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This paper is concerned with the problem of time-varying H, fuzzy control for a class of semi-Markov jump nonlin-
ear systems in the sense of o-error mean square stability. The nonlinear plant is described via the Takagi-Sugeno fuzzy
model. By defining a time-varying mode-dependent Lyapunov function, a set of sufficient stability and stabilization
criteria for non-disturbance case is first derived and then applied to the investigation of H., performance analy-
sis and H fuzzy controller design problems of semi-Markov jump nonlinear systems. Different from the traditional
stochastic switching system framework, the probability density function of sojourn time is exploited to circumvent the
complex computation of transition probabilities. The derived conditions can cover the time-invariant mode-dependent
and time-invariant mode-independent H ., fuzzy control schemes as special cases. A classic cart-pendulum system is
presented to demonstrate the effectiveness and advantages of the proposed theoretical results.

Keywords: H.. control; stochastic systems; o-error mean square stability; semi-Markov jump nonlinear systems;
time-varying controller

1. Introduction

Robust control of general nonlinear systems has always been a valuable and yet challenging topic for the
lack of a unified mathematical framework (Gao, Wang, & Wang, 2005). Takagi-Sugeno (T-S) fuzzy model
has fixed structure and can effectively approximate most nonlinear systems. Some remarkable results can be
found in (Chen, Lam, & Lam, 2015; S. Y. Xu & Lam, 2005). However, it should be noted that the stochastic
instantaneous change of system dynamics, caused by changes in work conditions such as weather, airspeed
(Boukas, 2007), or the equipment (e.g., switches, oscillators (Torikai & Saito, 1998), voltage feedback buck
converter, and hyperchaos generator (Takahashi, Nakano, & Saito, 2004)) cannot be accommodated by this
kind of model. Therefore, the study of fuzzy stochastic switching system is highly motivated (Li, Chen,
Zhou, & Qian, 2009; Sheng, Gao, Zhang, & Chen, 2015).

As one of the most important stochastic switching systems, Markov jump systems (MJSs) have received
extensive attention in the past few decades. It has been widely applied in many practical plants, such as
power systems (Willsky & Levy, 1979), aerospace systems (Kiyak, Cetin, & Kahvecioglu, 2008), elec-
tronic systems (Ma, Kawakami, & Tse, 2004), and networked control systems (Zhang, Gao, & Kaynak,
2013). Many significant results for MJSs have been reported; the readers are referred to (Costa, do Val, &
Geromel, 1999; S. Xu, Chen, & Lam, 2003; Zhang & Lam, 2010) and the references therein. It should be
mentioned that the key characteristics and also the main restriction of MJSs is the memoryless property of
transition probabilities (TPs), which requires that the distribution of sojourn time (the interval between two
consecutive jumps of system mode) of each system mode should be subject to geometric distributions for
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discrete-time domain (or exponential distributions for continuous-time domain). This requirement, how-
ever, is not always realistic.

In response to such a challenge, semi-Markov jump systems (S-MJSs), in which the TPs of system
modes are time-varying and sojourn-time dependent, have been proposed and discussed. Because the TPs
for S-MJSs at each time k£ have memory, infinite iterations are needed to obtain the full information of
TPs (Howard, 1964). Therefore, even for the stability and stabilization problems, investigations on S-MJSs
are quite limited and existing results are usually obtained using certain hidden assumptions on the bounds
of TPs or the types of sojourn-time distributions. See Hou, Luo, Shi, and Nguang (2006); Huang and Shi
(2011, 2013a, 2013b); Lee, Ma, Xu, and Ju (2015); Schwartz (Northwestern University, 2003); Shen, Su,
and Park (2016); Shen, Wu, and Park (2015) for example. An approach based on the semi-Markov kernel is
used by Zhang, Leng, and Colaneri (2016) to handle the stabilization problem in the sense of o-error mean
square stability (c-MSS ). The authors employed a sojourn-time distribution which depended not only on
the current system mode but also on the next mode that the system will jump to. In the present paper, we
will extend this work using the time-varying Lyapunov function approach for the purpose of reducing the
conservatism. Meanwhile, since the theorems are to be derived based on the probability density function
(PDF) of sojourn time, knowledge of the time-dependent TPs at each time £ is no longer necessary, which
makes the results more reasonable.

