂ν = −2dx̂+dx̂− + dx̂idx̂i , (3.1)

where µ ∈ {+,−, i}, and perform the coordinate transformation

x̂+ = 2R tan(x+/2R) ,

x̂− = x− + 1
4Rx

ixi tan(x+/2R) ,

x̂i = xi − tan(x+/2R)RΩijx
j . (3.2)

Here Ωij is the same anti-self-dual constant spatial 2-form as appears in section 2. This
transformation leads to the metric

ds2
M =

−2dx+(dx− − 1
2Ωijx

idxj) + dxidxi

cos2(x+/2R) . (3.3)

Following this we perform a Weyl transformation ds2
Ω = cos2(x+/2R)ds2

M to find

ds2
Ω = gµνx

µxν = −2dx+
(
dx− − 1

2Ωijx
idxj

)
+ dxidxi . (3.4)

Note the range of x+ ∈ (−πR, πR) is finite. Thus we have conformally compactified the
x+ direction of six-dimensional Minkowski space. Note also that ∂/∂x+ is a Killing vector
of ds2

Ω, while it was only a conformal Killing vector (with non-trivial conformal factor) of
ds2
M . This metric appears naturally as the conformal boundary to AdS7 in the construction

of [35], arising from a U(1) fibration of AdS7 over a non-compact CP 3.

3.2 Mapping of symmetries and operators

We first show how the five-dimensional symmetry algebra (2.1) is recovered from the full six-
dimensional conformal algebra upon this null compactification. Let {P 6d

µ ,M6d
µν , D

6d,K6d
µ }

denote the usual basis for so(6, 2) in lightcone coordinates. These correspond to the con-
formal Killing vectors of the Minkowski metric (3.1), which we take to be(

P (6d)
µ

)
∂

= ∂̂µ , ω = 0 ,(
M (6d)
µν

)
∂

= x̂µ∂̂ν − x̂ν ∂̂µ , ω = 0 ,(
D(6d)

)
∂

= x̂µ∂̂µ , ω = 1 ,(
K(6d)
µ

)
∂

= x̂ν x̂
ν ∂̂µ − 2x̂µx̂ν ∂̂ν , ω = −2x̂µ . (3.5)

These vector fields V then satisfy LV ĝ = 2ωĝ for the conformal factor ω as specified. Then,
after the coordinate transformation (3.2) and Weyl transformation, these are still a basis
for the space of conformal Killing vectors, just with shifted conformal factors; we have
LV g = 2ω̃g, where ω̃ = ω − 1

2R tan
(
x+

2R

)
V + for each vector field V .
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The metric gµν as in (3.4) has a null isometry along the x+ direction. In terms of
the full algebra of conformal Killing vectors (3.5), this is realised by the combination
P+ := P

(6d)
+ + 1

4ΩijM
(6d)
ij + 1

8R2K
(6d)
− , which has vector field representation (P+)∂ = ∂+.

Our next step is to reduce the theory into modes along this x+ direction. At the level
of the symmetry algebra, this amounts to choosing a basis for the space of local operators
which diagonalises P+. Equivalently, we expand all six-dimensional local operators in a
Fourier series in the x+ direction, as will be explored in more detail below.

A mode Op+(x) in such a decomposition satisfies [Op+(x), P+] = −ip+Op+(x), and
hence falls into a representation of the maximal subalgebra h ⊆ so(6, 2) satisfying [h, P+] =
0. We find then that h is isomorphic to a centrally extended su(1, 3), with basis

P+ = P
(6d)
+ + 1

4ΩijM
(6d)
ij + 1

8R2K
(6d)
− ,

P− = P
(6d)
− ,

Pi = P
(6d)
i + 1

2ΩijM
(6d)
j− ,

B = −1
4RΩijM

(6d)
ij ,

CI = 1
4η

I
ijM

(6d)
ij ,

T = D(6d) −M (6d)
+− ,

Mi+ = M
(6d)
i+ − 1

4ΩijK
(6d)
j ,

K+ = K
(6d)
+ , (3.6)

which satisfies the algebra (2.1). The corresponding six-dimensional algebra of vector fields
in terms of the xµ is then

(P+)∂ = ∂+ , ω = 0 ,
(P−)∂ = ∂− , ω = 0 ,

(Pi)∂ = 1
2Ωijx

j∂− + ∂i , ω = 0 ,

(B)∂ = −1
2RΩijx

i∂j , ω = 0 ,(
CI
)
∂

= 1
2η

I
ijx

i∂j , ω = 0 ,

(T )∂ = 2x−∂− + xi∂i , ω = 1 ,

(Mi+)∂ = xi∂+ +
(1

2Ωijx
−xj − 1

8R
−2xjxjxi

)
∂− + x−∂i

+ 1
4(2Ωikx

kxj + 2Ωjkx
kxi − Ωijx

kxk)∂j , ω = 1
2Ωijx

j ,

(K+)∂ = xixi∂+ + (2(x−)2 − 1
8R
−2(xixi)2)∂−

+ (1
2Ωijx

jxkxk + 2x−xi)∂i , ω = 2x− , (3.7)
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which satisfy LV g = 2ωg with ω as given. The five-dimensional vector field representa-
tion (2.4) is then recovered from the push-forward of these vector fields with respect to the
projection map (x+, x−, xi)→ (x−, xi).

Next we consider the mapping of a local operator Ô(x̂+, x̂−, x̂i) on six-dimensional
Minkowski space. Let us perform the coordinate transformation x̂µ → xµ in (3.2) along
with the Weyl transformation ds2 = cos2(x+/2R)dŝ2 which takes us to the Ω-deformed
space and maps Ô(x̂) to

O(x+, x−, xi) = cos−∆(x+/2R)Ô(x̂+(x), x̂−(x), x̂i(x)) , (3.8)

where for simplicity we assumed that Ô is a scalar operator with conformal dimension ∆.
Note that, for operators that satisfy Ô(x̂)→ 0 sufficiently quickly, i.e. faster than 1/|x̂+|∆,
as x̂+ → ±∞ then

O(−πR, x−, xi) = O(πR, x−, xi) = 0 . (3.9)

Such operators, as well as others, can be expanded in a Fourier series on x+ ∈ (−πR, πR).
In particular, the Fourier mode On satisfying [On(x−, xi), P+] = −ip+On = −i nROn, i.e.
p+ = n

R , is given by

On(x−, xi) = 1
2πR

∫ πR

−πR
dx+einx

+/RO(x+, x−, xi)

= 1
2πR

∫ πR

−πR
dx+einx

+/R cos−∆(x+/2R)Ô(2R tan(x+/2R), x̂−(x), x̂i(x))

= (2R)1−∆

π

∫ ∞
−∞

dx̂+ (2R+ ix̂+)n+∆/2−1

(2R− ix̂+)n−∆/2+1 Ô(x̂+, x̂−(x), x̂i(x))

= (−1)n
π

∫ ∞
−∞

du
(u− i)n+∆/2−1

(u+ i)n−∆/2+1 Ô(2Ru, x̂−(x), x̂i(x)) , (3.10)

where we introduced u = x̂+/2R = tan(x+/2R) to simplify the integral. This is still
quite complicated however we can use translational invariance to set x̂i = xi = 0 and
x̂− = x− = 0 so that we have, more simply,

On(0, 0) = (−1)n
π

∫ ∞
−∞

du

(
u− i
u+ i

)n (
1 + u2

)∆/2−1
Ô(2Ru, 0, 0) , (3.11)

whose inverse is

Ô(x̂+, 0, 0) =
(

4R2

4R2 + (x̂+)2

)∆/2 ∑
n∈Z

(
2R− ix̂+

2R+ ix̂+

)n
On(0, 0) . (3.12)

Using this map between operators, we can determine the relationship between the
quantum numbers of an operator Ô(x̂) in six-dimensions and those of its Fourier modes
On(x). We specialise to scalar operators for simplicity so that Ô(x) is wholly characterised
by a scaling dimension ∆6d such that [Ô(x̂), D6d] = (x̂µ∂̂µ + ∆6d)Ô(x̂), and has no spin,
i.e. [Ô(x̂),M6d

µν ] = (x̂µ∂̂ν − x̂ν ∂̂µ)Ô(x̂). Then, using the explicit forms (3.6) we determine
that the Fourier mode On as defined in (3.10) is a scalar operator in a five-dimensional
sense: ROn [B] = ROn [CI ] = 0, with scaling dimension ∆ as defined in (2.6) given simply
by ∆ = ∆6d.
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3.3 2-point functions

Let us consider a 2-point function in the six-dimensional theory of the form

〈
Ô(1)(x̂+

1 , x̂
−
1 , x̂

i
1)Ô(2)(x̂+

2 , x̂
−
2 , x̂

i
2)
〉

= Ĉ12
|x̂1 − x̂2|2∆ , (3.13)

where Ô(1,2) both have scaling dimension ∆. Using the reduction procedure described
above, the five-dimensional 2-point function of the Fourier modes are given by

〈
O(1)
n1 O

(2)
n2

〉
= (−1)n1+n2

π2

∫ ∞
−∞

d2u
2∏

a=1
(ua + i)−na+∆/2−1 (ua − i)na+∆/2−1

× 〈Ô(1)(2Ru1, x̂
−
1 , x̂

i
1)Ô(2)(2Ru2, x̂

−
2 , x̂

i
2)〉

= (−1)n1+n2

π2 Ĉ12

∫ ∞
−∞

d2u
Π2
a=1(ua + i)−na+∆/2−1 (ua − i)na+∆/2−1

(4R(u2 − u1)(x̂−1 − x̂−2 ) + (x̂i1 − x̂i2)2)∆

= (−1)n1+n2 Ĉ12
π2(4R)∆

1
x̃∆

12

∫ ∞
−∞

d2u
Π2
a=1 (ua + i)−na+∆/2−1 (ua − i)na+∆/2−1

(u2 − u1 + (1 + u1u2)ξ12/4R)∆ .

(3.14)

Here and for the rest of this paper, we focus on protected operators in six-dimensions
with ∆ ∈ 2Z, and thus the integrand is free of branch points. Nonetheless, the integral is
ill-defined; it has a whole curve of poles in the u1 − u2 plane, in particular at

u2 = u1 − ξ12/4R
1 + u1ξ12/4R

= v2 . (3.15)

This simply corresponds to the line of points at which the six-dimensional 2-point func-
tion diverges: when the two operators are light-like separated. Thankfully however the
2-point function 〈O(1)

n1 O
(2)
n2 〉 is well-defined, and admits an integral representation given

by a particular regularisation of (3.14). To see this, we note that the Lorentzian 2-point
function (3.13) should more correctly be defined in terms of a Wick rotation of a six-
dimensional Euclidean correlator. By considering this Wick rotation and its effect on the
integral (3.14) more carefully, one determines this regularised integral, and hence a finite
result for 〈O(1)

n1 O
(2)
n2 〉.

