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Fuzzy-Model-Based Output Feedback Steering
Control in Autonomous Driving Subject to Actuator
Constraints

Changzhu Zhang, Member, IEEE, Hak-Keung Lam, Senior Member, IEEE, Jianbin Qiu, Senior Member, IEEE,
Peng Qi, and Qijun Chen

Abstract—In this paper, the problem of steering control based
on T-S fuzzy vehicle lateral dynamics is investigated for au-
tonomous driving with nonlinearities, system uncertainties, and
actuator constraints. During normal vehicle cruising, the vehicle
velocity always changes due to the different road conditions
and/or steering wheel maneuvers, and moreover, the vehicle
dynamics is also significantly influenced by the tire/road forces
under different road surface conditions, which brings many
difficulties in steering controller design. By adopting fuzzy
modeling techniques and varying look-ahead control strategy, an
approach to the T-S fuzzy anti-windup output feedback controller
design is proposed for the steering control in path tracking within
T-S fuzzy-model-based analysis framework, where the actuator
amplitude saturation and rate limit are simultaneously taken
into consideration. Finally, valuation results with Carsim/Matlab
joint simulation are shown to demonstrate the effectiveness of the
developed methods, and some comparison results in path tracking
performance with fixed look-ahead distance control rule and
the driver model controller embedded in Carsim are provided,
which illustrate the advantages of the developed controller design
method.

Index Terms—Autonomous driving, actuator constraints, out-
put feedback, fuzzy control, Carsim/Matlab joint simulation.

I. INTRODUCTION

The past few years have witnessed the rapid development of
the autonomous driving technologies both in academical and
industrial communities. On the one hand with full autonomy,
autonomous driving is expected to increase comfort, optimize
fuel consumption, reduce pollution emission, and most impor-
tantly, enhance traffic safety, etc. [1], [2]. On other hand, when
traveling with autonomous vehicles, it is not necessary for the
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drivers to focus their attention on driving, which is usually
boring and exhausting, especially in long distance journeys,
and instead the drivers have the possibility to do something
else with time otherwise spent on driving, which might greatly
improve societal and economic benefits. An autonomous vehi-
cle refers to self-acting and self-regulating car that can guide
itself, familiarize itself with surroundings, make decisions,
and fully handle all possible situations without any human
intervention. Generally speaking, the structure of autonomous
driving technology consists of environment perception and
localization, decision making and path planning, and vehicle
control.

In past few decades, much research attention has been
paid to perception, localization, planning, and decision making
since the similar topics have been widely investigated in
robotics [3]-[5]. Recently, as one of the most important prob-
lems in autonomous driving technology, the steering control or
path tracking control has attracted much research attention in
control area, which is focused on the control algorithm designs
such that the self-driving cars can follow a reference trajectory.
To be more specific, the steering or path tracking control
is to keep the self-driving cars running along the reference
trajectories with respect to different vehicle velocity, road
curvature and surface conditions, and vehicle nonlinearities
and parametric uncertainties, etc. In the existing literature,
there have been some remarkable results reported on the
problem of steering or path tracking control, such as, PID
control [6]-[9], fuzzy logic or fuzzy model-based control [10]-
[15], model predictive control [16]-[19], and robust nonlinear
control [20]-[26].

In practice, some physical states of the vehicle are u-
navailable, such as lateral speed and acceleration, and the
accurate vehicle dynamics cannot be obtained, and thus it is
very difficult for the steering controller synthesis with vehicle
model-based control methods. Therefore, a few results have
been proposed with the classical PID control strategies at the
early stage of steering control study. To mention a few, a
self-tuning PID controller for steering control in urban traffic
environment was studied in [7], and two PID parameter tuning
mechanisms were considered, that is, one rule to minimize
the quadratic performance index of the parameter to be tuned
and an alternative one was used to reduce the risk of system
instability compared with the former one. A cascade PID con-
trol scheme for vision-based path following was studied and
experimentally tested in [9], and this type of control strategy
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leads to a nested independent control loops architecture which
facilitates the PID controller design for multivariable physical
plants. There are also some early results on steering controller
designs with classical control theory in the existing literature.
In [27], a controller design for lateral path tracking was studied
by the root locus method with a path-dependent coordinate
system and several specified requirements are verified for
various designs with different compensation schemes. With the
pole placement approach, the problem of yaw rate control for
car steering was investigated in [24]. To deal with the nonlin-
earities and parametric uncertainties, some approaches to the
steering control within fuzzy control framework are developed.
In [11], a fuzzy logic control for path tracking with a fuzzy
preview rule has been developed by considering the upcoming
road curvature. However, it should be noted that if forward and
backward driving under low speed are required on a complex
reference trajectory, the precise control becomes much more
difficult. Thus, Wang et al. in [13] presented a mathematical
model of the reference path with a sensing system, which
shows the effectiveness of the tracking control with different
reference paths. Recently, Nguyen et al. studied the problem
of automatic lane keeping control by considering multiple
system constraints with T-S fuzzy model-based method, and
some simulation and experimental results were provided to
validate the effectiveness of the proposed methods [15]. To
deal with the system constraints in steering control, such as,
the control inputs and system states, model predictive control
strategies were studied for steering control problem in [17]
and [18] based on nonlinear lateral vehicle dynamics, where
the nonlinear optimization problems are required to be solved
online, and thus the real-time implementation is difficult to
be guaranteed, especially for high speed vehicles. To tackle
the variations in velocity, mass, and road-tire contact, robust
linear and nonlinear design methods were developed in [25]
with the measured information of lateral offset and yaw rate.

