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FLUCTUATIONS OF THE INCREMENT OF THE ARGUMENT FOR THE
GAUSSIAN ENTIRE FUNCTION.

JEREMIAH BUCKLEY AND MIKHAIL SODIN

ABSTRACT. The Gaussian entire function is a random entire function, characterised by a certain
invariance with respect to isometries of the plane. We study the fluctuations of the increment of the
argument of the Gaussian entire function along planar curves. We introduce an inner product on
finite formal linear combinations of curves (with real coefficients), that we call the signed length,
which describes the limiting covariance of the increment. We also establish asymptotic normality
of fluctuations.

Let ()5, be a sequence of iid standard complex Gaussian random variables (that is, each ¢,
has density %e*W with respect to the Lebesgue measure on the plane), and define the Gaussian
entire function by

o Zn
(D f(z) = Zjocnm.

A remarkable feature of this random entire function is the invariance of the distribution of its
zero set with respect to isometries of the plane. The invariance of the distribution of f under
rotations is obvious, by the invariance of the distribution of each (,,. The translation invariance

. ) S T
arises from the fact that, for any w € C, the Gaussian processes f(z + w) and ¢*”2*I" f(2)
have the same distribution; this follows, for instance, by inspecting the covariances

E ezlﬁ+%|w|2f(zl)€5w+%\w\2f<Z2) _ ez15+zlﬁ+5w+\w\2

— oG — g [ £+ ) Flo T u w)] .

Further, by Calabi’s rigidity, f is (essentially) the only Gaussian entire function whose zeroes
satisfy such an invariance (see [HKPV09, Chapter 2] for details and further references).

Given a large parameter R > 0, the function log f(Rz) gives rise to multi-valued fields with
a high intensity of logarithmic branch points, which is somewhat reminiscent of chiral bosonic
fields as described by Kang and Makarov [KM13| Lecture 12]. One way to understand asymp-
totic fluctuations of these fields as R — oo is to study asymptotic fluctuations of the increment
of the argument of f(Rz) along a given curve, which will be our concern in this paper. Note
that, by the argument principle [Wik17], if the curve bounds a domain G then this observable

The first author is supported by ISF Grants 1048/11 and 166/11, by ERC Grant 335141 and by the Raymond
and Beverly Sackler Post-Doctoral Scholarship 2013—14. The second author is supported by ERC Advanced
Grant 692616, and by ISF Grants 166/11 and 382/15.
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2 JEREMIAH BUCKLEY AND MIKHAIL SODIN
coincides with the number of zeroes of f in RG (the dilation of the set (), up to a factor 27 (and
a sign change if the curve is negatively oriented with respect to the domain it bounds).
We begin with the following definition.
Definition 1. In what follows a curve T is always a C!'-smooth regular oriented simple curve in

the plane, of finite lengtlﬂ An R-chain is a finite formal sum I' = ). a,I';, where I'; are curves
and the coefficients a; are real numbers.

Note that if the coefficients a; are integer valued, then we can assign an obvious geometric
meaning to the formal sum I' = ) . a,1;.

Definition 2. Given a curve [ and R > 0 we define Ag(I") to be the random variable given by
the increment of the argument of f(Rz) along I, that is,

Ag(T) = Im< A %i)z)dz) = /r 867; log | f(Rz)||dz|

where 7 is the unit normal to the curve I'. Given an R-chain I' = ), a;I'; we define Ag(I") =

> aiARr(Ty).

In order for this definition to make sense, we need to see that almost surely f does not vanish
on a fixed curve. Note that the mean number of zeroes in a (measurable) subset of the plane is
proportional to the Lebesgue measure of the set. Since the number of zeroes on a fixed curve
is a non-negative random variable, whose mean is zero, the required conclusion follows. A
quantitative version of this is given by [NSV08, Lemma 8].

It is worth pointing out that the observable Ag(I") is invariant with respect to rotations but not

with respect to translations. Indeed, since the Gaussian functions f(z+w) and eﬂJr%‘w‘Q f(z)are
equidistributed, the observable A z(I'+w) has the same distribution as Ag(I") + R* Im(w [ dz).
Note that the term R?Im(w [, dz) is not random, and that it vanishes whenever I" is a closed
chain. This implies that Ar(I" + w) and Ag(I") have the same fluctuations, and furthermore
hints that the mean of the random variable Ag(I") should be

2) E[AR(T)] = R?Im ( /

r

Zdz).

This formula is not difficult to justify, see the beginning of Section 2]

We are interested in studying the asymptotic fluctuations of the observable Ag(I"), as R — oc.
In order to understand the limiting covariance of Ag(I';) and Ag(I'y) we introduce an inner
product on R—chain

1By finite length we mean finite and positive, we do not consider a single point to be a regular curve.
2Strictly speaking, we introduce an inner product on equivalence classes of R-chains, where we identify two
chains if their difference is the zero chain. We shall ignore this issue throughout.
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Definition 3. Suppose that I'; and I'; are curves, whose unit normal vectors are denoted n; and
N9 respectively. We define the signed length of their intersection to be

E(Fl,PQ) == / ]11"1 11’*2 <ﬁ1,ﬁ2> d?‘[l
C

where 1p, and 1, are the indicator functions of the supportﬁ of the curves I'; and I'; respec-
tively, (-, -) is the inner product on C given by the standard inner product on R? (we shall fre-
quently identify C with R? without further comment) and 4! is the one-dimensional Hausdorff
measure. More generally, given R-chains I'y = > . a,[';; and 'y = > i b;I'; o we define

,C(Fl, Fg) = Z aibj£<ri717 FjVQ).
1,J
This definition needs several comments.

G) If v, : I, — R% k = 1,2, are unit speed parameterisations of the curves I'; and I'y
then, if 7, (¢1) € image(v,), we define ¢} = 7(t1) € I to be the unique value such that
71 (t1) = v2(t;). We then have

3 L(T).Ts) = / / L (1 (1), 7 (82)) (44 (1), 7 () s (£2)

where D = {(z,y) € R? x R?: x = y} and d,(¢,) is the point mass at t, = s.

(ii) Since we deal with C!-smooth regular curves, for most of the intersection points of I'; and
['s the angle between the curves is either 0 or 7; there are at most countably many points
where this does not hold. This means that in (3) we can replace the term (] (1), 75(t2))

by a(v1(t1),75(t2)) where
+1if (z,y) = [2][y],

0 otherwise,
where | - | is the standard Euclidean norm on R?. In other words, £(T;,T;) indeed

measures the signed length of the intersection of the curves I'; and I'y, see Figure
(i11) The signed length is a bilinear form on R-chains, that is obviously symmetric. If I' =
> ; a;1'; then the associated quadratic form is

L(T,T) d?—ll

]1F nz

We see that this quadratic form is non—negatlve and it vanishes if and only if I' is the zero
chain, that is, >, a;1r,n; is the zero function in L*(H'). Thus the signed length defines
an inner product on R-chains ]

3By the support of a curve I' we mean the set {~(t) : t € I} C C for a parameterisation v : [ — C of T,
Mt might be of some interest to describe the completion of this pre-Hilbert space, though for the purposes of this
paper we shall have no need for such a description.
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a=70

FIGURE 1. Illustration of the signed length of curves I'; and I's, the value of
a(vi(t1),v5(t7)) is indicated at the points of intersection

We are ready to state our main result.