This paper focuses on the H, stability and stabilization problems for the discrete-time fuzzy S-MJSs.
First, the sufficient stability and stabilization conditions are discussed for the non-disturbance fuzzy S-MJS
in the sense of 0-MSS. Then, the time-varying Lyapunov function approach is applied to the H, stability
and stabilization problems and a feasible time-varying fuzzy controller is obtained which will guarantee
the o-MSS of the underlying system with a disturbance attenuation index. It is then demonstrated that the
proposed results can be easily extended to cover time-invariant mode-dependent and time-invariant mode-
independent control schemes and thus are more general. A practical example is presented to illustrate the
effectiveness and feasibility of the derived theoretical results.

Notations: In this paper, R"™ and R™*™ denote the n-dimensional Euclidean space and the set of all
n X m real matrices, respectively. N and N denote the sets of non-negative integers and positive integers,
respectively. The subscript of a set denotes an additional constraint on the set, for example, N, .1 2 {ke
R|s; < k < s9}. For the notation (¥, F, Pr), ¥ represents the sample space, F is the o-algebra of subsets
of the sample space, and Pr is the probability measure on F. X’ and E [X] stand for the transpose and
mathematical expectation of matrix X, respectively. The space of square summable infinite sequence is
denoted as l2[0, c0). The notation P > 0(> 0) means P is real symmetric positive (semi-positive) definite.
In addition, diag{--- } and diag,) {X} stand for a block-diagonal matrix and an n x n block-diagonal
matrix where all diagonal entries are X, respectively. The symbol * is used as an ellipsis for the terms that
are introduced by symmetry. I and 0 represent the identity matrix and zero matrix, respectively. Matrices,
if their dimensions are not explicitly stated, are assumed to be compatible for algebraic operations.

2. Preliminaries and Problem Formulation

Fix the complete probability space (¥, F, Pr) and consider the following discrete-time fuzzy S-MJS:
Rule i: IF (1 (k) is ps1 and C2(k) is pi2 and . .. and G, (k) i i, THEN

x(k+ 1)=A(i,r(k))x(k) + B(i,r(k))u(k) + E(i,r(k))w(k) (D
y(k)=C(i,r(k))z(k) + D(i,r(k))u(k) + F(i,r(k))w(k) 2)

wherei € R £ {1,2,..., Mg}, Mg is the number of the IF-THEN rules; ¢ (k) = [¢1(k), Ca(k), . . ., (p(k)]
is the premise variable; ji;1, 2, - - . , fip are the fuzzy sets; z(k) € R™, y(k) € R™, u(k) € R™, and
w(k) € R™ with {w(k)}ren € l2[0,00) are the system state, system output, control input and external

In this paper, we will slightly abuse MSS as the abbreviation of either mean square stability or mean square stable.
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disturbance input, respectively. {r(k)},cy is a stochastic process and considered to be a semi-Markov
chain in this paper, which takes values in a finite set Z = {1,2,..., M7} and governs the switching among
M system modes. For simplicity of presentation, the following notation A;,, = A(i,7(k)) has been used
throughout the paper. Therefore, for (k) = p € Z, the set of matrices of the p'* system mode for the
it" rule is denoted by (Aip, Bip, Eip, Cip, Dip, Fipp), which are real known matrices. It is assumed that the
premise variables do not depend on the input signal w (k). Then, given a pair of (x(k),u(k)), a more
compact presentation of the discrete-time T-S fuzzy S-MJS is given by

2k + =3 hik){Air, 2(k) + Bir,u(k) + Eir, w(k)},
y(R)=3""" hs(k) (Cir, (k) + Diryulk) + Fir,w(k)}, (k) € 3)

where h;(k) £ vZ(C(k))/ZZAi’in(C(k)), vi(C(k)) = [T ma(G(k)), and pi(¢(k)) is the membership
degree of ¢;(k) in ;. More generally, we assume that v;(C(k)) > 0,7 € R and S.M%v;(¢(k)) > 0 are
satisfied, which can result in that 0 < h;(k) < 1,i € R.

To introduce the semi-Markov chain (SMC) formally, we shall recall the concept of Markov renewal
chain (MRC), for which the following three stochastic processes are first needed (more details can be
found in Barbu and Limnios (2006) and the references therein):

(i) The stochastic process {Rn}n€N+ taking values in Z, where R, is the index of system mode at the

nt? jump and Ry € 7 is the initial state.

(i1) The stochastic process {kzn}neN+ taking values in N, where k,, denotes the time at the n*” jump. It
is noted that kg = 0, and k,, increases monotonically with n.