From the literature review, it can be seen that these afore-
mentioned works have significant importance on both theoreti-
cal advancement and practical applications on steering control
for autonomous vehicles. However, it still leaves much to
be desired. It should be noted that, in most of the existing
controller design results with vehicle dynamics, it is commonly
assumed that some of the physical vehicle parameters are
constant, such as the vehicle velocity, during the normal
cruising. However, it is not the case in practice as these
parameters usually vary with the different steering wheel
input or road conditions accordingly. Moreover in vehicle
motions, the tire/road forces are of great significance and
the knowledge of the tire/road force dynamics is crucial. In
fact, it is demonstrated that a strong nonlinear relationship
exists in the force dynamics under different road surface
conditions and driving manoeuvres, which is difficult or even
impossible to be characterized mathematically. Fortunately as
an effective way to tackle these nonlinear dynamics, fuzzy
systems have been well studied in the past few years [28]-
[31]. In particular, it has been shown that with the approaches
in [28], [29], the path to the equilibrium can be arbitrarily
imposed, and with the methods in [30], [31], the robustness
property can be greatly improved. Moreover, there are several

semi-empirical descriptions for road/tire forces proposed in
automobile engineering area, such as, Burckhardt model [32],
Magic formula [33], and Dugoff model [34], however, all the
aforementioned models possess severe nonlinearities and thus
cause additional difficulties in system analysis. Furthermore,
in practical autonomous driving platform, the electric motors
are usually used as the actuators to drive the steering wheel,
which are subject to some constraints, such as, amplitude
saturation and rate limit. However, most existing works did
not take these constraints into account in the controller design
procedure, which may lead to serious deterioration of the
control performance or even system instability. Based on the
aforementioned discussions, it is noted that, though there have
been many research works on steering control reported in the
literature, the problem of controller design with vehicle lateral
dynamic subject to parametric uncertainties, nonlinearities,
and actuator constraints has not been fully addressed yet. All
these are motivations for our present work.

In current work, we consider the problem of robust steering
control for path tracking by taking system nonlinearities, un-
certainties, and actuator constraints into account. In particular,
a T-S fuzzy representation for the lateral look-ahead tracking
dynamics is first developed by considering the parameter
variations and nonlinearities. Based on the T-S fuzzy modeling
approach, we will develop an anti-windup output feedback
controller via parallel distributed compensation (PDC) scheme
for the path tracking system with actuator amplitude and rate
saturations. Finally, a design method to the corresponding con-
troller is proposed by solving a convex optimization problem
subject to several linear matrix inequality conditions, which
can be implemented in Matlab with LMI Toolbox. The main
contributions of this paper are summarized as follows. 1) With
the look-ahead strategy, a T-S fuzzy vehicle dynamics for
steering control is developed by considering the parameter
variations and a time-varying preview distance rule for the
controller design is first proposed, which mainly depends
on the vehicle velocity in practical driving. 2) A T-S fuzzy
anti-windup dynamic output feedback compensator for the
nonlinear lateral tracking system is derived to deal with the
actuator constraints, i.e., amplitude saturation and rate limit. 3)
To verify the effectiveness of the proposed controller design,
a prototype D-Sedan in Carsim is utilized as the autonomous
vehicle to follow a reference trajectory and the controller is
realized in Simulink/Matlab. With some experimental results
in such Carsim/Matlab joint simulation environment, it clearly
shows the effectiveness and advantages of the designed con-
troller over the fixed preview distance control strategy and the
driver model in Carsim in terms of tracking performance.

The structure of the work is given as follows. In Section II,
a T-S fuzzy vehicle model for steering control and the problem
to be solved are formulated. In Section III, the dynamic output
feedback compensator is developed and the main results are
presented. The experimental setup and some simulation results
are given in Section IV. We finally summarize the paper in
Section V.
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Centreline of
the road

Fig. 1. Look-ahead path tracking based on single-track model

II. SYSTEM MODELING AND PROBLEM FORMULATION

In general, the behaviors of vehicle dynamics exhibit strong
nonlinearities, which lead to great challenges to the relevant
vehicle model-based controller design. To facilitate the steer-
ing system analysis and output feedback controller synthesis,
the widely used single-track vehicle dynamic model for path
tracking is shown in Figure 1.

A. Vehicle Lateral Dynamics

Before presenting the model of the lateral vehicle dynamics,
we introduce the nomenclature list as follows:

NOMENCLATURE

m vehicle mass (kg).

fr subscripts denoting front and rear.

J, vehicle yaw moment of inertia (kg-m2).
l F(r) distance of CG from front (rear) axle.
F; longitudinal tire/road forces (N) (¢ = f,r).
Fy; lateral tire/road forces (N) (i = f,r).
Cuoi cornering stiffness (N/rad) (i = f,r).
g, front/rear tire slip angle (rad).

Vg vehicle longitudinal vehicle (m/s).

Uy vehicle lateral vehicle (m/s).

B vehicle side slip angle (rad).

5 vehicle yaw rate (rad/s).

Of front road wheel steering angle (rad).

® relative yaw angle (rad).

lg preview distance (m).

d radius of road curves (m).

w road curvature.

R™>*™  m by n real matrix.

S n by n real symmetric matrix.

In present work, we consider the dynamics of the front-
wheel driven vehicles, and thus the rear longitudinal force F,,.
can be neglected. In this case, the vehicle motion behavior is
characterized by the following mathematical equations:

m(v, —yvy) = Fppcoséy — F,psindy,

m(0y +yvz) = Fypsindg + Fypcosdy + Fy,,
J = lf(Fyppsindy + Fypcosdy) — L. Fyp, (1)

which can be obtained from the structure of single-track model
shown in Figure 1.