Theorem 1. Let f be the Gaussian entire function (1), and let I' = . a;I'; be a non-zero
R-chain. Then, as R — oo,

) Var Ap(T') = (gc (g) + 0(1)> £(I,T)R,
where ( is the Riemann zeta function, and the random variable
Ar(T') — E[AR(D)]
Var Ag(T)

converges in distribution to the standard (real) Gaussian distribution.

Less formally our result says that the observables Az (I") have a scaling limit which is a Gauss-
ian field built on the linear space of R-chains equipped with the inner product defined by the
signed length.

We note that the second part of the theorem can be stated as follows: LetI';, ..., 'y be curves
and define A (T EIA (T
Ay - Ba(l) ~E[As(r))
Var Ag(I;)
The vector (Aq, ..., Ay) converges in distribution, as R — oo, to the N-dimensional Gaussian
distribution with covariance > given by
L(;,T;)

T L(Dy, ) 2L(T;, )42

It is worth singling out a special case of Theorem [I| when each I'; is the positively oriented
boundary of a bounded domain G;. In this case

Ap(l) =27 Z ainr(Gi)
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where n(G;) is the number of zeroes of the entire function f in the domain RG;, the homothety
of GG; with scaling factor R. Here the Gaussian scaling limit is built on finite linear combinations
> ailg, and the limiting covariance of nz(G;) and ng(G;) is proportional to the signed length
of 0G; N 0G;. Note that the same scaling limit (though a smaller class of domains is consid-
ered) appears in a physics paper of Lebowitz [Leb83|] which deals with fluctuations of classical
Coulomb systems.

The Gaussian scaling limit described in this special case corresponds to high-frequency fluc-
tuations of linear statistics of the zero set of the Gaussian entire function f. For low frequencies
the limiting Gaussian field is built on the Sobolev space W2, which consists of L2-functions
whose weak Laplacian also belongs to L?. This scaling limit was described in [STs04], see also
[NS11] and in particular the remark that follows [NS11, Theorem 1.1]. The co-existence of dif-
ferent scaling limits of linear statistics, with different scaling exponents, is a curious feature of
the zeroes of the Gaussian entire function. We expect that a similar phenomenon should arise in
other natural homogeneous point processes with suppressed fluctuations (so-called “superhomo-
geneous” or “hyperuniform” point processes, see [GL16] and the references therein).

Our work also has a one-dimensional analogue. The natural analogue of a curve in one di-
mension is the boundary of a finite interval and we attach a unit “normal” vector to each of the
two end-points in the following manner: We say the interval is positively oriented if the normals
are inward-pointing, that is, the normal on the left end-point points right, and the normal on the
right end-point points left. Otherwise the interval is negatively oriented and the normals point in
the opposite directions. Given two such boundaries 0 and 0.J, denoting the respective normals
ny and 1y, we define an inner product by

1 N
<<8I,8J)) = 5/ 13[]13](71],71J> dHO
R

where H° is the (Hausdorff) counting measure, in analogy with the signed length (and we include
the factor % to agree exactly with the results cited below). Given an ordered pair of distinct real
numbers (s, t), we identify the pair with the boundary of an interval which is positively oriented
if s < t and negatively oriented if s > ¢. The corresponding inner product is then

(1 ifs=sandt =1t
-1 ifs=tandt=5

((s,8), (s, 1)) =14 5 if s = s’ or t = t’ but not both
—3 if s =1t ort = s butnot both
L0 otherwise.

This inner product appears as a limiting covariance in Gaussian limit theorems for eigenvalues
of random unitary matrices [DEO1, Theorem 6.1; HKOO1, Theorem 2.2; Wie02, Theorem 1] and
the logarithm of the Riemann zeta function on the critical line [HN YO8, Theorem 1 and Section
2].

We end this introduction with a brief discussion of the proof of Theorem [I} We follow the
scheme developed in [STsO4], which in turn goes back to [BM83]. The proof of the asymptotic
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(), after some preliminaries, boils down to Laplace-type asymptotic evaluation of certain inte-
grals. The proof of asymptotic normality uses the method of moments, and these moments are
estimated using a combinatorial argument based on the diagram methodﬂ As often happens the
devil is in the details: numerous difficulties] arise from the fact that we cannot say much about
the intersection of two “nice” curves other than that it is a one-dimensional compact subset of the
plane. For example, if v;(t) = ¢ for 0 < ¢ < 1 and v,(t) is an arbitrary C*° C-valued function on
0, 1], then the intersection of the corresponding curves can be an arbitrary closed subset of [0, 1].
We also mention that it seems likely that one may apply the Fourth Moment Theorem of Peccati
and Tudor [PTOS, Proposition 1] to see asymptotic normality, similar to [MPRW 16, DNPR16].
We have not pursued this since, in our case, computing higher moments only introduces difficul-
ties at the level of notation, and we do not think this a sufficient reason to employ such powerful
machinery which relies on deep results from [NPOS5].

Finally, a word on notation. We write f < ¢ to mean that f < C'g for some constant C', which
may depend on certain fixed parameters. If f < g and g < f then we write f ~ ¢g. We write
f=0(g)if |f] < g. We write f = o(g)if§ — 0as R — oc. Wewritefwgifg — 1 as
R — oo0.

Acknowledgements. The authors thank Fedor Nazarov for a helpful discussion of the subtleties
of the Laplace method, and Alexander Borichev and Nikolai Makarov for several useful conver-
sations.

1. PRELIMINARY LEMMAS

1.1. Some elementary Gaussian estimates. Suppose that ( is a standard complex Gaussian
random variable. Then a routine computation shows that for p > —2

(5) E[I¢[] = T(1 + ),
where I is the Euler gamma function. An immediate consequence of () is the following.

Lemma 2. Let ( be a complex Gaussian random variable and let () be a polynomial. Then, for
1 <p< 4o,
E[|Q (ICP)[] < +oo.

The next lemma is also a simple consequence of (3)).

Lemma 3. Let (; and (; be complex Gaussian random variables with E[|(3|*] > 0, and let
1 <p<2 Then
[k

G2
SWe point out that there exist other approaches to asymptotic normality, based on asymptotic independence,
which — given that they work in similar situations — may well apply here. See, for instance, [[TsirO8,NS11,NS12]]
and the references therein.
®Note that somewhat similar difficulties were encountered by Montgomery in his study of discrepancies of uni-
formly distributed points [Mon94, Chapter 6, Theorem 3].

p
}<+oo.
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Proof. If 1 < g < % and ¢’ is the Holder conjugate of ¢ (i.e., % + % = 1), we have

Q

e

The next lemma is given as an exercise in Kahane’s celebrated book, for the reader’s conve-
nience we provide a proof.