The full details of this calculation can be found in appendix A.1, while here we present
a heuristic description of its mechanism, and the answer it produces. At the computa-
tional level, the Wick rotation from Euclidean signature is neatly encapsulated by an iε

prescription, which has the familiar effect of shifting poles in the variables ua off the real
line and into the complex plane. For instance, in (3.14) the effect of this prescription is to
shift the pole at u2 = v2 infinitesimally into the lower-half-plane, hence rendering the u2
integral well-defined, and easily computable by closing the contour in the upper-half-plane
and thus taking only the residue at u2 = i. The u1 integral is then also finite and easily
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computed, to find

〈O(1)
n1 O

(2)
n2 〉 = δn1+n2,0 d (∆, n1) Ĉ12

1
x̃∆

12

(1 + iξ12/4R
1− iξ12/4R

)n1 (
1 + ξ2

12/16R2
)−∆/2

= d(∆, n1)Ĉ12
1

(z12z̄12)∆/2

(
z12
z̄12

)n1

, (3.16)

where the coefficient d(∆, n) is found to be

d(∆, n) = (−2R i)−∆
(
n+ ∆

2 − 1
n− ∆

2

)
, (3.17)

and we have used the following convention for the generalised binomial coefficient here and
throughout;

(
α

n

)
=


α(α−1)...(α−n+1)

n! n > 0
1 n = 0
0 n < 0

, (3.18)

for any α ∈ R, n ∈ Z. From this, we see that the 2-point function in (3.16) vanishes unless
n1 ≥ ∆/2.

Fourier resummation. To verify that our choice of contour regularisation is consistent
we can perform the inverse procedure: resum the five-dimensional 2-point functions (3.16)
to get back to the six-dimensional 2-point function. So once again consider a scalar six-
dimensional operator Ô of scaling dimension ∆ ∈ 2Z. Then, writing x̂12 = x̂1 − x̂2 and
x12 = x1 − x2, we have

〈Ô(1)(x̂1)Ô(2)(x̂2)〉

= cos∆
(
x+

1
2R

)
cos∆

(
x+

2
2R

)
〈O(x1(x̂1))O(x2(x̂2))〉

= cos∆
(
x+

1
2R

)
cos∆

(
x+

2
2R

) ∞∑
n=∆/2

e−inx
+
12/R

〈
On(x−1 ,xi1)O−n(x−2 ,xi2)

〉

= Ĉ12(−2Ri)−∆ cos∆
(
x+

1
2R

)
cos∆

(
x+

2
2R

)
(z12z̄12)−

∆
2

∞∑
n=∆/2

e−inx
+
12/R

(
n+ ∆

2 −1
n−∆

2

)(
z12
z̄12

)n

= Ĉ12

2Ri
(
z̄12e

ix+
12/2R−z12e

−ix+
12/2R

)
cos

(
x+

1
2R

)
cos

(
x+

2
2R

)

−∆

= Ĉ12|−2x̂+
12x̂
−
12+x̂i12x̂

i
12|−∆

= Ĉ12|x̂12|−2∆ , (3.19)

as required. Note, as it is written, the infinite sum in this calculation does not converge.
However the resummation is made precise by recalling the definition of the Lorentzian cor-
relator 〈Ô(1)(x̂1)Ô(x̂2)(2)〉 in terms of the iε prescription (A.1), encoding its Wick rotation
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from Euclidean signature. This in particular replaces e−inx+
12/R → e−(ε1−ε2)n/Re−inx

+
12/R,

and thus ε1 > ε2 ensures the convergence of the sum.
This demonstrates how in principle the correlation functions of the six-dimensional

CFT can be computed from the five-dimensional theory.

3.4 3-point functions

We can now pursue the dimensionally-reduced 3-point function in a similar manner. Let
us start with the six-dimensional 3-point function

〈
Ô(1)(x̂1)Ô(2)(x̂2)Ô(3)(x̂3)

〉
= Ĉ123

|x̂1 − x̂2|2α12 |x̂2 − x̂3|2α23 |x̂3 − x̂1|2α31
, (3.20)

determined up to structure constants Ĉ123, and as in section 2.4,

αab = ∆a + ∆b −
1
2∆T . (3.21)

We can now dimensionally reduce this to verify that it agrees with the solution to the
five-dimensional Ward identity (2.48) and determine Hn1,n2,n3;∆1,∆2,∆3 ≡ H.

Once again, one must appeal to a more detailed treatment of Lorentzian correlators to
perform this calculation, which is given in full detail in appendix A.2. For now, we simply
state the result of this calculation,

〈
O(1)
n1 O

(2)
n2 O

(3)
n3

〉
= δn1+n2+n3,0Ĉ123 (−2R i)−

1
2 (∆1+∆2+∆3) (z12z̄12)−

1
2α12 (z23z̄23)−

1
2α23 (z31z̄31)−

1
2α31

×
∞∑
m=0

(
−n3 − ∆3

2 + α23 −m− 1
−n3 − ∆3

2 −m

)(
n1 − ∆1

2 + α12 −m− 1
n1 − ∆1

2 −m

)(
α31 +m− 1

m

)

×
(
z12
z̄12

)n1−m− 1
2α31 (z23

z̄23

)−n3−m− 1
2α31 (z31

z̄31

)−m− 1
2α31

, (3.22)

where, given z = reiθ, we’ve chosen the branches (zz̄)1/2 = r and
(
z
z̄

)1/2 = eiθ. We
note that the sum terminates at min

(
n1 − ∆1

2 ,−n3 − ∆3
2

)
, and thus as we have a finite,

regularised result.
As with the 2-point function, the binomial coefficients encode the values of

(∆a, na) such that the 3-point function is non-vanishing. We immediately have that〈
O(1)
n1 O

(2)
n2 O

(3)
n3

〉
6= 0 requires n1 ≥ ∆1

2 and n3 ≤ −∆3
2 . We find further constraints if either6

α23 ≤ 0 or α12 ≤ 0. Writing these constraints back in terms of the conformal dimensions
∆a, we in particular have that if ∆1 ≥ ∆2 +∆3 we additionally need n2 = −n1−n3 ≤ −∆2

2 ,
while if ∆3 ≥ ∆2 + ∆1 we additionally need n2 = −n1 − n3 ≥ ∆2

2 .

6At most one of the αab’s can be non-positive.
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We note also that the 3-point function admits a particularly compact form in terms of
a contour integral of a generating function of two variables w1, w2 ∈ C,

〈
O(1)
n1 O

(2)
n2 O

(3)
n3

〉
= δn1+n2+n3,0Ĉ123 (−2R i)−

1
2 (∆1+∆2+∆3)

× (2πi)−2
∮
|w1|<1

dw1

∮
|w1|<1

dw2

(
w
−n1+ ∆1

2 −1
1 w

n3+ ∆3
2 −1

2 (z̄23 − w2z23)−α23

× (z̄12 − w1z12)−α12 (z31 − w1w2z̄31)−α31

)
= δn1+n2+n3,0Ĉ123 (−2R i)−

1
2 (∆1+∆2+∆3)

× Res{w1=0}

[
Res{w2=0}

[
w
−n1+ ∆1

2 −1
1 w

n3+ ∆3
2 −1

2 (z̄23 − w2z23)−α23

× (z̄12 − w1z12)−α12 (z31 − w1w2z̄31)−α31

]]
. (3.23)

Lastly we can compare this result with the general solution (2.48) to ensure the two are
consistent. This is indeed the case and the function Hn1,n2,n3;∆1,∆2,∆3 is determined to be

Hn1,n2,n3;∆1,∆2,∆3

= Ĉ123 (−2R i)−
1
2 (∆1+∆2+∆3)

×
∞∑
m=0

(
−n3 − ∆3

2 + α23 −m− 1
−n3 − ∆3

2 −m

)(
n1 − ∆1

2 + α12 −m− 1
n1 − ∆1

2 −m

)(
α31 +m− 1

m

)

×
(
z12z23z31
z̄12z̄23z̄31

)− 1
2α31+ 1

3 (n1−n3)−m
, (3.24)

where, without loss of generality, we use the overall factor of δn1+n2+n3,0 in
〈
O(1)
n1 O

(2)
n2 O

(3)
n3

〉
to write Hn1,n2,n3;∆1,∆2,∆3 in terms of only n1 and n3. We indeed see that as required,
Hn1,n2,n3;∆1,∆2,∆3 depends only on the argument of the product z12z23z31.

Fourier resummation. As we did for the 2-point function, we can verify the validity of
our result (3.22) by performing the inverse Fourier transform to recover the six-dimensional
3-point function (3.20). So, consider three six-dimensional operators Ô(1), Ô(2), Ô(3) with
scaling dimensions ∆1,∆2,∆3 ∈ 2Z, respectively. Then, writing x̂ab = x̂a − x̂b and
xab = xa − xb, we have

〈Ô(1)(x̂1)Ô(2)(x̂2)Ô(3)(x̂3)〉

= Ĉ123 (−2R i)−
1
2 (∆1+∆2+∆3) (z̄12)−α12 (z̄23)−α23 (z31)−α31

× cos∆1

(
x+

1
2R

)
cos∆2

(
x+

2
2R

)
cos∆3

(
x+

3
2R

)
e−i∆1x

+
12/2Re−i∆3x

+
23/2RS , (3.25)
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where

S =
∞∑
m=0

∞∑
n1=0

∞∑
n3=0

e−in1x
+
12/Re−in3x

+
23/R

×
(
n3 + α23 −m− 1

n3 −m

)(
n1 + α12 −m− 1

n1 −m

)(
α31 +m− 1

m

)

×
(
z12
z̄12

)n1−m (z23
z̄23

)n3−m (z31
z̄31

)−m
=
(

1− z̄31
z31

eix
+
31/R

)−α31 (
1− z12

z̄12
e−ix

+
12/R

)−α12 (
1− z23

z̄23
e−ix

+
23/R

)−α23

. (3.26)

Hence, we find7

〈
Ô(1)(x̂1)Ô(2)(x̂2)Ô(3)(x̂3)

〉
= Ĉ123

3∏
a<b

2R i
(
z̄abe

ix+
ab
/2R − zabe−ix

+
ab
/2R
)

cos
(
x+
a

2R

)
cos

(
x+
b

2R

)

−αab

= Ĉ123|x̂12|−2α12 |x̂23|−2α23 |x̂31|−2α31 , (3.27)

as required.