(ii1) The stochastic process {Sn}n6N+ taking values in N, where S, = k,, — k,—1,Vn € Ny denotes

the sojourn time of mode R,,_; between the (n — 1) jump and n*” jump, and Sy = 0.

Definition 1: (Barbu & Limnios, 2006) The stochastic process { (12, kn) },,cy, is said to be a discrete-time
homogeneous MRC if the following holds Vp,q € Z,V7T € N and Vn € Ni:

Pr(Rp+1 =¢q,Sn+1 = T|Ro, .-, Ry = piko, -, kn)=Pr(Rp+1 = ¢, Spt1 = 7|Rn = p)
:PI‘(R1 :q,Sl =T’R0 :p).

In addition, from Barbu and Limnios (2006), { R, }nen . 1s called the embedded Markov chain (EMC) of
MRC {(Rn, kn)},en, - and the transition probability matrix (TPM) © = [6)g] , o7 of { Ry }nen, is defined

by b = Pr(Ry+1 = q|Rn = p),Vp,q € I with §,, = 0.
With the above concepts, the definition of SMC is given as below.
Definition 2: (Barbu & Limnios, 2006) Consider an MRC {(Ry,kn)},cyy, - The chain {r(k)},cy, is

said to be an SMC associated with MRC {(Rn, kn)}, ey, - if 7(k) = Ry(), Vk € Ny, where N (k) =
max {n € N|k, < k}.

Since the stochastic variable varies with the jump instant k,, for EMC, but with the sampling instant & for
SMC, the two stochastic chains are much different. For an SMC, one can define the following probabilities.

Definition 3: (Barbu & Limnios, 2006) For a given SMC {r(k)},cy, . we have:
(i) The PDF of the sojourn time depending on the current and the next system modes of the SMC is
defined as:

Wpq (T) £ Pr (Sn-f—l = T’Rn—I—l =q, Rn = p)

with Vg # p,p,q € Z,V7 € Ny and wp, (1) =0,Vp € Z,Vr € N,.
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(i) The semi-Markov kernel I1(7) = (mpq)p gez € RM>M1 is defined as

Tpq (T) 2 Pr(Rat1 = ¢, Spt1 = 7| Ry = ) = Opqpg (7)
with Vg # p,p,q € Z,V7T € Ny and 7y, (1) = 0,Vp € Z,V7 € N

To focus on the stochastic characteristics, we assume that the sojourn time cannot reach infinity. That is
to say, npp(o0) = 1 — >_8,eN, 2uqrez Tpa(Sn) = 0,p € I holds. Now, the stability and Ho performance
definitions are presented for better illustrating the purposes of this paper.

Definition 4: (Zhang et al., 2016) Given an upper bound of the sojourn time Thax € Z>1,Vp € Z,
system (3) is said to be o-error Mean Square Stable (o-MSS) if for u (k) = 0 and any initial condition
xg € R™, rg € Z, the following equation holds:

=0 “4)

lim 5 [[l2 (k)] =
k—o0 x077‘07507{s71+1STgﬁX‘Rn:papelvneN+}

with o £ 3011 [In (F, (Thax) )| where Fy(7) = Pr (Spt1 < 7[Rn = p) = 3102 gez7pq (1)- Fp(7),p €
Z,7 € N, is called the cumulative density function (CDF) of the sojourn time for system mode p and it is
assumed that F},(0) = > 7 wye(0) = 0.

Definition 5: For a constant v > 0, system (3) is said to be 0-MSS and has an H, disturbance attenuation
performance index = if the system is ¢-MSS and under zero initial condition E {|ly(k)||,} < 7 ||w(k)|,

where [[w(k) |, £ /> o w'(k)w(k) holds for all nonzero w(k) € I3 [0, 00).

For the nonlinear system (3), the parallel distributed compensation (PDC) scheme will be used to design
the state feedback fuzzy controller. Due to the existence of the stochastic processes, both the time-varying
and mode-dependent ideas will be applied in the design of the PDC fuzzy controller of the following form:

Mg
h.

u(k) = p _ hi(k)Ki(r(k),6(k))x(k),r(k) € (5)

with §(k) £ k — kN (x)- Therefore, for (k) € Z, the closed-loop system can be obtained:

ot =3 S B (09 { (i, + B B (), 6(K))) 20) + B, (k)

y(k)zzijzﬁhxk)hj(k) {(Ciry + D, K (r(k), 6(k)) ) (k) + Fir, w(k)} . (©)

Then, the problem to be addressed in this paper is to design a mode-dependent time-varying fuzzy con-
troller in the form of (5), such that the resulting closed-loop fuzzy S-MIJS (6) is 0-MSS with H, disturbance
attenuation performance.