P 1 1
} < B[l ") E[|G] ) < +oc. O

Lemma 4 ([Kah85, Chapter 12, Section 8, Exercise 3]). Let (; and (5 be jointly (complex)
Gaussian random variables, with E[|(3]?] # 0. Then

Proof. Let Zy, Zs be two i.i.d. N¢(0,1) random variables. Since (i, (> are jointly Gaussian,
there are o, 3, € C such that the pair (1, (2) has the same distribution as (a7, + Z5,7Z1).
In particular,

Gaa B2
G a Y 4
Taking expectation, and recalling that £ [g—ﬂ =E[Z;] E [Z%} =0, we get
E [@} =2
G gl
All that remains is to note that E[(1(,] = o7 and that E[|(,]?] = |7/ O

Lemma 5 ([Fell5, Lemma B.2]). Let ¢; and (; be Nc(0,1) random variables with E[(;(,] = 0
and suppose that |0| > ¢ > 0and 1 < p < 2. Then

E[|C.6| ] < C(p, c)(1 — |0]2)!P.

Remark. If |§] = 1 then the expectation is divergent, even for p = 1.

1.2. Gradients. For convenience we write fz(2) = f(Rz), Kgr(z,w) = K(Rz, Rw) = ¢&'*®
and define
~ z
fr(z) = ;.
KR('Zv Z)

and note that fR(z) and fR(z) are two N¢(0, 1) random variables that are jointly Gaussian and
satisfy

~

KR(Z,U)) = E[fR(Z)fR(w)] KR(Z,U)>

 VEg(z 2)Kp(w,w)

==wl*/2 To simplify our notation, we define
-~ 2 —R2|2|2

gr(2) = |fr(2)|" = |fa(x)[" e .

The next lemma will be important later.

Furthermore | K (2, w)| = e~
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Lemma 6. Given a compact K and 1 < p < 400, we have
E[|Vgr(2)['] < C(p, K, R)

forall z € K.

Proof. 1t is easy to see that
Var(2)| S | £r(2) fa(2)le P 4 R2|2]| f(2).

Trivially E [|fR(2) |2p} is finite and independent of z, and Cauchy-Schwartz implies that

E[|fr(2) fr(z)e ™ F 7] < E[|fp(z)e P F 2T PE ] Fa(2) ] < O, K, R),
since fj(z) is a complex Gaussian with variance (R? + R*|z|?)e® 12, O
Lemma 7. Given a compact K, a polynomial Q) and 1 < p < 400, we have

E[IV(Qogr)(2)I'] < C(p, K,Q, R)
forall z € K.

Proof. Since V(Q o gr)(2) = Q'(gr(2)) - Vgr(z) this lemma follows from Cauchy-Schwarz,
Lemmal6land Lemma U

1.3. Interchange of operations. In the proof of Theorem [I| we will repeatedly need to apply
Fubini’s Theorem and exchange derivatives with expectation. In this subsection we prove some
lemmas that will allow us to do precisely this. Throughout this section I'y, ... 'y will be curves
and n; will denote the normal vector to the curve I'; at the point z; € I';. We begin with a lemma
that covers all of the cases we need.

Lemma 8. Let v); : R, — R be differentiable functions for 1 < 5 < N and let V; = 1); o gg.
Suppose that

(6) /
H;y:1 Ty

J

N

]H|dzj| < 400

Jj=1

E| ﬁvqu(zj)

and that, for almost every tuple (z1, . .., zy) with respect to the measure vazl |dz;|, there exists
o > 0and 1 < p < 2 such that

}<+oo.

wj€D(zj,€0

N
™ o B[ TV
j=1
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Then

oN N N
E[/ny_lrj Ay - iy JHl V() [ |d,zj|}

J=1

oN al
8 = — K dz;|.
8) /n;-mf]- R jl}lr il

Remark. Trivially (6) implies that the left-hand side of (8)) is well defined. However, as will be
clear from the proof, we can only infer that the integrand on the right-hand side, that is the term

"R [H;VZI U j(zj)} , is well-defined at the points where (7)) holds.

Ong--0nN

N

Hlxp

Proof. Note that (6) immediately implies, by Fubini, that

oN N N
E[/va_lrj Ofy -+ Ohy 31_[1 U;(z) H |dzj|}

J=1

_/er - 8nNH\II %) H|dzj|

It therefore suffices to show that, for almost every tuple (21, . .., zy) with respect to the measure

[T~

) E

N
ony ---Ony

E H\Ifj(zj)

Fix a tuple (21, ..., zy) satisfying (7) for ¢y and p, and define, for ¢; < e,
Wz +emy) — Yi(z)

N0
8751375Nj1:[1 ](Z])

hi(e;) =

We will show that

(10) hglv_mlE[l]_V[lh] (€5 } = [ hg%r[lhj(gj)]

----------

which will imply (9)), and therefore prove the lemma.

We begin by establishing the existence of the inner limit on the right-hand side of (10). Notice
first that, almost surely, fr does not vanish on the line intervals joining z; to z;+¢on;. Therefore,
there exist some (random) neighbourhoods of these intervals where the gradient VW is a well-
defined function. We conclude that the limits

lim h;(e;) = <V‘1’j(2j)>ﬁj> ai]q’(za)

gj—0
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exist almost surely. Finally we show that

(11 sup EH ﬂhj(éj)

By a standard argument, this implies that H;V:1 h;(g;) for 0 < ; < g is a uniformly integrable
class of functions, and since we have already showed almost sure convergence (and therefore
convergence in measure), we may infer (10).

Once more we note that, almost surely, fr does not vanish on the line interval joining z; to
zj + €on;. This implies that

1 € .
|hj(g;)] < ;/0 V(2 + ty7)| dty,
J

1 & .
|hj(ey)P < =/ V(25 + tjng)|” dt;.
J

P 1 €1 en | N pN
» gE[—/ / ’ VU, (2 + i dt~]
N
1 €1 EN

by Fubini. By (7) we see that this is bounded uniformly in ¢4, ..., ey, which is precisely (T1).
U

N
7=1

We now show that the hypothesis of this previous lemma hold in each of the specific cases we
will need.

Lemma 9. Suppose that 1); are polynomials for 1 < j < N. Then (0)) and (7)) hold.

Remark. In this case, (7) holds for every tuple (z1, ..., zn).

Proof. First note that, repeatedly applying Cauchy-Schwarz, both (6) and follow if we see
that

E[IVY;(2)[]

is uniformly bounded for z; in a compact and any p > 1. But this is precisely the conclusion of
Lemma O

Lemma 10. Suppose that 11 = log and 1, is a polynomial. Then (6) and (7)) hold (with N = 2).

Remark. In this case, (7)) holds for every pair (z1, ).
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Proof. Suppose that 1 < p < 2, choose 1 < g < % and let ¢’ be the Holder conjugate of ¢ (i.e.,
% + ? = 1). Note that
/} 1/q

Once more, applying Lemmal(7} the term involving U, is uniformly bounded. It therefore suffices
to see that

E[|V0,(20)Va(2)["] < B[|V: (21)]"] WEUV\DZ(@)

E |:|V‘Ifl (21) |pq]
is uniformly bounded for z; in a compact and 1 < pg < 2. Since

Ui (21) = log | fr(21)|* = log | fr(21)[? + R?|2)?
we have
fr(21)
fR(Zl)

and Lemma [3|completes the proof. U

}VW1(21)| 5 +R2|Zl|,

Lemma 11. Suppose that 1)y = 15 = log. Then (with N = 2) (6) holds and for every pair
(21, 22) with z1 # z, (7)) holds.

