ING'S
OPEN (5 ACCESS College
LONDON

King’s Research Portal

DOI:
10.1088/0951-7715/29/9/2837

Document Version
Publisher's PDF, also known as Version of record

Link to publication record in King's Research Portal

Citation for published version (APA):
Fyodorov, Y. V., & J Simm, N. (2016). On the distribution of the maximum value of the characteristic polynomial
of GUE random matrices. NONLINEARITY, 29(9), 2837-2855. https://doi.org/10.1088/0951-7715/29/9/2837

Citing this paper

Please note that where the full-text provided on King's Research Portal is the Author Accepted Manuscript or Post-Print version this may
differ from the final Published version. If citing, it is advised that you check and use the publisher's definitive version for pagination,
volumel/issue, and date of publication details. And where the final published version is provided on the Research Portal, if citing you are
again advised to check the publisher's website for any subsequent corrections.

General rights
Copyright and moral rights for the publications made accessible in the Research Portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognize and abide by the legal requirements associated with these rights.

*Users may download and print one copy of any publication from the Research Portal for the purpose of private study or research.
*You may not further distribute the material or use it for any profit-making activity or commercial gain
*You may freely distribute the URL identifying the publication in the Research Portal

Take down policy
If you believe that this document breaches copyright please contact librarypure@kcl.ac.uk providing details, and we will remove access to
the work immediately and investigate your claim.

Download date: 08. Oct. 2023


https://doi.org/10.1088/0951-7715/29/9/2837
https://kclpure.kcl.ac.uk/portal/en/publications/4da4378f-52d5-4e02-8d28-5aceaa1bde4e
https://doi.org/10.1088/0951-7715/29/9/2837

IOPScience

Home

Search Collections Journals About Contactus My IOPscience

iopscience.iop.org

On the distribution of the maximum value of the characteristic polynomial of GUE random

matrices

This content has been downloaded from IOPscience. Please scroll down to see the full text.

2016 Nonlinearity 29 2837
(http://iopscience.iop.org/0951-7715/29/9/2837)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 137.73.121.42
This content was downloaded on 17/11/2016 at 16:08

Please note that terms and conditions apply.

You may also be interested in:

Statistical mechanics of logarithmic REM: duality, freezing and extreme value statistics of1/f

noises generated by Gaussian free fields
Yan V Fyodorov, Pierre Le Doussal and Alberto Rosso

On Riemann zeroes, lognormal multiplicative chaos, and Selberg integral
Dmitry Ostrovsky

Joint probability densities of level spacing ratios in random matrices
Y Y Atas, E Bogomolny, O Giraud et al.

Universality of Wigner random matrices: a survey of recent results
Laszlo Erds

Surprising Pfaffian factorizations in random matrix theory with Dyson index beta = 2

Mario Kieburg

Index distribution of Cauchy random matrices
Ricardo Marino, Satya N Majumdar, Grégory Schehr et al.

Nonlinear random matrix statistics, symmetric functions and hyperdeterminants
Jean-Gabriel Lugue and Pierpaolo Vivo



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/article/10.1088/1742-5468/2009/10/P10005
http://iopscience.iop.org/article/10.1088/1742-5468/2009/10/P10005
http://iopscience.iop.org/article/10.1088/0951-7715/29/2/426
http://iopscience.iop.org/article/10.1088/1751-8113/46/35/355204
http://iopscience.iop.org/article/10.1070/RM2011v066n03ABEH004749
http://iopscience.iop.org/article/10.1088/1751-8113/45/9/095205
http://iopscience.iop.org/article/10.1088/1751-8113/47/5/055001
http://iopscience.iop.org/article/10.1088/1751-8113/43/8/085213
http://iopscience.iop.org/0951-7715/29/9
http://iopscience.iop.org/0951-7715
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

OPEN ACCESS

IOP Publishing | London Mathematical Society Nonlinearity

Nonlinearity 29 (2016) 2837-2855 doi:10.1088/0951-7715/29/9/2837

On the distribution of the maximum value
of the characteristic polynomial of GUE
random matrices

Y V Fyodorov' and N J Simm?

