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Abstract

We study a family of random Taylor series

F(z) = Z Cnanz™

n>0

with radius of convergence almost surely 1 and independent, identically distributed complex Gaussian
coefficients (¢,,); these Taylor series are distinguished by the invariance of their zero sets with respect to
isometries of the unit disk. We find reasonably tight upper and lower bounds on the probability that F’
does not vanish in the disk {|z| < r} as 7 1 1. Our bounds take different forms according to whether the
non-random coefficients (a,,) grow, decay or remain of the same order. The results apply more generally
to a class of Gaussian Taylor series whose coeflicients (a,,) display power-law behavior.

1 Introduction

Random analytic functions are a classical topic of study, attracting the attention of analysts and
probabilists [7]. One of the most natural instances of such functions is provided by Gaussian
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1 Introduction 2

analytic functions (GAFs, for short). The zero sets of Gaussian analytic functions are point
processes exhibiting many interesting features [6, 11]. These features depend on the geometry
of the domain of analyticity of the function and, sometimes, pique the interest of mathematical
physicists, see, for instance, [1, 3, 4, 14].
In this work we consider Gaussian analytic functions in the unit disk represented by a
Gaussian Taylor series
F(2) =) (nanz", (1)

n>0

where ((,) is a sequence of independent, identically distributed standard complex normal ran-
dom variables (i.e., the probability density of each (, is %e"zﬁ with respect to Lebesgue
measure on the complex plane), and (a,) is a non-random sequence of non-negative numbers
satisfying lim sup {/a, = 1. Properties of zero sets of Gaussian Taylor series with infinite radius
of convergence have been studied quite intensively in recent years, see, e.g., [6, 10, 13] and the
references therein. When the radius of convergence is finite, the hyperbolic geometry often
leads to some peculiarities and complications. In particular, this is the case in the study of the
hole probability, that is, the probability of the event

Hole(r) = {F # 0 on rD},

an important characteristic both from the point of view of analytic function theory and the
theory of point processes. For arbitrary Gaussian Taylor series with radius of convergence one,
understanding the asymptotic behaviour of the hole probability as r 1 1 seems difficult. Here,
we focus on a natural family F7, of hyperbolic Gaussian analytic functions (hyperbolic GAFs,
for short),

Fm@=§:@¢ML+U”b@+n_Dzﬂ 0<L<oo. @
n>0 ’

distinguished by the invariance of the distribution of their zero set under Mobius transforma-
tions of the unit disk [6, Ch. 2], [18]. Note that the parameter L used to parameterize this
family equals the mean number of zeros of Fj, per unit hyperbolic area.

The main result of our work provides reasonably tight asymptotic bounds on the logarithm
of the hole probability as r increases to 1. These bounds show a transition in the asymptotics
of the hole probability according to whether 0 < L < 1, L =1 or L > 1. Curiously, a transition
taking place at a different point, L = %, was observed previously in the study of the asymptotics
of the variance of the number of zeroes of Fy, in disks of increasing radii [2].

1.1 The main result

Theorem 1. Suppose that Fr, is a hyperbolic GAF, and that r 1 1. Then,
(i) for0< L <1,

1-L—o(1) 1 1 1—L+o(1) 1 1
1 < —log P[Hole(r)] < 1 ,
ST (1= 87—, S ~logPlHole(r) 2L (1-nL ®1_»
(ii) for L =1,
2 1) 1
—log P[Hole(r)] = m+o(l)

12 1—r’
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(iii) for L > 1,
(L—1)>40(1) 1 5 1
4 1—r

—log P[Hole(r)] =

The case L = 1 in this theorem is due to Peres and Virag. We’ll briefly discuss their work in
Section 1.2.2. The rest is apparently new.

1.2 Previous work
1.2.1 Gaussian Taylor series with an infinite radius of convergence

For an arbitrary Gaussian Taylor series with an infinite radius of convergence, the logarithmic
asymptotics of the hole probability was obtained in [12]. The main result [12, Theorem 1] says
that when r — oo outside an exceptional set of finite logarithmic length,

—log P[Hole(r)] = Sp(r) + o(Sp(r)), (3)

where

r) = Z log , (aZr®™). (4)

n>0

In this generality, the appearance of an exceptional set of values of r is unavoidable due to
possible irregularities in the behaviour of the coefficients (ay,) (see [13, Section 17]).

For a Gaussian Taylor series with a finite radius of convergence the asymptotic rate of decay
of the hole probability has been described only in several rather special cases.

1.2.2 The determinantal case: L =1

Peres and Virdg [15] (see also [6, Section 5.1]) discovered that the zero set of the Gaussian

Taylor series
=2 G (5)
n>0

(that corresponds to L = 1 in (2)) is a determinantal point process [15, Theorem 1] and,
therefore, many of its characteristics can be explicitly computed. In particular, they found
that [15, Corollary 3 (i)]

w2 +o0(1) 1

—log P[Hole(r)] = o 1

as r — 1. (6)

For L # 1, the zero set of F, is not a determinantal point process [6, p. 83], requiring the use
of other techniques.

1.2.3 Fast growing coefficients

Skaskiv and Kuryliak [17] showed that the technique developed in [12] can be applied to Gaus-
sian Taylor series on the disk, that grow very fast near the boundary. Put

Up(r) E[|F( re'? Za2 n

n>0
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They proved [17, Theorem 4] that if

lim (1 — r)loglogop(r) = +oo,

r—1
and the sequence (ay) is logarithmically concave, then the same logarithmic asymptotic (3)
holds when r — 1 outside a small exceptional subset of [%,1). Note that in our case, op, (r) =
(1-— r2)’L/ 2,

1.2.4 The case when F' is bounded on D

At the opposite extreme, we may consider the case when, almost surely, the random series F’
is bounded on D. Then P[Hole(r)] has a positive limit as r — 1. Indeed, put F = F(0) + G.
If F is bounded on D, then G is bounded on D as well. Take M so that P[supp |G| < M] > 3.
Then

{F#0onD} > {SBp|G] <M, |F(0)| > M}.

Since F'(0) and G are independent, we get

a2
€M.

N |

P{Hole(r)] > Plsup |G| < M] - B{LF(0)] > M] >

In view of this observation, we recall a classical result that goes back to Paley and Zygmund
and gives a sufficient condition for continuity (and hence, boundedness) of F' on D. Introduce

the sequence
2
s=( X )

21 <n<2it1

1/2

If the sequence s; decreases and ) | ;55 < 00, then, almost surely, F' is a continuous function on

D [7, Section 7.1]. On the other hand, under a mild additional regularity condition, divergence
of the series ) ;j §j = 00 guarantees that, almost surely, F' is unbounded in D [7, Section 8.4].

1.3 Several comments on Theorem 1
1.3.1

The proof of Theorem 1 combines the tools introduced in [19, 12] with several new ingredients.
Unfortunately, in the case 0 < L < 1, our techniques are insufficient for finding the main
term in the logarithmic asymptotics of P[Hole(r)]. Also we cannot completely recover the
aforementioned result of Peres and Virag. On the other hand, our arguments do not use the
hyperbolic invariance of the zero distribution of . We make use of the fact that

a? = _Lln+D) =1+ 0(1))£

T(L)T(n + 1) oo, (7)

where I' is Euler’s Gamma function, and our techniques apply more generally to a class of
Gaussian Taylor series whose coefficients (a,,) display power-law behavior. We will return to
this in the concluding Section 8.
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1.3.2
In the case L > 1, using (7), it is easy to see that
(L—1)*40(1) 1 , 1

Sp(r):ZIOng(airZ”): 1 I log T r—1.
n>0

That is, in this case the hyperbolic geometry becomes less relevant and the main term in the
logarithmic asymptotic of the hole probability is governed by the same function as in the planar
case, discussed in Section 1.2.1.

1.3.3

For 0 < L < 1, the gap between the upper and lower bounds in Theorem 1 remains unsettled.
It would be also interesting to accurately explore the behaviour of the logarithm of the hole
probability near the transition points L = 0 and L = 1; for instance, to consider the cases
an = n~Y20(n) and a, = £(n), where £ is a slowly varying function.

Of course, the ultimate goal would be to treat the case of arbitrary Gaussian Taylor series
with finite radii of convergence.

Acknowledgements

The authors thank Alexander Borichev, Fedor Nazarov, and the referee for several useful sug-
gestions.

Notation

e Gaussian analytic functions will be called GAFs. The Gaussian analytic functions FJ,
defined in (2) will be called hyperbolic GAFs.

e We suppress all of the dependence on L unless it is absolutely necessary. In particular,
from here on,

o ['= FL7
e c and C denote positive constants that might only depend on L. The values of these
constants are irrelevant for our purposes and may vary from line to line. By A, «,

a;, etc. we denote positive constants whose values we keep fixed throughout the
proof in which they appear.

e The notation X ~ Y means that cX <Y <CY.

o We set
0=1—r and r9=1—ké withl <k <2.

Everywhere, except Section 6, we set x = 2, that is, rp = 1 — 2. The value of r is
assumed to be sufficiently close to 1. Correspondingly, the value of ¢ is assumed to be
sufficiently small.

e The variance 0% = op(r)? is defined by
ot =E[|F@re?)?] = (1 -7 "L = (1+0(1))(25)7F, asd— 0.