3. Main Results

In this section, we first propose the sufficient stability and stabilization criteria for the underlying system
with w(k) = 0. Based on these results, the fuzzy controller can be designed such that the closed-loop
system is 0-MSS with an H, performance. To begin with, the following lemma which will be used in the
proof of our main results is presented.
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Lemma 3.1: (Guan & Chen, 2004) For any real matrices X;,1 = 1,2,..., Mg and P > 0 with appropri-
ate dimensions, one has

Z Z hih; X[ PX; <Z hi X!PX;

where h; > 0 fori = 1,2,...,MRandZi]‘iﬁhi =1.

3.1. o-error mean square stability analysis and stabilization

In the next theorem, a sufficient 0-MSS criterion will be presented which is testable for a class of fuzzy
S-MJS with u(k) = 0 and w(k) = 0.

Theorem 3.2: Consider system (3) with u(k) = 0 and w(k) = 0. Then, system (3) is o-MSS, if for all
p € T, there exist Tiar € Ny and a set of symmetric matrices { P; (p,9) > 0}, i € R,9 € Ny gz,,] such

that forall i,j € R,p,q € Z,9 € Ny 7,1, (7) and (8) hold.
A'(i,p)Pj(p,9)Ali,p) — P;(p, 9 — 1)<0 (7
S ) {P(@.0) = Pilp,9)} <0 ®)

where qu(ﬁ) £ qu(ﬁ)/Pp(ﬁ) with Pp(ﬁ) £ Zgi‘i’” Zq;«ép,qez qu(ﬁ)-

Proof. Consider the time-varying stochastic Lyapunov function

=t (B) 30 (k)P () = p,8(K)) (k). b € Neg, i)

V (x(k),r(k),d(k))] i=1

If (k) = 0 for some finite k, the 0-MSS will be guaranteed. Therefore, it is reasonable to assume that

x(k) # 0. Then, along the solution of the unforced system (3), one has the following relationship for
r(k)=peZlke N, .k

n+1_2} :

V (@(k + 1), r(k +1),8(k + 1)) = V (x(k), r(k), 6(k)) ;
" hi(k)P; (p, 8(k)) x (k)

—o/(k+1) ZMR Bk + 1P (p, (K + D)k +1) — ' (K) 3
Z Z Z hi(k)hg (k)R (k + 1)’ (k) [A7, P (p, 0(k + 1)) Agp — Pi(p, 6(k))] (k)
S i (0 + 1) (k) [0, Py 605 + 1)) Aiy — Pi(p, 6(8)] ().
Then, it follows from (7) that Vr(k) € Z,k € Ny, 1, ., _9), it is guaranteed that
V(x(k+1),r(k+1),6(k+1)) =V (x(k),r(k),d(k))<O0. 9)
Since (7) holds for p € Z,9 € Nj; 7z, 1, one can derive that Vn € N
V(@(kng1),r(kngr — 1) kg — kn) =V (@(kngr — 1), 7(knga — 1), 0(knt1 —1))<0. - (10)

Then, combining (9) and (10), it can be inferred that

V(@ (kng1), 7 (Bnyr — 1), kg1 — k) =V (2(kn), 7(kn), 6(kn))
=V (x(kn+1)77°(kn)7 Sn—f—l) -V (x(kn)7r(kn)v 0) <O0. (11)



January 11, 2017

International Journal of Systems Science 1JSS Hinf control semi Markov

On the other hand, it follows from (8) that

E[V (x(kn-i-l)?r(kn-i—l)a5(kn+1))”xkn,r(k) V(@(kn),7(kn), 6(kn))
E [V (2(kn41),7(knt1),0)) = V (@(kn), 7(kn), 0)]l4, ..
E[V (#(knt1),7(knt1),0)) = V (@(kns1), 7(kn)s Snt)]lay e
k"“)z Rhl(k"“) T:jj 1Zq¢p eznpq(s"“)
X {P (q’ ) ( n+1)} (knJrl) <0. (12)

Without loss of generality, it can be assumed that there exists a set of positive matrices Q(i),7 € Z such
that

E[V (x(kn-i-l)aT(kn+1)75(kn+1))”xkn Ten V (@(kn), 7(kn), 6(kn)) < =" (k) Q(i)2 (kn).

