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Stable cylindrical Lévy processes
and the stochastic Cauchy problem

Markus Riedle*

Abstract

In this work, we consider the stochastic Cauchy problem driven by the canonical
a-stable cylindrical Lévy process. This noise naturally generalises the cylindrical
Brownian motion or space-time Gaussian white noise. We derive a sufficient and
necessary condition for the existence of the weak and mild solution of the stochastic
Cauchy problem and establish the temporal irregularity of the solution.
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1 Introduction

One of the most fundamental stochastic partial differential equations is a linear
evolution equation perturbed by an additive noise of the form

dX(t) = AX(t)dt + dL(t) fort e [0,T), (1.1)

where A is the generator of a strongly continuous semigroup (7'(¢)):>o on a Hilbert space
U. If L is the standard cylindrical Brownian motion in U then there exists a weak, or
equivalently mild, solution in U of (1.1) if and only if

T
/0 1T ()13 ds < oo, 1.2)

where ||| ;¢ denotes the Hilbert-Schmidt norm; see [17, Th.7.1]. For the example of the
stochastic heat equation, in which A is chosen as the Laplace operator A, this result
implies that there exists a mild solution if and only if the spatial dimension equals one.
A natural next generalisation step is to replace the cylindrical Brownian motion by
an a-stable noise. Like the cylindrical Brownian motion this noise does not exist as a
genuine stochastic process in an infinite-dimensional space.

In the present article, we consider equation (1.1) driven by an a-stable cylindrical
noise and a generator A allowing a spectral decomposition. For this purpose, we
introduce the canonical a-stable cylindrical Lévy process as a natural generalisation
of the cylindrical Brownian motion. By evoking the recently introduced approach to
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Stable cylindrical Lévy processes

stochastic integration for deterministic integrands with respect to cylindrical Lévy
processes in [14], we derive that there exists a mild (or weak) solution in U if and only if

T
/ IT(s)llyg ds < oo. (1.3)
0

Obviously, this result “smoothly” extends the equivalent condition (1.2) in the Gaussian
setting. We demonstrate that in the case of the stochastic heat equation this result leads
to the sufficient and necessary condition

ad < 4 (1.4)

for the existence of a mild solution, where d denotes the spatial dimension. As already
observed in other examples of cylindrical Lévy processes as driving noise, we finish this
note by establishing that the solution has highly irregular paths.

Equation (1.1) in Banach spaces with an a-stable noise, or even slightly more gen-
eral with a subordinated cylindrical Brownian motion, has already been considered by
Brzezniak and Zabczyk in [5]. However, their approach is based on embedding the
underlying Hilbert space U in a larger space such that the cylindrical noise becomes
a genuine Lévy process. This leads to the fact that their condition for the existence of
a solution not only lacks the necessity but also is in terms of the larger Hilbert space,
which per se is not related to equation (1.1). Moreover, they only show that the paths
of the solution are irregular in the sense that there does not exist a modification of the
solution with cadlag paths in U.

Another approach to generalise the model of the driving noise is based on the
Gaussian space-time white noise leading to a Lévy space-time white noise; see Albeverio
et al. [1] or Applebaum and Wu [3]. In this framework, equation (1.1) (and even with a
multiplicative noise) driven by an a-stable Lévy white noise is considered in the work [4]
by Balan. We show that the a-stable Lévy white noise in [4] corresponds to a canonical
a-stable cylindrical Lévy process in the same way as it is known in the Gaussian setting
(see [7, Th.3.2.4]). However, and very much in contrast to the Gaussian setting, it
turns out that the corresponding cylindrical Lévy process is defined on a Banach space
different from the underlying Hilbert space U. This leads to the new phenomena that
the necessary and sufficient condition for the existence of a solution of the heat equation
in the space-time white noise approach differs from our condition (1.4) in the cylindrical
approach.