Since we are concerning with the steering control along
the centerline of the road which can be characterized by the
last two equations in (1), it is commonly assumed that the
longitudinal vehicle velocity control is achieved by a pre-
designed velocity controller, and thus the longitudinal dynam-
ics given by the first equation is out of our research scope.
By considering the kinematics relationship v, = v, tan 8 and
small angle approximation, the vehicle lateral dynamics can
be rewritten as:

mvw(B‘i"Y) = Fys + Fyr,
Ly =l Fyp — L Fy,. )
With small tire slip angles, the lateral tire/road forces

Fy¢ and Fy, can be linearly approximated by the following
functions [43]:

Fyf = *QCafafaFyr = *20047“017“7 (3)
where oy and o, are given by § + Z# — 07 and § — Z)l",

respectively.

In most of the existing results, to facilitate the following
controller design, linear lateral tire/road force representation is
widely adopted in lateral force dynamics modeling. However,
the lateral forces cannot be simply described by the constant
cornering stiffness and the slip angles as the lateral forces
also depend on other variables, such as, tire temperature, tire
pressure, and road characteristics [35]. Therefore, to more
accurately represent the lateral dynamics of path tracking,
uncertain cornering stiffness varying in an appropriate interval
is utilized to compensate the nonlinearity of lateral forces [36],

Fyp = =2(Cay + ACqup(0))ary,
Fyr _2(Car + Acar('))ara “4)

max(Cyi(e))+min(Cy; (o)) , ACC”-(.) S

where C,;
[*Acoﬂ'a Acai]a Acozi =
Cyi(e) denotes the uncertain cornering stiffness, and (e)
represents all possible variables causing its variations.

For the path tracking problem in autonomous driving, it is
of great significance to obtain the relative distance between the
vehicle position and the road to follow, i.e., the path tracking
error or lateral offset. In general, several methods are utilized
to compute the tracking error, such as, GPS, SLAM via Lida
sensor and/or camera [38]. As the present work is focused on
steering control for path tracking in lower-level layer in the
structure of autonomous driving, we assume that the tracking
errors in a preview distance [, are available as computed by
upper perception module, and its dynamics can be expressed
as [21], [25]:

2 4 (o)) .
max(C'ai(°));mm(C°‘"( ) (Z = f7 T)

[l

n (t) = ﬁvm + sy + Vg . )

During the normal vehicle cruising, it is ineluctable that the
vehicle velocity varies according to different road conditions.
In this paper, we assume Vgymin < Uz (t) < Uzmax, Where vgymin
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and vymax are constants. Now, the lateral dynamics of path
tracking with time-varying parameters is readily obtained by
combining equations (2)-(5):

(1) = (A(t) + DA®))a(t) + (B(t) + AB(1))é5 (1)

3 6
+ D(t)w(t) ©
T
where 2(t) = [B(t) 2(t) o(t) m()]" € R™. w(t) =
1/d(t), and
- _QC%LQCQT QZTCO;;}?QElfCQf -1 0 0
. 20, Cor—21;C4 —212Co—212Cqr
Att) = N AT 00
0 1 00
L Vg ls v, 0
[ ot 0
. 2lfCZf o 0
B(t) = 6 ,D(t) = o | 7
L 0 0

With the expressions of lateral tire/road forces in (4), the
uncertain terms AA(t) and AB(t) can be derived as AA(t) =
R(t)F(t)S1(t) and AB(t) = R(t)F(t)S2(t), respectively,
where

r 2AC.f 2ACq,
R(t) = Jz Jz B
0 0
L O 0
1
R —1-Lool] - 1
Si(t) = Ve Sa(t) = 8
=T o B0=o)  ®
and F(t) : ZT — R™X"2 represents an unknown time-

varying matrix function satisfying FT (t)F(t) < I,,.

Remark 2.1: From the modeling procedure it can be ob-
served that the nonlinear lateral vehicle dynamics is simplified
via small angle approximations and linear relationships with
uncertain cornering stiffness. On the other hand, a look-ahead
control rule is adopted with a preview distance /. However, the
vehicle velocity varies during the cruising, and thus a varying
preview distance is considered in this work, that is, a longer
preview distance is selected as the velocity increases, which
seems more reasonable according to the practical driving
experience. To this end, we assume that the preview distance
is determined by T}v,,, where T}, is a prescribed preview time.

For the output feedback controller design in path tracking,
we have to define the system output and regulated output
equations. With the sensors installed in the autonomous driving
platform, some physical information of the vehicle dynamics
can be directly measured, such as, the yaw rate and the heading
angle. Furthermore, the relative yaw angle ¢ and the lateral
distance offset /s can be obtained with respect to the reference
trajectory. Thus we have the following measured output and
regulated output equations,

0100
0010 |a(t), 9)
0001

z(t) = Ha(t) = [0 00 1] z(t),
where y(t) € R™ and z(t) € R"=.

y(t) = Ca(t) =

(10)

B. Fuzzy Modeling for Vehicle Lateral Dynamics

To ease the implementation of the steering control algorithm
in the platform of autonomous driving based on Electronic
Control Unit, we discretize the continuous-time dynamics with
sampling period 7. Obviously, from (6) we can observe that
some matrix parameters depend on the vehicle velocity v, (t).
In present work, we resort to the fuzzy modeling method
to deal with the time-varying lateral vehicle dynamics. With
the assumption vVymin < v(t) < vzmax and by resorting to
the classical sector nonlinearity method, a discrete-time fuzzy
representation of lateral dynamics can be obtained as follows
[37]:

Fuzzy Rule R': If ¢, (k) is Fi and (k) is F4 and 3(k)
is F%, Then

y(k) = Cx(k)
z2(k)=Hx(k),i=1,2,...,r,
(1D
where ¢1(k) = v, (k), s2(k) = ﬁ(k), and ¢3(k) = vf% are

premise variables, F JZ is the fuzzy set, and the system matrices
A;,B;,D;, AA;, and AB; are the discretized forms of those
defined in (7) and (8) with parameters v, (k) being replaced
by Vemin and vymax, respectively.