3.5 4-point functions

In the six-dimensional CFT, 4-point functions can be written in terms of general functions
of two conformal cross ratios:

û = x̂2
12x̂

2
34

x̂2
13x̂

2
24
, v̂ = x̂2

14x̂
2
23

x̂2
13x̂

2
24
. (3.28)

Although 4-point functions are not fixed by conformal symmetry, they are heavily con-
strained by crossing symmetry. Under 1↔ 3 exchange, they transform as follows:

(û, v̂)→ (v̂, û) . (3.29)

Under 1↔ 2 exchange they transform as

(û, v̂)→ (û/v̂, 1/v̂) . (3.30)

For instance, consider a Lorentzian correlator of four scalar operators with identical scaling
dimensions. In this case, the general solution to the conformal Ward identities is

〈Ô(1)(x̂1)Ô(2)(x̂2)Ô(3)(x̂3)Ô(4)(x̂4)〉 = G(û, v̂)(
x̂2

13x̂
2
24
)∆ , (3.31)

7As we saw at 2-point, the precise way to perform this resummation is to once again shift x+
a → x+

a − iεa
as defined in by the iε prescription (A.1). It is then straightforwardly seen that the strict ordering ε1 >
ε2 > ε3 > 0 ensures that all three infinite sums converge.
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where G is an unspecified function. Invariance under crossing implies the following con-
straints on G:

x1 ↔ x3 : G(û, v̂) = G(v̂, û)
x1 ↔ x2 : G(û/v̂, 1/v̂) = v̂∆G(û, v̂) . (3.32)

Since 4-point functions are not fixed by symmetries, in order to proceed without making
an assumption about dynamics we will consider disconnected correlators in a generalised
free theory. Generalised free correlators are defined as those that decompose into products
of 2-point correlators, and can be formally defined in theories like the six-dimensional (2, 0)
theory [20]. Given a four six-dimensional scalar operators Ô(a)(x̂a) with scaling dimensions
∆a, the disconnected free 4-point function is〈

Ô(1)Ô(2)Ô(3)Ô(4)〉 =
∑

(ab,cd)∈I

〈
Ô(a)Ô(b)〉〈Ô(c)Ô(d)〉 , (3.33)

where we have suppressed the dependence on the x̂a. Here, we denote by I the index set
I = {(13, 24), (12, 34), (14, 23)}.8

We can proceed to then calculate the corresponding 4-point functions of the Fourier
modes of the Ô(a). As we did at 2- and 3-points, we can determine

〈
O(1)
n1 O

(2)
n2 O

(3)
n3 O

(4)
n4

〉
as

an integral over variables ua of the iε-regulated six-dimensional 4-point function. One finds
however that the integrand and ordering of the εa are such that the expression factorises
into pairs of the integral expression for the 2-point function (A.3). All of this is to say, the
factorisation persists in the same form at the level of Fourier modes in the five-dimensional
theory; we have 〈

O(1)
n1 O

(2)
n2 O

(3)
n3 O

(4)
n4

〉
=

∑
(ab,cd)∈I

〈
O(a)
na O

(b)
nb

〉〈
O(c)
ncO

(d)
nd

〉
, (3.34)

in terms of the 2-point functions (3.16) we have already determined. This in particular
vanishes unless there exists two pairs of the na, say (na, nb) and (nc, nd), each obeying p+
momentum conservation independently: na + nb = 0, nc + nd = 0.

We note that this result is consistent with the general Ward identity solution (2.62)
for the 4-point function, and hence determines the function H, but we omit details of this
calculation.

For the sake of clarity, we finally consider a particular example of the generalised free
4-point function of Fourier modes, in which all of the scaling dimensions are equal, ∆a = ∆,
and all P+ momenta are of equal magnitude, |na| = n ≥ ∆/2. Up to normalisation, this
corresponds simply to

〈
Ô(1)Ô(2)Ô(3)Ô(4)〉 = 1(

x̂2
12x̂

2
34
)∆ + 1(

x̂2
14x̂

2
23
)∆ + 1(

x̂2
13x̂

2
24
)∆ . (3.35)

8Note that the ordering of operators in the 2-point functions is fixed by that of the operators in the
4-point function, which can be seen explicitly by defining Lorentzian correlators in terms of suitable iε-
regulated Wick rotated Euclidean correlators as in (A.1).

– 23 –



J
H
E
P
0
3
(
2
0
2
1
)
0
5
3

Using (3.34) as well as the vanishing conditions on 2-point functions, we find only two
orderings of operators such that their 4-point functions are non-zero. Firstly, we have〈
O(1)
n O(2)

n O
(3)
−nO

(4)
−n
〉

=
〈
O(1)
n O

(3)
−n
〉〈
O(2)
n O

(4)
−n
〉

+
〈
O(1)
n O

(4)
−n
〉〈
O(2)
n O

(3)
−n
〉

∝
(
x′13x

′
24
)−∆

ein(ξ′
13+ξ′

24)/2R +
(
x′14x

′
23
)−∆

ein(ξ′
14+ξ′

23)/2R , (3.36)

which has a manifest Z2 × Z2 crossing symmetry corresponding to x1 ↔ x2 and x3 ↔ x4.
Secondly, we have 〈

O(1)
n O

(2)
−nO(3)

n O
(4)
−n
〉

=
〈
O(1)
n O

(2)
−n
〉〈
O(3)
n O

(4)
−n
〉

∝
(
x′12x

′
34
)−∆

ein(ξ′
12+ξ′

34)/2R , (3.37)

which has a manifest Z2 crossing symmetry corresponding to the simultaneous swap
(x1, x2) ↔ (x3, x4). We further that see that there is no crossing relation between these
two results, which is evident from their representation in terms of 2-point functions.

Using the parameterisation in (2.56), these non-zero results correspond to

G++−− = einλ2/4R
(
1 + e−inλ2/2Rv−∆

)
G+−+− = e−inλ3/4Ru−∆ . (3.38)

We indeed see that G++−− is for instance invariant under the x1 ↔ x2 crossing transfor-
mation (2.57).

3.6 Comparison with the five-dimensional theory

Earlier in this section we obtained the correlation functions between the Fourier modes
of six-dimensional operators. We explicitly saw at 2- and 3-points that the resulting cor-
relation functions solved the five-dimensional SU(1, 3) Ward identities. Furthermore the
reduction of the 3-point function determined the form of the function H in (2.48). The
reduction required a careful regularisation using an iε prescription of various contour inte-
grals. To confirm our analysis at 2- and 3- points we showed how the full six-dimensional
correlation functions could be reconstructed from an infinite sum over five-dimensional cor-
relation functions labelled by the Fourier mode number n. Conversely this gives hope that
the five-dimensional gauge theory is sufficient to compute observables in the six-dimensional
CFT, albeit non-perturbatively. With this in mind we would like to make some comments
about this identification.

In five-dimensional Lagrangian theories the action appears with a coupling constant

S = 1
g2

YM

∫
dx−d4xL , (3.39)

here g2
YM has dimensions of length so that the theory is always strongly coupled at short

distances. It is natural to interpret the Fourier mode number as the instanton number

n = 1
8π2

∫
d4xtr(F ∧ F ) , (3.40)
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arising from the topological U(1) current JI which must therefore be normalised to

JI = 1
8π2R

? tr(F ∧ F ) . (3.41)

Thus we see that g2
YM ∝ R.

With this identification in place we note that the five-dimensional N -point correlators
naturally spilt into a perturbative piece, with power-law decay determined by the scaling
dimension, and an oscillating non-perturbative contribution controlled by the instanton
number. The observation that only modes with n ≥ ∆/2 contribute to the six-dimensional
2-point function implies that only anti-instantons can propagate and also that zero-modes
do not contribute. This is consistent with the fact that the six-dimensional self-duality con-
dition on the three-form restricts us to anti-self-dual gauge fields in the five-dimensional
theory. In addition it would seem that the purely perturbative sector of the five-dimensional
theory does not contribute to the 2-point functions of the six-dimensional theory. Further-
more if we construct the operators from scalar fields of naive scaling dimension 2 this
suggests that we need at least one Fourier mode per scalar field.

In appendix C, we will carry out the analogous calculation in the DLCQ limit and
demonstrate a close analogy with the non-relativistic limit of the Feynman propagator, for
which anti-particles don’t propagate.

4 Recovering the DLCQ description

We now investigate an interesting limit of our construction, in which our operators and
their correlators become those of six-dimensional Minkowski space compactified on a null
direction.

It is helpful to first reiterate our geometric set-up. We have coordinates (x+, x−, xi)
which cover six-dimensional Minkowski space R1,5, as defined in (3.2). While x−, xi are
non-compact coordinates, x+ runs over a finite interval x+ ∈ (−πR, πR). In the limit
R → ∞, the transformation (3.2) degenerates and (x+, x−, xi) become normal lightcone
coordinates on R1,5.

We now consider splitting the interval x+ ∈ (−πR, πR) into k ∈ N subintervals each of
length 2πR/k = 2πR+ where R+ = R/k, as depicted in figure 1. We can then reduce our
space of operators to only those which repeat on each subinterval; in other words, those
satisfying O(x+ + 2πR+) = O(x+). This defines a Zk orbifold of our geometry, and the
theory living on it.

Following our discussion in section 3.6, from the perspective of the five-dimensional
theory, such an orbifold corresponds to taking coupling

g2
YM ∝ R/k , (4.1)

such that the n-instanton configuration is now identified with the (kn)th Fourier mode.
Hence, taking k � 1 pushes the strong coupling regime to distances R/k � R, and so can
be viewed as a sort of weak coupling limit.
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. .
.

2πR+ = 2πR/k

2πR

x+x−, xi

Figure 1. The Zk orbifold of the x+ ∈ (−πR, πR) interval.

Let us briefly comment on the holographic interpretation of this orbifold, in the case
that the six-dimensional CFT is the (2, 0) superconformal theory, dual to M-theory on
AdS7 × S4. Viewing AdS7 as a circle fibration over a non-compact CP 3, one identifies x+

as the coordinate along the fibre [5]. Hence, the Zk orbifold we have described, in which
the space of operators is restricted to those with periodicity 2πR+, corresponds to the
same Zk orbifold of this fibration. This is how the holograhic duality is defined for k > 1.
We note that this is analogous to what was done in the context of M2-brane theories [11],
where the dual geometry is AdS4 × S7 and the S7 is thought of as a circle fibration of a
compact CP 3, which is then subjected to a Zk orbifold. In that case however, the orbifold
was implemented by rescaling the fibre coordinate by 1/k, and in the limit k → ∞, the
bulk theory reduced to IIA string theory on AdS4 × CP 3.