! Queen Mary University of London, School of Mathematical Sciences, London E1
4NS, UK
2 University of Warwick, Mathematics Institute, Gibbet Hill Rd, Coventry CV4 7AL, UK

E-mail: y.fyodorov@qmul.ac.uk and n.simm@warwick.ac.uk

Received 28 May 2015, revised 27 May 2016
Accepted for publication 20 July 2016
Published 10 August 2016

CrossMark

Recommended by Professor Alexander R Its

Abstract

Motivated by recently discovered relations between logarithmically
correlated Gaussian processes and characteristic polynomials of large random
N x N matrices H from the Gaussian unitary ensemble (GUE), we consider
the problem of characterising the distribution of the global maximum of
Dy(x) := log|det(x] — H)| as N — oo and x € (—1, 1). We arrive at an explicit
expression for the asymptotic probability density of the (appropriately
shifted) maximum by combining the rigorous Fisher—Hartwig asymptotics
due to Krasovsky [34] with the heuristic freezing transition scenario for
logarithmically correlated processes. Although the general idea behind the
method is the same as for the earlier considered case of the circular unitary
ensemble, the present GUE case poses new challenges. In particular we show
how the conjectured self-duality in the freezing scenario plays the crucial
role in our selection of the form of the maximum distribution. Finally, we
demonstrate a good agreement of the found probability density with the
results of direct numerical simulations of the maxima of Dy (x).
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1. Introduction

The space of all N x N Hermitian matrices H with probability density function
P(H) o< exp(—2NTr(H?)) (1.1)

is known as the Gaussian unitary ensemble (or GUE) [1, 36, 41]. Here and henceforth the
variance is chosen to ensure that asymptotically for N — oo, the limiting mean density of the
GUE eigenvalues is given by the Wigner semicircle law p(x) = (2/m)v/ 1 — x? supported in the
interval x € [—1, 1]. The characteristic polynomial py (x) = det(x/ — H) of the matrix H con-
stitutes one of the most basic quantities of interest, encoding all eigenvalues of H through the
roots of py(x). As one varies the argument x over an interval containing many eigenvalues for
a given realization of the ensemble, the value of the polynomial py(x) shows huge variations
by the orders of magnitude for large N, see figure 1 for N = 50 and figure 2 for N = 3000.

The purpose of this article is to describe the statistical properties of the highest peak dis-
played by the modulus of the GUE polynomial | py, (x)], namely the probability density for the
maximum value attained by | py (x)| over the interval [—1, 1] on the real line as N — oo. Our
main result is the following

Conjecture 1.1. Consider the random variable
My := g{]}f”{Zlogle(x)l — 2E(log| py(0)])}- (12)

Then in the limit N — oo we have

szzmgN»—gmamaN»—a+namHma> (13)

where y is a continuous random variable characterized by the two-sided Laplace transform of
its probability density:

K*‘F(S + DI(s + 3)G(s + 7/2)?
G(s+6)G(s+ 1)
where I'(z) and G(z) stand for the Euler gamma-function and the Barnes digamma-function,

correspondingly. The value of the constant K is predicted to be K = 4. The normalization C
can be evaluated explicitly as

E(e") = - (1.4)

61/47T5/2

= 2O+ 1171243 (1.5)

where A is the Glaisher—Kinkelin constant A = e!/12=¢=1) = 1282427 1291....

Remark 1.2. The product form of the Laplace transform (1.4) offers an interesting inter-
pretation of the above results. Noting that I'(1 4 s) is the moment generating function of a
standard Gumbel random variable G, we can write

y=G+y (1.6)

where y’ is an independent random variable with two-sided Laplace transform

1 K (s + 3)G(s + 7/2)?
C  G@E+6)Gs+1)

E(e'™) = (1.7)
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Figure 1. A plot of a single realization of | py (x)|e B8l W@l for N = 50. The global
maximum is marked with a red circle.
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Figure 2. A plot of a single realization of 2log(| py(x)|e BlelPv@l with N = 3000.
The maximum value is marked with a red circle.