Proof. Firstfix 1 < p < 2,letl < ¢ < % and let ¢’ be the Holder conjugate of ¢q. Then, for
wy # Wy,

= || e e

Q=

1
q

E[‘fR wh fR w2 |qu ,

( [‘fR wy) fr(ws) D (
(el 1) el
C q

< [’f}z ’wl)fR(wz)‘_qu

since fr(w) is a complex Gaussian with variance (R*+ R4\w|2)eR2‘“"2. (The constant C' depends
on p, R and, if w; and w, are restricted to lie in a compact K, on K.) Applying Lemma [5| we
have

IN

IN

)
)

fr(w1) fr(w
fr

fr(wy) fr(ws :|§(1_‘KR(wlaw2)| ya o

(12) {

Once more we note that |V, (2)| S J(2)

Y

sl

|z| for j = 1,2. Therefore to show () it

suffices to see that
fr(22)
f R(Z2)
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Now for z; € T'; and 2z, € 'y we have 1 — |IA(R(21,22)|2 =1 - ¢ ®la—=l® > R2|2 — 2%,
where the implicit constant depends only on I'; and I's. We conclude that, taking p = 1 in (12)),

1
/ / |i fR <1 fR(ZQ) 1 ’d21‘|d22’ S/ (/ |Zl — 22‘2(11 1) |d21’> ‘d22| < +OO7
Iy JTy Iy Fl\{z2}

fr(21) fr(z2)
since 2(; — 1) > —1. This proves (6).

Now fix z; € I'y and 25 € 'y with 2y # 2z and 1 < p < 2. Since \[A(R(zl,zgﬂ =
e ®lz—221/2 ~ 1 we can find ¢ > 0 such that

sup  |Kgr(wy,wy)| < 1.
w1€D(Z1,€0)
wa2€D(z2,€0)

Then, by (12)),
fr(w1) fr(ws) p] 7> 22D
sup < osup (1= |Kg(w,we)]?)e & < +oo.
w1€D(z1,€0) [ fR( ) f (wQ) w1€D(z1,€0)
ngD(ZQ €0) wa€D(z2,60)
This implies that (/) holds, and completes the proof of the lemma. U

2. THE MEAN AND VARIANCE

In this section we prove the first part of our theorem, the asymptotic (4). We begin by com-
puting the mean of Ag(I"), that is, proving (2)); note that by linearity that it’s enough to show

that
E[Ag(T)] = R*Im </F zdz)

for a C! regular oriented simple curve I'. For such a curve we recall that

st 1m0

s - [2[ 2] )

we may apply Fubini by Lemma 3] Applying Lemma 4| we see that

25 R?|z|?
E[AR(D)] = Im </ R;%dz) = R?Im (/zdz) ,
r evre r

which is precisely (2)).

which implies that
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2.1. The variance. Given achainI' = ), a;,I';, to prove () it is enough to show that

T (3
and the rest of this section will be devoted to establishing this asymptotic. First recall that
0
(14 An(r) = [ o loglfal:)] a2
r; On;
and note that (2) may be re-written as
1 0
(15) BIAA)] = 5 [ 5o los Knlz.2)de]
Recalling that
~ z
KR(za Z)

we see that

Cov(AR(Ty), Ap(T;)) = E

o R R
1 1 _ ' ns
/Fi /Fj 8?%187%] Og|fR(ZJ)| Og|fR(Zz)| |dzg||d21|]

Note that here, and henceforth unless specified otherwise, n; (respectively 7;) refers to the unit
normal vector to the curve I'; (respectively I';) at the point z; € I'; (respectively z; € I';).

Now Lemma I T]allows us to apply Lemma [§]to see that
0? ~ ~
(16 Cov(An(T) An0)) = [ [ 55 [log | Fule) 1og Fa(z)] 1dzld.
r; JT; 8711871]

We add the caveat here (c.f. the remark to Lemma [8]) that the integrand on the right-hand side is
defined only for z; # z;. We compute the inner expectation through the following lemma.

Lemma 12 ([SZ08, Lemma 3.3; NS11, Lemma 2.2; HKPV09, Lemma 3.5.2]). If (; and (o are
Nc(0, 1) random variables with E[(,(s] = 0 then

g
Ellog|Gil) = ~7
and .
Covllog |G|, log|Gl} = Liz(|6])
where the dilogarithm is defined by
. — 2°
L12<Z) = ?
a=1
Applying the lemma and recalling that
~ Kgr(z;, 2 L
|KRr(2,2i)| = Kr(z,2) = ¢ Blz—=l*/2

N VER(zj, 2) Kg(zi, 2i)
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we have

0? - R 2
Cov(Ag(I;), Ar(Ty)) :/ / e, (COV (10g|fR(Zj>|10g|fR(Zi)‘> + %) (dz; |||
/ / 87%877/] Liaf ’KR(ZJ’Z'@)‘ ) |dz;|dzi]

L e T
1 P 2|1z,
4 Jr, r, On;o0n, p o? JH

(Note that since Li, is not differentiable at 1, the integrand is still only defined for z; # z;.)

l/ / o —R2|z3 2i|?
R Jo, Jr, |00,

where the implicit constant depends only on I'; and T';.

Lemma 13.

|dz;|dzi| = O(1)

Lemma 14.

1 92 2 .

— “Rlzi==l" 1 g4 || dz, oS L(T T

R/FZ/FJ 8&187@6 ‘ Z]H Zz|—> \/7_1' ( i ])
as R — oo.

We postpone the proofs of these lemmas, and proceed. Since the power series defining Li, is
absolutely convergent on the unit disc we may differentiate termwise to obtain

o _R2 — 2|2
(2
82 R2alzj—z| 62

on;on; Z o? - Z a? On;on, ¢

—R2%alzj—z;)|?

for all z; # z;. This implies that, using Lemma[I3|and dominated convergence,

1 1 - —R2a\zj—zz|
A, 7 Cov@a(y), Ar() = 7 <aszR/ / P, ‘d%”d%o

LemmeTd 1 Z (?\/a - 2y/mL(Ty, FJ))

4

a=1

— g (Z #) L(T;,Ty)

a=1

which is (13)). It remains to prove Lemmas [13]and

2.1.1. Proof of Lemmas|[13|and First note that

2
0 e—RQ\Zj—ziP

87%187%] - 6_R2|Zj_Zi‘2(2R2<ﬁi> ﬁ]> - 4R4<ﬁz, Zj— Zi><ﬁj, Zj — Zz))
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‘We will show that

(1 R[ [ et i ax) = o)
(18) R/ / <ﬁi,ﬁj>€7R2|Zjizi|2 ‘dZJHle‘ — \/EE(F“FJ),
1 R [ [ 1 = sle o g jdz) = o)
Fq; Fj
and that
(20) R3/ / <7All, Zj — ZZ‘><7Alj, Zj — Zi>€_R2|Zj_Zi‘2 |dzj||dzz| — O
r; JT;

This will yield both lemmas, and therefore ().
With this in mind, we define, for z; € IT';,

Ir(%) = R/ <ﬁi,ﬁj>€_R2lzj_zi‘2 |z,
r

J

Ip(2) = R/ e TPl |z,
T

J

A~ ~ _R2|sy. . |2
Jr(z) = Rs/ (N, zj — zi) (N, 2j — zi)e R%|zj—zil |dz,]|
r;

and
Jp(zi) = Rg/ |2 — ziPe” 15 |dzy).
Ly

Fix 5 > 3, define
VBlog R

ER = R
and split
I, =T, U’ uT;NTy)
where
IV ={z €Ty:d(z,T;) > er}
and

IV ={z €l 0<d(z,I;) <er}
(see Figure 2)); these sets (and all of the sets we define subsequently) may be empty.