Let p;(s(k)) be the normalized membership function of
Fi, where ¢(k) = [s1(k),c2(k),s3(k)] denotes the premise
variable vector, and F' is given by F! = H?Zlf;’ and
i wi(s(k)) = 1. For brevity, we denote p;(s(k)) by p;.
With the condition vymin < () < Vzmax, We have

S1max — S1 61 — Slmi
]:1 max — ( e ) ;]:1 min — ( mlﬂ)
(gl max — S1 min) (§1 max — S1 min)
P = (§2 max §2) ’f2 - (§2 — <2 min)
(§2 max — S2 min) (§2 max — S2 min)
S3max — S3 S$3 — S3mi
]:3max = ( e ) ;J:Smin = ( mlﬂ)
(’;3 max — S3 min) (§3 max — S3 min)

where <1 max, $2maxs S3maxs S1mins S2mins and G3pmin are
the maximal and minimal values of ¢;(k), <2(k), and ¢3(k),
and ]-'J’(z =1...,8,7 =1,2,3) can be determined by these
functions given above. Thus, Fi can be obtained by the 23
combinations of Fi, F4, and F%. Using a standard fuzzy-
inference approach, i.e., a singleton fuzzifier, product fuzzy
inference, and center-average defuzzifier, yields the following
compact presentation of (11)

w(k +1) = A(u)x(k) + B(u)ds (k) + D(p)w(k)

y(k) = Cx(k) (12)
where

A(p) = A(p) + AA(p) = 305, wi(Ai + A4y)
B(p) = B(p) + AB(p) = Y1y pui(Bi + AB;)
D(u) = ZLl wiDi, AA; = R F(k)S1;

AB; = R F(k)Sa, pu:= (k) = [p1, -+ ).

From the fuzzy modeling procedure, it is noted that a T-
S fuzzy representation of lateral path tracking dynamics is
derived via sector nonlinearity modeling method with premise

variables v (k), gy, and yiry. For bounded v, (k) €
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[Vzmins Vemax)» 7 = 22 linear subsystems are used to smoothly
approximate the original discrete-time system with member-
ship functions. Inspired by [21] by exploiting the relationship
among these premise variables, the numerical computation
of controller design and its real-time implementation can be
further improved since the number of linear subsystems is
significantly reduced. Defining a scalar variable ¢, € [—1,1]
that describes the change of v, (k) between the bounds vy min
and vymax, ONe has

1 1 1 Vo

— = *‘i‘ gv»'Uw—UO(l_7§v)

Vg Vo U1

1 1

— 910 13
v2 vo( + o ) (13)

and

o QUz min¥z max
Vo = )
Uz min T Vz max

QUz minVz max

V1 =

Uz min — Uz max

Furthermore, by setting ¢, = —1, we have v, (k) = vymin, and
S = 1,v5(k) = Uymax-. In this way, it can be easily found that
the number of subsystems is greatly reduced from 8 to 2, and
thus, the computation burden of controller parameters and its
real-time implementation could be relaxed as expected.

C. Anti-windup Output Feedback Controller

For the automatic steering system in autonomous driving,
the motors are usually utilized as actuator to drive the steering
wheel, which are inevitably subject to amplitude and rate
limitations due to mechanical restrictions in practice. Now,
we assume that the steering angle input d¢(k) is subject to
the following constraints:

o Amplitude saturation: |07(k)| < po, and constant scalar

pa > 0 denotes the control amplitude bound;

o Rate limit: Ads(k) = |6¢(k) — 6¢(k — 1)] < pr, and

pr > 0 denotes the control rate bound.

Based on the aforementioned discussion, the output mea-
surement y (k) is available for controller. Hence, we are in the
position to present the T-S fuzzy output feedback compensator
with input saturating integrators as follows [39]:

Fuzzy Rule R': If ¢; (k) is Fi and < (k) is Fi and ¢3(k)
is Fi, Then

v(k+1) = I,,v(k) + sat.(y.(k))
ok +1) = Ax (k) + B¢ [yg’ﬂ
+ B (sat ( ( ))—U(k))
+ E;" (sat, Ye(k))
Ye(k) = Cfac(k) +DC{ E;] i=1,2,...,m
(14)
where z.(k) € R"™ ™™ and y.(k) € R™(n, = 1) are,

respectively, the state and the output vectors of the controller,
and v(k) € R™ denotes the system state of the integrator
and the control input of (11), sat,(-) and sat,.(-) represent the
saturation functions on control amplitude and rate. Matrices
A¢, Bf, Cf, and Dy are controller gains with appropriate
dimensions, and E{* and Ef" are anti-windup gains (i €

{1,2,...,r}). Similarly, the compact form is given as follows:

ze(k +1) = A°(W)zc(k) + B (p) [‘ZEZ; }

+ B () (satq(v(k)) — v(k))
+ E(u)(sat,(ye(k)) — ye(k))

Y
(1) = Caecli) + D) | 1)

15)

and the matrices involved are

ZMZAC B(n) = ime,
i—l

Z,U/ZECG Cc Z:U’Z

Z/"LZECT Dc Z uch

With the controller given above, the actual control inputs are
constrained in terms of amplitude and rate limitations, that is,

EC(I

ECT

d7(k) = sat,(v(k)) and Ady(k) = sat,(y.(k)), where
Pa, if v(k) > pqg
sat, (v(k)) =< w(k), if —pa <v(k) < pa (16)
—pa, if (k) < —pg
pry  if yo(k) > pp
satr (ye(k)) = ve(k), if —pr <ye(k) < pr (17)

—Pr if yc(k) < —pPr.
According to the presentation of dynamic output feedback
controller given above and the property of saturation function,
it yields that

|AGy (k)| = [saty(v(k) + sat.(yc(k))) — satq(v(k))]
< |Satr(90(k'))‘ < pr.