Given this Zk orbifold, we now consider the combined limit in which we take R→∞
and k → ∞ while holding R+ = R/k fixed. In this limit,

(
x+, x−, xi

)
become standard

lightcone coordinates on R1,5, but all operators must be periodic with period 2πR+ along
the null direction x+. In other words, we arrive at a null compactification x+ ∼ x+ +2πR+
of Minkowski space, a background first considered for the M5-brane in the DLCQ proposal
of [10, 11]. For this reason, we will refer to this combined limit as the DLCQ limit.

We note that the maximally supersymmetric Lagrangian SU(1, 3) theory [5, 36] sim-
plifies in the DLCQ limit. The resulting theory’s dynamics are constrained to the moduli
space of anti-self-dual gauge fields in R4 [37], in line with the original DLCQ proposal for
the M5-brane.

In the remainder of this section, we will investigate the behaviour of correlators in
the DLCQ limit. Mirroring our analysis of the finite R theory, we will first explore the
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constraining power of (bosonic) symmetries on the correlators of Fourier modes on a null
compactification, recovering and extending the results of [11].

We will then seek the precise form of these five-dimensional Fourier mode correla-
tors by dimensionally reducing known six-dimensional correlators. Equivalently, this will
determine necessary conditions on a five-dimensional theory with the correct symmetries
to admit a six-dimensional interpretation. Although this calculation can in principle be
performed in a way analogous to the dimensional reduction performed at finite R in sec-
tion 3, in practice one encounters divergences essentially due to the infinite range of x+

as we approach R → ∞. We will therefore pursue the five-dimensional DLCQ correlators
by considering the DLCQ limit of our results at finite R, determining the leading order
asymptotics of the 2-point, 3-point and some special 4-point functions.

In appendix C, we present an alternative derivation of the DLCQ asymptotics of corre-
lators, in which the dimensional reduction from six dimensions is performed from scratch.
In doing so, we point out some analogies between the iε prescription used at finite R and
the standard non-relativistic limit of Lorentzian theories.

4.1 Ward identity constraints on correlators

We first suppose that we lie exactly at the DLCQ limit. Then,
(
x+, x−, xi

)
are standard

lightcone coordinates on R1,5, but with periodic null coordinate x+ ∼ x+ + 2πR+. We first
determine and solve the Ward identities which constrain the correlators of Fourier modes
on this compact null direction x+. At the level of symmetries, this once again simply
corresponds to choosing a basis of operators which diagonalise the translation (P+)∂ = ∂+.
Such operators then fall into representations of the maximal subalgebra of so(2, 6) that
commutes with P+.

This subalgebra is guaranteed to include 16 generators obtained by simply taking
the R → ∞ of our su(1, 3) generators at finite R. In fact the algebra is enhanced as
R→∞ by an additional 2 generators, corresponding to the subalgebra of spatial rotations
u(1) ⊕ su(2) = span

{
B,CI

}
of rotations which preserve Ωij becoming the full su(2) ⊕

su(2) ∼= so(4) [6]. Hence, the correlators of Fourier modes on the compact null direction
x+ are constrained by the Ward identities corresponding to 18 symmetry generators in
total. We now present the general solution to these Ward identities.

An operator ODCLQ on our null compactified geometry can be written as a sum of
Fourier modes ODCLQ

n , with P+ eigenvalues [ODCLQ
n , P+] = −i (n/R+)ODCLQ

n . The 2-
point function of such operators is then completely fixed by the Ward identities to be

〈
O(1),DCLQ
n1

(
x−1 , x

i
1

)
O(2),DCLQ
n2

(
x−2 , x

i
2

)〉
∝ δn1+n2,0δ∆1,∆2

(
x−12

)−∆1 exp
(
in1
2R+

|xi12|2

x−12

)
,

(4.2)

as was first found in [11]. We note in particular that in contrast to the result at finite R,
there is no longer any spatial power-law decay.
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At 3-points, the general solution is〈
O(1),DCLQ
n1

(
x−1 , x

i
1

)
O(2),DCLQ
n2

(
x−2 , x

i
2

)
O(3),DCLQ
n3

(
x−3 , x

i
3

)〉
∝

 3∏
a<b

(
x−ab

) 1
2 ∆T−∆a−∆b

ei(na−nb)ξab/6R+

H (ξ12 + ξ23 + ξ31) , (4.3)

where H is a general function of one variable, and we abuse notation slightly by using ξab
to denote the DLCQ limit of ξab at finite R,

ξab = lim
R→∞

(
|xiab|2

x−ab + 1
2Ωijxiax

j
b

)
= |x

i
ab|2

x−ab
. (4.4)

More generally, at N -points we have〈
O(1),DCLQ
n1

(
x−1 , x

i
1

)
. . .O(N),DCLQ

nN

(
x−N , x

i
N

)〉
∝

 N∏
a<b

(
x−ab

)−αab
ei(na−nb)ξab/2NR+

H (
x−abx

−
cd

x−acx
−
bd

, ξab + ξbc + ξca

)
, (4.5)

where the αab = αba satisfy ∑b 6=a αab = ∆a for each a = 1, . . . , N .

4.2 Correlators from six dimensions

We now repeat our analysis from section 3 and consider the dimensional reduction of
known six-dimensional correlators to determine the correlators of Fourier modes on a null
compactification exactly

Suppose first that we lie exactly at the DLCQ point k,R → ∞. Given an operator
O on the non-compact spacetime, the naive construction for an operator ODLCQ on the
null-compactified space x+ ∼ x+ + 2πR+ is then a sum over images,

ODLCQ
(
x+, x−, xi

)
=
∑
s∈Z
O
(
x+ + 2πR+s, x

−, xi
)
. (4.6)

The utility of this formulation is that we know the correlation functions of the operators
O. However, we soon run into issues if we try to use them to write down the correlation
functions of our new compactified operators. In particular, for a generic N -point function
we have〈

O(1),DLCQ
(
x+

1

)
O(2),DLCQ

(
x+

2

)
. . .O(N),DLCQ

(
x+
N

)〉
=
∑
sa∈Z

〈
O(1)

(
x+

1 + 2πR+s1
)
O(2)

(
x+

2 + 2πR+s2
)
. . .O(N)

(
x+
N + 2πR+sN

)〉
=
∑
s̃a∈Z

〈
O(1)

(
x+

1

)
O(2)

(
x+

2 + 2πR+s̃2
)
. . .O(N)

(
x+
N + 2πR+s̃N

)〉
, (4.7)

where a = 1, . . . , N , and we have suppressed dependence on the coordinates x−a , xia. Here,
we have used the translational symmetry of the six-dimensional correlators in the x+ di-
rection to move the first operators to x+

1 for every term in the multiple sums. Hence, the
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terms being summed over have no dependence on s̃1, yet we still sum over all s̃1, intro-
ducing a divergence. Hence, the decomposition is ill-defined, and requires regularisation.
Crucially, we do not encounter this divergence in the finite k,R theory, simply due to the
finite range of x+ ∈ (−πR, πR). We can therefore regularise the DLCQ N -point function
by approaching from finite k,R more carefully.

So consider the behaviour of correlators at finite k,R as we approach the DLCQ limit.
We begin with the theory at finite R, and perform the Zk orbifold as defined at the
beginning of section 4. This amounts to restricting to operators Oorb on our interval
x+ ∈ (−πR, πR) which have periodicity 2πR+ = 2πR/k. Such an operator can be written
in terms of an operator O on the un-orbifolded spacetime by once again summing over
images; but now, only k images need to be summed over. As a formal device to simplify
notation, we let x+ be a periodic coordinate x+ ∼ x+ + 2πR. Then, this sum of images is
written simply as

Oorb
(
x+, x−, xi

)
=

k−1∑
s=0
O
(
x+ + 2πR+s, x

−, xi
)
. (4.8)

We can now once again seek the correlators of these compactified operators in terms of the
known correlations of the O. We have in particular,〈

O(1),orb
(
x+

1

)
O(2),orb

(
x+

2

)
. . .O(N),orb

(
x+
N

)〉
=

k−1∑
sa=0

〈
O(1)

(
x+

1 + 2πR+s1
)
O(2)

(
x+

2 + 2πR+s2
)
. . .O(N)

(
x+
N + 2πR+sN

)〉

=
k−1∑
s̃a=0

〈
O(1)

(
x+

1

)
O(2)

(
x+

2 + 2πR+s̃2
)
. . .O(N)

(
x+
N + 2πR+s̃N

)〉

= k
k−1∑
s̃a=0
a 6=1

〈
O(1)

(
x+

1

)
O(2)

(
x+

2 + 2πR+s̃2
)
. . .O(N)

(
x+
N + 2πR+s̃N

)〉
. (4.9)

We have utilised translational invariance, so that the summation variable that drops out
contributes a multiplicative factor of k. Note, this use of translational invariance, in par-
ticular the x+ translations invariance of the N -point function of the O’s, is slightly subtle.
While ∂/∂x+ is not an isometry of six-dimensional Minkowski space, it is an isometry of
the Weyl rescaled metric dsΩ, on which the O are defined. Hence, this use of translational
invariance is valid, as can be verified by assessing the functional forms of our known results.

Unsurprisingly, the N -point function diverges at large k due to the overall factor of k.
In this way, k provides a regulator for the divergence encountered in (4.7). It does however
make sense to consider an asymptotic expansion of the N -point function of orbifolded
operators as k → ∞. In particular, we find that the 2-point function has leading order
behaviour〈

O(1),orb
(
x+

1

)
O(2),orb

(
x+

2

)〉
∼ k

∑
s∈Z

〈
O(1)

(
x+

1

)
O(2)

(
x+

2 + 2πR+s
)〉

, (4.10)
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where the coefficient of this leading order term is straightforwardly seen to converge by the
known functional form of the 2-point function. Similarly, at 3-points we have〈

O(1),orb
(
x+

1

)
O(2),orb

(
x+

2

)
O(3),orb

(
x+

3

)〉
∼ k

∑
sa∈Z

〈
O(1)

(
x+

1

)
O(2)

(
x+

2 + 2πR+s1
)
O(3)

(
x+

3 + 2πR+s2
)〉

, (4.11)

where once again, the function form of the 3-point function guarantees convergence of this
leading order coefficient.

At higher points, we generically encounter yet more divergent behaviour, corresponding
to the orbifolding of correlators with additional degrees of translational symmetry. This is
explored in more detail in section 4.2.3.