16 JEREMIAH BUCKLEY AND MIKHAIL SODIN

FIGURE 2. Illustration of I, and I/

Estimating J,.
We begin by estimating .J,. We estimate separately the integral of .J}, over each of the sets I}, I'/
and I'; N I';. Trivially
/ Jp(zi)|dz| < CRP
I
where the constant C' depends only on I'; and I';. Next, for z; € I'/, denote by =z the closest

point on I'; to z; (if there is more than one such point, we choose one arbitrarily). Fix z; € I'/
and define the points in I'; that are “far” from z; by

F i 2
Fg )(Zl) = {Zj Efj: |Zj—2i’ > E}

and the “nearby” points by

2
FEN)(ZZ‘):{ZJ'GFJ‘Z | |<E}

see Figure 3l We split

(=) = R (/ / )Rﬂzg afPe s gz

and estimate each integral separately. Note that

R/F(M Rz — zPe ®li—=l a2 <R length(F§-N)) =0(1).

Note also that |z; — z;| > |z; — 2f| — |2 — 21| > |2 — 2| — |25 — 2l

€ I';, by the
definition of z;. This implies that R|z; — z;| > &|z; — 27| > 1for z; € I/ and z; € F;F) and so,
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FIGURE 3. Illustration of FgF) (z;) and Fg-N) (z)

t

since the function ¢ — t2e~ " is decreasing for ¢ > 1, we have

R2
R R?|z — zi|Pe Izl |dz;| < " R%|z; — zf|?e a1 * |dz;]|.
) — 4 Jr !
J J

We now use some “Laplace type estimates” to bound the integral on the right-hand side of
this previous inequality. Let ;: [0,1] — C be a parameterisation of the curve I'; satisfying
0<m < |¥(t)] < M forall t € [0,1]. Since I'; is simple, we see that there exists m' > 0 such
that m/|t —s| < |v;(t) —~,(s)| < M|t —s|. Denote by t* the (unique) value such that ,(t*) = 2
and note tha

F . 2
1) € {55 =00 - 1> 375 |
We thus have
R2
R R%|z; — 2 |Pe” 4 15 * |dz;]
(") J 2 J

J

IN

% _R_2 . o~ (4F)]2 .
R R = )P OO o) d
[t—t*|> 575

R2 ’ *
< R/ R2M2(t — t*)2e~ € P8 hp gy,
[t—t*|> 325

and making the change of variables s = £m/(t — t*) we have

2 %2 —4RZ|z;—z¥|? 8M3 2 —s?
R R?|z; — =% 5 dz| € — ,s7e % ds = O(1).
i (m')? |

‘>ﬂ
SI=M

"Strictly speaking we should write {z; = ~;(t): 0 <t < 1and [t — t*| > 125 }; we shall frequently ignore this
issue, as it will not affect our upper bounds.



18 JEREMIAH BUCKLEY AND MIKHAIL SODIN

L F§-C> (2i)

FIGURE 4. Illustration of Fgc)(zi)

This implies that
/ Jr(2) |dzi] < length(I'}) — 0
T/

as R — oo, since the set [/ decreases to the empty set as g — 0. We thus have
r,ury

We now bound fFi ar, r(zi) |dz;|. Fixing z;, it is clear that we may ignore the points z; € T';
where |z; — 2;| > g, since their contribution is uniformly negligible. Denote the points “close”
to z; by Fgc)(zi) ={z; €T |z; — z;| < er}, see Figure

Let v; be the same parameterisation of I'; as before and let 7(z;) be the (unique) value such
that v;(7(2;)) = z;. Arguing similarly we get

R/ R?|zj — zifPe = dz)
i

. <R RO =) O R ) a
t—7(z; Sor

MY\* 2
< (—/) / s*e™* ds = O(1),
m |s|<Rep

which shows that J},(z;) is bounded for z; € I'; N I'; and so, when combined with (21)) proves
(19).

Estimating Jz.

We next show (20). Since trivially |Jr(2;)| < Ji(2;) we see that (21)) implies that

r;ury

< / Jp(z) |dzi| = 0 asep — 0.
/Uy
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Furthermore, for a fixed z; € I'; N I';, as we noted previously
R/ Rz — e = |z
IPAVAS
is uniformly negligible. Finally note that for z; € I' N I'; and 2; € F;C) (z:),

. A Zj — %
(n(25), 2z — 1) = |25 — =il <nj(zj), m>
= |z; — 2l (7(2), 7j(z)) (L+ o(1)) = o(|z; — z]) aser — 0
where 7; denotes the unit tangent vector to I';, and the estimate is uniform in z;. This implies
that for z; € I'; N I'; we have |Jg(z;)| = o(Jx(2:)) = o(1), by (22). This proves (20).

Estimating [,
We next show (17)), the argument is similar to the proof of (I9)). It is again easy to see that
/ Iy(z) |d=] < CR = 0
T}

while, for z; € I'/, using the same notation as before, since |z; — z;| > 3|z — 2| we get
/ —R2|zj—2)? fR—2|z'fz*|2
In(z)=R | e 550 dz;| <R [ e 49750 |dz]
r; r;

Lo . oM [
= R/ e a O oy ar < Z= [ e ds = 0(1).
0 m

—00

We therefore have

/ I(2) |dz;| < Clength(T) — 0 asegr — 0.
T

Finally, for z; € I'; N T';, using again the same notation, it is easy to see once more that the
contribution to /5(z;) of I'; \ Fgc) (z;) is negligible and that

R/ e~ R2lzi—zl? |dz;| < R/ o B2 ()= (7(2))? 17, (1)] dt
ry” t—r(0)|< 25
M
< — e ds = O(1).
M J|s|<Reg
We have shown that [;;(z;) = O(1) for z; € I'; N T';, which proves (17).

Asymptotic for /.
It remains to prove (18). Note that

/ Ir(2;) |dz|| < / In(2)|dzi| -0 asegr —0
r/urY /U
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and so it remains only to compute

I‘ij

If the curve I'; is not closed we define z;r and z; to be the endpoints of the curve and F;-t =

{z; €T: |z — z]i| < egr}; if the curve is closed we define these sets to be empty. Note once
more that

/1—\ - IR(Z’L) \dzl|
NN b

For z; € (I; N Ty) \ (I UT;) recall that F§C)(zi) = {z; € I';: |z; — 2| < er} and note that
for z; € F;C)(zi) we have |n;(z;) — 7n;(2;)| = o(1), where the term o(1) is uniform in z;. We
therefore have

Ip(z) = R/ (Ri(2i), 7y () )e =30 |z
F(.C)(zi)

< / I5(z) |dz] < length(;) = 0 aseg — 0.
0,00 NrF

PR )i
Fj\Fg-C)(Zi)
@ = R i) [ 0+ o(1) + O(R),
T (zi)

and we shall compute the asymptotics of this last integral using (more accurate) “Laplace type
estimates”.