Usually, we suppress the dependence on r and write op instead of op(r). Notice that
log% ~ logop.
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e An event E depending on 7 will be called negligible if —log P[Hole(r)] = o(1)(—log P[E]])
as r — 1. Notice that this may depend on the value of L.

o If f takes real values, then we define f; = max{0, f} and f_ = max{0,—f}.
o e(t) = e,

e [z] denotes the integer part of x.

e n =k (N) means that n = k modulo N.

e D denotes the open unit disk, T denotes the unit circle.

e The planar Lebesgue measure is denoted by m, and the (normalized) Lebesgue measure
on T is denoted by pu.

2 Idea of the proof

We give a brief description of the proof of Theorem 1 in the cases 0 < L <1 and L > 1. In
the case L = 1 our arguments suffice to estimate the logarithm of the hole probability up to
a constant, as discussed in Section 8, and we briefly sketch the argument for this case as well.
Our proof for the upper bound on the hole probability in the case 0 < L < 1 is more involved
than the other cases.

2.1 Upper bounds on the hole probability when L > 1 and L =1

Our starting point for proving upper bounds is the mean-value property. On the hole event,

/T log | F(tr)| du(t) = log | F(0)].

Off an event of negligible probability, the integral may be discretized, yielding the inequality

N
> log |[F(rw’rg)| < Nlog|F(0)] + 1 8)
j=1

in the slightly smaller radius rg < r, for a random 7 € T, taken out of a small set of possibilities,
suitable N and w = e(1/N) (see Lemma 8 and Lemma 9). Thus it suffices to bound from
above, for each fixed 7 € T, the probability that (8) holds. We may further simplify by fixing
a threshold T > 0, noting that P [|F(0)| > T|] = exp(—T?) and writing

N N
. . _72
P[Z} log | F(rwiro)| < N log |F(0)] + 1] < IP)EA 1: log |F(rwiro)| < Nlog T + 1} +e T (9)
J= J=

We focus on the first summand, setting 7" sufficiently large so that the second summand is
negligible. Taking 0 < # < 2 and applying Chebyshev’s inequality,

N N
IP[Z log |[F(rwiro)| < Nlog T + 1} < P[H}F(mrm)\“’ > cT’eN}
=1 =1

v (10)

< CTGNE[H‘F(OJjTTo)‘_Q} .
j=1
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It remains to estimate the expectation in the last expression. Our bounds for it make use of
the fact that the covariance matrix ¥ of the Gaussian vector (F(Tw’rg)), 1 < j < N, has a
circulant structure, allowing it to be explicitly diagonalized. In particular, its eigenvalues are
(see Lemma 10)

Am=N > @™, m=0,... N-1. (11)
=m (N)

This is used together with the following, somewhat rough, bound (see Lemma 15)

E[jljjl‘F(wjrro)‘e] < detZ <A(1—59) T(1- ;e))N, (12)

where A is the maximal eigenvalue of Y. and T" is Euler’s Gamma-function.

2.1.1 Thecase L >1

We set the parameters to be T' = 53 exp (—1 /log %), so that the factor e=7” in (9) is indeed

negligible, N = [% log %] and § =2 — (log %)_1. With this choice, the dominant term in the
combination of the bounds (10) and (12) is the factor 7%/ det ¥. Its logarithmic asymptotics
are calculated using (11) and yield the required upper bound.

We mention that choosing 6 close to its maximal value of 2 corresponds, in some sense, to the
fact that the event (8) constitutes a very large deviation for the random sum Z;V: 1 log | F(tw!rp)].

2.1.2 Thecase L =1

The same approach may be applied with the parameters T = bd~ /2, for a small parameter
b>0, N= [(5*1] and 6 = 1. For variety, Section 8.1 presents a slightly different alternative.

In the same sense as before, the choice § = 1 indicates that we are now considering a large
deviation event.

2.2 Upper bound on the hole probability when 0 < L < 1

Our goal here is to show that the intersection of the hole event with the event {|F )| <
Aop, [log (= } is negligible when A2 < 2 The upper bound then follows from the estimate

IF’[\F(O)] > Aop,/log —~— i T)U } = exp (—A2 rlog —<— i T)G ) .
The starting point is again the inequality (8) in which we choose the parameter
N=[, L<a<l,

with « eventually chosen close to 1. However, a more refined analysis is required here. First,
we separate the constant term from the function F, writing

F(z)=F(0) + G(2).
Second, to have better control of the Gaussian vector

(G(rw'rg)), 1<j<N, (13)
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we couple GG with two independent GAFs (G; and G5 so that G = G1 + G2 almost surely, the
vector (G1(Tw’rg)), 1 < j < N, is composed of independent, identically distributed variables,
and G is a polynomial of degree N with relatively small variance. In essence, we are treating
the variables in (13) as independent, identically distributed up to a small error captured by
Gs.

We proceed by conditioning on F(0) and G2, using the convenient notation

EF(U),GQ[ ] =E[.|F(0),Gy],
PFOC2[ ] =P[ .| F(0),G].

Applying Chebyshev’s inequality we may use the above independence to exchange expectation
and product, writing, for 0 < 6 < 2,
N . N .
PFOC2 [N log [F(rwro)| < Nlog |F(0)] + 1] < CIF(O)"Y EF OS2 [TT | F(wirro)| ]

Jj=1 J=1

N
= C\F(O)|9N H EF(0).G2 DF(ijro)’_e].

j=1
(14)
Thus we need to estimate expectations of the form
F(witrg) |0 G1(wiTrg) + Go(w/Tro) |0
w0 [F ] g Y
F(0) y 7 (0) W

in which F(0) and G are given. Two bounds are used to this end. Given a standard complex
Gaussian random variable (, real t > 0 and 0 < 8 < 1 we have the simple estimate,

supEHwﬂLg‘ie] <t?(1+C0) (16)

weC

and, for 0 < 0 < %, the more refined

42
et

1+t

IEH1+£’_0} <1—cf + 062 (17)

t X )

see Lemma 11 and Lemma 14. The most important feature of the second bound is that it is

less than 1 (though only slightly) when 6 is very close to 0, satisfying 6 < ¢(1 + t2)_1e_t2.
Combining (14) and (15) with the simple estimate (16) (with § = 1) already suffices to

prove that the intersection of the hole event with the event {|F(0)| < aor} is negligible when

a is a sufficiently small constant. However, on the event

{aow <|F(0)] < Ao, flog =7 }

the error term G2 becomes more relevant and we consider two cases according to its magnitude.
Taking small constants €, ap > 0 and n = §*° we let

G

. (w’rp)
J={1< <N:‘1 27‘>1 2}.
i + F(O) > 1+ 2
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2.2.1 The case |J| > (1 —2n)N

Here, discarding (a priori, before conditioning on G2) a negligible event to handle the rotation
7, for many values of j, the terms in (15) have |1 + % > 1+ ¢. This fact together with

the bound (17) (in simplified form, with right-hand side 1 + C6?), taking @ tending to 0 as a
small power of §, suffices to show that the probability in (14) is negligible.

2.2.2 Thecase |J| < (1—-2n)N

In this case we change our starting point. By the mean-value inequality,

Lo g\picm(dﬂ m\m\‘o

Off an event of negligible probability, the integral may again be discretized, yielding

in the slightly smaller radius rg < r, for a random 7, taken out of a small set of possibilities,
see Lemma 8. As before, for each fixed 7, Chebyshev’s inequality and independence show that,

J F(twirg) -0
G?[l\ duas HGE“‘?[ | |
2 log F(0) + Ga(twirg) 1 (0) + Ga(Twirg) 18)
and we are left with the task of estimating terms of the form
G (Twirg)

1+

REF(0),G2 [ F(rwirg) ) "9] — EF(0).G2

F(0) + Ga(Twirg

—0
]. (19)

Again discarding (a priori) a negligible event to handle the rotation 7, for many values of 7,

the terms in (19) have ‘1 + M

t < (14+4e)A, /log i T) ———. Correspondingly we set 6 = cn((1 —'1”)0%)(1“05)‘42 and obtain that
the probability in (18) satlsﬁes

F(0) (1+ L))

< 1+ ¢e. These terms are estimated by using (17) with

ijro 2
prme: [Zl 5 2 ey < 1] < expleer?(1 - ) ),

Recalling that 02 = (1 — %)=L, = § and N = [67%], and choosing € and « close to 0 and
a close to 1 shows that this probability is negligible provided that A% < %

In contrast to the cases L > 1 and L = 1, the fact that we take 6 tending to 0 can be
viewed as saying that we are now considering a moderate deviation event.
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2.3 Lower bounds on the hole probability

The proofs of our lower bounds on the hole probability are less involved than the proofs of the
upper bounds and the reader is referred to the relevant sections for details. We mention here
that in all cases we rely on the same basic strategy: Fix a threshold M > 0 and observe that

P[Hole(r)] > P[|F(0)\ > M, max|F ~ P(0)] < M}

= e P [max|F - F(0)| < M]. (20)

2.3.1 Thecase0< L <1

Here we take

M:\/l—L+25-0Fw/log1—ir.

To estimate the right-hand side of (20) we discretize the circle 7T into N =[(1 — r)_(HE)]
equally-spaced points. We then use Hargé’s version of the Gaussian correlation inequality to
estimate, by bounding F’, the probability that the maximum attained on the circle rT is not
much bigger than the maximum attained on these points and that the value F' attains at each
of the points is not too large.

2.3.2 Thecase L >1

Here we take M = % (log%)a for some % < a <1 We alsoset N = [%log %] We prove

that the event on the right-hand side of (20) becomes typical after conditioning that the first
N coefficients in the Taylor series of F' are suitably small, and estimate the probability of the
conditioning event.