That (1.7) is indeed the Laplace transform of a bone-fide random variable y’ may be inferred
from the work of Ostrovsky [38, 39]. Indeed, it is straightforward to deduce from theorem 2.4
(see equation (3.5)) of [39] that we can represent y’ as

y' = logK+ Y + log ﬁgz(b) (1.8)
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where (3, »(b)istheso-called Barnes betarandom variable with parametersbg = 1,b; = by = 5/2
and Y is an independent random variable with p.d.f. p(y) = %e3ye*e" onR.

This immediately implies that the probability density of y is the convolution of a Gumbel
random variable with y’. Such a convolution structure is expected to appear universally when
studying the extreme value statistics of logarithmically correlated Gaussian fields, see the dis-
cussion around and after equation (1.12). The distribution of y’ may be obtained numerically
by inverting (1.7), as depicted in figure 5.

Remark 1.3. The constant K, which only affects the mean value of y, is conjectured to take
the value K = 4 according to our calculations, but numerics (see section 3) seem to suggest a
somewhat larger value of K = 27, and we are less certain that our method allows to reliably
predict this constant shift in the mean, see the discussion below (2.27).

In recent years, much interest has accumulated regarding the statistical behaviour of char-
acteristic polynomials of various random matrices as a function of the spectral variable x. To
a large extent this interest was stimulated by the established paradigm that many statistical
properties of the Riemann zeta function along the critical line, that is {(1/2 + it), can be under-
stood by comparison with analogous properties of the characteristic polynomials of random
matrices [2, 11, 13, 29, 30, 32].

For invariant ensembles [36, 41] of self-adjoint matrices with real eigenvalues, statistical
characteristics of py(x) depend very essentially on the choice of scale spanned by the real vari-
able x. From that end it is conventional to say that x spans the local (or microscopic) scale if
one considers intervals containing in the limit N — oo typically only a finite number of eigen-
values (the corresponding scale for GUE in (1.1) is of the order of 1/N). At such scales, stand-
ard objects of interest are correlation functions containing products and ratios of characteristic
polynomials, which show determinantal/Pfaffian structures [5, 6, 7, 28, 33, 43] for Hermitian/
real symmetric matrices and tend to universal limits at the local scale. Similar structures arise
for properly defined characteristic polynomials py (6) = det(I — U 1) of circular ensembles
(like CUE, COE, and CSE) [36] of unitary random matrices U uniformly distributed with
respect to the Haar measure on U(N) (and other classical groups) [8, 11, 12], whose properties
on the local scale are indistinguishable from their Hermitian counterparts.

Next, when x spans an interval containing in the limit N — oo typically of order of N eigen-
values one speaks of the global (or macroscopic) scale behaviour. At such a scale properties of
pn (x) display both universal and non-universal features, the latter depending on the ensemble
chosen. The study of characteristic polynomials at such a scale was initiated in [30] where it
was shown that the function Vy(6) = —2log|det(1 — U e’i(’)|, with U belonging to the CUE,
converges (in an appropriate sense) to a random Gaussian Fourier series of the form

oo

V(0)= ; % (e + Tre i), (1.9)
where the coefficients v, ¥, are independent standard complex Gaussian random variables, i.e.
E{v,} =0, E{vi} = 0 and E{v,7,} = 1. The covariance structure associated with such a pro-
cess is given by B{V(0))V(0,)} = —2log|e!®s — e1%2| as long as ;= 0,. Such a (generalized)
random function V() is a representative of random processes known in the literature under the
name of I/f noises, see [22, 27] for background discussion and further references.

Recently the study of the global scale behaviour was extended to the GUE polynomial
py(x) in [23] by using earlier insights from [31] and [34]. That work revealed again a structure
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analogous to that of (1.9), though different in detail. Namely, it was shown that the natural

limit of Dy(x) : = — log| py (x)| + E{log| py(x)|} is given by the random Chebyshev-Fourier
series
> 1
F(x)=)>Y —a,T,(x), xe(—=1L1),
(x) ;ﬁnn() (1,1 (1.10)

with T;,(x) = cos(n arccos(x)) being Chebyshev polynomials and real a, being independent
standard Gaussians. A quick computation shows that the covariance structure associated with
the generalized process F(x) is given by an integral operator with kernel

o0
B(FOF()) = 3. ~T0T(0) = — logh =), (L1
n=1
as long as x = y. Such a limiting process F(x) is an example of an aperiodic 1/f-noise.