2 The canonical a-stable cylindrical Lévy process

Let U be a separable Banach space with dual U*. The dual pairing is denoted by
(u,u*) forw € U and u* € U*. For any uj,...,u’ € U* we define the projection

Tyt U= R g, (0) = ((wuf)s o (usug)).

10

The Borel o-algebra in U is denoted by B(U). For a subset I of U*, sets of the form

Clui, ..., up; B) = ﬂ-;{l,...,u,t (B),
with uf,...,us € I'and B € B(R") are called cylindrical sets with respect to T'. The set
of all these cylindrical sets is denoted by Z(U,T"); it is a o-algebra if I is finite and it is an
algebra otherwise. If I' = U* we write Z(U) := Z(U,U*). A function p : Z(U) — [0, 00]
is called a cylindrical measure on Z(U), if for each finite subset I' C U* the restriction
of p to the c-algebra Z(U,T') is a measure. A cylindrical measure is called finite if
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#(U) < oo and a cylindrical probability measure if 4(U) = 1. The characteristic function
@u : U* — C of a finite cylindrical measure p is defined by

ou(u™) = / e W) y(du)  forall u* € U*.
U

Let (92, A, P) be a probability space. The space of equivalence classes of measurable
functions f: Q — U is denoted by L%(;U) and it is equipped with the topology of
convergence in probability. A cylindrical random variable in U is a linear and continuous
mapping

Z:U* — L% R).
The characteristic function of a cylindrical random variable Z is defined by
wz: U" = C, pz(u*)=FE [eizu*} .

If C =C(ui,...,u; B) is a cylindrical set for uj,...,u’ € U* and B € B(R") we obtain

) Yy

a cylindrical probability measure p by the prescription
w(C) = P((Zu,..., Zu}) € B).

We call p the cylindrical distribution of Z and the characteristic functions ¢, and ¢z of
w and Z coincide.

A family (Z(t) : t > 0) of cylindrical random variables Z(¢) in U is called a cylindrical
process in U. In our work [2] with Applebaum, we extended the concept of cylindrical
Brownian motion to cylindrical Lévy processes:

Definition 2.1. A cylindrical process (L(t) : ¢ > 0) in U is called a cylindrical Lévy
process if for eachn € N and any uj,...,u), € U we have that

((L(t)ui, o Lt)ur) st > 0)
is a Lévy process in R".
The characteristic function of L(t) for each ¢ > 0 is of the form
orw: U= C, o) (u*) = exp (t\I/(u*)),
where V: U* — C is called the cylindrical symbol of L and is of the form

U(u*) =ia(u*) — HQu*, u*) +/ (ei<u’“*> — 1 —i{u, u*) 1, ((u, u*))) v(du).
U

Here, a: U* — R is a continuous mapping with a(0) =0, @Q: U* — U is a positive and

symmetric operator and v is a cylindrical measure on Z(U) satisfying

/ ((u,u*)* A 1) v(du) < oo  forallu* € U*.
U

The characteristic function of L is studied in detail in our work [13].

In this article we consider a specific example of a cylindrical Lévy process, which
is obtained by the usual generalisation of the characteristic function of the standard
normal distribution:

Definition 2.2. A cylindrical Lévy process (L(t) : t > 0) is called canonical a-stable for
a € (0,2) if its characteristic function is of the form

L UT =€, pr() =exp (=t [u|”).
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Let u be the cylindrical probability measure on Z(U) defined by the characteristic
function

pu: U = C, wu(u*)zeXP<_||U*”a>’

for some « € (0,2). The cylindrical probability measure p is called the canonical a-stable
cylindrical measure. Bochner’s theorem for cylindrical measures ([16, Prop.IV.4.2])
guarantees that p exists. For, the function ¢, satisfies ¢,(0) = 1 and is continuous and
positive-definite ([16, p.194]). Two possible constructions of the canonical a-stable Lévy
process such that its cylindrical distribution is given by i are presented in Section 3.

The cylindrical probability measure p is symmetric, i.e. it satisfies u(C) = pu(—C) for
all C € Z(U) and it is rotationally invariant, i.e. o M~! = p for each linear unitary
operator M : U — U.