2.3.3 Thecase L =1

This case seems the most delicate of the lower bounds. We take M = B,/ ﬁ for a large
constant B. To estimate the probability on the right-hand side of (20) we write the Taylor

series of F' as an infinite sum of polynomials of degree N = and use an argument based

T
on Bernstein’s inequality and Hargé’s version of the Gaussian correlation inequality.

3 Preliminaries
Here, we collect several lemmas, which will be used in the proof of Theorem 1.

3.1 GAFs

Lemma 1 ([6], Lemma 2.4.4). Let g be a GAF on D, and let supp E[|g|*] < o%. Then, for
every A > 0,

P[n}qx|g| > )\U] < Ce ™.
iD
2

Lemma 2. Let f be a GAF onD, and s € (0,0). Put

o7(r) = II;{Eéz})xE[!f\?]-
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Then, for every A > 0,
C —C)\Q
—_ e .

P[H;%X’f‘ > )\O‘f(?”*FS)} < .

In particular, for every A > 0,

P{m@x 1fl > Aop(3(1+ 7’))} <O e,
rD

Proof of Lemma 2: Take an integer N =~ % and consider the scaled functions

gj(w) = f(zj + sw), zj=re(j/N), j=1...N.
Since max, 5 | f| = max, |f(2)|, the the first statement follows by applying Lemma 1 to each
g; and using the union bound. The second statement follows from the first by taking s = %6 =
$(1—r). O
3.2 A priori bounds for hyperbolic GAFs
Lemma 3. Suppose that F is a hyperbolic GAF. Then, for p > 1,

IF’{ max |F| > O'F} <cs! e
(1-38)D

Proof of Lemma &: Since ap(l — ié) < Cop, this follows from Lemma 2. O

Lemma 4. Suppose that F is a hyperbolic GAF. Then

2 - 4
]P)[ max |F| < 6—10g O'F:| < Ce—cé Llogtop )
(1-26)D

Proof of Lemma 4: Suppose that max(;_ss)p |F| < e~ log?or Then, by Cauchy’s inequalities,
[Gnlan < (1—26)7" e~ 108’ 7,
whence, for n > 0, using the fact that a, > en2(E=1) (see (7)), we get
’Cn’ < Cn%(l—L)(l _ 26)—716— logZop < Crnéecﬁn—log2 or

In the range n ~ +log? or, we get

1
|Cn] < ( log o'F) —clog? op <e —clog?op (21)

provided that ¢ is sufficiently small. The probability that (21) holds simultaneously for all such
n, does not exceed

—c6Llogt o
)

—1 1002
(efclogQ UF)C(S log“op _

completing the proof. O
Next, we define “the good event” Qg = Qg(r) by

Qg ={ 1m‘i1§< |F| < O'F} ﬂ{ 1m§15x |F| >e ~log? or ] (22)

and note that by Lemma 3 and Lemma 4 the event g is negligible.
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Lemma 5. Suppose that F' is a hyperbolic GAF. If v > 1 then

Hole(r) ﬂQg(T) c (117](1%1)@ |[F| > exp[-C(y—1)"167%] }.

Proof of Lemma 5: Suppose that we are on the event Hole(r) () €g(r). Since F' does not vanish
in 7D, the function log|F| is harmonic therein, and therefore,

2 1.2
max_ log |2 log dp(t)

@1 5
———— = max
—9)p  [F()| a=ep Jr [rt =22 7 [F(rt))]

r+ |z|
r— |z

< max (
(1—~9)D

) [ log # o)) dute)
T
2
< =755 LB Pl dnco)

Furthermore, on €, let w € (1 —26)T be a point where |F(w)| > e~lo8%or  Then

2 _ w2
~(og?or) < tog |[Pluw)] = [ = tog [F(r) autt)

r? — Jw|?
_ / “’2 llog., |[F(rt)| —log_ |F(rt)[] du(t),

T |t —w
whence,
r+ |w| r? —|wl|?
log_ |F(rt)| dpu(t) < log_ |F(rt)| dp(t)
/ir r—lw| Jyp|rt —wl?
r+ |w| [/ 2= Jwf? 2
< log., |F(rt) du(t) +1 ]
r_’w‘ T’T’t—wP Og-l—’ (’l" )| M()+Og OF
< + Jul [maxlog |F| + log? O’Fi|
r—|w| LT
2 C
< g[Slogap—i—logzaF}é g-logQJF.
Then,
1 2 C
max_log — < / log |F(rt)|| du(t) < ————— - log?op < ————,
(1—ep |F| " (y—=1)d T‘ POl duct) (v —1)é° (y—1)é°

proving the lemma. O
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3.3 Averaging log|F'| over roots of unity

We start with a polynomial version.

Lemma 6. Let S be a polynomial of degree n > 1, let k > 4 be an integer, and let w = e(1/k).
Then there exists T with 7" =1 so that

C

k
Z log |S(rw’)| > log |S(0)| — =

?v\b—‘

Proof of Lemma 6: Assume that S(0) = 1 (otherwise, replace S by S/S(0)). Then S(z) =
[T/—(1 — s¢z) and

k n
[15wz) =[] —siz") = 5i(zh),
j=1

(=1

where S1(w) &f [T/, (1 — sfw) is a polynomial of degree n.

Let M = maxr |S1|. By the maximum principle, M > |S1(0)| = 1. By Bernstein’s inequal-
ity, maxt |S]| < nM. Now, let tg = €¥° € T be a point where |S1(tg)| = M. Then, for any
t=¢% e T with ¢ — ¢o| < £ (with 0 < & < 1), we have

|S1(t)|ZM—%-nM:(l—s)le—a.

The roots of unlty of order kn form a 7n-net on T. Thus, there exists ¢ such that th" =1 and
log |S1(t)| > —<. Taking T so that 7% =t, we get

Y

k
1 N C
g log [S(re)| =  log|S1(74) = — 15

k\r—‘

while 757 = 1. O

Lemma 7. Let f be an analytic function on D such that M def supp |f| < +oo. Let 0 < p < 1,
and denote by q the Taylor polynomial of f around 0 of degree N. If

N>

M
log : (23)
1—p 1—p

then max g | f —¢q| < 1.

Proof of Lemma 7. Let

= g ez

n>0

Then, by Cauchy’s inequalities, |¢,| < M, whence

S =M<

max|f —ql < D lealp” <M T
p.

n>N+1 1=p T1-p
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Lemma 8. Let 0 <m < 1,0< p <1, k>4 be an integer, and w = e(1/k). Suppose that F
is an analytic function on D with m < infp |F| < supp |F| < m~! and that P is a polynomial
with P(0) # 0. There exist a positive integer

C k
K < k*|deg P 1
{eg +1—,0 Ogm(l—p)]’

and T € T satisfying 7 =1 such that

Zk:og‘ (Tw’ p) ’ log‘ ’—i—g
— P k2

Proof of Lemma 8 Let 0 < ¢ < m be a small parameter. Applying Lemma 7 to the function
f = (eF)™1, we get a polynomial Q with

C 1
deg Q < ! :
BLS T, =)

such that
’ ! Q‘ <e
max|— — .
pD | F

Then, assuming that ¢ < %m, we get
max‘log Q| +log |F|| = max‘log 1+ F(Q— +)|| <Cem™. (24)

Applying Lemma 6 to the polynomial S = P - @ and taking into account (24), we see that
there exists 7 so that 7" 485 = 1 and

1 Zkzlog‘F(TwJ ‘ 1 Zk: og‘S Twp ‘ + Cem ™t
ke P Sk =
—log|S(0)| + C [k~ + em™]

< loglg(())‘ + Ok +em™].

It remains to let ¢ = %mk_2 and K = k?deg S = k%(deg P + deg Q). O

We will only need the full strength of this lemma in Section 4.3.3. Elsewhere, the following
lemma will be sufficient.

Lemma 9. Let F' be a hyperbolic GAF. Let
1<k<2, 19=1—-kK0.

Let k > 4 be an integer and w = e(1/k). Then

k

2

1 .

P[Hole(r)] < ch” log k supIP’[Z log |F(tw!rg)| < klog|F(0)| + C| + (negligible terms) .
j=1

(=175t JF
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Proof of Lemma 9: Outside the negligible event Hole(r) \ €z we have the bound

3 C

maX7|F|<O'F<(SgT/2

(1-1i6)D
According to Lemma 5 applied with v =1+ %(n — 1), we have

Hole(r) \ Qg C {(11115(1;1)@ |F| > exp[-C(k — 1)*1573]} :

Therefore, letting m = exp[—C(x — 1)716 73], we get

P[Hole(r)] < P[m < min_ |F| < max_ |F| < m_l} + (negligible terms) .
(1—~6)D (1—~6)D

Applying Lemma 8 to the function F((l — 75)2) with P =1 and
. 70 N (k—7)d
e e
we find that
{m< min [P < max [Fl<m™ () D 10g|F(rirg)| < klog|F(0)]+

1-~8)D 1— .
(1=79)D (1=79)D T:rK=1 j=1

with some
Ck? k o Ck?logk
m(k —v)8 ~ (k—1)26%’

completing the proof. O

Note that everywhere except for Section 6 we use this lemma with x = 2.

3.4 The covariance matrix

We will constantly exploit the fact that the covariance matrix of the random variables F'(w’ 1"),
w = e(1/N), 1 < j < N, has a simple structure. This is valid for general Gaussian Taylor
series, as the following lemma details.