We can finally consider the behaviour of the five-dimensional correlators of Fourier
modes as we approach the DLCQ limit. Using the definition (4.8) of Oorb in terms of
images of the operator O, we find the expansion

Oorb
(
x+, x−, xi

)
=
∑
n

e−inx
+/R+ Oorb

n (x−, xi) =
∑
n

e−inx
+/R+

(
kOkn(x−, xi)

)
, (4.12)

in terms of the Fourier modes of O, i.e. Oorb
n = kOkn. Then, the six-dimensional orbifolded

N -point function is reconstructed from Fourier mode correlators by〈
O(1),orb

(
x+

1

)
O(2),orb

(
x+

2

)
. . .O(N),orb

(
x+
N

)〉
=
∑
na∈Z

exp
(
− i

R+

∑
anax

+
a

)〈
O(1),orb
n1 O(2),orb

n2 . . .O(N),orb
nN

〉
=
∑
na∈Z

exp
(
− i

R+

∑
anax

+
a

)(
kN

〈
O(1)
kn1
O(2)
kn2

. . .O(N)
knN

〉 )
, (4.13)

where the sum over Fourier modes is regulated by the iε prescription (A.1). We there-
fore have a formula by which to reconstruct six-dimensional correlators on the orbifolded
spacetime from the five-dimensional correlators of the (kn)th Fourier modes of O, which
we have already calculated at 2-points (3.16), 3-points (3.22), and for a particular example
at 4-points (3.34). We now present the leading order asymptotics of these results at large
k, which can be used to define the DLCQ limit of the theory.

Note, appendix C presents an alternative derivation of the leading order asymptotics of
correlators as we approach the DLCQ limit, by considering the null dimensional reduction
for six-dimensions from scratch.

4.2.1 2-point functions

The six-dimensional 2-point function
〈
O(1),orbO(2),orb

〉
is decomposed into a sum over

Fourier mode correlators
〈
O(1),orb
n1 O(2),orb

n2

〉
, which are then in turn determined in terms of

Fourier mode correlators in the un-orbifolded theory. We are concerned with the leading
order asymptotics of these correlators at large k, which from (4.10) are determined to
appear at order k.
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We find that
〈
O(1),orb
n1 O(2),orb

n2

〉
vanishes, unless ∆1 = ∆2 = ∆ and n1 = −n2 = n > 0.

In this case, we find the leading order asymptotics

〈
O(1),orb
n O(2),orb

−n
〉

= k2〈O(1)
kn (x1)O(2)

−kn(x2)
〉

∼ k Ĉ∆ (2R+i)−∆ n∆−1

Γ(∆)
(
x−12

)−∆
exp

(
in

2R+

|xi12|2

x−12

)
, (4.14)

which is indeed consistent with the general solution (4.2) to the DLCQ Ward identities.

4.2.2 3-point functions

The result at 3-points is most straightforwardly approached from the generating function
representation (3.23) for the 3-point function at finite k. The resulting 3-point functions
〈O(1),orb

n1 (x1)O(2),orb
n2 (x2)O(3),orb

n3 (x3)〉 = k3〈O(1)
kn1

(x1)O(2)
kn2

(x2)O(3)
kn3

(x3)〉 vanish, unless n1 +
n2 + n3 = 0, n1 > 0 and n3 < 0. In this case, we find the large k asymptotics,

〈O(1),orb
n1 (x1)O(2)

−n1−n3(x2)O(3)
n3 (x3)〉

∼ k Ĉ123 (2R+i)−
1
2 (∆1+∆2+∆3)

(
x−12

)−α12 (
x−23

)−α23 (
x−31

)−α31 exp
(
in1
2R+

ξ12−
in3
2R+

ξ23

)

×Res{w1=0}Res{w2=0}



(
en3w2−n1w1w−α12

1 w−α23
2

(
w1+w2−

i

2R+
(ξ12+ξ23+ξ31)

)−α31
)

+



exp
(
in3
2R+

(ξ12+ξ23+ξ31)
)
en3w2−(n1+n3)w1w−α12

1 w−α31
2

×
(
w2−w1+ i

2R+
(ξ12+ξ23+ξ31)

)−α23

if n1+n3≥ 0

exp
(
− in1

2R+
(ξ12+ξ23+ξ31)

)
e(n1+n3)w1−n1w2w−α23

1 w−α31
2

×
(
w2−w1+ i

2R+
(ξ12+ξ23+ξ31)

)−α12

if n1+n3< 0


,

(4.15)

where once again the O(k) behaviour is as expected from (4.11). This result is easily shown
to be consistent with the general solution (4.3) for the 3-point function to the DLCQ Ward
identities, and hence determines the function H, although we omit the details of this
calculation.

As we saw at finite k,R, the 3-point function takes on special forms if any of the
αa ≤ 0. In this DLCQ limit, we see this simply as the generating function reducing to a
single term. Further, it is straightforward to see that if ∆1 ≥ ∆2 + ∆3, then a non-zero
3-point function requires n2 = −n1 − n3 < 0, while if ∆3 ≥ ∆2 + ∆1, then a non-zero
3-point function requires n2 = −n1 − n3 > 0. Otherwise, the 3-point function is non-zero
for all n1 > 0, n3 < 0.
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4.2.3 4-point and higher-point functions

We can finally investigate the behaviour of the generalised free 4-point function (3.33) as
we approach the DLCQ limit of large k. The form of the 4-point function, and in particular
it’s representation in terms of disconnected diagrams, leads to an overall O(k2) asymptotic
behaviour at large k, rather than the O(k) behaviour encountered at 2- and 3-points.

To see this, consider the 4-point function of orbifolded operators,〈
O(1),orb

(
x+

1

)
O(2),orb

(
x+

2

)
O(3),orb

(
x+

3

)
O(4),orb

(
x+

4

)〉
= k

k−1∑
sa=0
a=1,2,3

〈
O(1)

(
x+

1

)
O(2)

(
x+

2 +2πR+s1
)
O(3)

(
x+

3 +2πR+s2
)
O(4)

(
x+

4 +2πR+s3
)〉

.

(4.16)

However, the form of
〈
Ô(1)Ô(2)Ô(3)Ô(4)〉 implies the same factorisation for the (coordinate

and Weyl) transformed operators O(a), namely〈
O(1)O(2)O(3)O(4)〉 =

∑
(ab,cd)∈I

〈
O(a)O(b)〉〈O(c)O(d)〉 , (4.17)

which also persists for the orbifolded operators,〈
O(1),orb

(
x+

1

)
O(2),orb

(
x+

2

)
O(3),orb

(
x+

3

)
O(4),orb

(
x+

4

)〉
= k2 ∑

(ab,cd)∈I

k−1∑
sa=0
a=1,2

〈
O(a)

(
x+
a

)
O(b)

(
x+
b + 2πR+s1

)〉〈
O(c)

(
x+
c

)
O(d)

(
x+
d + 2πR+s2

)〉

=
∑

(ab,cd)∈I

〈
O(a),orb

(
x+
a

)
O(b),orb

(
x+
b

)〉〈
O(c),orb

(
x+
c

)
O(d),orb

(
x+
d

)〉
. (4.18)

Since we have
〈
O(a),orb (x+

a

)
O(b),orb

(
x+
b

)〉
= O(k) as k → ∞, we see that the 4-point

function goes as k2. In other words, the additional degree of x+ translational symmetry
enjoyed by the terms of the generalised free correlator gives rise to an additional degree of
divergence as we approach the DLCQ limit k →∞.

We can similarly consider the large k asymptotics of the Fourier modes of the 4-point
function, as determined in (4.13). Making use of the factorisation (3.34) of the Fourier
mode 4-point function at finite k, have simply〈

O(1),orb
n1 O(2),orb

n2 O(3),orb
n3 O(4),orb

n4

〉
= k4〈O(1)

kn1
O(2)
kn2
O(3)
kn3
O(4)
kn4

〉
=

∑
(ab,cd)∈I

(
k2〈O(a)

kna
O(b)
knb

〉)(
k2〈O(c)

knc
O(d)
knd

〉)
, (4.19)

where the large k asymptotics of the right-hand-side are given by (4.14). One can further
check that this result is consistent with the general solution (4.5) to the DLCQ Ward
identities, and hence determines the function H, although we omit the details of this
calculation.
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We finally make some comments on the situation at higher points. Following (4.9),
we see that the general N -point function goes at least as k in the DLCQ limit. But in a
generalisation of our analysis of the generalised free 4-point function, we find that if a N -
point function factorises into A connected sub-correlators, then the leading order behaviour
is in fact at order kA.

5 Conclusion

In this paper we studied scalar correlators of five-dimensional non-Lorentzian theories with
a centrally extended SU(1, 3) conformal symmetry. Examples of such theories have recently
been constructed in [5, 6, 16] as Ω-deformed Yang-Mills Lagrangian theories. In particular
we solved the Ward identities for general N -point functions. Although the SU(1, 3) sym-
metry is weaker than the full Lorentzian conformal group in five dimensions it nevertheless
imposes significant constraints on the correlation functions. For example we saw that there
was a natural holomorphic structure similar to two-dimensional CFT’s. In particular the
generic N -point function factorises into holomorphic and anti-holomorphic parts, which are
determined by the conformal dimension and central extension, along with a single undeter-
mined function of conformal invariants. At 2-points there are no such conformal invariants,
there is one at 3-points and five at 4-points. Furthermore the correlators have a power-
law decay as well as an oscillating contribution. From the point of view of a Lagrangian
description these appear to have perturbative and non-perturbative origins respectively.

Another aim of this paper has been to show how, at least in principle, features of a
six-dimensional CFT can be computed from a five-dimensional Lagrangian theory. Indeed
the theories obtained in [5, 6, 16] arose from considering (2, 0) and (1, 0) theories on the
conformally compactified spacetime (3.4). In particular we explicitly showed that corre-
lation functions of the Fourier components of six-dimensional operators, as computed in
the six-dimensional theory, solved the five-dimensional Ward identities. Conversely one can
therefore use an infinite sum over correlators of the five-dimensional theory to reconstruct a
six-dimensional correlator. Thus there is a reasonable hope that the Lagrangians of [5, 6, 16]
define six-dimensional conformal field theories with (2, 0) and (1, 0) supersymmetry.

On the other hand one need not expect that all five-dimensional theories with SU(1, 3)
spacetime symmetry arise from reduction of a six-dimensional conformal field theory (for
example in the above constructions there is no restriction on the choice of gauge group which
is expected for six-dimensional CFT’s). Thus it is interesting to see what the conditions are
for such a five-dimensional theory to lift to six dimensions. One such restriction comes from
the form of the correlation functions which are only determined in the five-dimensional the-
ory up to constant C∆,n, for 2-point functions, and a function Hn1,n2,n3;∆1,∆2,∆3 in the case
of 3-point functions. However, the reduction of the six-dimensional 2-point and 3-point
correlation functions leads to precise predictions for these, determined entirely by two
constants Ĉ12 and Ĉ123 which appear in the six dimensional 2-point and 3-point functions,
respectively. We have also shown that 4-point disonnected free correlators in six-dimensions
reduce to disconnected free correlators in five-dimensions, defined by decomposition into 2-
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point functions, although we note that the five dimensional 2-point functions contain instan-
ton contributions so are not necessarily free from the point of view of the Lagrangian theory.