Hence, with the structure of output feedback controller in
(14), the control signal §;(k) also follows the rate constraint
inherently.

(18)

D. Robust H, Control Problem Formulation

For a given scalar A > 0, design a dynamic output
feedback compensator in (14) satisfying: 1) the path tracking
system in (6) with uncertainties and actuator constraints can
asymptotically follow the given path with zero offset under
the output feedback controller (14) when the road curvature is
0, i.e., w(k) = 0; 2) under zero initial condition, the following
inequality holds

12(R)[,, < Allw k)], (19)

for any different types of path with w(k) belonging to
l2 [0, OO)
For subsequent use, we introduce the following lemma.
Lemma 2.1 [41]: For matrices X, £, and K of appropriate
dimensions and X = X7, the following inequality:

X+ LF(kK)K+KTFT(k)LT <0

holds for all F(k) satisfying F7(k)F(k) < I if and only if
there exists € > 0 such that

I +e 2o’ +eKTK < 0.
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III. MAIN RESULTS

In this section, we consider the problem of output feed-
back control for path tracking with uncertainties and actuator
constraints. To this end, we first reformulate the lateral ve-
hicle dynamics and output feedback controller to derive the
closed-loop path tracking system. Define augmented vectors

Fk) = [2T(k) vT(k)]" and G(k) = [y (k) v (k)]",
and then one has

Pk + 1) = Au)a(k) — Blu)ba (K (h)
+ Lsat,(y.(k)) + D(p)w(k)  (20)
y(k) = Cxz(k)
where
AG) = A+ 8AG).BG) =B + B
AA() = [0 ]
D) = | o (jfw} AB) o
= [0 700 [
C= {0 0"}‘;”“} B = {%fff)
bu (Ko (1)) = Kb (k) — sato(Kaii(k)).

Denoting (k) = [ &7 (k) «Z (k) ]T, we have the augmented
closed-loop system

n(k +1) = A(p)n(k) + D(p)w(k) — E (1) pa(Kan(k))
=& (1) or (K () (K))
z(k) = Hn(k)
(2D
where
A(p) = A(p) + AA(p), £ () = £ () + AE“(p)
[ +LD” )C LC(u )]
A(p) Ac(p)
H“ O(nt-‘rnu)
O(TLJ—&-n“) 0(nz+n“) L
Sca Eca ECT ) {Ecr(u)] D( )
(/(1 J— M
Ag (nm-l-nu)xnu :| 7D(M) o |:O(nm+nu)><nw :|
K, = [Ka Onux(nz—&-nu) yH = Nz XNy
Kr(lu’) = [DC(:U')C OC(.“)] 7H = [H Onzx(nm-l-nu)]
or (Kr (1) (k) = Ko ()0 (k) — saty (K (1)n(k)).

From the formula of the closed-loop lateral path tracking
dynamics, it can be seen that two nonlinear terms are intro-
duced to tackle the phenomenon of actuator constraints. To
facilitate the system stability and performance analysis, we
consider the following sector conditions.

First, we define a polyhedral set 2 C , N €., where

Qu = {n(k) € RZ"H][(Ky — Gonl < puf - (22)
0, = {n(k) € RZ= ) ||(K, (1) = Gl < pr } 23)

with appropriately dimensioned matrices G, and G, for any
membership function vector p.

Lemma 3.1 [42]: With the functions ¢,(K,n) and
¢r (K, (1)n) defined above, if n(k) € €, the following
inequalities hold

@Z(Kan)Ta [pa(Kan) — Gan] <
&r (K ()m) T [0 (Ko ()n) — Gron) <

for any appropriately dimensioned matrices 7}, and 7)., which
are diagonal and positive definite.

We now present the main results in this paper. Since two
deadzone nonlinearities appear in the closed-loop system in
(21), the generalized sector conditions in Lemma 3.1 and
set inclusion conditions are adopted to tackle the nonlinear
saturation of the system. The result on stability and robust
Hoo performance analysis is given as follows.

Theorem 3.1: For the system in (6) with parametric uncer-
tainties and actuator constraints, and the proposed T-S fuzzy
output feedback controller in (14), if there exist scalars ¢; and
matrices P, > 0, i € {1,2,...,r}, T,, T, Gq, and G,

0
0

satisfying
_Hli * *
Hgi Hgl * <0 (24)
| i II5; Ilg;
P; *
[ Pz *
Krz - GT p%:| o 0 (26)
where
[ —P; * * *
0 -I,, = *
T = T.G, 0 —2T, =«
_T,»G,» 0 0 27,
A; D; =& =&
Mz = |0 0 0 }
0
I ;= n1 X (2ng+4n,+n.,) :|
4 L Si On2><nw _SZ Onzxnu
Iy = —diag{ P, ', \21},1l; = —diag{e; 'I,&,1}
115, :dlag{tR’zTa 0n2><ﬂz}

(A, + LD:C LCS
A= pee’ oa
ca ] B; cr L
gi :|:Eca:|7gz :|:EZCT:|
,Di - -O(nm+n“,)><nw:| 7Ai - |:0nu><nz Inu:|
Bi = 0 ‘ 781' = [Slz 52 o X ( n1+nu):|
D=, },Riz{ fi }
L Onu, X Ty O(nw+2nu) Xnq

it guarantees that the closed-loop vehicle steering system (21)
is asymptotically stable with robust H., performance X in the
region = {n(k)[n” (k)P(wyn(k) < 1} (P(u) = S_, n,Py)
for the path with different curves, and here 2 is an approxi-
mation of the origin basin of attraction.