Finally, one can consider an intermediate, or mesoscopic spectral scales, with intervals typ-
ically containing in the limit N — oo the number of eigenvalues growing with N, but represent-
ing still a vanishingly small fraction of the total number N of all eigenvalues. The properties of
the characteristic polynomials at such scales were again addressed in [23] where it was shown
that for the GUE, that object gives rise to a particular (singular) instance of the so-called frac-
tional Brownian motion (fBm) [15, 35] with the Hurst index H = 0, again characterized by
correlations logarithmic in the spectral parameter.

The discussion above serves, in particular, the purpose of pointing to an intimate con-
nection between Gaussian random processes with logarithmic correlations and the modu-
lus of characteristic polynomials at global and mesoscopic scales. The relation is important
as logarithmically correlated Gaussian (LCG) random processes and fields attract growing
attention in mathematical physics and probability and play an important role in problems of
quantum gravity, turbulence, and financial mathematics, see e.g. [17]. In particular, the peri-
odic 1/f noise (1.9) emerged in constructions of conformally invariant planar random curves
[4]. Among other things, the statistics of the global maximum of LCG fields attracted consid-
erable attention, see [14] and references therein. Particularly relevant in the present context
are the results of Ding, Roy and Zeitouni [ 14] on the maxima of regularized lattice versions of
LCG fields which we discuss informally below. Let Vy = Z;iv be the d-dimensional box of side
length N with the left bottom corner located at the origin. A suitably normalized version of
the logarithmically correlated Gaussian field is a collection of Gaussian variables ¢y , : v € Vy

with variance E{gb]zv,v} = 2log N + f(v) and covariance structure

N
E{¢N’V,¢N’u}:210g+m+g(u,v), for u=vevVy (1.12)

where log, (w) = max(logw,0) and both f(v) and g(u, v) are continuous bounded
functions far enough from the boundary of Vy. Now set My = max,.y, ¢y, and
my = Jd logN — % loglog N. The limiting law of My — my is then expected, after an appro-
priate shift and rescaling, to be given by the Gumbel distribution with random shift:

P(y) = lim Prob(My > my ) = E{e*ﬁ“"”}, (1.13)

where the distribution of the random shift variable z depends on details of the behaviour
of covariance (1.12) for |u — v| ~ N and |u — v| ~ 1, see the detailed discussion in [14]. The
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random variable Z = e V9% is related to the so called derivative martingale associated with the
LCG fields [14] whose distribution is however not known. Recently it has been shown that the
recentering term my in (1.13) also holds for a randomized model of the Riemann zeta func-
tion [2], proved by revealing a special branching structure within the associated logarithmic
correlations.

We see that our conjecture 1.1 for the maximum of characteristic polynomial of large
GUE matrices fully agrees with the predicted structure of the maximum of LCG in dimen-
sion d = 1. Note that the expression (1.13) implies that the double-sided Laplace transform of

the density p(y) = —din( y) for the (shifted) maximum vy is related to the density p(z) of the

random variable z as

B(e") = f p()e”dy = T(s + 1) f F(2)edz = T(s + DE@E) (1.14)

which is in turn equivalent to the Gumbel convolution in equation (1.6). In fact our formula
(1.7) provides the explicit form of the distribution for the derivative martingale of our model,
thus going considerably beyond the considerations of [14].

From a quite different perspective, processes similar to (1.9) and (1.10) appeared in the
context of statistical mechanics of disordered systems when studying extreme values of ran-
dom multifractal landscapes supporting spinglass-like thermodynamics [3, 20, 25, 27]. The
latter link is especially important in the context of the present paper. The idea that it is ben-
eficial to look at | py ()| as a disordered landscape consisting of many peaks and dips, and to
think of an associated statistical mechanics problem was put forward in [21, 22]. It allowed
to get quite non-trivial analytical insights into statistics of the maximal value of the CUE
polynomial sampled over the full circle 8 € [0, 27], or over its mesoscopic sub-intervals. This
was further used to conjecture the associated properties of the modulus of the Riemann zeta-
function along the critical line, see some recent advances inpired by that line of research in
[2]. Some relations between between CUE characteristic polynomials and logarithmically
correlated processes (in the form of the so-called ‘multiplicative chaos’ measures introduced
by Kahane, see [42] for a review) was recently rigorously verified in [46]. The case of GUE
polynomials however remained outstanding. We point out in a subsequent paper, the position
x* where the maximum value M, is attained was studied in [24].