Since E [V (z(knt1),7(knt1), 0(kn+1))]l,, . > 0, it is straightforward to show that V(z(ky),
r(kn),d8(kn)) > ' (kn)Q(i)x(ky,). Therefore, it can be proved that there exists a constant ¢ € (0, 1)
such that Vz (k) # 0

E[ ( (kn—i—l)ar( n+1) ( n+1))”xkn,rkn V(.%'(kn),T(kn),(S(kn))
(kn), 7

(V)(Sﬂ(k)n(, () n),6(kn)) V(z(kn),r(kn),6(kn))
kn)Q(1)x
=TV ), (k)00 = 4
It can be inferred from (12) that
E[V (x(kn—kl)aT(kn-i-l)?5(kn+1))”xkn,rkn < eV (@(kn),r(kn), 0(kn)) - (14)

Then, one has

B[V (20, 1), 005y, o, < €™V (ko). (ko). 8(ko))

Summing from n = 0 to n = NN, one can obtain that

E [ZN v<x<kn>,r<kn>,6<kn>>]

<(+e+e®+...4+N)V(2(ko), (ko). 5(ko))

ThyTho

_ N
:(117—5)‘/ (z(ko),(ko), (ko)) -

When N tends to oo, we can further show that

i &[S0V ). k), 000

N—oo

which implies that

a'(ko) suPmer P (1(ko), (ko)) (ko)
T infrer nezm, ez {Amin (Pn(r(kn), 0(kn)))} (1 —€)
£P (e,r(ko), z(ko), 6(ko)) -

lim E [Z:O x’(kn)x(kn)}

Thg T
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Because 0 < ¢ < 1, we have P (¢,7(ko), z(ko),6(ko)) > 0 as a bounded positive matrix. Thus, based on
the definition of limitation, it can be concluded that lim,, o E [2/(ky, )z (ky,)] = 0. Due to limy, o0 by, = 00,
the previous equation lim,, o E [2/(ky,)z(k,)] = 0 is equivalent to limyg_, . E [2/(k)x(k)] = 0, which
implies (4). O

Based on Theorem 3.2, the existence condition of stabilizing state-feedback fuzzy controller (5) for fuzzy
S-MJS (3) with w(k) = 0 is presented in the following theorem.

Theorem 3.3: Consider system (3) with w(k) = 0. The underlying system is o-MSS if there exist a set
of symmetric matrices H;(p,¥) > 0, a set of matrices U;(p, 0), and a matrix Z, i € R,p € Z,9 €
Nio,72..1: 0 € Njure,.1: U, 0 € Ny, such that the inequalities (15)-(16) hold for all p,q € T,1,j,9 € R,
and 9 € N[l,Tﬁ

,am]'

Hi(p,9) — Z— 2" A(i,p)Z + B(i,p)U,(p,9 — 1)

[ ] * —H;(p,¥ —gl) <0, (15)
Tax

Zﬂ:l Zq;ﬁp,qez Mpg(9){Hi(g,0) — H;(p,9)}<0 (16)

where 1pq(0) is defined in (8). Moreover, the admissible controller gain for (5) is given by K,(p,v) =
Ug (p7 0)Z71 .

Proof. Perform congruence transformations on (15) by diag{Z~',Z7'} and set P;(p,d) =
(Z) " Hilp,9)2-). Since (2)~ Hy(p, )2~ — 2} — (2)") = Pi(p,d) — 2 — (Z)) >
—(2")71P;(p,9)Z " is guaranteed by (P;(p,9) — Z7')' P} (p,9)(P;(p,9) — Z7'), it can be inferred
from (15) that

_(7"\—-1p—1 -1 n—1 : _

with K (i, p, g,9—1) £ A(i,p)+B(i, p) K, (p,9—1). Then, according to the Schur complement lemma, one
can prove that (17) is equivalent to (7) by performing congruence transformations with diag{ P; (p,9)Z, I}.
This completes the proof. O

3.2. H performance analysis and controller design

To proceed further, the corresponding criterion dealing with the H, control problem for the fuzzy S-MJS
can be derived based on the previous results.

Theorem 3.4: Consider system (3) with uw = 0. The closed-loop system (6) is 0-MSS with an H., per-
formance v, if for all p € I, there exist Tha: € Ny and a set of symmetric matrices {P;(p,?) > 0},
i € R,V € Njgqi jsuchthat foralli,j € R,p,q € Z,9 € Ny r: 1, (18) and (19) hold.