Proof: We introduce the fuzzy Lyapunov function as fol-
lows:

27
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where P(p) S P and P, € S2(etnu) () are

Lyapunov matriceg_t%) be determined.

Define ¢(k) = [n” (k) w” (k) oI (Kan) oF (K, (1)) "
and AV (u, k) = V(uT,k + 1) — V(u, k), where pt =
u(s(k + 1)) denotes the membership function vector at the
time instant (kK + 1)7s. To show the closed-loop system
with actuator constraints satisfying the requirements men-
tioned above, it is squﬁcient to guarantee that the condition
Ji(k) = AV (k) + =D — T (kyw(k) < 0 holds. With
the sector conditions introduced in Lemma 3.1, one concludes
J1(k) < 0 for n(k) € Q, () Q- when the inequality holds:

AV (E) + % — wT (k)w(k)

_2¢;1:(Kr (M)U)Tr [‘pr(Kr (M)ﬁ) - GH?]
_290;1;(Ka77)Ta [(Pa(Kan) - Gan] < 0.

Along the trajectory of (21), the right-hand-side (RHS) of (28)
is reformulated as:

J2(k) =

Jo(k) =

(28)

T (k+ DP(pM)nk+1) —
(k;\;(k) wT(k:)w(k:)
— 208 (Kan) T [pa(Kan) — Gan]
- 2¢T( (M [ (K (1)n) — Grn]
= Z 1 Z Z pipg€"
=1 j=1
X {le —+ HQinngQj}E k)

" (k)P(u)n(k)

where
_ -/le D; _‘c:‘ica _ger
Ma: = [7—[ 0 0 0 ]
Ai = Ai + AA;, EE* = EF% + AES®
AA; = R F(k)S;, A& = R F(k)Sa

_ _ 1
I3 = diag{ P, ﬁl}-

According to Lemma 2.1 together with Schur comple-
ment operation, it is sufficient to guarantee that the matrix
I0y; +112.113,115; < 0 by condition (24), which further implies
J2(k) < 0 and thus J; (k) with the nonnegativity property of
fuzzy membership functions.

From the above stability and performance analysis proce-
dure, two sector conditions are introduced to deal with the
nonlinear terms in the closed-loop system. To guarantee that
the sector conditions are satisfied, now we have to show
the estimate of origin basin attraction €2 belongs to the set
Qa2

If condition (25) holds, one has

T B %
Z;M" [K ~Ga ﬂi} =0
which further implies

Pp)
|:Ka_Ga p<21:| 20

According to Schur complement, the following inequality can
be easily guaranteed

K, - G,)"(Kys — Gq
Pl ¢ M )
Pa
Thus, we conclude that any n(k) inside £ =

{n(k)InT(k)P(u)n(k) <1} also belongs to €, ie.,
Q C Q,. Following the similar line, we also have Q C €,
from the condition (26) and then Q@ C Q,()€.. Thus, the
proof is completed.

With the closed-loop system stability and H ., performance
analysis in Theorem 3.1, now we are in the position to present
the design result on the parameter computation of the output
feedback compensator in (14).

Theorem 3.2: For the steering control system in (6) with
actuator constraints and the T-S fuzzy output feedback com-
pensator in (14), if some appropriately dimensioned matrices
X,Y,W, P, U;, Uy, Ac BC C’C D§, E$*, E‘” ,Ga1,Gaz, Gy,

and G, i € {1 2, r} exist such that the matrix
inequalities below hold
Hh * k]
HQZ H3l * <0 29)
H4z H51 Hﬁz
151' * *
U; Vi * [ >0 (30)
(KaX - é’al) (Ka - éa2) p(QL_
]52‘ * 1
U; Vi * [ >0 (€2))]
(Cf = Gr1) (D°C = Gi2) 7 |
where
_—pi * * * *
U, =V, * * *
My, = 0 o0 —I,, * *
Qal CEaQ Onanw _2Ta *~
| Gr1 Gr2 Onyxny Onyxn, —217
) [A;X +LC{ A;+LDC
Iy; = As YTA; + BsC
HX H
D, -B.,7, -LT,
Y'D;, -Eg@ —E¢
Onzxnw Onz><nu Onzxnu
P-X-XT * %
My = | U —I-WT Vi—Y -YT «
Onx(natnu)  Onox(na+ny) —A2L
1:[4i _ Oy, X (2ng+4nu+nw) 1
SiX S'L’ Ongxnw _SQTa Onzxnu

ﬁSi =

{RiT RTY 0, xn. }
On1><(2nz+nu+nz) ’
the autonomous vehicle could follow different types of refer-

ence path with w(k) € [0, 00) and the lateral offset satisfies the
condition (19), and moreover, the output feedback controller
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gains can be computed by

MNT =W - X"y

B¢ = NY(Bf — YTLDY)

Cp = (Cf — DFCX)(M")~!

A= N"1(As —YTA; X — BFCX
~YTLCsMTY(MT) !

B¢t = N“YES“T, - YTB))

E¢m = N~YEfT-' - YTL).

(32)

Proof: First, we define a nonsingular matrix as follows
Y ?
Q = |:NT 7:| )
where Y, N € RO=tno)x(natn) and <?° represents the

unimportant elements. Assume the inverse matrix of () and
a transformation one are, respectively, given as

a_ | X o | X T
Q - MTf? g — — MTO
Obviously, we have
- _|1Y =T = _ XTw
== |gar] === T V]

W = XTy + MNT.

Multiplying (24) on both sides by diag {E, I, T4t
Q=,1,1,1} on both and its transpose, we can guarantee (24)
by (29) with QTPle > QT + Q — P; and the following
matrix variable transformations:

b 17T

o } GoE=[Cur G2
GE=[Gn G, T,=T,; T, =T

A =YTA; X + B{CX + YTLCSMT + NAsM™T
B

E

c P;:[

Similarly, taking a congruence transformation to (25)
and (26) with diag{@, I,,,} and considering matrix variable
changes defined above, we readily have (30) and (31), which
also guarantee these conditions (25) and (26) in Theorem 3.1.
Thus the proof is completed.