It is our objective in this paper to provide two separate means of supporting conjecture
1.1. First, we will provide careful and explicit, albeit in part heuristic, analytical argu-
ments. Although our technique is inspired by the approach of [22] it contains new non-
trivial features necessary to overcome challenges arising from the non-uniform eigenvalue
density p(x), reflecting absence of translational invariance for the GUE at the global spec-
tral scale (note e.g. the non-trivial recentering in (1.2)). All this makes actual calculation
for the GUE much more involved in comparison to the CUE and the limiting random vari-
able u above appears to be more complicated than its CUE counterpart. Secondly, we will
test our conjecture with numerical experiments for matrices of size N = 3000 and around
250000 realizations. This is especially important as part of our analysis is based on very
plausible but as yet not fully rigorous considerations. Finally, is natural to expect that the
same distribution should be shared by the maximum modulus of characteristic polynomials
for Hermitian random matrices with independent entries taken from the so-called Wigner
ensembles, see [18].

Before giving the detail of our procedure in the next section we need to quote the follow-
ing fundamental asymptotic result obtained by Krasovsky [34] which will be central for our
considerations:
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k k )
E(H IPN(xj)IZ“f] — [T Clap(1 — DN 12) 1251 2loe@naN (1.15)
j=1 j=1
log N
x 1 (2|xl~—x,~l)‘2“f“f[1 +0( o8 )] (1.16)
1<i<j<k N
where
G(a+1)?

Cla) =221 1 1.17
(@) G2a+ 1) (.17

and G(z) is the Barnes G-function. Differentiating with respect to «, we deduce that
EQlog| py(x)]) = N2x* — 1 — 210g(2)) + O(log(N)/N), (1.18)

where we used that C’(0) = 0.
The most salient feature of the asymptotics (1.16) is the product of differences on the sec-
ond line, which when rewritten in the form

exp{— > 205 log|2(x; — x)] |, (1.19)

1<i<j<k

can be looked at as evidence of the limiting Gaussian process (1.10) with logarithmic cova-
riance (1.11) in the background. We will however stress that naively replacing the (shifted)
log| py (x;)| with the corresponding 1/f noise (1.10) is not a valid approximation as the factors
(1- x?)ail Zin (1.16) do play an essential role in determining the extreme value statistics of
| py(x))]. Let us finally note that had we suppressed the factors C(cy) the faithful descrip-
tion of log| py (x;)| would be that of the regularized LCG process with covariance (1.11),
the position-dependent variance 2 log N + 2 log %\/ 1 — x? and the position-dependent mean
N@2x? — 1 —21log(2)).

2. Statistical mechanics approach to the distribution of GUE characteristic
polynomials

Following the ideas of [22] we recast the problem of computing the value of the global maxi-
mum of | py (x)| (with an appropriate shift by the mean value) as a statistical mechanics prob-
lem characterized by the partition function

1 L
2@ =5 [ e pwran 50,920 e

with the ‘potential’ ¢ (x) = —2(log| py (x)| — Elog| py (x)]), inverse temperature 3 > 0 and (-
independent non-negative parameter g. Specifically, if we define the associated ‘free energy’

as F(B) = —B~'log Zy(B), then

lim A(3)= mi =2 ] —El )
Jim (&) xerl(rljgl)aﬁN(x) xerr(l_a;fl)[ og| py ()| og| py)|] 2.2)

Note that if compared to a similar partition function for the CUE case the main new feature
in (2.1) is the factor p(x)?. Although naively the presence of such a factor may seem irrelevant
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when taking the limit § — oo, we will actually see that it plays a very important role in sup-
porting our procedure of extracting the free energy for 3 exceeding some critical value.
Now we aim to compute the integer moments of the partition function defined in (2.1):

k 1 1 k k
shon=(5) [ f 115:{ 11 |pN<x,->|”] [T e 205w i) dy .3

2 j=1 j=1

In the limit N — oo the leading asymptotics of the above integral can be extracted by replacing

the factor E(H];:l | pN(xj)|2f6 ) with its asymptotics from (1.16). In this way one obtains