Let ;: [0,1] — C be the same parameterisation of I'; as before, and let 7(z;) be the value
such that v;(7(z;)) = 2;. Note that

{zj —(t): [t —1(z)] < EMR} T (z) C {zj — ) [t 7(z) < Eand0 <t < 1} .
m
We remark here that, if {t,,¢t_} = {0, 1}, then {~;(t;),7;(t-)} = {2, z; }. Since

er < |v(7(2:) — v (te)| < M7r(z) — 4|

we have 7(z;) > er/M and 7(2;) < 1 —ep/M and so the range |t — 7(z;)| < 5% is contained in
[0, 1]. The above implies that, given 0 < ¢ < 1, for large enough R (uniformly in 7(z;)) we have

(1= 0) [y (72t = 7(z0)] < |(8) = 75(7(20)| < (1 +0)|(7(za)) |t — 7 ()]
and
(1 =0)1%(7(z))] < [3(0)] < (1 +0)|45((2))l
for ¢ such that ,(t) € Fg-c)(zi). This implies that, defining

T = min{l, T(Zl) + %} and 71 = maX{O>T(Zi) B %}’
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we have

2 2 ™ 2
[ el < [ ety o)
F;C)(Zz) T—

<(1 +5)/ " o~ B2(1=0)2 1 (m(2:) [ (¢=7(24))? 15, (7(2:))] dt

and the change of variables s = R(1 — 0)|¥,(7(z;))|(t — 7(z:)) yields

R(1-8)15; (T (z))|(m4—7(21)) d
/ e el |4z, < (14 6) / L
(D (z) R(L-8)[3; (r(z:))] (r— —7(24) R(1-9)

Notice that
rpo () = min{l - 7(=), 8} 2 9 and - (=) = max{~7(z), -5} < -5

Since Rep — oo (and |¥;(7(z;))| # 0) the right hand side of the previous displayed expression
equals

%/}Re—f ds(1+ o(1)) = %(1%(1)).

Similar computations yield

CR2|z |2 1—06)/7
R?|zj—2i | > (—
/F@(Zi)e ] = (1 o()

and since ¢ is arbitrary we conclude that
/ el dzy| = \/_(1 +o(1)).
0 (z)

Combining this with (23), and discarding the integration over I'; \ FEC) (z;), we have

Ir(z) = Vm(ni(z), 7 (2)) (1 + o(1)),

where the term o(1) is uniform in z;. We conclude that

[ 1wt iz = V7 (1), 2 (20) ]+ (1)

(LnC)\(TFUT;)
= (ﬁ(riarj) - / (Ri(2:), 7y (21)) \dzﬂ) (1+0(1))
(0;NC)N(CFurs)

= (V7 +o(1)L(T';, T),
which is (I8)). This completes the proof of the lemmas, and therefore of ().
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3. ASYMPTOTIC NORMALITY

In this section we show that Ag(I") is asymptotically normal, which will complete the proof
of Theorem |I} We first define a random variable Ag%m) that approximates Ag(T") in L*(P) and
then prove a CLT for Ag”). Specifically, defining A = Ag(T") — E[Ag(T')], we will show that:

e There exists Ry such that
— R
24 E[(Ap — AV™)?] < 0—=
( ) [( R R ) } = \/m
forall R > Ryand m > 1.
e For each fixed m

A

\/Var A7

When combined with our previous asymptotic for the variance, this allows us to conclude as-
ymptotic normality for Ag(T"), by a standard argument. We begin by defining the approximant

Al

(25) — Nr(0,1)

in distribution, as R — oo.

3.1. Definition of approximant. Recall that

N
—_ 0 ~
Bu=Yoa [ go-tog|Faa)l dzi,
i=1 i

this follows from and (15)). We will define

N N
m m a r
A = Y™ = Soan [ o, || dzd
i=1 i=1 @

where log,, is a polynomial that approximates log in an appropriate sense. To this end we recall
the Wiener chaos decomposition (sometimes called the Hermite-Itd expansion) of L?(u) where
du(z) = %e“”zdm(z) is the Gaussian measure on the plane; for a more comprehensive treatment
we refer the reader to [Jan97, Chapters 2 and 3].

Let P,,, denote the subspace of L*(p) given by polynomials (in the variables z and z) of degree
at most m, and denote H'% = Py and H™ = P,, © P,,_1 for m > 1. Given a monomial ¢*(”
with o 4+ 3 = m we write :(*(”: to denote its projection to H™, which is usually called a Wick
product. A computation (see [Jan97, Example 3.32]) shows that the set of all Wick products
:C%CP: with o + B = m is an orthogonal basis for ™™, and moreover | :(*C%: ||> = a!A3! (the
norm here is the norm inherited from L?(y)). Furthermore [Jan97, Theorem 2.6]

L(p) =P H™.
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We now expand log || in terms of this orthonormal basis. Since the function is radial, only
the terms with o = [ contribute, and a calculation [NS11, Lemma 2.1] yields

’}/ o0 Ca 2a
2 1 = —= — :
(26) og (| 5 +a§1 o Iq

(-1t

where ¢, = ~—-

Remark. We may alternatively interpret as an expansion of the logarithm in terms of La-

guerre polynomials, by noting that :|¢|**:= (—1)*L4(|¢|?) where L, () = " (2% ™®).

We finally define
Y < Ca 2
1 = —= — ]
0g,, [¢] = =5 + Z 1 l¢l
which defines A%"). Note that log,, | fz(z)| approximates log | fz(z)| in L2(P).

3.2. Quantifying the approximation. We first define

0 ~
A= [ g tog )l

and note that
N
E[(Ar— A7) = D aaB[(As = AT)(A; = AT)].
ij=1
We have already computed (see (16 ) that

HaA / / 7o 08 | Fulza) log Fa() ] ldzsldai,

Also, since

E[AA™)]

0? N R
=E 1 1 ' ' '
/1;1' /r]- D, 08, | fr(2j)[log | fr(2:)] |dZ]Hdzl\] ’

Lemma [10] allows us to apply Lemma [§]to see that

m 0? -~ ~
S = [ G o (e og Fal] ol

Arguing identically, but using Lemma [9) (with N = 2) instead of Lemma [I0] we get

(m) ()] _ > Pl 7] 1de 1
@ EAmAP) = [ [ R flon ate s, Fa(al] 14314
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We conclude that

E[(A = A4 = A)]
d? . R
- / / D, (1o Frlz)| — log,, |Fa(z)))

- (log | fr(z:)] — log,, |]?R(zz)|)] |dz;||dzi]
// anzanj (; !fR(zJ)Paj;).

' ( > S Tl )} dz; | dz.

i
a;>m

Now since the expansions inside the expectation are valid in L*(PP) we have

E[( 3 5 | Frlz) - ) ( > o atre N

aj>m ai>m
— Ca;Cay T N2 T [200
o Z Oéi!Oéj!E [|fR(Z])| sl fr(2) |7
g, >m
Now, by [Jan97, Theorem 3.9], we have
f, - F @ a;lay! K iz if oy = a
(28) E [:’fR(Zj)‘Za]::VR(Zi)F 1:] _ KR (25, 2i)| =
0 otherwise

which y1€1dS
A A A A( ) / /
[( )< (97’L (9TL] .