By solving these conditions given in Theorem 3.2, an
admissible dynamic output feedback controller is derived,
which guarantees the vehicle with parametric uncertainties and
actuator constraints to track different types of path with a
certain H., performance index. With the controller synthesis
procedure, we have the following two remarks.

Remark 3.1: The condition (29) in theorem 3.2 involves two
scalar parameters ¢ and e~ '. When the parameter ¢ is pre-
fixed, the condition (29) will be strict linear matrix inequality,
and could be solved with Matlab software. In this case, how
to determine the value of ¢ raises to guarantee the feasibility
of the condition (29). An easy way is to use the trail-and-error
method and the other possible one is to apply some numerical
optimization search algorithms, for example, genetic algorithm
and the optimization program fminsearch in Matlab, which
have been proved to be efficient approaches for parameter
tuning problems in LMI-based conditions [44], [45].

= (Y"B, + NE{*)I, " E{" = (Y'L + NE{)T, .

F-==== N e

Measured -
—*Q—I———P N T-S Fuzzy
| Yaw rate >

Information :
Dynamic Output
Yaw angle
> I Integrator |< <

Controller

Processing Feedback
Vihicle position

Steering
angle |

A

b4
» )

™ FanY
L/ A
Y A

Carsim Anti-windup Feedback Controller in Simulink/Matlab

Fig. 2. The connection of the closed-loop path tracking system in Car-
sim/Matlab joint simulation environment

Remark 3.2: In the present work, the problem of anti-windup
output feedback control is studied within fuzzy system theory
framework for path tracking. To this end, we resort to the clas-
sical parallel distributed compensation (PDC) method for the
closed-loop system stability and controller synthesis. However,
the obtained results with PDC method can be further relaxed
by some other existing analysis methods, such as, nonquadratic
stabilization and/or membership-function-dependent analysis
strategies [46], [47].

IV. SIMULATION VALIDATIONS

In this part, some experimental results are presented to
illustrate the effectiveness of the proposed output feedback
controller design in this work within the Carsim/Matlab joint
simulation environment. To imitate the behavior of nonlinear
vehicle dynamics in path tracking, the vehicle simulation
software Carsim is introduced. In automotive industry, as a
fidelity vehicle simulator, Carsim could quickly and accurately
simulate the dynamic behavior of different types of vehicle and
thus is widely used for the tests of vehicle handling stability,
ride, fuel economy and power, etc. [48]. In Carsim/Matlab
joint simulation, the D-Class Sedan is selected as the au-
tonomous vehicle to be controlled, and the proposed controller
is realized in Matlab. The structure of the lateral path tracking
system is described in Figure 2.

The physical parameters of the D-Class Sedan are given as
m = 1530kg, J, = 4607.0kg-m?, I; = 1.11m, [, = 1.67m,
and the actuator constraints p, = ‘igg (40°) and p, = 3% (5°).
Considering the uncertain cornering stiffness as mentioned in
Section II, we set the two values for front and rear tires to be
(92500 £ 7500)N/rad and (83250 + 6750)N/rad, respectively.
In the simulation, we take Road Course in Carsim as our
reference path, which captures various driving scenarios in the
real-world driving. On the other hand as the vehicle velocity
changes during cruising, the variation range of the vehicle
velocity is pre-defined accordingly. The vehicle velocity is
assumed to be bounded by 6 < v, < 30m/s, which is
generated according to the road condition, such as, the road
curvature. Moreover, the vehicle speed is controlled by a pre-
designed PI controller embedded in Carsim. Following the
fuzzy modeling procedure given in Section 2, the T-S fuzzy
lateral vehicle dynamics is given as follows:
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Fuzzy Rule R': If ¢, is 7 Then

x(k+1) = (A + AA)x(k)

+(Bi + ABZ)(Sf(k) + Dzw(k)
y(k) = Cu(k)
z(k) = Hx(k),i=1,2

where ¢, can be determined by (13), Fl = %, F? = 1%,
and the system matrices A;, AA;, B;, AB;, D; can be
obtained by replacing v, with vyymin and vymax, respectively,
in (11). Its membership function is depicted in Figure 3. Now
we are ready to provide some simulation and comparison
results of the path tracking in two different cases: 1) the fixed
and varying preview distances; 2) low road friction coefficient
condition.

Case I: In some existing results, the problem of path
tracking control is considered with fixed preview distance
regardless of the variations of vehicle velocity and road
conditions. To tackle this problem, we assume that the preview
distance varies according to the current velocity as mentioned
in Remark 2.1. Letting the preview distance [y = 0.3v, and
g; = 20 (i = 1,2), the Lyapunov matrices and controller gains
can be obtained by solving the conditions given in Theorem
3.2 given as follows

[ 0.4609 —1.0490 —0.0556 —0.1314 0.0235 ]
—1.0490 7.5929 —1.7287 —0.2127 0.5563

—0.0556 —1.7287 0.9809 0.0823 —0.2213
—0.1314 —-0.2127 0.0823 0.6075 —0.2213
0.0235 0.5563 —0.2213 —0.2213 0.2645 |

0.5911 —1.2406 —0.0356 —0.1607 0.0041 |
—1.2406 8.8135 —1.8149 —0.2272 0.5380
—0.0356 —1.8149 0.9817 0.0926 —0.3654
—0.1607 —0.2272 0.0926 0.5947 —0.2190
| 0.0041 0.5380 —0.3654 —0.2190 0.2689 |