1+ - k 7 P
E(Z’W)w[(%) C(ﬁ)(Z/ﬂ)q] [ a5 T ey uh P an . dw
o=l

1<i<j<k
2.4)
After changing variables x; = 2y; — 1 the integral above assumes the form
2 2 k L2+q B+q 2
a2k | Ty 2 =y 2 T [y =y dyydyg (2.5)
(011 ;-4 I<i<j<k
— kP q+1)=25% (k=g B+q B+gq _B
2 b 2 b
with the quantity Si(a, b, —) being the well-known Selberg integral [19]:
m
Si(a, b, —v) :== f ) I X1 — )" T i —x da ... dxg (2.6)
011 ;-4 I1<i<j<k
_ ﬁ Fla+1-(G-DPLe+1-G-—Drd —jv) 27
=1 Na+b+2—(k+j—2rAd —~) '
1 ~
= ——S(a,b,—). (2.8)

41 =)

It is easy to see that the found expression for the partition function moments ]E(ng) in (2.5)
and (2.4) is well-defined for any 0 < v = 3% < 1 and for an integer k satisfying 1 < k <y~ To
understand how to deal with the case k > 3%, we recall that Krasovsky’s asymptotic formula
(1.16) is valid only when all of the differences |x; — xj| remain finite when N — oo, and should
be replaced by a different expression when |x; — x;| ~ N ~L. One can check that the divergence
of the integral for k > 1/3? is due precisely to the fact that these near degeneracies become
important. Relying on our experience with the corresponding situation for the CUE [22] case
suggests that taking into account the correct short-scale cutoff cures the formal divergence,
but changes the asymptotics of the moments E(Z]E) with N: namely, these become of the order
of N'*¥%* for k > 32 whereas they are of the order of N+ for k < 372. Such a change of
behaviour will lead to a log-normal (far) tail in the distribution. Note that for the CUE case,
the above behaviour conjectured in [22] was validated by recent rigorous calculation [10].
There is no doubt that the same mechanism is operational in present case as well and will be
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validated by extending the theory of [10] from Toeplitz to Hankel case. Actually, as argued
in [20] the moments with k > 372 play only a secondary role when addressing the question
of extreme value statistics which is controlled exclusively by moments with 1 < k < 372 Our
next goal is to use the latter integer moments for restoring the associated part of the probability
density P(Zp) for the partition function. This will be achieved if we manage to find the distri-
bution for a random variable zg whose positive integer moments are given by

2

E(Zf) =Sa,b,—7), a=b= ‘Hzﬁ , = p3% (2.9)
Such a task actually requires finding a way to continue analytically those moments to complex k.
Below we will arrive at the required continuation by exploiting a relatively simple heuristic
procedure suggested in [25]. Note that in a series of insightful papers [37-40] Ostrovsky
developed a rigorous mathematical procedure of the required continuation which provides an
a posteriori justification of the results obtained via the heuristic approach.

2.1. Analytical continuation of Selberg’s integral

One starts with finding a recursion satisfied by Si(a, b, ) for integer k which is suitable for the
continuation. By writing

e TQ+atb— (k-2 o TQ+a+b—(k+j—2))

Ta+b+2—-(k+j—-3)y)=
jl;[l (@ (k+7=3m) I'Q+a+b—2k—-2)y) I'Q+a+b—Q2k—-3)y)

. . (2.10)
one sees immediately that

E(z5) _Pa+1—Gk=DPLe+1— (k- DNLA — kNP +a+b— (k—2)y)
E@Z5 Y I'Q+a+b— k-T2 +a+b— 2k —3)y) '

(2.11)

It is convenient to introduce the moments Mp(s) of the random variable zg defined for any
complex s as Mj(s) = E(Zl[fs) . We then have E(zg) =M — k), E(zlff =M@ —k) and
after identifying s = 1 — k the recursion (2.11) takes the form