-1 0 C(i,p) F(i,p)
—Pj(p,9) Pj(p,9)A(i,p) Pj(p,9)E(i,p)
* g “Ppw-1) 0 <0 (15
* * * —’yQI
5,
S a){Pia.0) = Pilp,9)}<0 (19)

Proof. Based on the property of negative matrix, it can be inferred from (18) that

A'(i,p)Pj(p,9)A(i,p) — Pi(p,9 — 1) + C'(i,p)C(i,p) < 0. (20)
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Thus, according to Theorem 3.2, the 0-MSS of the closed-loop system (6) is guaranteed by (20) and (19).
By Schur complement lemma, one can see that (18) is equivalent to the following inequality.

[ ~P(p,9—1) 0 ] N [ C(i,p) F(i,p) ]/
* - 21 (p’l9 A(Zap) Pj(paﬁ E(i’p)
" I 0 C(i,p) F(i,p)
L o | | it PR |0 b

By pre- and post-multiplying [2/(k,, + 9 — 1);w'(k, + ¢ — 1)] and [2/(k,, + ¢ — 1); 0/ (k, + 9 — 1)]' to
(21), it can be derived that

@' (kyp +9 = 1)(C'(4,p)C (i, p) + A'(i,p) Pj(p,9) A(i, p) — Pi(p,9 — 1))a(ky +9 — 1)
+22' (kp, + 9 — 1)(C' (i, p)F(i,p) + A'(i,p) P (p,9) E(i, p))w (k +9—1)
' (kn + 0 = 1)(F' (i, p) F (i, p) N E'(i,p) Pj(p,9)E(i,p) = v*Dw(kn + 0 — 1)

=y (kp +09 — Dy(kn + 0 — 1) — 0 (kn, + 9 — Dw (k‘n+19—1)

+2' (kn, + 9) Pj(p,9)x(ky, +9) — &' (kyy + 9 — 1) Pi(p, 9 — D)a(ky +9 — 1) < 0.

Assume that r,, = p, 7y, , = ¢q. Then, summing from ¥ = 1 to S,, {1, one can deduce

Z LY (o 0 = Dy + 0 — 1) — 72 (ki + 0 — Vw(k + 9 — 1)
+x (k + 19) ( ) (kn +9) =2 (ky + 0 — 1) Pi(p,9 — )k, +0 — 1)}
=S Y Ry () — 220 Rk} + 2 () Py (s S ()

- (kn)Pz(P7O) (kn) <0.

TP
Due t0 59" > 2 ge1 Mpg (V) = 1 and mpq(9) > 0, one has

DONID DI MY {ZZ;*,;I [y (R (k) — 72 (kyw(k)]
ta <kn+1>P»<p, Su1)e(kn 1) — ' (k) (0, 0)a () }
g y(k) — v2 (kyw(k)] + szile S (S ()
XPj(Pv Sn+1) (kn+1) — &' (kn) Py (p, 0)x(kn) < 0.

According to (19), the following inequality can be guaranteed by the above inequality:

kn+171 / 2 mam ’
ST W ®E) — P R ]+ ST il S)a ()

n+1

X Pj(q,0)x(knt1) — ' (kn) P (p, 0)2 (k) <0.

Additionally, since ; h;j(J) = 1,h;(9) > 0, we have

k‘n+1—1 ’ 2 maa: /
S W) — A )] + 0 Y (S ()

n+1 1

X Z knt1)Pj(q,0)x(kpt1) — ' (k) Zz‘eR hi(kn) P;(p, 0)x(ky)<O0.
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Therefore, if we set Vi, (2(ky,), 7,) = 2/ (kn) Y ser {hi(kn) Pi(rk,, 0) }a(ky), it can be derived that

oo knty1—1

JEE{lyl5 = lwl3} =EL D> D (0 (ky(k) —"w (k)w(k))

n=0 k=k,
o0 kn+171
<D EC DY Y Ryk) =y 0 (kyw(k) + Ve, (@(kat1), 7k, ) = Vi @(kn),4,)) p < 0.
n=0 k=k,
Thus, the proof is completed. O

Theorem 3.5: Consider system (3) with the controller in the form of (5). The closed-loop system (6) is
o-MSS with an H, performance v, if for all p € I, there exist T € Ny and a set of symmetric matrices
{Hi(p,9) > 0}, Ui(p, V) and Z where i € R, € Njgp: 1, such that for all i, j,g € R,p,q € I,V €
N7, (22) and (23) hold.