Lemma 10. Let F be any Gaussian Taylor series of the form (1) with radius of convergence
R and let z; = re(j/N) forr < R and j = 0,...,N — 1. Consider the covariance matriz
¥ = X(r,N) of the random variables F(zy), ..., F(zny-1), that is,

Sjn = E|F(z)F(e0)| = Y a2r?e((j — k)n/N).

n>0

Then, the eigenvalues of o are

n=m (N)

where n = m (N) denotes that n is equivalent to m modulo N.
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Proof of Lemma 10: Observe that

N-1 N-1
F(z;) = Z Z Cnapre(jn/N) = Z e(jm/N) Z Cnanr™.
m=0 n=m (N) m=0 n=m (N)

Define the N x N matrix U by

Ujm = e(jm/N), 0<jm<N-—-1,

1
VN
and the vector T by

Z Cnanr™ .

nm

Then U is a unitary matrix (it is the discrete Fourier transform matrix) and the components
of T are independent complex Gaussian random variables with

E[|ITul] =N

n=m (N)
Finally, note that
F(z0)
F (:2’1) .
F(zn-1)
Hence, the covariance matrices of (F(zo), ..., F(2n—1)) and of T have the same set of eigen-
values. O

3.5 Negative moments of Gaussian random variables

In the following lemmas ( is a standard complex Gaussian random variable. Recall that, for
0 <2,
B[] =T(1-30), (25)

where I' is Euler’s Gamma-function.

Lemma 11. There exists a numerical constant C' > 0 such that, for everyt >0 and 0 < 0 <1
¢ 0
supE| [w+ = <t(1+09).
weC t
Proof of Lemma 11: Write

[y A )

where m is the planar Lebesgue measure, and use the Hardy-Littlewood rearrangement in-
equality, noting that the symmetric decreasing rearrangement of |w + %‘70 is }%}79, and that
e 1 is already symmetric and decreasing. O
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Lemma 12. For each 7 > 0 there exists a C(7) > 0 such that for every integer n > 1,

sup E{ llog‘l + g| ‘n
[t]>7 ¢

} < C(m)nl.

Proof of Lemma 12: By the symmetry of ( we may assume that ¢ > 0. Put X = |1 + %‘ and
write

El[log X|"] = E[(log %) "1 x<

We have

}] +E[(log %) " L1y oyy) +E[(log X) " Lxsny] -

N

1 Zi—1\" _ .2
E[(log +)"1 :/ log|1 + = |
[( og X) {Xg%}] {1+§|<§}<Og} t’ ) e m(z)

s

e—t2/4/ (log‘1+i}_1)ndm(z)
T Nz t

—t2 /442 n
= ¢ ! / (log i) dm(w)
T Jeighyt vl

<C /01/2 (log é)ns ds

o
=C e 2 dx < On!.
log 2

<

In addition,
]E[(log %)nﬂ{%QXgl}} < (log 2)" <1.
Finally, for t > 7,

1
@} 25) P(gn+1) <7l
tn tn

E[(log X)"Ix>1)] < E[(X - 1)4] <E[X - 1]"] <E|

completing the proof. O

Lemma 13. Fort > 0,
—¢2
e

E[log‘l—l—%u > ST
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Proof of Lemma 13: We have

™

o0 s 0 do
2/ 6_T2T/ logll—l—z)fdr
0 —r t 2

[e.e]
= 2/ log , (%) e rdr
0

1 00 ,—u
:/ e—du:I.
2 t2 u

Integrating by parts once again, we see that

—t2 0o ,—u —t2
e e e 1
I=—— —du > — — 51,
212 /t2 2:2 U7 o2 T 2

E[log‘1+%u _1 /Clog‘l+i‘e_|z|2 dm(z)

whence,
—2
e

I>———
22+ 1)

|

completing the proof.

Lemma 14. There exist numerical constants ¢, C > 0 such that, for everyt >0 and 0 < 6 < %,

o<1

Proof of Lemma 14: Lemma 11 yields that there exist ¢,7 > 0 such that, for every 0 <t < 7
and 0 < 0 < %, we have
-
EHlJr%’ [<1-e.

Thus, we need to consider the case t > 7. Write

—¢2
2
5+ CO.

)1+%‘*9 — exp <_910g)1+§‘> S1+Y 910g|1_|_ )"

n>1

Using Lemma 12, we get

1§ <1 oo+ §] + 3 2efont 41

0<0<s 92

<’ 1—9E[log‘1+%u +C(7) =%

=

<1-0E[log|1 + %H +20(r)62.

Applying Lemma 13, we get the result. O



4 Upper bound on the hole probability for 0 < L < 1 19

Lemma 15. Suppose that (1j)1<j<n are complex Gaussian random variables with covariance
matriz 3. Then, for 0 < 0 < 2,

o[fls] < s (x4 r0-10) "

where A is the mazimal eigenvalue of X.

Proof of Lemma 15: We have

=

2712.2) Am(Zy) . .. dm(Zy)

N
1

=[] =

5 Vs

1= :

N
]. ]. 71\71 2
< ——— 25 Am(Zy) ... .dm(Z
N det & /(Cer:[1|Zj’9€ m( 1) m( N)

proving the lemma. O

4 Upper bound on the hole probability for 0 < L < 1

Now we are ready to prove the lower bound part of Theorem 1, in the case 0 < L < 1.
Throughout the proof, we use the parameters

L<a<l, rn=1-25 N=[6°], w=e(l/N),

where
<r<l1l, é=1-r

N

In many instances, we assume that r is sufficiently close to 1, that is, that ¢ is sufficiently small.

It will be convenient to separate the constant term from the function F, letting

F=F(0)+G.

4.1 Splitting the function G
We define two independent GAFs G; and G4 so that G = G1 + G5 and

e G1(w/rg), 1 < j < N, are independent, identically distributed Gaussian random variables
with variance close to o%(ro);

e (35 is a polynomial of degree N —1 and, for |z| = r(, the variance of G2(z) is much smaller
than o2 (ro).
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Let (¢})n>1 and () 1<n<n—1 be two independent sequences of independent standard complex
Gaussian random variables, and let

oo
! n
= E Cnbnz )
n=1

N-1
= Z g{dnzn )
n=1
where the non-negative coefficients b,, are defined by
2(kN+
= Z[azNTgkN - azN—i-nrO( n)}, l<n<N-1,
E>1
bn, = an, n > N.

Since the sequence (ay) does not increase, the expression in the brackets is positive. For the
same reason, for 1 <n < N — 1, we have

2 2n p2(kN+n) 2(kN+n) 2kN
apry + E AN 1T § akN+n7’o > E apnrgtY,

k>1 k>0 E>1

whence, for these values of n we have b, < a,. The coefficients d,, > 0 are defined by
a2 = b2 + d2. This definition implies that the random Gaussian functions G and G; + Gs
have the same distribution, and we couple G, G; and G2 (that is, we couple the sequences ((,),
(¢},) and (¢)) so that G = G1 + G5 almost surely.

Lemma 16. For any 7 € T, the random variables (Gl (ijro)), 1 <5 < N, are independent,
identically distributed Nc (0, 0% (ro)) with

og, (ro) = N ZakNr%N. (26)
k>1
In addition, we have
0< 0'%7(7’0) — Uél(ro) < CU%_C(To) ) (27)

Proof of Lemma 16: Applying Lemma 10 to the function GG; evaluated at 7z we see that the
eigenvalues of the covariance matrix of the random variables (G1(w/7r¢))1<j<n are all equal
to N >~ aiyreEN. Hence, the covariance matrix of these Gaussian random variables is
diagonal, that is, they are independent, and the relation (26) holds.

To prove estimate (27), observe that

2.2
aGl 70) ga " =o%(ro),

n>0

and since the sequence (a,) does not increase, we have

UG17"0 E:GQ 2n: 2:&2 2n'

n>N

Recalling (see (7)) that
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we see that

N-1 N-1
Z a2rd" < C Z (1+n)l"t <CONE L CJ%_C(TO) ,
n=0 n=0
proving the lemma. O

We henceforth condition on F(0) and Go (that is, on {y and (¢//)1<n<n—1), and write

EFOC:[ ] =E[. | F(0),Gs],
PrO:C2[ ] =P[. | F(0),G].

In the following section, we consider the case when |F'(0)|/oF is sufficiently small.

4.2 |F(0)| < aop

We show that the intersection of the hole event with the event {|F(0)| < aor} is negligible for
a sufficiently small.
By Lemma 9 (with x = 2 and k = N), it suffices to estimate the probability

P GQ[ZIOg‘Hﬂ‘\ }_Pnomzm‘l | GWITro)

-1
P F(0) ‘

> e_C]

with some fixed 7 € T. By Chebyshev’s inequality, the right-hand side is bounded by

CRF0), GQ[H‘l WTTO‘ } CHEF G2|:

where in the last equality we used the independence of (G1 (w? 7'7’0)) 1<j<n Droven in Lemma 16,
and the independence of G; and F(0), Ga. Then, applying Lemma 11 with ¢t = |F(0)|/o¢, (10),
we get using (27), for each 1 < j < N,

G(UJ]TT‘Q)‘ 1}
F(0)

G(wiTrg) |1
EF©),G2 ]y ’
1+ F(0) |
Ga(witrg)  Gi(w/Trg)|—1 |F(0)] 1
_ pF0.62]q 2 ‘ <C <C-a<-
1 F(0) F(0) } e, <3
provided that the constant a is sufficiently small.
Thus,
J —a
0):G2 [H)1 Gl TTO } > O <oV <o

Since o > L, this case gives a negligible contribution to the probability of the hole event.
1

4.3 aorp < |F<O)‘ gAO'F lOgm

Our strategy is to make the constant A as large as possible, while keeping the hole event

negligible. Then, up to negligible terms, we will bound P[Hole(r)] by

P[\F(Oﬂ > Aop,/log m} = exp [— Ao, logm
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We fix a small positive parameter ¢, put

Ga(wr

J={1<i<nNi i+ 0)\z1+25},

and introduce the event {|J| < (1 — 2n)N}, where n = §%°, oy is a sufficiently small positive
constant, and |J| denotes the size of the set J. We will estimate separately the probabilities of

the events
Hole(r) ﬂ{aap < Aop,/log (1 oT }ﬂ{\ﬂ (1-2n)N}
Hole(r ﬂ{aaF < Aopy/log —~— a=re2 }ﬂ{u] > (1-2n)N}.