Mj(s) _ P +a+wld+b+9IA+ (- DNIQ+a+b+(s+ D)
Mps(s + 1) I'RQ+a+b+2s9)I'Q+a+b+ 2s+ 1))

(2.12)

which is now assumed to be valid for any complex s. It is convenient to further use the duplica-
tion formula for the Gamma function:

2z7—1

I'2z) = 2 '@z +1/2) (2.13)

™

to get rid of the argument 2s in the denominator. Indeed, we have

TQ+a+ b+ 2vys) = 2"TH0H2DA + s + (a + b)2)T(ys + (a + b + 3)2)/IVT
I'C+a+b+~v2s+ 1))
= 21 Fatb D] 4 y(s 4 1/2) + (a + DY2)T(v(s + 1/2) + (a + b + 3)2)/IJ7

so that (2.12) assumes the form
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Ms(s) T +a+y9)T(1+b+y)DA + (s — QR +a+b+ (s + 1)y)
Mis+1)  D(+~G+12)+ @+ byDL(G + 12) + (a+ b+ 3)2)
« s 1
22 +ath)+ G+ DY (1 4 (a 4 b)/2 + ys)[((3 + a + b)/2 + 7s)

(2.14)

Recalling that according to (2.9) in our particular casea = b = % + %2 we now use the param-
eterisation a = a; + a»3%, b = by + b,3? and B-independent constants aj, ay, b1.b,. After this
we finally arrive at
_Ms) (2.15)
Mg(s + 1) '
_TId+a+ B(s + a))U(1 + by + %5 + bo))T(1 + s — TR + ai + by + (s + 1 + ar + b))
T+ B%(s 4+ 112 + ax/2 + by/2) + (a1 + b)I2)T (B (s + (1 + az + b2)/2) + (@) + by + 3)/2)
0201 +ar+b) —(4s+1+2ay+2b2) 5

X T + (a1 + b)/2 + B2 + (ar + b)2)T(B + ay + b2 + B2(s + (a2 + b2)/2))

(2.16)

To determine the function Mp(s) which satisfies (2.16) for any complex s we follow [25] and
introduce a variant of the Barnes function Gs(x) which for any SR(x) > 0 is defined by:

(2.17)
where Q = 0+ 1/3. This function satisfies the so-called self-duality relation
Gs(x) = Gp(x) (2.18)
and further posesses a shift property that is central for our studies
Golx + ) = #2552y 7 () Gy(). (2.19)

One can check that Gg(x) for 5 = 1 coincides with the standard Barnes function G(x) which
is a unique solution of the recursion G(x + 1) = I'(x)G(x) satisfying G(1) = 1. Similarly to
the standard Barnes function the general Barnes Gg(x) has no poles and only zeroes located
at x = —nB—m/B, n,m=0, 1, ... A detailed discussion of properties of functions closely
related to Gg(x) can be found in [38, 39], see the appendix and lemma 1 for more details.

Let us now define a function M %G)(s) of the complex argument s by
M%G)(S) — 71.—323152-&-3235[325
a+by+1 2+a+ b a+ by 2+a+ b
Gﬂ(ﬂ(s + 2= )+ 2 )G@(ﬁ(s + T)+ T)

Gﬁ(ﬁ(s +a)+ - ;a' )Gﬁ(ﬂ(s +by) + H-Tibl)

a+by+ 1 34+ a1+ by ) ay+ by 3+a1+ b
y Gg(ﬂ(s + 5 )Jr 2 )Gd(ﬂ(s + - )Jr NETE )

Gg(ﬂ(s +1+a+by) + H‘Z—;H")Gg(ﬂ(s — D+ %)

X

(2.20)

where B; = 23% and B, = 2(a; + by + 1) + 3*(2a; + 2b; — 1). Then a straightforward com-
putation which relies on the identity following from (2.19)
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Gs(B(s + 1) + c/B) i
= @m) 2 PP T (e + B%) 221
Gs(Bs + clB) (2.2
G)(s
shows that the ratio MIZ)”( s(+)]) reproduces the right-hand side of (2.16) from which we conclude
38
MPs) M) .
MP(s+ 1) My(s+ 1) '
which finally implies that
Ms(1)
Ms(s) = M{(s) 2.23
1 ME(1) (2.23)

where Mg(1) = 1. Together with (2.4) and (2.5) and the fact that Mg(1) = 1, we obtain for
o<l