—I 0 C(i,p)Z + D(i,p)Uy(p, ¥ —1)  F(i,p)
: H(J,*p, W) A(z,p)Z:rHli%((;:z)Eng()p, 9 —1) E(S P) | <o 22)
* * * _721
8.
Zﬁ:l Zq;ﬁp,qGI Npq(V) {Hi(q,0) — Hi(p,9)}<0 (23)

with H(j,p,9) £ H;(p,9) — Z' — Z. Further, the admissible controller gain is given by K;(p,9) =
Ui (p7 19)Z71 .

Proof. The proof is similar to that of Theorem 3.3 and is thus omitted here. O

Remark 1: Different from the previous work of Zhang et al. (2016), the stability analysis is based on the
sample time k instead of jump instant &,,. The latter cannot be used directly to discuss the H, performance.
On the other hand, the time-varying H, control is for the first time studied herein for the underlying
systems. The time-varying H ., control can cover the time-invariant H, control as a special case and thus
is more general.

Remark 2: The time-invariant mode-dependent and time-invariant mode-independent controllers can be
easily derived based on Theorem 3.5 via replacing U;(p, ¥), K;(p, 9) with U;(p), K;(p) and U;, K;, respec-
tively, which indicates that these two control schemes can be well deemed as special cases of the proposed
time-varying mode-dependent scheme. The comparison among different control schemes will be given in
the following numerical example.

4. Numerical Example

In this example, the H, stabilization problem for the cart-pendulum system illustrated in Fig. 1 will be
considered to demonstrate the validity and applicability of the developed theoretical results. As shown in
Gao and Chen (2007), the motion of the pendulum can be described as

5'612562

. gsin(z1) — amlr3sin (221) /2 — acos (x1) u
€To—

2 41/3 — aml cos? (x1)
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Figure 1.: Inverted pendulum on a cart

where 21 € [—7/2,7/2] denotes the angle of the pendulum; x5 denotes the angular velocity of the pen-
dulum; u is the force applied to the cart; m is the mass of the pendulum; M is the mass of the cart;
a = 1/(m+ M) is a known constant; and 2/ is the length of the pendulum. The gravity constant is
g = 9.8m/s2. Here the system parameters are set as m = 2.0kg, M = 8.0kg, 2] = 1.0m.

We assume that the data observed contain two kinds of uncertainties: one is the external disturbance
w(k) belonging to the lo domain, and the other is a kind of stochastic uncertainties governed by a semi-
Markov process. Here, the second kind is introduced by the angular velocity measurement, and the errors
between the observed and real angular velocities can be approximately partitioned into two classes: 5% and
10% smaller than the real data. To model this uncertainty, the error percentage at each sampling time can
be described by a semi-Markov stochastic variable with two states where mode 1 means 5% and mode 2
indicates 10%. That is to say, we have zo(k) = 1.05Z2(k) for mode 1 and z5(k) = 1.1Z2(k) for mode
2, where Za(k) is the measured angular velocity. Then, by the first-order Euler approximation approach
(Yang, Zhang, Wang, & Gao, 2013), the whole system can be approximated by the following two-rule T-S
fuzzy S-MJS:

Plant Rule 1: IF z; (k) is about 0, THEN

w(k + 1)=A1(r(k))z(k) + Bi(r(k))u(k) + Ev(r(k))w(k),
y(k)=C1(r(k))z(k) + D1(r(k))u(k) + Fi(r(k))w(k)

Plant Rule 2: IF z; (k) is about £7/2, THEN

w(k + 1)=Aa(r(k))z(k) + Ba(r(k))u(k) + Ea(r(k))w(k),
y(k)=Ca(r(k))z(k) + Da(r(k))u(k) + Fa(r(k))w(k)

where
1 1+0.05)T 1 1+ 0.05)T
A(1) = [ g ( . ) L Ay(1) = [ e ( . ) 7
41/3—aml mw(4l/3—amlpB?)
1 1+01)T 1 1+01)T
A1(2) = 9T | 1 ) , A2(2) = [ _ 2T ( 1 )
41/3—aml n(4l/3—amlp?)

Bi(1) = B1(2)

0 0
__ar |, B(1)=Ba(2) = | ___ apr :
41/3—aml 41/3—amlp?