1 —92 R2| _ |2
al®lzj—zi|" | g d ;
/ / anlan] a26 |dzj||dzi].

Remark. The identity (28) together with (26) essentially proves Lemma[I2]

2 Kr(zj, 2) " |dz;||dz]

Using Lemma [I3] we have

m m 1
Bl - o, o< [ f
<CRZ 3/2 —= T

a>m

1
_2672QR2‘Zj*Zi|2 |deHde“

8ni8nj aom
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Finally
Y R
E[(Ar — A%Y)] < Z a;a; [E[(A; — AT (A, — AY)] ‘ < Cﬁ,
2,7=1
which is (24).
3.3. CLT for the approximant. We finish by proving (25)). We claim that it’s enough to prove
that for any non-negative integers py, ..., py we have, as R — oo,
N N
(29) E[ Ty | =[] +or™)

1= 1=

where &; is a sequence of jointly (real) Gaussian random variables, with mean 0 and covariance
Cov(&, &) = El&] = Cov(AI™, AT™),

andP:p1+--~—|—pN.

Remark. Notice that

1
( &3/2> LT, T)R(1+0(1)) as R — oo,
a=1

NE

Var Al™ =

S

which follows from combining and Lemma(I4] By hypothesis, I" is a non-zero R-chain and
so we may assume that £(I';, I';) # 0 for each ¢, which means that

H VarA pl/Q:RP/Q.
=1

Now, defining &; = we see that is equivalent to

& _ &
VVar§; VVar A;?

pi

N N

= E[Héf”} +o(1),

i=1

Al

2

H (m)
i=1 \\/Var A;

and note that ‘E [ Hj\;l épi] ) is a bounded quantity.

E

To see that it suffices to show (29)), notice that it implies that, for any non-negative integer p,

N

E[(A?))p] — Z @iy - - a,-pE [ ﬁ Az(';n)]
. k=1
~ Z ail...aiPE[lﬁ@k] :E[(;aifi)p].
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Now since ) ;" ; a;&; is a mean 0 real Gaussian with the same variance as A we see that the
(m)

moments of ——2—— converge to the moments of the standard real Gaussian, which implies

Var A(m)
(25)).

It remains to establish (29). We begin by re-formulating the right-hand side, and so we in-
troduce some notation. Throughout this computation the integers py, ..., py and m are consid-
ered to be fixed, and we often ignore the dependence of other parameters on them. We define
pi=p1+ -+ p forl <i < N, and note that P = py which we will use interchangeably
according to the context. We define a new sequence of random variables (5)195 p by

a:é:”':gnzglv
gp1+1:gpl+2:”':gﬁ2:527
%N71+1:%N—1+2:..':§)\N :§N'

A partition P = |#),{rx, si} is a partition of the set {1,..., P} into pairs {ry, s;}. We always
label the partition so that r, < s, and rp < rp for & < k’. Of course if P is odd then no such
partition exists. Now [Jan97, Theorem 1.28] implies that

a0 e[[[¢] - S [[=E.6

j=1
In particular this expectation is zero if P is odd.
We now consider the left-hand side of (29)). Since

m o Ca o,
A = /an (——+Z |Ta(z \2)|dzl|—z /aw () |dz

we see that, denoting by I'¥* the Cartesian product of p; copies of T';,

HN (m) Z C or L P
2 /\ L — | | Qr E: | | . 200, | |
|: ( 7 )p] [/ﬁlrfz afl,l N aﬁP 1 |fR(Z7‘)| . 1 ‘dZ’I‘|i|

=1 a,...,ap=1r= 1

Lemma 9] allows us to apply Lemma [§]to see that
(31)

E[H(Agm))pi} _ Z Hcar /HN szanla—anp [le[ ’fR Zr ‘2ar } H‘dzr

i=1 at,...,ap=1r=

We will compute the asymptotics of this expression via the diagram formula. For 1 <, 5 < N
and 1 < a < m we write

pis(@ / / 5’n13n j

KR(ZH’ZJ>

" ldzglldz)
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1 1 1 1
1 1 1 1
2 2 2 2
2 2 2 2
3 3 3:><:3

4 4 4

FIGURE 5. An irregular and a regular diagram for P = 4, a; = a9 = 2 and
3 = Qg = 1.

We then have, from (28],

(32) COV(Agm), A§m)) = Z 2 pij(a).

a=1

3.3.1. Diagrams. Given non-negative integers o, ..., ap, a diagram D is a graph with 2(«; +
-+ + ap) vertices such that:

e Foreach 1 < r < P there are «, vertices labelled r and o, vertices labelled 7.
e Each vertex has degree exactly 1.
e Each edge joins a vertex labelled r to a vertex labelled s for r # s.

Note that there are choices of oy, ..., ap such that no such diagram exists, for example if a; >
as+ - - -+ ap. We denote the edges (respectively the vertices) of D by e(D) (respectively v(D)).
Recall that
> K Ty ~Ss
KR(Z'I‘7 zs) = R(Z - )
\/KR(Zra ZS)KR(ZT7 25)

The value of a diagram is

= exp{RQ(zTES - %|ZT|2 - %|ZS|2)}

V(D) = H Kr(zr, 2).

(r,5)€e(D)

The diagram formula [Jan97, Theorem 3.12] implies that
P ~
(33) E[H Az 2 } ~ S V(D).
r=1 D

We say that a diagram is regular if the set {1,..., P} can be partitioned into pairs {7, i }
such that each edge of the diagram is of the form (r,3y) or (s, 7x) for some k; otherwise the
diagram is said to be irregular, see Figure[5] Note that if P is odd then all diagrams are irregular.
We again label the partition so that r, < s and rp < ry for k < k.
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Combining and we have

N P

. ’ m P . aP
ey E[[laMr] = > szz/np S wi VO [Tl

i=1 ai,..,ap=lr=1 " D r=1

We now split this sum into two pieces, by splitting Z = Z + Z . We estimate each

D regularD  irregular D
contribution separately - we shall see that the regular contribution will give us the main term on

the right-hand side of while the irregular contribution will give the error term. We begin by
computing the regular part exactly.
The regular contribution.