0.4379 0.0017 —0.0002 0.0001 0
0.0127  0.0012 -0.0001 0 0
—1.0154 0.0013 0.0001 0 0
16.4693 0.0723 —0.0087 0.0025 0.0002
—35.3131 —1.5447 0.1088 —0.0306 —0.0031 |

—0.2471 —0.0008 —0.0001 0 0
—0.0040 0.0010 0 0 0
—0.5288 0.0321 —0.0015 0.0004 0.0001
26.6974 0.1830 0.0025 —0.0007 0.0004

| —93.6585 —2.4387 0.0660 —0.0169 —0.0048 |

(33)

P =

[ 0.0212 0.0259 0.7866 —0.0683 ]
—0.0802 0.0033 —0.0723 —0.0642
—0.1432 —1.2127 2.1147 —0.0576
—1.2083 —3.25645 —25.2069 —2.6464

| 2.81071 6.81626 2.55843 2.2844 |

[ 0.1278 0.2305 1.7729 —0.0046 ]
—0.1044 —0.0012 —0.0468 —0.0652
—0.2528 —1.5941 1.1663 —0.7689
—1.7254 —4.2069 —40.1817 —3.0608

| 6.66972 7.9763 151.9269 45.3533

[0.9361 —0.0317 0.0018 —0.0005 —0.0001 |
C5 = [1.1449 —0.0320 0.0018 —0.0005 —0.0001 ]

By =

Membership function
o
5

Fig. 3. The membership function for the T-S fuzzy vehicle lateral dynamics
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Fig. 4. The longitudinal velocity profile in Case I

Df = [—0.0828 —0.2943 —1.5202 —0.4651 |
Df = [—0.0974 —0.2832 —1.7721 —0.3632 |
[ —0.0488 ] [ —0.0062 ]

—0.0454 —0.0469
E{* = | —0.0231 | ,ES* = | —0.1673
—1.8279 —0.9500
| 8.0545 | | 5.2584 |
[ 0.1250 ] [ —0.0821 ]
—0.0193 —0.0189
E{" = | —0.4004 | ,E{" = | —0.7592
4.5567 7.0292
| 18.9883 | | 6.7580 |

Based on the simulation structure in Figure 2, some experi-
mental results are depicted as follows. In this experiment, the
real vehicle velocity (6 < v, < 25m/s) is shown in Figure 4
(the dashed blue curve), from which we can see that there are
usually differences between the desired velocity profile and
the real one.

In Figure 5, the reference trajectory of Road Course and the
real vehicle trajectory are shown, respectively, from which we
can find that, with the controller obtained, the vehicle could
well track the reference path. To be more specific, the lateral
offset is given by the green curve in Figure 7, and we can see
that in most sections of the path, the lateral offset is bounded
by 0.5m and —0.5m. In Figure 6, we show the measured
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Y (m)

(a) The vehicle tracking performance with velocity
6m/s < v, < 25m/s

10

100

Real trajectory 1
- - -Reference path |

Y (m)

120 130 140 150 160
X (m)

100 110

(b) The zoomed-in version of the curves in the block
of Fig. 5(a)

Fig. 5. The tracking performance in Case I

and processed outputs of the tracking system and the steering
angle input. With these figures shown above, we conclude
that the proposed T-S fuzzy output feedback controller could
guarantee the vehicle to follow the reference path with time-
varying velocities. To further demonstrate the advantages of
the varying looking-ahead strategy, we compare the tracking
performance in terms of lateral offset with fixed and time-
varying preview distances. In Figure 7, the lateral offsets are
depicted with fixed preview distances, 8m and 5m, and time-
varying preview distance 0.3v,, respectively. Obviously, the
look-ahead strategy proposed in this paper outperforms over
the one with fixed preview distance.

Case II': In this case, we consider the tracking performance
under unsatisfactory road condition, i.e., relatively low friction
coefficient with a higher vehicle velocity compared with
that in Case I. The vehicle velocity is depicted in Figure
8, from which we can see that the real speed is about
20km/h~110km/h. In Carsim, the road friction coefficient
is set to be 0.8. With the developed fuzzy dynamic output
feedback compensator, the tracking performance is shown in
Figure 9 with preview distance of 0.5v,, from which we can
see that the autonomous vehicle could track the given trajecto-
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Fig. 9. The tracking performance in Case II
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Fig. 11. The tracking performance with Carsim driver model in Case II

ry under low friction coefficient road condition. In Figure 10,
the steering angle and its rate are given, respectively, and the
actuator amplitude and rate satisfy the aforementioned bounds.
To further show the advantage of the proposed controller
design method for steering in terms of algorithm robustness,
we consider tracking performance of the closed-loop driver
model embedded in Carsim, which is set to be without tracking
offset under speed varying preview distance 0.5v,. In Figure
11, the tracking performance is depicted, and obviously we
can find that the vehicle cannot normally follow the path with
low friction coefficient, which clearly shows our proposed
controller design method is more robust to the vehicle tracking
on different road conditions.

V. CONCLUSIONS

In this work, we consider the output feedback steering
control for autonomous driving under actuator constraints,
i.e., actuator amplitude saturation and rate limit. Considering
the nonlinearities and parametric uncertainties, the classical
T-S fuzzy modeling method is introduced to represent the
nonlinear vehicle lateral model. Within the T-S fuzzy system
theory, a method for the T-S fuzzy anti-windup output feed-
back controller design has been proposed with varying look-
ahead distance strategy. With Carsim and Matlab simulation
softwares, a series of experimental results are provided to
illustrate the effectiveness of the proposed controller design
approach. Moreover, some comparison results on tracking
performance are also shown under two different cases, i.e.,
varying or fixed look-ahead distance strategy and low road
friction coefficient, which clearly demonstrate the advantages
of the proposed control method.
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