Given 7 € T, put

and

J
J_(T):{lgjgN:‘l—i—GQE;UTm‘>l+s}

J
J+(7'):{1<j<]\7: ‘1+W‘>1+36}

Our first goal is to show that, outside a negligible event, the random sets Ji(7) are similar in
size to the set J.

4.3.1 Controlling G5 at the points (wj7r0)1<j<N

Lemma 17. Given ag > 0, there is an event Q = Q(r) with PF©) [Q] <e 97 op, {|IF(0)] >
aop}, for r sufficiently close to 1, such that, for any 7 € T, on the complement Q° we have

J_ > |J| -

()] > 1] .

[+ (D] < [J[+ 0N
with n = §0.
Proof of Lemma 17: We take small positive constants a1 and aqg satisfying

1—a)L (1-1L
a1<max{( @) ,( )a2} and
2 2 (29)

a1 + 2a < a,

let M = [6792], write G2 = G3 + G4 as follows
M
= (rdnz",
n=1
N-1
D Gz

n=M+1
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and define the events

M
= J{Icr = 67 F(0)]},
n=1

N-1

Qu={ Y [GIPd = FO)P}.

n=M-+1

First, we show that (under our running assumption |F'(0)| > aop) the events Q3 and 4 are
negligible. Then, outside these events, we estimate the functions G3 and G4 at the points
(wiTro), <jen+ We may assume without loss of generality that |arg(7)| < w/N, as rotating 7
by 27k/N leaves |J4(7)| unchanged.

_s—(L+
§—( C)O

Lemma 18. For r sufficiently close to 1, we have PF(©) Q3] <e n {|F(0)| > aor}.

Proof of Lemma 18: Using the union bound, we get

P[] < Z]P’F [I¢y) > 67°1|F(0) ZIP’F(O [I¢!| > 6~ aop] < Me—e®0™"** O

n=1
Lemma 19. For r sufficiently close to 1, we have PF©[Q,] < e on {|F(0)| > aoF}.

Proof of Lemma 19: Put

N-—1
X= Y [GPd.
n=M+1

Let)\>Osatisfy)\d%<1forM+1<n<N—1. Then,

N-1
IP’[X Zt] :P[e’\x > e,\t] < e_)‘tIE[ H et I2d2}

n=M+1
N-1 1 N-1 1
_ At H _ _ 1
=e — —exp{ At + Z 08—
n=M+1 L= Ady n=M+1 1 — Ady

We take A = 1/(2a%,), recalling that a2 = b2 + d? with (a,) non-increasing. Then,
1

2
log 81— M2 S < 2Md;
Thus,
N-1
]P[X > t] < exp[—)\(t -2 Z di)] < exp[—%At] ) (30)
n=M-+1
provided that
N-1
t>4 > di. (31)
n=M-+1

We use estimate (30) with ¢ = §221|F(0)|?. Note that §2*1|F(0)|? > ¢6~(L=2%1) and that
N-1 N-1
4 dy <4 ) a) <CN'<CsF,
n=M-4+1 n=M+4+1
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which satisfies (31) by (29). Finally, using again (29), we get

P[X > 3> [F(0)]*] < exp[-

(20,}\4)2 - g2 ‘F(O)‘Q]

< exp[—ch_L52a1|F(O)|2] < exp[—ca25_L_(1_L)o‘2+20‘1] < exp[ 5~ (L+C)]_ 0

Lemma 20. Suppose that r is sufficiently close to 1. Then on the event Q§ we have

. . 1
sup sup ‘Gg(w]’ﬂ"o) — Gg(w]ro)‘ < —¢e|F(0)], 1<j<N.
|arg 7|<m N—1 1<G<N 2

Proof of Lemma 20: For each 1 < j < N, since 0 < d,, < 1, we have

M
. . m
|G3(w’Tro) — G3(w’rg)| < m§X|G§| "N S M z_: &4

CM?
<
N
provided that 2as + a1 < «a, and that r is sufficiently close to 1. O

6 M|F(0)] < CoTPtem | F(0)] < ¢l F(0)]

Lemma 21. Suppose that r is sufficiently close to 1. Then, on the event Qf, for any 7 € T,
the cardinality of the set

{1 < j < N: max(|Ga(w'ro)], |Ga(wirro)]) > Le \F(O)]}

does not exceed NN .

Proof of Lemma 21: We have

1 N N N-1 2
LS = 3| 5 i
7j=1 j=1'n=M+1
N-1 1 N
- 3 Ak St
ni,no=M+1 7j=1
N-1
_ Z | /I| d2
n=M+1
N-1
< Y IG1PdE < PMIF(0)F on 9,
n=M+1
and similarly,
1 N
N Z 4(Wrrg) 2 < 6% F(0)]2  on Qf.

Hence, on €24, the cardinahty of the set we are interested in does not exceed

32621 N
— Q2 <IN =nN,
provided that 2a; < ag and that r is sufficiently close to 1. O

Now, Lemma 17 is a straightforward consequence of Lemmas 18, 19, 20, and 21.



4 Upper bound on the hole probability for 0 < L < 1 25

4.3.2 |J]| > (1—2n)N, n = §%

In this section we show that the intersection of the hole event with the event
{aor <IF(O)] < Aor,flog =z } 0 {171 > (1 - )N} (32)

is negligible. Taking into account the fact that J, J_(7) and J; (7) are measurable with respect
to F(0) and G2, Lemma 9 (with kK = 2 and £k = N) and Lemma 17 show that it suffices to
estimate uniformly in 7 € T, on the intersection of the events (32) and (28), the probability

PFO).Ga [EN: log‘l n G(;fzgo)‘ < C’]
j=1

Taking some positive 6; = 0;(r) tending to 0 as 7 — 1 (the function 6;(r) will be chosen later)
and applying Chebyshev’s inequality, the last probability does not exceed

CEF0),Ga [ﬁ’l N G(ijTO)’—el} _ CRF0).Ga [ﬁ‘l—l- Ga(wiTr) G1(wj7'ro)‘—91]
Jj=1 j=1

£(0) F(0) F(0)
N . .
Ga(wITrg)  Gi(w!Trg) |01
:CHEF(O)’GQ[lJr 0) O ) } (33)
j=1
Once again, we used the independence of (Gl(wj T?“()))l <i<N and the independence of G and

F(0), Go.

For j € J_(7), we have

Gz(ijT()) Gl(ij’f’O)
F(0) £(0)

Gg(ijro) ‘ ‘

Gl(ijT‘[))
roy | IPT |

1 /
+ F(0) + Ga(aiTro)

e
G (wiTrg)
)+ Go(witrg) |

Z(1+€)‘1+F(0

Hence, by Lemma 14, for such j we obtain

Ga(wiTrg) | Gi(w!Tro)
F{0) F(0)

EF(O);G2|: 1 ’_01:| g (1 +€)791(1 +C€%) g 6708914»09% < 6*65017

provided that r is so close to 1 that 6;(r) is much smaller than ¢ (recall that ¢ is small but
fixed).

For j ¢ J_(7), using Lemma 11 (with ¢ = FOl < ca log ~—— ), we get

og % (1-r)o%

G(wiTrg)
F(0)

6,
EFOC2 {14 ’ | < (€A flog (L) (14 Con) < Cllog =173

Thus, (33) does not exceed

1
exp[—cebh|J_(7)| + (C’ + 591 log log m)(]\f — |J- (D] -
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As we are on the intersection of the events (32) and (28) we have |J_(7)| > (1 — 3n)N.
Therefore, the expression in the last displayed formula does not exceed

exp[—cei N + CnN (1 + 61 loglog —~—)] )

(1-r)o?,

Then, letting 6; = §¢ with ¢ < min{ap, « — L}, and using that

1
0 log log <(5c(loglog5+0)—>0 as 6 — 0,

1
2
(I1—=r)o%

we see that E < exp[—cey N| (recall that 7 = §°°) and conclude that the event

Hole(r) (({acr < [F(0)| < Ao, /log W} {71 > (1 -2n)N}

is negligible.