Remark 2.3. In [9] among other publications, a symmetric cylindrical measure p on
Z(U) is called a-stable if there exists a measure space (M, M, o) and a linear, continuous
operator T': U* — L%(M, M) such that

0p(u*) = exp (— ||Tu*||L?(M’M)) for all u* € U*. 2.1)

For the standard a-stable cylindrical measure 1, each image measure u o 7. is a stable
measure on B(R) for each u* € U*. Thus, Theorem 6.8.5 in [9] guarantees that x also
satisfies (2.1).

In the case of a separable Hilbert space we relate the characteristic function of the
canonical a-stable Lévy process with the well-known spectral representation on the
sphere S(R"™) := {f# € R" : || = 1} of symmetric, rotationally invariant measures in R":

Lemma 2.4. Let U be a Hilbert space with orthonormal basis (e, )nen and L be the
canonical a-stable cylindrical Lévy process in U. Then the characteristics of L is given
by (0,0, v) with the cylindrical Lévy measure v satisfying for all n € IN:

e 1
vo W;l....en (B) = Ci/ )\n(df)/ lB(rg)m dr for B € B(R"),
o > Js(mrm) 0 T
where \,, is uniformly distributed on the sphere S(R") with
An (S(IR”)) =
and the constant c,, is defined in Theorem A.1.

Proof. For eachn € N and 8 = (f1,...,08,) € R" we obtain

CL)er, . L(V)en (B) = 0y (Brer + -+ + Bnen)
a/2
= exp (— (\\5161+...+5nen||2) > =exp (—|8]%). (2.2)

It follows that the distribution of the random vector (L(1)es, ..., L(1)e,) is symmetric and
rotationally invariant. As the Lévy measure of (L(1)ei, ..., L(1)e,) is given by von ;! |
Theorem A.1 implies

00 1
vort e B =2 [ ) [ a6 dr
S(R™) 0 T
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where )\, is uniformly distributed on the sphere S(R") and is defined by A\,(C) =
ca(vor,' . )((1,00)C) forall C € B(S(R")). From Part (d) of Theorem A.1 and (2.2)

we deduce that for each &, € S(R") we have

1= 3 “ An —Tn s a)\; s 2.3
Lo @0 Mm@ = [ .01 A0 2.3

where \} := 7“%1)\" and r,, := A\, (S(R")). LetY,, = (Y5, 1, ..., Y, ») be uniformly distributed
on S(R"). By choosing & = (1,0,...,0) in (2.3) and applying Lemma A.2 we obtain

2

D(3)T(52)’

oy D(B)T(H2
L= 1 B[] = 2L )
2

which completes the proof. O

3 Two representations

The first representation of the canonical «a-stable cylindrical Lévy process is by
subordination. For this purpose, let W be the standard cylindrical Brownian motion on
the Banach space U, i.e. a cylindrical Lévy process with characteristics (0,1d, 0) where
Id denotes the identity on U. Its characteristic function is given by

pwin: U =€ pw() =exp (=4 u|).

Lemma 3.1. Let W be the standard cylindrical Brownian motion on a separable Banach
space U and let ¢ be an independent, real-valued «/2-stable subordinator with Lévy

a/2a a
1?(1—701?3):(/ 1=a/2 qy for a € (0,2). Then

measure vy(dy) =
L(t)yu* := W (L(t))u*  forallu* € U*,
defines a canonical a-stable cylindrical Lévy process (L(t) : ¢ > 0) in U.