In order to perform the dimensional reduction, we invoked an iε prescription to regulate
the Fourier mode integrals. This encodes the six-dimensional time ordering and implies
intricate constraints on the five-dimensional correlators. For example the sum of Fourier
momentum modes from right to left can never go positive, which implies that only anti-
instantons can propagate in the gauge theory. Morever at 2-points, each operator must
satisfy |n| ≥ ∆/2 so the perturbative zero instanton number sector does contribute. At
higher points, we find more complicated constraints.

Our construction also allows for a Zk orbifold which leads to weak coupling in the
five-dimensional gauge theory. This is analogous to the weak coupling limit in ABJM.
Furthermore combining this with a decompactification limit R→∞ such that R/k = R+
is fixed sets Ωij = 0 and leads to a DLCQ picture, where the x+ direction of ordinary
six-dimensional Minkowski space is periodically identified. In this scenario our correlation
functions reduce to DLCQ correlators. We reproduced the form of the 2-point function
given in [11] and generalised it to N -points (see also [30] for 2- and 3-points). Furthermore
setting Ωij = 0 in the five-dimensional Lagrangian field theories [5, 6, 16] leads to a con-
straint that localises the gauge fields to anti-self-dual connections on R4 [36]. Therefore
the dynamics reduces to quantum mechanics on instanton moduli space [37], in line with
the proposals of [10, 11].

Let us now close with some additional comments on future work. In this paper we re-
stricted our attention to scalar operators where the scaling dimension was an even integer,
i.e. protected operators. A related point is that these theories have a large amount of super-
symmetry which we have not exploited here (apart from ensuring that such protected oper-
ators exist). It would be interesting to extend our analysis to include the constraints of su-
persymmetry and consider more general operators where one must deal with the associated
branch cuts. Furthermore our discussion of 4-point correlators was rather general and so
less specific. It would be interesting to consider a particular theory, such as (2, 0) expanded
in large-N , and examine its 4-point correlators in greater detail. In addition one might try
to match with Witten diagrams in AdS7×S4, where AdS7 is thought of as a fibration over
non-compact CP 3 and external states have mode number kn, n ∈ Z along the fibre.

It may also be interesting to examine defects from the construction presented here.
In particular one could look for solutions to the conformal Ward identities for 2-point
functions on semi-infinite space as was done for Ωij = 0 in [30] within the context of
condensed matter physics. From the M5-brane point of view we could try to make contact
with the defects considered in [38, 39].

In order to reconstruct six-dimensional correlators from the five-dimensional theory
we need to better understand the non-perturbative structure of the theory and in partic-
ular how to construct operators with non-vanishing instanton number and compute their
correlation functions. To this end it would interesting to examine the role that instanton
operators [8, 9] or related objects play. In addition for Ωij 6= 0 the constraints impose a
novel anti-self-duality condition on the gauge fields which allows for dependence on x− and
it would be interesting to explore the solutions [40].
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More generally, it would be interesting to explore theories with SU(1, d/2) symmetry
obtained from dimensional reduction of d-dimensional CFT’s, where d = 2, 4. The origin of
this symmetry group can be understood holographically by considering complex embedding
coordinates for AdSd+1

−
∣∣∣Z0

∣∣∣2 +
∣∣∣Z1

∣∣∣2 + . . .+
∣∣∣Zd/2∣∣∣2 = −1 , (5.1)

and noting that it can be written as a Hopf fibration of a non-compact CP d/2 [35]. After
reducing along the fibre, the isometry group is broken from SO(2, d) to SU(1, d/2). Denot-
ing the fibre coordinate at x+, the generators of SU(1, d/2) then correspond to the subset
of SO(2, d) generators which commute with ∂+, which contain in particular a Lifshitz scal-
ing. Hence, SU(1, d/2) can be thought of as the non-relativistic analogue of the conformal
group in (d− 1) dimensions. It would be interesting to derive the conformal blocks for this
symmetry group and develop the non-relativistic conformal bootstrap, which may have
applications to condensed matter physics [32, 41–44].

Lastly we might apply our construction to four-dimensional superconformal field the-
ories which admit a Lagrangian. As a result we would obtain an explicit three-dimensional
Lagrangian with a Kaluza-Klein tower operators. The resulting theory appears to share
similar features with the works [45, 46]. Indeed already in six-dimensions there might be
a natural relation to the chiral algebra studied in [26, 47]
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A Derivation of dimensionally reduced correlators

A.1 2-point functions

Let us now derive the result of section 3.3, and in particular show how it arises from
a six-dimensional iε prescription. We follow the familiar routine of defining Lorentzian
correlation functions by Wick rotating their Euclidean counterparts [48]. In doing this,
one encounters ambiguities corresponding to how the branch points in the complex time
plane are navigated. The resulting family of Lorentzian results are naturally captured
through a Wightman function, inside which operators no longer commute. In this way, the
Wick rotation induces a natural operator ordering, which one usually chooses to coincide
with time ordering. We instead choose to order operators with respect to the coordinate x+,
which can be seen as a deformation of the more familiar ordering by the regular lightcone
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coordinate x̂+ [34]. This then defines the Lorentzian n-point function to be〈
Ô(1)(x̂+

1 , x̂
−
1 , x̂

i
1) . . . Ô(n)(x̂+

N , x̂
−
N , x̂

i
N )
〉

=

lim
εa→0

ε1>···>εN>0

〈
Ô(1)(x̂+

1 (ε1), x̂−1 (ε1), x̂i1(ε1)) . . . Ô(n)(x̂+
N (εN ), x̂−N (εN ), x̂iN (εn))

〉
Wick

,

(A.1)

where the correlation function on the right hand side is the naive result of Wick rotating
the Euclidean correlation function, and we define

x̂+(ε) = x̂+
(
x+ − iε, x−, xi

)
= 2R


(
x̂+

2R

)
− i tanh

(
ε

2R
)

1 + i tanh
(
ε

2R
) (

x̂+

2R

)
 ,

x̂−(ε) = x̂−
(
x+ − iε, x−, xi

)
,

x̂i(ε) = x̂i
(
x+ − iε, x−, xi

)
. (A.2)

It is important here to keep track of this deformation for finite ε, since the action of the
prescription in x̂+ space is inhomogeneous. Note, the effect of this iε prescription on the
integral (3.14) is to shift any potential poles in x̂+

1 and x̂+
2 on the real line infinitesimally

up or down into the complex plane, thus regularising the integral.
Using this, we dimensionally reduce the six-dimensional 2-point function (3.13), finding

five-dimensional 2-point function

F2 : = 〈On1On2〉

= Ĉ∆
π2 (4R)−∆ (−1)n1+n2

× lim
εa→0

ε1>ε2>0

∫ ∞
−∞

du1

∫ ∞
−∞

du2

2∏
a=1

(ua + i)−na−1 (ua − i)na−1 (uεa + i)
∆
2 (uεa − i)

∆
2

×
(
x̃12

(
uε2 − uε1 + (1 + uε1u

ε
2) ξ12

4R

))−∆
, (A.3)

where a = 1, 2, and we define

uεa = ua − iεa
1 + iεaua

. (A.4)

We have importantly made sure to apply the iε prescription also to the Weyl rescaling
factor (3.8). Also, in arriving at this expression we have exploited the strict monotonicity
of tanh to replace tanh

( εa
2R
)
with simply εa while preserving the ordering of the εa. In

doing this, we have also shortened the range of εa to εa ∈ (0, 1).
We now find that the integrand is strictly non-zero for all u1, u2 ∈ R, and goes like

u−2
a as |ua| → ∞. Hence, it is convergent.

Although the εa enter in uεa in a somewhat complicated way, their effect on the total
integrand is simplified by noting the identity

x̃12
(
uε2 − uε1 + (1 + uε1u

ε
2) ξ12

4R
)

= i

2
[

(uε1 − i) (uε2 + i) z̄12 − (uε1 + i) (uε2 − i) z12
]
, (A.5)
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and hence

(
x̃12

(
uε2 − uε1 + (1 + uε1u

ε
2) ξ12

4R

))2

(uε1 + i) (uε1 − i) (uε2 + i) (uε2 − i)

= −1
4

[
(1 + ε1) (1− ε2) (u1 − i) (u2 + i) z̄12 − (1− ε1) (1 + ε2) (u1 + i) (u2 − i) z12

]2
(
1− ε21

) (
1− ε22

)
(u1 + i) (u1 − i) (u2 + i) (u2 − i)

.

(A.6)

We can therefore write

F2 = Ĉ∆
π2 (2Ri)−∆ (−1)n1+n2 (A.7)

× lim
εa→0

ε1>ε2>0

(
1−ε21

)∆
2
(
1−ε22

)∆
2
∫ ∞
−∞

du1

∫ ∞
−∞

du2

2∏
a=1

(ua+i)−na+ ∆
2 −1 (ua−i)na+ ∆

2 −1

×
(

(1+ε1)(1−ε2)(u1−i)(u2+i) z̄12−(1−ε1)(1+ε2)(u1+i)(u2−i)z12
)−∆

.

There are now many ways to proceed to calculate F
(5d)
12 explicitly. Here, we follow a

particularly streamlined approach. For a more general discussion of the evaluation of
integrals of this type, including an alternative contour derivation of their explicit values,
see appendix B.

To proceed, note that we can write the final part of the integrand as

(
(1+ε1)(1−ε2)(u1−i)(u2+i) z̄12−(1−ε1)(1+ε2)(u1+i)(u2−i)z12

)−∆

= ((1+ε1)(1−ε2)(u1−i)(u2+i) z̄12)−∆
(

1− (1−ε1)(1+ε2)(u1+i)(u2−i)z12
(1+ε1)(1−ε2)(u1−i)(u2+i) z̄12

)−∆
.