433 |J|<(1—-2n)N, n=40°

Here we show that the intersection of the hole event with the event

{aap < |F(0)] < Aop, flog ﬁ} N {|J\ <(1- 277)]\7} (34)

T

is negligible, provided that A% < %

In this case, our starting point is Lemma 8 which we apply with the polynomial P =
F(0) + G3. Combined with Lemma 5 and Lemma 17, it tells us that it suffices to estimate
uniformly in 7 € T, on the intersection of the events (34) and (28), the probability

N
proycg[zizlog‘éggujTro)‘g;(j}.
=1

Noting that
Gy

Efl_i_i
P F(0) + Gy’

we rewrite this expression as

pF(0).Go [ﬁ‘l n G (w 7o) ‘ < ec}
el F(0) + Go(witrg) | ~

—0s

N .
M FE

)+ Gao(wiTrg) ’

N

G1(wiTrg) —02
<O+ e aimgl |

The positive 6 = 02(r) (again tending to 0 as r — 1) will be chosen later. By the independence
of (G1(w'Tr0)1<j<N proven in Lemma 16, and the independence of G; and F(0), G2, it suffices
to estimate the product

G1(wTro) )‘92} '

N
EF(O)»GQ ’
jl_[l [ (0) + Ga(wiTrg

1
+F
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First we consider the terms with j € J, (7). In this case, by Lemma 14, we have

Gy (ijro)
F(0) + Ga(wiTrg

REF(0),G2 [ 14

9
)‘ 2} <1+ 062 < 0% (35)

For the terms with j ¢ J;(7), we apply Lemma 14 with

J
| IFO0) + ool _ (o FO)
oG, oGy
(27
= (14 3¢)2E 1E(0)] < (1+4e)A, Jlog —L—

2
oG, OF (1=r)og’

provided that r is sufficiently close to 1. Then, by Lemma 14 (using that (1—7)o?% is sufficiently
small)

G (ijTO) —02 (14106) 42
E7O %1 o <1—cby((1 - r)o? >
[ " F(0) + Ga(wiTrg) ’ } 692(( T)UF) + C0;
Assuming that
2
By = o(1)((1 — r)o%) 1094 5)

we continue our estimate as follows

)(1+106)A2 ) )(1+105)A2] .

<1—cho((1—r)ot <exp[—ct((1—r)of (37)

Multiplying the bounds (35) and (37), we get

G1(w’7r9) | ‘*92}

1 :
+ F(0) + Ga(wiTrg

N
j=1
< 2
< exp[CO3) Ty ()] — e (1 — r)o2) O (N = |7 ()] -

As we are on the intersection of the events (34) and (28), we have |J(7)| < |J|+nN < (1—n)N.
Then, the expression in the exponent on the right-hand side of the previous displayed equation
does not exceed )

(CO3 — enh2((1 — T)U%)(IHOE)A )N .

2
Letting 62 = cn((1 —r)o?) (1+10)4 (which satisfies our previous requirement (36) since n — 0

as r — 1), we estimate the previous expression by

70772((1 B T)U%)2(1+105)A2N — _o5200+2(14+10e) A2(1-L)~ar

To make the event with probability bounded by exp[—0520‘”2(1“06)’42(1_L)_°‘] negligible, we
need to be sure that o — 2(1 + 10e)A%(1 — L) — 2ag > L. Since the constants ¢ and ag can be
made arbitrarily small, while o can be made arbitrarily close to 1, we conclude that the event

Hole(r) (\{acr < [F(0)| < Aop,/log m} (171 < (1-2n)N}

is negligible, provided that A% < %
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We conclude that the event

Hole(r) ﬂ{aGF < |F(0)] < AUF\/%}

is negligible whenever A% < %, and therefore, combined with the bound of Section 4.2, for any
such A,

P[Hole(r)] < IP)[|F(O)| > Aor,/log m} + (negligible terms)

= exp ( — A%0%log W) + (negligible terms) ,
F
whence, letting r 11,
1-0(1) , 1
P[HO]G(T‘)} < exp _—T op IOg m]
F1—o(1) 1 1
= exp|— : (11— L)1 f}
e[l Lmo() 11
= exp| gz 57 18
completing the proof of the upper bound in the case 0 < L < 1. O

5 Lower bound on the hole probability for 0 < L < 1
As before, let F'= F(0) +G. Fix e > 0, set

V1—L+2¢ % 1
M=Y""""°°  flog——
122 %1,

)

define the events

01 = {|F(0) > M}, Q2Z{H714%X‘G|<M}:{H}H%X|G|<M},

and observe that Hole(r) D Q3 Q2 and that ©; and Q9 are independent.
Put ‘
N=[1-r)"1°, w=e(l/N), z=r’, 1<j<N,

V1i—L+¢ 1 A 1
r_vVi—L7T¢ L "_
M = (1— r2)L/2 log 1— (1 —r2)(L+2)/2 logl_r,

with a sufficiently large positive constant A that will be chosen later, and define the events

Q3 = { max |G(z)] < M’}, Oy = {ni%xya/y < M“}.

1<GKN

Then, Q9 D Q3() 4 when r is sufficiently close to 1 as a function of €. Hence,
P[Hole(r)] > P[] - P[Qs( )] -
For K € N, we put A = 6(1/2K), wi = N, 1 < k < 2K and define

QF = { max_ |G’ (wy)| < M"}.

1<k<2K
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Notice that Qf 4 Q4 as K — oco. In order to bound ]P[Qg ﬂQ4] from below we use Hargé’s
version [5] of the Gaussian correlation inequality:

Theorem (G. Hargé) Let v be a Gaussian measure on R™, let A C R™ be a conver symmetric
set, and let B C R™ be an ellipsoid (that is, a set of the form {X € R": (CX, X) < 1}, where
C' is a non-negative symmetric matriz). Then v(A( B) > v(A)v(B).

We apply this inequality NV times to the Gaussian measure on RQ(N = +1+2K), 1<j <N,

generated by

=ReG (%5),..., XNy =ReG (2n),
X;ﬁ =ImG (z),..., Xy =ImG (2y),

and

Xy =ReG'(w1),..., X}, ox = Re G (wyr),
Xzi\/+1 =ImG'(wy),. .. 7X1iv+2K =Im G’ (wyrc)

and the sets

a5 = { e 166G <0} f e 6wl <),

jH1I<ESN 1<k<2K

Bj = {|G(2)|* = (X])* + (X})* < (M')*} .
Thus, we get

P[Q3 N Q] HP|GZJ M']-POK].

Thus, by the monotone convergence of Qf to Qq,

2

P[ngQ4]ZIP’[m%X|G’ <M H [|G(z)] < M].

For each 1 < j < N, G(%;) is a complex Gaussian random variable with variance at most
(1 —72)~L, so that

ﬂP[IG(Zj)I <M > (1—e—M'Q(1—T2>L)N (1—6(1_L+€) 1°g<1—r>>N - (1f(1fr)1—L+f)N

j=1
> exp[—eN(1 —r) 1] = exp[—c(1 — r) 71T = exp[—c(1 — )]

with r sufficiently close to 1.
Next note that
G'(2) = 3" Gura(n+ Daps1 2",

n>0

! Recently, Royen [16] proved the full version of the Gaussian correlation inequality, see also the paper by
Latata and Matlak [8].
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and therefore we have

maxE[|G']?] < C(1 — §2)~(L+2) 0<s<1.
sD

Thus, noting that
M" > cA\/log(1 —7)~1-oq(3(1+ 1))

and applying Lemma 2, we see that

P[max |G| > M"] < —“— expleA?log(1 —1)] < 1,
rD =T

D=

provided that the constant A in the definition of M” is chosen sufficiently large. Thus,
P[max,5 |G| < M"] > % Then, piecing everything together, we get

P[Hole(r)] > P[] - P[Q( )]

N
> P Q . P / M/I \ /
> P[] [rr;%x |G| < ]1_[1 [1G(z)] < M’
[Qﬂ ‘3 exp[ c(l— r)_L] .
Finally, the theorem follows from the fact that P[Ql] =e M, O

5.1 Remark

Having in mind the gap between the upper and lower bounds on the hole probability for
0 < L <1, as given in Theorem 1, we note here that a different method would be required in
order to improve the lower bound. Precisely, setting F' = F'(0) + G as before, we will show that

supPDﬁxm|>Jw;1n@qu<zw}
M rD

[ 1mLo) 11
= &P oL (1—nr)k gl—r

), asT11. (38)

Our proof above shows that this holds with a greater or equal sign instead of the equality sign
and it remains to establish the opposite inequality. It is clear that

P[|F(0)| > M, max|G| < M| <P[|F(0)| > M] ="
rD

and hence the opposite inequality need only be verified in the regime where

1-L— 1
\/ of ~\/log, asrT1.
r

(1 _TZ)L/Z 1—

Now let 0 < & < £(1 — L) and suppose that

1—L—2 1
M VI L-2e \/Hog T (39)

(1 7T2)L/2 —r

Set also N = [(1 —7)7!'™] and w = e(1/N). Let Gy and G be as in Section 4.1, so that
G = G + G9 and the random variables (G1(w’r)), 1 < j < N, are independent and identically
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distributed by Lemma 16. (The decomposition in Section 4.1 yields independent random
variables at radius 1o = 1 — 2(1 — r) but may easily be modified to radius r (or indeed any
radius).)

P[|F(0)] > M, max|G] gM} gp[max G (WIr) + Ga(wir)] < M .
rD 1<j<N

We condition on Gy and write P©2[ . | = P[. | G2 ]. Recalling that (G1(w’r)) are independent
and applying the Hardy-Littlewood rearrangement inequality, we get

N
G2 J J _ G2 J J
P [1%%101@ r) + Ga(wir), <M] _HP []Gl(w r) + Go(wir), gM}
N

ﬁ i |G (wr)| < M = (1= e M )Y ¢ N ew Aok, (),

Since the right-hand side does not depend on G, we can drop the conditioning on the left-hand
side and finally get
P[\F(O)y > M, max|G| < M] < e NV op(=M?/og, (1)
rD

It remains to note that with our choice of N and using the upper bound (39) on M and the
relation of 0% (r) and aél (r) given in Lemma 16 we have

L+e—o(1
! ) ) (), asr 1T 1.