Proof. By using independence of W and ¢, Lemma 3.8 in [2] shows that L is a cylindrical
Lévy process. The characteristic function of the subordinator ¢ can be analytically
continued, such that

Elexp(—pL(t))] = exp(—tr(8))  forall 5 >0,
where the Laplace exponent 7 is given by
w(9)= [ (1= mas) = 50
0

see [15, Th.24.11]. Independence of W and / implies that for each ¢t > 0 and u* € U* the
characteristic function ¢y, of L(t) is given by

o0 i .
oL@ (u”) :/0 E [elw(b)u } Py (ds)

o 715 w*||? * (12 * |0
= [ eI Py ds) = exp (~t7 (5 7)) ) = exp (— a1,
0
which shows that L is canonical a-stable. O

The second representation of the canonical a-stable cylindrical Lévy process is based
on the approach by Lévy space-time white noise, as it is defined for example in [1] and
[3].
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Definition 3.2. Let (M, M,v) be a o-finite measure space. A Lévy white noise on a
o-finite measure space (E, &, o) with intensity v is a random measure Y : £ x Q — R of
the form

Y(B) =W(B) +/

a(z,y) N(dz, dy) + / b(z,y) (o @ v)(dzx,dy),
BxM BxM
where (1) W: & x Q — R is a Gaussian white noise;
(2) N: (E®@ M) x Q — INygU{cc} is a Poisson random
measure on E x M with intensity measure o ® v;
(3) a,b: E x U — R are measurable functions.
In the above Definition 3.2 we take M = R, M = B(R) and

1 1
v(dy) = EMT“ dy for ¢ := 2T'(«) cos(%).

For some set O C R? let N be a Poisson random measure on ([07 00) X (9) x R with intensity
measure o ® v where o := dt ® dz. We call the Lévy white noise Y: B([0,00) x O) x Q —
[0,0) defined by

/ y N (dt,dz,dy), ifa <1,
BxR

y (N(dt,dz,dy) — dtdovv(dy)), ifa>1,
BxR

Y(B) =

the canonical a-stable space-time Lévy white noise on O.

Lemma 3.3. Let Y be the canonical «-stable Lévy space-time white noise on a set
OCR? fora e (1,2). Then there exists a canonical a-stable cylindrical Lévy process L
in L% (0) for o/ := =% such that

L(t)14a=Y([0,t] x A)  forallt > 0 and bounded sets A € B(0).
Proof. Let S(O) be the space of simple functions in L*(O) of the form

n
=Y B la, (3.1)
for some (5, € Ry and disjoint sets A; € B(0). For v* € S(O) and t > 0 we define

Jut =" BY([0,1] x Ap). (3.2)
Define the function mg: R — R by mg(z) = Sz for some 5 € Ry. Then by using the
invariance B*O‘(yomgl) = v, see [15, Th.14.3], the independence of the Lévy white noise
and the symmetry of v, we obtain

@L(t)(U*)

= - ex PRy 1 — v rds
;};[1 p</[07t]><Ak><]R( L= By Lo () v(dy) d d)

=] exp |t 1a,(z)dz ) B W—1—iy 1. (B; %)) By “(vompg!)(dy)
I (1 ([ 1) [ =1 sotonticmo) seeteomiiyan)

f[ ( (/ B Lay (2 dl“)/ (€ =1 —iylp,(y)) V(dy)>
= exp ( (/ |u* (2 ) /]R (e =1 —iylp,(y)) V(dy)) :

ECP 23 (2018), paper 36. http://www.imstat.org/ecp/
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By applying Lemma 14.11 in [15] we obtain ¢ (u*) = exp(—t|ju*|}.) for all simple
functions u* € S(O). By using the linearity of L(¢) we derive that L(t): S(O) — L%(Q) is
a linear and continuous operator which shows that L can be continued to a linear and
continuous operator on L*(Q) satisfying

orw(u*) =exp(—t|u*||7.) forallu* e LY(O).