(A.8)

Then, we have

∣∣∣∣(1− ε1) (1 + ε2) (u1 + i) (u2 − i) z12
(1 + ε1) (1− ε2) (u1 − i) (u2 + i) z̄12

∣∣∣∣ = (1− ε1) (1 + ε2)
(1 + ε1) (1− ε2) < 1 since ε1 > ε2 , (A.9)

and hence we can use the Taylor expansion for (1 − w)−∆, as the argument falls just
within the radius of convergence. Indeed, the partial sums converge uniformly to functions
both of u1 and u2, allowing us to integrate term-wise. Hence, we see in this way how our
integral is regularised: we have a convergent series expansion which would have otherwise
been indeterminate. Further, if we had instead ε1 < ε2, we would have instead written
(1 − w)−∆ = (−w)−∆ (1− w−1)∆ and used the series expansion for the latter factor; in
this way, we can see how the ordering prescription manifests in our calculation.
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So we now simply substitute this series expansion into (A.3) to find

F2 = Ĉ∆
π2 (−2R i)−∆ (−1)n1+n2

× lim
εa→0

ε1>ε2>0

∞∑
m=0

((1− ε1) (1 + ε2)
(1 + ε1) (1− ε2)

)∆
2 +m(∆ +m− 1

m

)
(z12)m (z̄12)−∆−m

×
(∫ ∞
−∞

du1
1 + u2

1
(u1 + i)−n1+ ∆

2 +m (u1 − i)n1−∆
2 −m

)
×
(∫ ∞
−∞

du2
1 + u2

2
(u2 + i)−n2−∆

2 −m (u2 − i)n2+ ∆
2 +m

)
. (A.10)

We can finally perform the integrals explicitly, using the identity

∫ ∞
−∞

du

1 + u2 (u+ i)m (u− i)−m = πδm,0 . (A.11)

We in particular find that every term in the sum vanishes, unless n1 = −n2 = ∆
2 + m for

some m ∈ {0, 1, . . . }. If this is the case, then there is a single non-zero term in the sum.
Computing this term and then safely taking the limits εa → 0, we finally arrive at the
dimensionally reduced 2-point function,

〈
O(1)
n1 (x−1 , xi1)O(2)

n2 (x−2 , xi2)
〉

= δn1+n2,0Ĉ∆ (−2R i)−∆
(
n1 + ∆

2 − 1
n1 − ∆

2

)
(z12z̄12)−

∆
2

(
z12
z̄12

)n1

.

(A.12)

A.2 3-point functions

We also present the full derivation of the dimensionally reduced 3-point function of sec-
tion 3.4. Using the iε prescription (A.1), we find that the Fourier modes of the 3-point
function (3.20) are given by the regularised integral

F3 :=
〈
O(1)
n1 (x−1 ,xi1)O(2)

n2 (x−2 ,xi2)O(3)
n3 (x−3 ,xi3)

〉
= lim

εa→0
ε1>ε2>ε3>0

∫ ∞
−∞

d3u
Ĉ123
π3 (4R)−

1
2 (∆1+∆2+∆3) (−1)n1+n2+n3

×
3∏

a=1

(ua−i)na−1

(ua+i)na+1 ((uεa+i)(uεa−i))
∆a
2

3∏
a<b

(
(x̃ab)

(
−uεa+uεb+(1+uεauεb)

ξab
4R

))−αab
,

(A.13)

The uεa are as defined in (A.4), and we have again assumed ∆1,∆2,∆3 ∈ 2Z to avoid the
issue of branch points.
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As we saw for the 2-point function, the role of the iε prescription is made clearer by
rewriting this as

F3 = Ĉ123
π3 (2Ri)−

1
2 (∆1+∆2+∆3) (−1)n1+n2+n3

× lim
εa→0

ε1>ε2>ε3>0

3∏
a=1

(
1−ε2a

)∆a
2
∫ ∞
−∞

d3u
3∏

a=1

(ua−i)na+ ∆a
2 −1

(ua+i)na−
∆a
2 +1

×
3∏
a<b

(
(1+εa)(1−εb)(ua−i)(ub+i) z̄ab−(1−εa)(1+εb)(ua+i)(ub−i)zab

)−αab
.

(A.14)

To proceed to calculate F (5d)
123 explicitly, we follow the same procedure as we did at 2-

points. For a more general discussion of the evaluation of integrals of this type, including
an alternative contour derivation of their explicit values, see appendix B.

As we saw at 2-points, the final three terms can be expanded in convergent series
expansions, making use of ε1 > ε2, ε2 > ε3 and ε1 > ε3 respectively. Doing so, we arrive at

F3 = Ĉ123
π3 (−2R i)−

1
2 (∆1+∆2+∆3) (−1)n1+n2+n3

×
∞∑

m1,m2,m3=0

(
α23 +m1 − 1

m1

)(
α31 +m2 − 1

m2

)(
α12 +m3 − 1

m3

)
× (z12)m3 (z̄12)−α12−m3 (z23)m1 (z̄23)−α23−m1 (z31)−α31−m2 (z̄31)m2

×
(∫ ∞
−∞

du1
1 + u2

1
(u1 + i)−n1+ ∆1

2 +m2+m3 (u1 − i)n1−
∆1
2 −m2−m3

)
×
(∫ ∞
−∞

du2
1 + u2

2
(u2 + i)−n2+ 1

2 (∆3−∆1)+m1−m3 (u2 − i)n2− 1
2 (∆3−∆1)−m1+m3

)
×
(∫ ∞
−∞

du3
1 + u2

3
(u3 + i)−n3−

∆3
2 −m1−m2 (u3 − i)n3+ ∆3

2 +m1+m2

)
, (A.15)

which again is finite due to the identity (A.11). Hence, we finally find the dimensionally
reduced 3-point function

F3 = δn1+n2+n3,0Ĉ123 (−2R i)−
1
2 (∆1+∆2+∆3) (z12z̄12)−

1
2α12 (z23z̄23)−

1
2α23 (z31z̄31)−

1
2α31

×
∞∑
m=0

(
−n3 − ∆3

2 + α23 −m− 1
−n3 − ∆3

2 −m

)(
n1 − ∆1

2 + α12 −m− 1
n1 − ∆1

2 −m

)(
α31 +m− 1

m

)

×
(
z12
z̄12

)n1−m− 1
2α31 (z23

z̄23

)−n3−m− 1
2α31 (z31

z̄31

)−m− 1
2α31

, (A.16)

where, given z = reiθ, we’ve chosen the branches (zz̄)1/2 = r and
(
z
z̄

)1/2 = eiθ. We note
that the sum terminates at min

(
n1 − ∆1

2 ,−n3 − ∆3
2

)
, and thus as promised we have a

finite, regularised result.
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B N -point integrals and their residue representation

In section 3, we performed the dimensional reduction of six-dimensional 2-point, 3-point,
and some special 4-point functions to five-dimensions. Here, we present a more general
disucssion of integrals that would appear at N -points. This will in particular include an
alternative route to explicitly calculating their values, via contour integrals.

In dimensionally reducing an N -point function in six dimensions, we will encounter
integrals of the form

I(N) :=
N∏
a=1

∫ ∞
−∞

dua (ua+i)−na+ ∆a
2 −1 (ua−i)na+ ∆a

2 −1∏
b<c

(
x̃bc

(
uc−ub+(1+ubuc)

ξbc
4R

))−αbc
.

(B.1)

where the αab = αba are integers, which from six-dimensional scale invariance satisfy∑
b 6=a αab = ∆a. These integrals are however generically ill-defined; although the inte-

grand has integrable behaviour at large |ua| (i.e. ua ∼ u−2
a as |ua| → ∞), there are poles

at finite points which render it divergent.
To see this more explicitly, consider trying to perform the uN integral. Then, the

integrand generically has (N − 1) poles at the points

uN = vN,a := 4Rua − ξaN
4R+ ξaNua

, for each a 6= N , (B.2)

and hence the integral is not well defined.
We can regularise I(N) by redefining it as the limit of a well-defined ε-deformed integral,

I(N) :=
N∏
a=1

∫ ∞
−∞

dua (ua + i)−na−1 (ua − i)na−1 (uεa + i)
∆a
2 (uεa − i)

∆a
2

×
∏
b<c

(
x̃bc

(
uεc − uεb + (1 + uεbu

ε
c)
ξbc
4R

))−αbc
. (B.3)

Utilising a generalisation of the identity (A.6), we can rewrite this as

I(N) = lim
εa→0

ε1>...εN>0

N∏
a=1

(
2i
(
ε2a−1

))∆a
2
∫ ∞
−∞

dua (ua+ i)−na+ ∆a
2 −1 (ua− i)na+ ∆a

2 −1

×
∏
b<c

(
(1+εb) (1−εc) (ub− i) (uc+ i) z̄bc−(1−εb) (1+εc) (ub+ i) (uc− i)zbc

)−αbc
,

(B.4)

which is indeed a generalisation of (A.7) at 2-points and (A.14) at 3-points. We could then
proceed to calculate this explicitly by series expanding the factors involving the zbc, and
using the relation (A.11) to pick out the non-zero terms in the resulting sums.

We will now explore an alternative way in which we could proceed, which will in
particular demonstrate that the action of iε prescription is to shift the integrand’s poles
off the real line and into the complex uN -plane. Further, this occurs in a controlled way,
which allows for relatively simple expression for I(N) in terms of iterated residues.
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uN

+i

−i

. . .
vεN,a

Figure 2. The un contour integral, with (N − 1) poles shifted into the lower-half-plane.

First, we perform the uN integral by continuing uN to C and seeking a related contour
integral. In addition to the integrand’s obvious potential poles at uN = ±i, we have up to
(N − 1) additional poles at

uN = vεN,a := −i (1 + εa) (1− εN ) (ua − i) z̄aN + (1− εa) (1 + εN ) (ua + i) zaN
(1 + εa) (1− εN ) (ua − i) z̄aN − (1− εa) (1 + εN ) (ua + i) zaN

= vn,i +O (ε1, ε2) . (B.5)

We find in particular the imaginary part,

=
(
vεn,i

)
= −

(
1 + u2

a

) (
16R2 + ξ2

aN

)
(1− εaεN ) (εa − εN )

(εa − εN )2 (4Rua − ξaN )2 + (1− εaεN )2 (4R+ uaξaN )2 , (B.6)

and hence because we have εa > εN for all a 6= N , we see that all (N − 1) of the vεN,a
lie strictly in the lower-half-plane. Hence, we choose to complete our contour with a large
semi-circle in the upper-half-plane, as shown in figure 2.

We omit the explicit form of this residue, but note that it is a meromorphic function
of the remaining variables u1, . . . , uN−1 with possible poles only at ua = ±i. This is seen
by noting(

(1 + εa) (1− εN ) (ua − i) (uN + i) z̄aN

− (1− εa) (1 + εN ) (ua + i) (uN − i) zaN
)∣∣∣
uN=i

= 2i (1 + εa) (1− εN ) (ua − i) z̄aN .

(B.7)

Thus, its only effect of evaluating the residue at uN = i on the singularity structure of the
resulting integrand is to shift the degree of the poles at ua = i.

So we now do the uN−1 integral. There are now (N − 2) potential poles other than
uN−1 = ±i in the integrand, but since εa > εN−1 for all a < N − 1, once again we see that
all of these poles lie strictly in the lower-half-plane. Hence, the integral is once again given
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entirely by the residue at uN−1 = i. Iterating this procedure, we finally find

I(N) = (2πi)N Res{u1=i}

[
Res{u2=i}

[
. . . Res{uN=i}

[
N∏
a=1

(ua+i)−na+ ∆a
2 −1 (ua−i)na+ ∆a

2 −1∏
b<c

(
x̃bc

(
uc−ub+(1+ubuc)

ξbc
4R

))−αbc ]
. . .