Nexp(—M2/Ug;1 (r) = (1 _

We conclude that

]P’[|F(O)|>M7 n;%x]G|<M} <exp[—(1ir)L+Eio(l)}, asr 1 1.

for all M satisfying the upper bound (39). As e can be taken arbitrarily small, this completes
the proof of (38).

6 Upper bound on the hole probability for L > 1

6.1 Beginning the proof
Putd=1—r,1<k<2and rg=1—kd. We take

(40)

N:[L 1]

1
25 %5
and put w = ¢(1/N). By Lemma 9, it suffices to estimate the probability

su o w'Trg)| < 0 + .
pP[Zlgwf )| < Nlog |F(0)] + C]|

7€T j=1
Set
1
~(1ogt) ° 41)
a=(log . (
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Discarding a negligible event, we assume that |F(0)| < 5G9 Let 0< 0 < 2bea parameter
depending on § which we will choose later. Then,

N
P[Zlog|F(ijro)| < Nlog |F(0 |+c] [HyF (Wrro)|” me(%w)}
j=1

Cd_Ne 3ta) [H‘F w]TT’[) 9}.

Using Lemma 15, we can bound the expectation on the right by

! (A(l‘%e)r(l - %0))N,

det X

where ¥ is the covariance matrix of (F(wj 7'7’0)) and A is the maximal eigenvalue of 3.

1SN
Note that, since the distribution of F'(z) is rotation invariant, the covariance matrix ¥ does

not depend on 7.

6.2 Estimating the eigenvalues of X

By Lemma 10, the eigenvalues of ¥ are

N Z 2r2n = N <a2r§m+zam+]N7“§(m+]N))7 m=0,1,...,N —1.
j>1

Now, for small  and j > 1, we have

2(m+(j+1)N) )
a1271+(j+1)NT0 my m+ (j+1)N\L-1 o5
< C(—)

a2 2(m+jN) i
a2, iNTo m+jN

Take § sufficiently small so that

which yields

>

3

M

N

2
TS
3 o

aZ,(1 = kO)*™ + a2, (1 — k62N 2 J)
7>1

= N(a2,(1 - w6)™™ + a2, n(1 — £5)2m TN
bue Lr? L C
def Lrg —1 -11
= e =(1+0(1)) - fég as 6 =0,

and note that the sequence

L(L+1)...(L -1
m e a2 — (L+1) E +m )Tgm
m!
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increases for m < [M] and decreases for m > [M]+ 1. Thus, the maximal term of this sequence
does not exceed

_ C
CML 1(1—/15)2M<6L7_1,
whence ON
An(B) < 55, m=0.1,... N1

Also

N-1 N—-1 N-1

det(X) = [[ An(®) = [[ Nai (1 = r6)*™ > NV (1 = 6)NND T e(m +1)4~
m=0 m=0 m=0
> (eN)YN(NDEH (1 — go)NV=D = exp[(1+0(1))(LNlog N — k6 N?)]

as 6 — 0.

6.3 Completing the proof
Finally,

1ogE[ F(wirro)|” } < —logdet X+ N(1— %9) log A+ NlogI'(1 — %9)

HEZ

—(1+40(1))(LNlog N — /45N2)

+ N(1-306) (logN + (L —1)log + + O(1)) + NlogI'(1 — 36) ,

and then,

N
logP[Zlog |F(w/Trg)| < Nlog|F(0)] + C’}
j=1

N
< NO(3 +a)10g6+0 +logE[H\ij7-ro }
7=1
< NO(L +a)log :+O(1) — (1+0(1)) (LN log N — k6N?)

+ N(1—40) (logN + (L —1)log } + O(1)) + NlogI'(1 — 36)

©F (1 +0(1))N - Py.
We set § =2 — a?, k = 1 + 6, and continue to bound Py (using the choices (40) and (41)):

Py=(2-a®)( +a)logl — Llog N 4 (1+6)6N + % (log N + (L — 1)log 1) + log (%)

= log% + O(4/log §) — Llog% + %log% + O(d1log §) + O(loglog %) + O(1) + O(log log %)

=L log$(14+0(1)), §—0.
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Thus,

N _ 2
1ogxp>[j§::1 log | F(wirr0)| < Nlog [F(0)] +C] < ~(1 + (1) (L41> % (los 5"

From Lemma 9 we have

1 1 (L—-1)%1 1\2
log P[Hole(r)] < Clog + + 21 - 177(17)
og IP[Hole(r)] Cog5+20gﬁ_1 (I1+0(1)) T 5 \logs
(L—-1)21 ( 1>2
s \ees)
by our choice of k, completing the proof of the upper bound in the case L > 1. O

= —(1+0(1))

7 Lower bound on the hole probability for L > 1

As before, let § =1 — r and assume that r is sufficiently close to 1. Introduce the parameter
% <a<l,

and put
2L 1

¥=[Fnd], = ()

‘We now introduce the events

&= {16l > M}, &= {mad 3 G| < T}, & = {max| ¥ o < H )
1<n<N n>N
Then
P[Hole(r)] > P[&1] - P[€:] - P[&5] .
We have

P[Sl] = exp[—MQ] = exp [—% (log %)20(} .

In order to give a lower bound for P [52] , we rely on a comparison principle between Gaussian
analytic functions which might be of use in other contexts. To introduce this principle let us
say that a random analytic function G has the GAF(b,) distribution, for some sequence of
complex numbers (by,)n>0, if G has the same distribution as

Z Z{nbnzn, z € C,

n>0
where, as usual, ((,) is a sequence of independent standard complex Gaussian random variables.

Lemma 22. Let (b,), (¢,), n >0, be two sequences of complex numbers, such that |c,| < |by,]

for all n, and put
Qe=1]]

n>0

tn
b

n
where we take the ratio ¢y, /by, to be 1 if both b, and ¢, are zero. If Q > 0, then there exists a
probability space supporting a random analytic function G with the GAF(by,) distribution, and
an event E satisfying P[E] = Q?, such that, conditioned on the event E, the function G has
the GAF(cy,) distribution.
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The proof of Lemma 22 uses the following simple property of Gaussian random variables.

Lemma 23. Let 0 < 0 < 1. There exists a probability space supporting a standard complex
Gaussian random variable ¢, and an event E satisfying P[E] = o2, such that, conditioned

on the event E, the random variable ( has the complexr Gaussian distribution with variance

E[[¢* | E] = o2,

Proof of Lemma 23: We may assume that ¢ < 1. Write

f(2) = Zexp(-lel), fole) = — g e~ HlaP), €T

for the density of a standard complex Gaussian, and the density of a complex Gaussian with
variance o2, respectively. Observe that, since o < 1,

f=0fo+(1-0%)g, (42)

for some non-negative function g, with integral 1. Now, suppose that our probability space
supports a complex Gaussian (, with E|(,|? = 02, a random variable Y, with density function
do, and a Bernoulli random variable I, satisfying P[I, = 1] = 1 — P[I, = 0] = 02, which is

independent of both (, and Y,. Then (42) implies that the random variable
C:IO"CU_'_(l_IU)YU

has the standard complex Gaussian distribution. In this probability space, after conditioning

that I, = 1, the distribution of ¢ is that of a complex Gaussian with variance E[|¢|*|I, = 1] =

o2, as required. O

Proof of Lemma 22: Let o, = |cn/bn| (where again, the ratio is defined to be 1 if b, and
¢n are both zero). Lemma 23 yields, for each n, a probability space supporting a standard
Gaussian random variable (,, and an event E, with P[E,] = 02. Clearly we may assume that
the sequence (, is mutually independent and we take the probability space to be the product
of these probability spaces, extend each F,, to this space in the obvious way and define

G(z) = Z Cnbp2".

n>0

The claim follows with the event £ =[1,5( Enp. O

7.1 Estimating P |&,]
Put

G(z) = Z Cnanz",

1<n<N

and let (¢,)Y_; be a sequence of numbers in [0, 1] to be specified below. According to Lemma
22, there is an event E with probability Q? = Hﬁf:l q2, such that on the event E, the function
G has the same distribution as

GQ(Z) d:ef Z CnQnanzn-

1<n<N
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Notice also that

d f
2 = HZCnQnGn p€

} Eqi 2o
If we now set
2 Iye
ro =1+ 07, /\:(logg),

then applying first Lemma 22, and then Lemma 2 to the function G, with A as above, we
obtain that for § sufficiently small

P[IE%X‘;V:IC”G” ’ )\O’Q(Tg)]>@ P[mrgx);gnanz‘ )\O’Q(TQ)}E}

[max)z Cnnanz" ‘ AO’Q(T'Q):|

(1 —Co~ exp(*C(log 3)204))

For this estimate to be useful in our context we have to ensure, by choosing the sequence

qn appropriately, that
M 1

oo(rg) < — = ——. 43
olra) < 35 = 5= (13)
First, it is straightforward to verify that
exp(—6) < 1o < exp(—d +02), Vr e (0,1).
Since en’~! < a2 < Cn*~!, this implies that for n € {1,..., N}

a%%" = exp ((L —1)logn — 2nd + O(l)).