Let0 <t <ty <---<t,anduj € S(0O). By independence of the Lévy white noise for
disjoint sets it follows that

L(t1)u], (L(tg) — L(tl))u§ cee (L(tn) — L(tn,l))u;

are independent. By approximating an arbitrary function v* € L®(O) by simple functions
it follows that L has independent increments. Moreover, from the very definition in
(3.2) it follows that for each u* € S(0O), the stochastic process (L(t)u* : ¢ > 0) is a
Lévy process in R. Again, by approximating an arbitrary function v* € L*(O) by simple
functions, the same conclusion holds for (L(t)u* : ¢t > 0) and v* € L%(0O). Together with
the independent increments derived above, this implies by Corollary 3.8 in [2] that L is
a cylindrical Lévy process in L (O). O

Remark 3.4. The canonical a-stable space-time Lévy white noise corresponds to the
noise considered in [4] in the symmetric case. Although the construction in Lemma
3.3 follows the corresponding relation between space-time Gaussian white noise and
cylindrical Brownian motion, the resulting cylindrical Lévy process does not live in a
Hilbert space, such as L?(0) for O C RY.

4 The stochastic Cauchy problem

In this section we consider the stochastic Cauchy problem

dX(t) = AX(t)dt+ dL(t)  fort e [0,T),

4.1
X(0) = a0, @D

where A is the generator of a strongly continuous semigroup (7'(t)):>o on a separable
Hilbert space U and zy € U denotes the initial condition. The random noise L is a
canonical a-stable cylindrical Lévy process as introduced in the previous section.

A theory of stochastic integration for deterministic functions with respect to cylindri-
cal Lévy processes is introduced in our work [14]. Based on this theory, we obtain that if
the stochastic convolution integral

Y(t) = /OtT(t _s)L(s) forte[0,T),

exists, the stochastic process (T'(t)xo+ Y (t) : ¢t > 0) can be considered as a mild solution.
By a result in [8] it also follows that the mild solution is a weak solution; however, this is
of less concern in this work.

More precisely, if L is a cylindrical Lévy processes with characteristics (0,0, v), then
a function f: [0,7] — L(U,U) is stochastically integrable if and only if

T n
lim sup sup /0 /U <Z (u, f*(s)ex)* A 1) v(du)ds =0, (4.2)
k=m

m—oo n>m

for an orthonormal basis (e;)ren of U; see [14, Th.5.10]. In our case of a canonical
a-stable cylindrical Lévy process as driving noise we obtain the following equivalent
conditions:

ECP 23 (2018), paper 36. http://www.imstat.org/ecp/
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Theorem 4.1. Assume that there exist an orthonormal basis (ex)rew 0of U and (A )ken C
[0, 00) with T*(t)ey, = e~ *vtey forallt > 0 and k € N. Then there exists a mild (and weak)
solution of (4.1) if and only if

T
/0 IT(3)5s ds < oo.

Proof. Lemma 2.4 implies for each m,n € IN with m < n that

/OT/U (iW’T*(S)ek)Q/\l) v(du) ds
/ /(Ze P, ) M) v(du) ds
k=m

[ (2
- 1
= o / /(]Rn m+1)/ (Z 672Ak87‘2€z A 1) mdr >\n—m+1(d£) ds

k=m

T n a/2
2 —2Xis¢2 )\n—m dé) d
ca(2—a) /0 /S(]R"—m‘*'l) (,;ne §k> +1( 6) S

m,n-

D e 1) vor, ! . (dB)ds

In the following, we establish that for all m, n € IN we have

/2 a/2
T a)/ (Z 1T (s ek|> dsglm’ngcn,m/ <Z 1T (s ek||> ds, (4.3)

k=m k=m
where ¢, _,, — 1 as m,n — oo.

Define A}, == An—m+1 wWhere 11 = Ay (S(R"™1)). By applying

Tn—m+1

Jensen’s inequality to the concave function § — 3%/2 it follows from Lemma A.2 that

/ / SR (ZE”"%) . A1 (d€) ds

m

T n a/2
S Tn7m+1/ Z 6_2)\ks/ g% )\'}Lfm+1(d€) ds
0 ke S(Rn—mtl)
n a/2
=r 1 /T 71 Z e~ 2Aks ds
et f o\ n—m+1