Cy(1) = C1(2) = Co(2) = [T 0], D1(1) = Do(1) = D1(2) = Dy(2) =0,
By(1)=F1(2) = FB(2) =[T 1) ,FL(1) = (1) = [1(2) = [,(2) =T

Ci(1)
Eq (1)

with T = 0.01s being the sample time, 5 = cos (88°). Since the errors between the measured angular
velocity and the real angular velocity are described as the uncertainties of system matrices, Z2(k) can be

10
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Table 1.: Indexes v* and o for different cases

(TY 0wy T2 0e) ~*forCasel ~*forCase2 ~* for Case 3 o

max’ —max

(2,2) 0.5034 0.5041 0.5056 1.2909
(2,5) 0.5037 0.5046 0.5060 1.1809
(2,10) 0.5037 0.5047 0.5060 1.1803
(2,20) 0.5037 0.5047 0.5060 1.1803
(3,3) 0.5029 0.5040 0.5052 0.4486
(3,5) 0.5030 0.5041 0.5053 0.4271
(3,10) 0.5030 0.5041 0.5053 0.4265
(3,20) 0.5030 0.5041 0.5053 0.4265
(5,5) 0.5026 0.5038 0.5049 0.0109
(5,10) 0.5026 0.5038 0.5049 0.0103
(5,20) 0.5026 0.5038 0.5049 0.0103

written as o (k) without losing the generality. The membership functions are given as

o 2p(k) 41 an(k) € (—Z,0]
pa(k) = { _2;1 k) +1 mi(k) €(0,-%)

[MIE]

™

(
p2(k) =1 — pa(k)

The sojourn time follows the Bernoulli distribution wio(7) = 0.67-0.46-7).5!/((5—7)!7!) and the Weibull
distribution wo; (1) = 0.40=D"* — .47,

First, we will compare the time-varying mode-dependent (case 1), the time-invariant mode-dependent
(case 2), and the time-invariant mode-independent (case 3) H, control schemes. By solving the conditions
in Theorem 4, one can obtain the minimized feasible v* for case 1. Then, the corresponding minimized fea-
sible v* for cases 2 and 3 can be calculated by replacing U;(p, ¥), K;(p, ?) in Theorem 4 with U;(p), K;(p)
and U;, K;, respectively. As shown in Table 1, one can note that the index +* for case 1 is less than those for
the other two cases under the same situation, which illustrates that the time-varying mode-dependent H
control scheme is less conservative than the time-invariant mode-dependent and the time-invariant mode-
independent H ., control schemes in the sense of the disturbance attenuation performance level. Meanwhile,
between any two sets of (1'%, T2 ..), the difference in v* is monotonously increasing with the increase
of the difference in o. Further, v* decreases with the growth in 7% or reduction in 772, , which suggests
that the system described by mode 1 can be more easily stabilized than that described by mode 2. This
observation can be explained by the fact that the eigenvalues for A;(1), A2(1) are closer to 1 than those for
A1(2), A2(2).

Second, to further demonstrate the effectiveness of the derived results, we assume the external dis-
turbance input w(k) = 0.5exp(—5k)sin(k) and T}},, = 5,72, = 10. Then, one can simulate the
state response x(k) and output signal y(k) under zero initial condition, as shown in Fig. 2. The con-
trol input u(k) is depicted in Fig. 3 and the control scheme is illustrated in Fig. 4. The circular sym-
bol describes the system mode at time k, and the triangle and the square depict the active controller
K(p,d(k)) = {Ki(p,d(k)), K2(p,0(k))},p = 1,2,k € N.If a set of controllers is not active, (k) will
be “Not Active”. Since §(k) depends on the sampling instant &, the control scheme is time-varying. It can
be computed that the index ~ is about 0.2041, less than the derived minimum feasible index v* = 0.5026,
which further verifies the validity and applicability of the developed theoretical results.

5.  Conclusion
In this paper, new results are developed for the H, control of a class of semi-Markov jump nonlinear sys-
tems in the sense of -MSS. The T-S fuzzy model is employed to model the nonlinear plant. By constructing

a time-varying mode-dependent Lyapunov function, a time-varying mode-dependent fuzzy control scheme
is proposed, which reduces the conservatism of the derived criteria compared with the time-invariant Lya-

11
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Figure 2.: Output and state response of the inverted pendulum system with 7% =5 T2 =10
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Figure 3.: Control input of the inverted pendulum system with 7%, . = 5,72, = 10
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Figure 4.: Illustration of the time-varying control scheme

punov function approach. Based on the derived theorems, the parallel results for the time-invariant mode-
dependent and time-invariant mode-independent H, fuzzy control are also obtained, which evidences the
advantages of the developed results by theoretical analysis. The effectiveness of the proposed theory is
further verified via numerical simulation of a classic cart-pendulum system.
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