]]
.

(B.8)

Computing this directly for the 2-point and 3-point functions, we indeed recover the re-
sults (3.16) and (3.22), respectively.

C DLCQ from direct dimensional reduction

In this section, we pursue an alternative but equiavelent approach to determine the leading
order asymptotics of Fourier mode correlators as k → ∞, which involves performing the
dimensional reduction from six-dimensions from scratch.

2-point. Our aim is to first calculate the leading order behaviour of the orbifolded 2-
point function at large k. As we have seen in (4.10), the leading order term is of order k,
with coefficient given by

F2 :=
∑
s∈Z

〈
O
(
x+

1

)
O
(
x+

2 + 2πR+s
)〉

=
∑
s∈Z

1(
~x2

12 − 2
(
x+

12 + 2πR+s
)
x−12

)∆ , (C.1)

where the operator O has scaling dimension ∆.
We can now Fourier decompose this expression, and in doing so recover the coefficient

in (4.14). We write
F2 =

∑
n

e−inx
+
12/R+Φn , (C.2)

where

Φn = 1
2π

∫ 2π

0
dx+

12e
inx+

12/R+
∑
s∈Z

(
~x2

12 − 2
(
x+

12 + 2πR+s
)
x−12

)−∆

∝
(
x−12

)−∆ ∫ ∞
−∞

dx+
12 e

inx+
12/R+

(
x+

12 − ξ12/2
)−∆

, (C.3)

where we once again abuse notation slightly by using ξab to denote the R→∞ limit of the
correspondonding variable in the finite R theory. In other words, ξab is as defined in (4.4).

On the other hand, using (C.1) we identify

F2 =
∑
n

e−inx
+
12/R+

(
lim
k→∞

k−1
〈
Oorb
n Oorb

−n

〉)
, (C.4)

where by the results of section 4 we know that this limit exists.
We now focus only on the functional form of the resulting 2-point function. Combining

equations (C.2) and (C.4) then gives the following integral formula for five-dimensional
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correlators in terms of scaling dimensions and Fourier momentum modes as we approach
the DLCQ limit,〈

Oorb
n Oorb

−n

〉
∝
(
x−12

)−∆ ∫ ∞
−∞

dx+
12 e

inx+
12/R+

(
x+

12 − ξ12/2
)−∆

. (C.5)

Note however that this integral is not well defined because of the pole on the real axis.
As we will see below this is very similar to the poles encountered in standard Feynman
propagators so we will remedy it using a standard iε prescription:

x+
i → x+

i − iεi , (C.6)

where ε1 > ε2 > . . . > εn > 0. Note that this is the same iε prescription introduced in
section 3, in the limit that R → ∞. After implementing this prescription, the real pole
gets shifted into the upper half plane and we obtain〈

Oorb
n Oorb

−n

〉
∝
(
x−12

)−∆ ∫ ∞
−∞

dx+
12 e

inx+
12/R+

(
x+

12 − (ξ12/2 + iε12)
)−∆

. (C.7)

If n > 0 can close in upper half plane picking up the residue of the pole, but if n < 0 we
close in lower half plane and get zero:

〈
Oorb
n Oorb

−n

〉
∝


(
x−12

)−∆
einζ12/2R+ , n > 0

0, n < 0
, (C.8)

which is consistent with the result (4.14) as found by taking the limit of the 2-point function
at finite k,R. We see that only anti-instantons can propagate. The zero mode case n = 0
is slightly ambiguous, but is determined to be zero, again by the result (4.14).

Let us briefly pause to compare this to the non-relativistic limit of the Feynman
propagator:

1
− (k0)2 + ~k2 +m2 + iε

= − 1(
k0 +

√
~k2 +m2 + iε

)(
k0 −

√
~k2 +m2 − iε

) . (C.9)

Using the standard iε prescription for time-ordered propagators, the poles are shifted into
the complex plane as depicted in figure 3. Note that the pole on the left corresponds to
propagation of anti-particles while the pole on the right corresponds to particle propagation.
If we take the k0 = m+ E, in the limit E � m, this reduces to

1
− (k0)2 + ~k2 +m2 + iε

→ − 1
E − ~k2/2m+ iε

, (C.10)

and we see that only one pole remains so only particles can propagate, analogous to the
pole structure in (C.7). Indeed, compactifying along a null direction can be thought of
as taking a non-relativistic limit since the resulting five-dimensional theory has a Lifshitz
scaling symmetry.
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Figure 3. On the left, we depict the poles of the Feynman propagator which encode the propagation
of particles and antiparticles. In the non-relativistic limit, only one pole survives corresponding to
the propagation of particles.

3-point. Following similar steps to the ones outlined in the previous subsection, we obtain
the following integral formula for 3-point functions:〈

O(1),orb
n1 O(2),orb

−n1−n3O
(3),orb
n3

〉
∝ Πi<j,k 6=i,j

(
x−ij

)−(∆i+∆j−∆k)/2 ∫ ∞
−∞

dx+
13dx

+
23e

i(n1x
+
12−n3x

+
23)/R+

×
(
x+

12 − (ξ12/2 + iε12)
)−(∆1+∆2−∆3)/2

×
(
x+

12 + x+
23 − (ξ13/2 + iε13)

)−(∆1+∆3−∆2)/2

×
(
x+

23 − (ξ23/2 + iε23)
)−(∆2+∆3−∆1)/2

. (C.11)

Notice that all three poles are once again shifted into the upper half of the complex plane.
Hence, if n1 < 0 we can close the x+

12 contour in lower half plane obtaining a zero residue.
Similarly, if n3 > 0 we can close the x+

23 contour in lower half place getting a zero residue.
Hence, n1 ≥ 0 and n3 ≤ 0 and k2 only constrained by momentum conservation. This is
consistent with the results found for Ω 6= 0, in particular the sum over Fourier momentum
modes from right to left should never go positive so instantons cannot be produced.

We now proceed to calculate the integral by residues, restricting to cases in which
∆a ≥ ∆b + ∆c for some a for simplicity. The more general result is given by (4.15).
Suppose ∆2 ≥ ∆1 + ∆3. Then there is no pole in the middle term in (C.11). Evaluating
residues of the poles in first and third term gives〈
O(1),orb
n1 O(2),orb

−n1−n3O
(3),orb
n3

〉
∝ Πi<j,k 6=i,j

(
x−ij

)−(∆i+∆j−∆k)/2
ei(n1ξ12−n3ξ23)/2R+ψ , (C.12)

where

ψ = e−i(n1ξ12−n3ξ23)/2R+∂
(∆1+∆2−∆3)/2−1
x+

12
∂

(∆2+∆3−∆1)/2−1
x+

23(
ei(n1x

+
12−n3x

+
23)/R+

(
x+

12 + x+
23 − (ξ13/2− iε13)

)−(∆1+∆3−∆2)/2
)∣∣∣∣
x+

12=ξ12/2,x+
23=ξ23/2

.

(C.13)

Note that ψ is a function of

ρ = ξ12 + ξ23 + ξ31 = −

(
xi13x

−
23 − xi23x

−
13

)2

x−12x
−
23x
−
31

, (C.14)
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in agreement with the general solution in [30]. Some manipulation shows that this result
is indeed consistent with the exact result (4.15) obtained from the theory at finite R.

For ∆3 ≥ ∆1+∆2 we can also obtain a generating function by re-writing the integral as〈
O(1),orb
n1 O(2),orb

−n1−n3O
(3),orb
n3

〉
∝ Πi<j,k 6=i,j

(
x−ij

)−(∆i+∆j−∆k)/2 ∫ ∞
−∞

dx+
13dx

+
23e

i(n1x
+
13+n2x

+
23)/R+

×
(
x+

13 − x
+
23 − (ξ12/2 + iε12)

)−(∆1+∆2−∆3)/2

×
(
x+

13 − (ξ13/2 + iε13)
)−(∆1+∆3−∆2)/2

×
(
x+

23 − (ξ23/2 + iε23)
)−(∆2+∆3−∆1)/2

, (C.15)

and evaluating the residue of the pole in the second and third term.

4-point. Finally, let us consider the reduction of 4-point functions. Using arguments
similar to those at two points, we find that a general five-dimensional 4-point function is
given by〈

O(1),orb
n1 O(2),orb

n2 O(3),orb
n3 O(4),orb

−n1−n2−n3−n4

〉
∝ 1

(2π)3

∫ ∞
−∞

dx+
14dx

+
24dx

+
34e

i(n1x
+
14+n2x

+
24+n3x

+
34)/R+

〈
O(1)O(2)O(3)O(4)

〉
. (C.16)

Unlike at 2 and 3 point functions, the six-dimensional 4-point functions are not fixed by
symmetry, so we will consider a disconnected free correlator with ∆i = ∆:〈
O(1)O(2)O(3)O(4)

〉
=
(
x−12x

−
34

)−∆(
x+

14−x
+
24−(ξ12/2+iε12)

)−∆(
x+

34−(ξ34/2+iε34)
)−∆

+
(
x−13x

−
24

)−∆(
x+

14−x
+
34−(ξ13/2+iε13)

)−∆(
x+

24−(ξ24/2+iε24)
)−∆

+
(
x−14x

−
23

)−∆(
x+

14−(ξ14/2+iε14)
)−∆(

x+
24−x

+
34−(ξ23/2+iε23)

)−∆
,

(C.17)

where we have implemented the iε prescription to make the integral in (C.16) well-defined.
Consider n1 = n2 = −n3 = −n4 = n > 0. Looking at the exponential in (C.16), we

must then close the x+
14 and x+

24 contours in upper half plane while closing the x+
34 contour in

the lower half. All poles are shifted into the upper half plane so the first term in the discon-
nected free correlator in (C.17) doesn’t contribute since the contour does not contain the
x+

34 pole. Computing the residues of the poles in x+
14 and x+

24 in the second and third terms
leaves no remaining x+

34 dependence, so the integral over x+
34 just gives a divergent constant

corresponding to the additional factor of k encountered in (4.18). We then find that

〈+ +−−〉 =
(
x−13x

−
24

)−∆
ein(ξ13+ξ24)/2R+ +

(
x−14x

−
23

)−∆
ein(ξ14+ξ23)/2R+ , (C.18)

hence recovering the result (4.19) of taking the DLCQ limit of the finite R result. Similarly,
we find that

〈+−+−〉 =
(
x−12x

−
34

)−∆
ein(ξ12+ξ34)/2R+ , (C.19)

again recovering the result (4.19). All other correlators vanish.
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