)2
_ Tn—m-&-l *
- aﬂ/ (Z 1T (s)ex] ) ds.
Consequently, we obtain the upper bound in (4.3) with ¢,_,, = —=2=mfl__  Since

(n—m-+1)2/2
L(z+8)
T(z)xP

For establishing the lower bound, define ¢, ,,(s) := e~ 2*m% + ... + ¢72*5_ We again
apply Jensen’s inequality to the same concave function 3 — 3%/2 but with respect to the
discrete probability measure {c; !, (s)e™? % ... ¢ (s)e™2**}. In this way, by applying

s “m,n

— 1as x — oo, Lemma 2.4 implies ¢,,_,, — 1 as m,n — oo.
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Lemma 2.4 and A.2 we deduce

T n a/2
/ / Z e An—m+1(d€) ds
0 S(R'rz—'rrz+1)

k=m

e—QAkS

T n
mon(s))/? & A (d€) d
2 [ (Y A )

k=m

n 672)\)@8

T
= /2 / A d¢)d
Tn—m Cmn S n—m S
[ ot S s )

k=m

n T
= TnerlF(l)?l-‘(mLi; /O (Cm,n(s))a/2 ds

T/ n /2
/O (Z |T*<s>ek||2> ds.

k=m

An application of [14, Th.5.10], as summarised in (4.2), completes the proof. O

Example 4.2. We consider the stochastic heat equation on a bounded domain © C R?
with smooth boundary 0O for some d € IN. In this case, the generator A is given
by the Laplace operator A on U := L?(0). Thus, there exists an orthonormal basis
(ex)ren of U consisting of eigenvectors of A. According to Weyl’s law, the eigenvalues Ay
satisfy A\, ~ ck?/¢ for k — co and a constant ¢ > 0. Consequently, we can assume that
A\ = ¢ k*/? for constants ¢, with ¢;, € [a,b] forall k € Nand 0 < a < b.
By the integral test for convergence of series we obtain for each s > 0 that
s d/2 o d/2 2F 4
I7(s) s = kz ek < / e do = d@a)d(éld/z.

Analogously, we conclude for each s > 0 that

> > o > 2r(¢
HT(S)”%S _ 267256kkd/ > 1 +/0 672Sbmd/ dr = —1 + d(Zb)d(/éid/Q

k=1
Consequently, we can deduce from Theorem 4.1 that there exists a mild solution of (4.1)
for A = —A if and only if ad < 4. In accordance with other works, e.g. [4] or [11], the
smaller the stable index « is the larger dimensions d can be chosen in the condition for
guaranteeing the existence of a weak solution. This is due to the smoother trajectories
of stable processes for smaller stable index a.

Note that the sufficiency of the condition ad < 4 can also be derived from results in
[5]. Due to the approach of embedding the cylindrical Lévy process L in a larger space
in [5], the derivation is less direct than here; see Corollary 6.5 in [14]. However, the
work [5] provides further results on the spatial regularity of the weak solution; see e.g.
Theorem 5.14.

5 Irregularities of the trajectories

In the work [5] it was observed that the solution of (4.1) does not have a modification
with cadlag paths in the underlying Hilbert space U. We strengthen this result that the
solution does not even have a cadlag modification in a much weaker sense:

Theorem 5.1. Assume that there exist an orthonormal basis (ex)rew of U and (A )ken C
[0,00) with T*(t)ex = e *ley for allt > 0 and k € IN. Then there does not exists a

modification X of the mild solution of (4.1) such that for each u* € U* the stochastic

process ((X(t),u*) : t € [0,T)) has cadlag paths.
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Proof. (The proof is based on ideas from [10]). For every n € IN and ¢ € [0,7T] define
Ly (t) :== (L(t)er, ..., L(t)e,) and X,,(t) :== ((X(t),e1),...,(X(t),€,)). As

t
(X (1), ex) = (wo, ex)e ! + / M) gL (s)er),
0
it follows that X, is the solution of the stochastic differential equation
dX(t) = —DX(t)dt + dL,(t) fort >0,