We define the multiplicity vector B = (B1,-..,Bgq) of aregular diagram by [, = a,, = g,
here P = 2(). Notice that for a regular diagram

V(D) = [ 1Rlzn. 260) P
k

Given a regular diagram D with partition P and multiplicity vector ?, we have

8P P 8P < - 283, g
— V(D dz| = | | |1Kr(2r, 2s)[7" | | |d2
/Hf’_lpfi afllaﬁp ( )E| Zl /Hf’_lpfi’i 87116an| R(Zk Zk)| g| Z|

k=1

[ [ ol Rt
= | KR(2ny, 26, [ |dzg | |dzr, |
On,, On S S
k=1 Frk Sk Tk Sk
Q

= H prk,sk (ﬂk)
k=1

We now need to count the number of regular diagrams with partition P and multiplicity vector

ﬁ. The ordering of the partition we specified, combined with the multiplicity vector § uniquely
defines the values «, ..., ap. Given these values we may permute the o, vertices labelled r,
independently for each r, to get all of the regular diagrams corresponding to these values, P and

. There are [[._, a,! such permutations. Noting that [["_, c,, = ngl c3,, we get that the
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regular contribution is

m Q Q
Z HC‘“ > Hprksk B = S T1E e
..... ap=1r=1 ’”'regular@k 1 B, Bo=1 k=1 P k=1
m Q

The irregular contribution.
It remains to see only that the irregular contribution is o( R7/2). Further, from (34), we see that it

is enough to bound
oF d
——FV(D dz,
fig, o V@ I 10
for each irregular diagram D. Recalling that
H [?R(zryzs> = H eXp{RQ(ZTES - %|ZT|2 - %|ZS|2)}
(r,5)€e(D) (r,5)€e(D)
we have
log V(D) = R? Z (2025 — Lz |* = 3)2]%).
(r,5)€e(D)

Now there are «, edges in the sum of the form (r, 5) for some s, and «,. edges of the form (s, 7)
for some s. We therefore have

logV(D) =R Y (2(z—-2%) =R >  (&lz-2))

(r,5)€e(D) (r,5)€e(D)
from which we conclude that, for 1 < ¢ < P,
0
—V(D)=RV(D) Y (%-%)
8Zt
(t,5)€e(D)
and 5
_ P2
8—%1/(19) =RV(D) > (z— =)

r:(r,t)€e(D)
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1 1
1 1 1 3
2 2
2 2
3 B
3 2 A
4

FIGURE 6. A diagram and its reduced diagram.

By iterating this argument we see that we may bound
aP

——V(D

ony ...0np (D)

by a (finite) linear combination of terms of the form
V(D) 2B p s,

where ) < v < ng is an integer and ‘Pp_o, is a product of P — 2v factors (not necessarily
distinct) of the form |z, — z;| with (r,5) € e(D). To finish the proof it therefore suffices to see

that
P

P /H L VP, T s = o(R™)

i=1"1 r=1

for any choice of v and ‘Bp_»,.

We now fix v and ‘B p_», and make a reduction to allow us to estimate this quantity. From the
irregular diagram D we form the reduced diagram D* (see Figure [6) with P vertices (labelled 1
to P) such that:

e Foreach 1 < r,s < P there is at most one edge (7, ).
o (r,5) € e(D*)if (r,5) € e(D) or (s,7) € e(D).

In other words we form D* from D by glueing together the 2« vertices labelled r or 7 for each
r, and ignoring the multiplicity of the edges of the resultant diagram. We decompose

into n connected components that contain a,, vertices and contribute ¢, factors to 3 p_o.. Notice
that n < g since D is irregular, and that

zn:au:P and znjéu:P—Qw.
u=1 u=1
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Moreover, since
vol= JI ew(-Zla-zfr< [] enl-Z -z
(r,5)€e(D) (r,s)€e(D*)

we may factorise the expression we seek to bound as

e [ Vo 2 1T

3 H/Hr L' I1 1=

(r,s)€e(Dy) r€v(Du)

where, fr = T, for some i, [| FT = Hrev( )F and ‘P, means a product of ¢, factors of the
form |z, — z,| with (r, s) € e(D,,). We will show that

R2
(35) / N H 6_T|Zry-—zs|2q3€u H |dZ7~| SJ <10g R)ZU/QR_(£u+au_1)
IT

I (r.5)ce(Dy) rev(Dy)

which will yield

P
R2(Pv)/ V(D) Bp_a H \dz,| < R2(P=7) (log R)Zu bu/2 =30, (butau—1)
HN 1—1171 1

i=1"1

(lOg R) §77R2P7277(P727+P7n)
P
= (logR)2 "R" = o(R""?)
as claimed, since n < g.
Proof of estimate (33).
It remains only to prove (33). We formulate it as follows: Let G be a connected graph with a

vertices, let {I'y,..., .} € {I'1,...,T'x} be a collection of curves (we allow repition) and let
P, be a product of ¢ factors of the form |z, — z5| with 1 < r, s < a. Then

2 a

(36) / ¢l P, [ 1421 < (log R)*/? Rt +e=1),
HFT Ts)Ee(G r=1

First note that since e~ 2 Bzl < 1 we may delete some of the edges of G to form a tree.

By re-labelling the vertices we may assume that deleting the vertices labelled 1, ..., r yields a

connected a graph, for every r. We denote by s(r + 1) the vertex that is joined to r + 1 in this

reduced graph. See Figure[7] Note that

R? , ol R )
H 677|Z'r728| < He*7|zrfzs(r)| .
r=1

(r,s)€e(@)
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1 6 6 d
2 D 1 4
3 4 2 3

FIGURE 7. A connected graph and a tree formed by deleting some edges. The
vertices are also re-labelled so that successively deleting the vertices labelled
1,2,... yields a connected graph at every step, s(1) = s(4) = s(5) = 6 and
s(2) = s(3) =4

v/ (¢+a—1)log R

Define e = 7

and note that if |z, — z,(y| > e for some r then

a—1 R2 )
[[e 2l =of < gera,

r=1

Since P, is uniformly bounded on [] I,, and the curves have finite length, to show (36) it suffices

to bound
a—1 R2 ) a
— 75 [BFr—2s(r
[ Gl 0 ) [
aXH?:l Crp=1 r=1

T
where C, = {z, € T+ |2, — zs(ry| < €r}. Note that in this new domain of integration we have

¢
|z, — z,| < aeg, which implies that B, < g% < (—Vb}f’R) . It therefore suffices to see that

a—1 R2 ) a
[ T[e =" [[1da] < RV

FGXH?;ll Cr r=1 r=1

We claim that

R? 5
37 / e 2 R0l dy | S R
C

uniformly in the remaining variables. Applying this estimate ¢ — 1 times (replacing the index 1
by 2,...,a — 1) yields

- 7R—2|ZT7ZS(T)|2 - < pl-a < pl-a
3 e 2 ldz.| S R | |dz| S R
FoxTlot - F,

T r=1
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Proof of estimate (37). N N
It remains to show (37). Fix (2y,...,2,) € [[°Zy C» x T, and define 2} to be the point in T
closest to zy1). (If there are many points we choose one arbitrarily; it might be the case that
27 = zy1).) We have |21 — zy)| > 3|21 — 2f| since |21 — zyq)] > |21 — 2f] — |2 — zo)| =
|21 — 2f| — |21 — 2s(1)|- This yields

R2 2 R2 * |2
/ ) |z1—25(1)] |d21] < / e 8 |21 -2} |d21|,
Cl C'1

which we bound exactly as in Section m Let v: [0,1] — C be a parameterisation of I,
satisfying My < |¥(t)| < My and M{|t — s| < |v;(t) — v;(s)| < Ma|t — s| with My, M{ > 0.
Denote by ¢* the (unique) value such that v(¢*) = z7. Notice that

. €R
Clg{zl—y(t): |t—t]§m}.

‘We then bound

R? . R? .
/ e~ 8 1m—AR |dz | < / e~ s = )|2‘7(t)| dt
Cy

ER
t—t*| <57
et |< 5

< MQ/ e
€R
t—t*| <=L
=t 1<

_2\/§M2/
RM; i<

2 iy gy

2
e ds

Repr

22

<R

~

This completes the proof.
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