Putting

L— 1
Vi =[S tos
TR
and noting that the function z +— (L — 1)logz — 224 attains its maximum at z = Lle we see
that a2r3™ > ¢ for n < Ny, while for n € {Ny,..., N} we have a2r3" < C (log 6)L '

‘We therefore choose

al(a r%”log(s) 1, ne{l,...,N},

an =
al(log%)_L, ne{Ny+1,...,N},

where we choose the constant «; > 0 sufficiently small to ensure that ¢, < 1 for all n €
{1,... N}. With this choice we have

aq

ZqQ 2p2n L 041<10g(13> 1N1+a1-C<log%)il(N—N1)<C' 5
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and further choosing «y small if necessary, Condition (43) is satisfied.
It remains to estimate the probability of the event E. Notice that

N Ny
=Q* = [[ai = off (tlog ) """ [[ (@23
= n=1
Ny
> exp (— CNlog log 5 H Lexp[—2n(6 — 52)})_1
1 ?5 62)N1(N1+1)
Zexp(—CNloglog 3) W

Recalling that N < C' Ny, and using that Ny = [%—}1 log % ], we obtain

P[&] > 1Q* > exp (— N[ (L —1)log N1 — 6Ny + C'loglog % ])

=exp (— 3[(L —1)*+0(1)] § log® }).

7.2 Estimating P[&;]
Put

= Z Cnanzn

n>N

HZ Cotin(pet® } Z a2 p?.

The choice of the parameter N guarantees that the ‘tail’ H w1ll be small.

Then

Lemma 24. Put ri = %(1 + r). There exists a constant C > 0 such that, for 0 sufficiently

small,
§ :a2 2n <

n>N
Proof of Lemma 24: Since the function r — 2log(1+r) —r, 0 < r < 1 attains its maximum at
r =1 we have r} < exp(—6) for § =1 —r € [0,1]. Recalling that N = [ 2E log 1 |, we observe
that for n > N we have

n 2(L-1)
> b
logn — )
and therefore n”~! < exp(36n). Then, using that a2 < Cn*~!, we have
op(r)*<C Z nt~lexp(—én) < C Z exp(— < 0o~ exp(—%&N) < O6F L,
n>N n>N
Since L > 1 this is a stronger result than we claimed. O
By Lemma 24,

]}D[&g] :P[mr%X‘H‘ > %M] < P[%%X]H| > CM'UH(%(I —1—7“))} :

if ¢ > 0 is sufficiently small. By Lemma 2, the right-hand side is at most C'6 " exp[—cM 2] —0
as 6 — 0. Thus, P[Sg] > % for ¢ sufficiently small.
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7.3 Putting the estimates together

Finally,
P[Hole(r)] > P[&1] - P[&,] - P[&5]
1 1 liaa (L—=12+0(1)1, ,1

> — —= (log =) — = log® =

—2eXp[ 5 (l3) 4 5 %5

a<1 (L-1)2+0(1) 1, ,1

> — — Z
completing the proof of the lower bound in the case L > 1, and hence of Theorem 1. O

8 The hole probability for non-invariant GAFs with regularly distributed
coefficients

The proofs we gave do not use the hyperbolic invariance of the zero distribution of F' = FTp,.
In the case 0 < L < 1 we could assume that the sequence of coefficients (a,) in (1) does not
increase, that ag = 1 and that

an ~nz=) , n>1 (44)

Then, setting as before
or(r)? =E[|F(re")"] = 3 air®
n>0
the same proof yields the bounds

1-L 1 1
1=L+o(1) or(r)?log —— < —log P[Hole(r)]
2 1—7r
1
< (1—L+o(1)or(r)?log . ,
-7
In the case L > 1, assuming that ag = 1 and (44), we also get the same answer as in Theorem 1:

L—1)? 1) 1 1
(L=1P+o) 1 1
4 1—r 1—r
In the case L =1 (that is, a, = 1, n > 0) the result of Peres and Virdg relies on their proof
that the zero set of F} is a determinantal point process. This ceases to hold under a slight

perturbation of the coefficients a,,, while our techniques still work, though yielding less precise

r—1.

—logP[Hole(r)] = r—1.

bounds:

Theorem 2. Suppose that F is a Gaussian Taylor series of the form (1) with a, ~ 1 for
n > 0. Then

1 1
—log P[Hole(r)] ~ o pSr<l
—-T

For the reader’s convenience, we supply the proof of Theorem 2, which is based on arguments
similar to those we have used above. As before, we put 6 =1 —r, op = op(r), and note that
under the assumptions of Theorem 2, o (r)? ~ §~1. Also put

il

and w = e(1/N).
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8.1 Upper bound on the hole probability in Theorem 2
8.1.1 Beginning the proof

The starting point is the same as in the proofs of the upper bound in the cases L # 1. Put
ro = 1 —20. Then, by Lemma 9 (with k =2 and k = N),

P[Hole(r)] < 67 sup ]P[Z log |F(wTr0)| < Nlog |F(0)| + C] + (negligible terms) .

TeT =1

For fixed 7 € T and for a small positive parameter b, we have

N
P[Zlog |F(wTr0)| < Nlog |F(0)| + C]
=1

N
P[Z log |F(w’7ro)| < Nlog(bop) + C] + P[|F(0)| > bor]
j=1

[Zlog wj| < Nlog(Cb)} +P[|F(0)] > bor],

where w; = F(w/Tr9)/V N are complex Gaussian random variables. Next,

[Zlog|w]| Nlog Cb} [HW L> (Ch)~ ]g(Cb)NE[ﬁmjy—l}.
j=1

Thus, up to negligible terms, the hole probability is bounded from above by

N

(CONE| [T sl =] + 7%

j=1

What remains is to show that the expectation of the product of |wj\_1 grows at most expo-
nentially with N. Then, choosing the constant b so small that the prefactor (Cb)"V overcomes
this growth of the expectation, we will get the result.

8.1.2 Estimating E[vazl ’wj|_1]

One can use Lemma 15 in order to bound the expectation above, below we give an alternative
argument. Put z; = w/7rg, 1 < j < N, and consider the covariance matrix

For each non-empty subset I C {1,2,..., N}, we put I'; = (Fiﬂ')ijel'
Lemma 25. For each I C {1,2,...,N}, we have detT'; > Ml

Proof of Lemma 25: By Lemma 10, the eigenvalues of the matrix I' are

A, = Z CL2T'(2)nZC Z (1—25)2”ZcZe_CNkéche_CkZC>0,

n=m (N) n=m (N) k>0 k>0
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that is, the minimal eigenvalue of I' is separated from zero. It remains to recall that the NV — 1
eigenvalues of any minor of order NV — 1 of an Hermitian matrix of order N interlace with the
N eigenvalues of the original matrix. Applying this principle several times, we conclude that
the minimal eigenvalues of the matrix I'; cannot be less than the minimal eigenvalue of the full
matrix I'. O

Now, we write

N
E[leﬂ‘l}< > E[Hm\_lﬂﬂwi@}}
j=1

I1c{1,2,..,N} i€l

By Lemma 25, the expectations on the right-hand side do not exceed

1 ]_ )\71 2 ‘Il I
il det 'y lw|<1 |w]

(here, A; is the maximal eigenvalue of I';). Since the number of subsets I of the set {1, 2,..., N}
is 2V, we finally get

N
| [Tl | < o
j=1
This completes the proof of the upper bound on the hole probability in Theorem 2. O

8.2 Lower bound on the hole probability in Theorem 2

We write
F(2) = F(0) + G(2) = F(0) + > 2*VSy(2),

k>0

where the Si(z) are independent random Gaussian polynomials,

N

Sk(z) = Z Ci+kNOj kN2
j=1

We have
LN Nlogr<—1 k
max |G| < Zr max | S| < Ze max | Sk .
rT rT rT
k>0 k>0

We fix 1 < A < e and consider the independent events &, = {maxr'ﬂ- |Sk| < Ak N } If these
events occur together, then

—1\k
H}%X]G| <\/NZ(A€ 1 < BVN

k>0

with some positive numerical constant B. Then, F(z) # 0 on rD, provided that |F(0)| > Bv'N,
and that all the events & occur together, that is,

P[Hole(r)] > e 5N T P[&] -
k>0

It remains to estimate from below the probability of each event & and to multiply the estimates.
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8.2.1 Estimating P[Sk]

Take 4N points z; = re L), 1<€ j < 4N. By the Bernstein inequality,
J AN

Ot 0
<N Syl .

[027r] 89( )‘ Hi%x‘ d

Therefore,
™
max [ S| < max [Su(2y)| + gy - NV max|Sil

whence,

max |Si| < ¢ max 1Sk(2)],
and

Pl&y] > P[ max |Su(z)| < CAYVN].

1<j<4AN

Then, applying as in Section 5, Hargé’s version of the Gaussian correlation inequality, we get
4N
P[gk] > HP[|SIC(ZJ)| < CAk\/N] .
j=1

(In fact, passing to real and imaginary parts we could use here the simpler Khatri-Sidak version
of the Gaussian correlation inequality [9, Section 2.4].) Each value Sy (z;) is a complex Gaussian
random variable with variance

N N
2 — 2 ~
o5, = Z%MNT Z =
j:l :

Therefore,
I[D“Sk(zj)|<CAk\/N]:1— “Sk( )|>CAk\/7] _CA2k7
whence,
4N
P[gk] > (1 _ e—cAQk) 7
and then,
4N
[Iele] = (1 - e*cAQ’f) p—
k>0 k>0
completing the proof. .
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