where D ¢ R™*" is a diagonal matrix with entries )\;,...,\,. We conclude that the
n-dimensional processes (X, (¢) : t € [0,T]) and (L, (¢) : t € [0,7]) jump at the same time
by the same magnitude, which implies

sup |AL,(H)]> = sup |[AX,()]* <4 sup |X,(t)°,
te[0,T] te[0,T] te[0,T]

where Af(t) := f(t) — f(t—) for cadlag functions f: [0,7] — R". It follows that

( sup Z 2 < oo) =P (sup sup Z(X(t),ek>2 < oo)

te[0,T] ;. nelN¢€[0,T] .=

n 1
= lim P {sup sup » (X(t),ex)” <
c—00 (newte[&ﬂ; > !

N - 1
= lim lim P( sup Z(X(t),ek>2 < 4C2>

C— 00 N—>00 tE[O,T] P

1
C— 00 N—>00 tE[O,T] 4

lim lim P( sup |AL,(t)]* < 62>

= lim lim P( sup | X (1)) <

IN

C— 00 N—00 tG[O,T]

= lim lim exp (—Tyn ({B eR":|5] > c})) , (5.1)

C—00 N—00

where v,, denotes the Lévy measure of the R"-valued Lévy process L,. Since v, =
vo We_ll,‘.., _due to [2, Th.2.4], we obtain for every n € IN by Lemma 2.4 that

(vome ) {BER" 8] >c})
= / / Ligern: |m>c}(rf) —dr A\, (d€)
S(R™)

/S(Rn / LA,

= T n(S(Rn)

caca
1 T(3)r*f
Cac® D(2)T(1£9)

Since ;gm)-i-[i) — 1 as m — oo for all 5 € R, we obtain from (5.1) that
o0
P| sup Z(X(t),ek>2 < oo | =0.
te[0,T] .=
An application of Theorem 2.3 in [12] completes the proof. O
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A Appendix

For the present work it is essential to know which constants in the various presenta-
tions of the characteristic function of a multi-dimensional a-stable distribution depend
on the dimension. Thus, we present the following well-known theorem with the constants
given explicitly:

Theorem A.l. Let u be an infinitely divisible probability measure on B(R") with char-
acteristics (0,0,v) and define \,(B) = cov((1,00)B) for B € B(S(R")) and a € (0,2)
where

Q, ifa=1.

NE]

{a cos((am)l(—a), ifa+#1,
Co =

Then the following are equivalent:

(a) p is symmetric, rotationally invariant and «-stable;
(b) the Lévy measure v is of the form

> 1
v(B) = CO; / An(df)/ ILB(rg)m dr for all B € B(R"),
S(R™) 0 r

and )\, is uniformly distributed on the sphere S(R").
(c) the characteristic function ¢,, : R"™ — C of u is of the form

©u(B) = exp ( /S(Rn) 1(8, )" An(d£)> ,

and )\, is uniformly distributed on the sphere S(R").
(d) the characteristic function ¢,,: R"™ — C of  is of the form

eulB) =exp (= da 8",

where d,, := fS(Rn) [{€0,E)|* N\n(dE) for an arbitrary fixed vector & € S(R"™).

Proof. The proof follows from the Theorems 14.2, 14.10, 14.13, 14.14 and their proofs
in [15].
O

Lemma A.2. Let (Y,...,Y,) be uniformly distributed on the sphere S(R") for some
n € IN. Then we have forp € (0,2) and each k € {1,...,n} that

n\(1+p
BV =1, BVl = W

Proof. Since Y +---+ Y2 =1we have E[Y?] = L forall k € {1,...,n} due to symmetry.
As Y7 is distributed according to the Beta distribution with parameters a := 3 and
b:= 21, see [6], we obtain

1 v e _
BV) = BVEP) = s [ a0 =0 e

_ Blatp/2b) _ T3
I\ (ntp

Bla.b)  T(A)D(ER)

which completes the proof. O
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