1—s

LA a ©)
(3) " c@em SPIRIRN ) O)

E(Z 1=5) ~ .
(Zn(B)' ) O Y

(2.24)

2.2. Duality and the freezing transition

The pair (2.20)—(2.23) solves the problem of finding the complex moments Mz(s) = E(zlﬁﬁ)
of the random variable z3 for any complex s, and 3 < 1. Knowledge of such moments can be
used to restore the probability distribution of zg, hence of the partition function Zy(3), and of
its logarithm (the free energy) for large N >> 1. Our goal is however to study the limit of the
latter as 3 — oo and one therefore should have a way of extracting information on the distri-
bution for §> 1. In doing this we rely on the freezing transition scenario for logarithmically
correlated random landscapes. The background idea of such scenario goes back to [9] and
was further advanced and clarified in the series of works [20, 25-27]. In brief, this scenario
predicts a phase transition at the critical value § = 1 and amounts to the following principle:

Thermodynamic quantities which for 3<1 are self-dual functions of the inverse
temperature (3, i.e. functions that remain invariant under the transformation 3— 37,
retain for all 3> 1the value they acquired at the point of self-duality 5 = 1.

Although such a scenario is not yet proven mathematically in full generality and has the
status of a conjecture supported by physical arguments and available numerics, recently a few
nontrivial aspects of freezing were verified within rigorous probabilistic analysis, see e.g. [3,
14, 44] for efforts in this direction.

Within that scenario, one of the main outcomes of the analysis performed in [25] is that the
self-dual object associated with the distribution of the partition function for logarithmically
correlated landscapes is expected to be the appropriately defined Laplace transform:

85(y) = Blexp [-e™ Zy(BY Z (D)), (2.25)

where Z4,/(3) is a typical scale of the partition function which is extracted from the asymptotic
for the integer moments and in our case can be chosen as
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gy — p+#__ [GB+ D (i)q
ZV(@B) =N G+ Dra o\ (2.26)

Moreover, defining the probability density p;(y) by pz(y) = —gfd( y) one can show that
the double-sided Laplace transform for such a probability density is related to the complex

1—s
moments I%(S) = E( Zz(ff(?)) of the scaled partition function via the following relation (see
N
equation (26) of [25])
log f ps(y) e dy=log Mﬂ(l + %) + log F(l + %) (2.27)
—00

Actually, as shown in [25] the freezing scenario implies that the variable y whose probability
density is given by ps_,(y) is precisely the fluctuating part of the height of the global mini-
mum of the random potential which is our main object of interest. Note however that the scale
ng})(ﬁ) diverges when approaching the critical point 3 = 1, and that the associated free energy
—é log Z(3) is self-dual only in the leading order, given by —(3+ 6~")log N. The latter
term after freezing at 3 = 1yields the leading 2 log N term in our conjecture equation (1.3) for
the maximum, whereas the logarithmically divergent term —/l} log I'(1 — 3?) after careful re-
interpretation results in the second term —% loglog N, see [27] for the detailed explanation of

that mechanism. The procedure leaves however a certain arbitrariness in the terms of the order
of unity in the mean free energy, hence in the overall shift of the position of the maximum. Let
us stress however that apart from such a shift, the shape of the distribution function recovered
in the framework of the freezing paradigm is completely fixed by the procedure.

Our strategy therefore will be to check if self-duality holds for the right-hand side combina-
tion in (2.27) when we substitute our expression for the moments. Before we proceed, it will be
helpful to further expand our expression (2.24). Inserting (2.20) and making use of the identity

1 _ '+ ﬁz(s —1)) (27'r)(ﬂ_1)nﬁ_”2_ﬂz(s_l)
Gs(B(s — D)+ 1/B) Gs(Bs + 1/5)

shows that (taking into account all prefactors coming from (2.4), (2.5) and (2.20))

(2.28)

P (27r)(6_ l)/2ﬁ—1/2—;32(s— )]
;)
M)

a,+ by + 1 24+a1+b a+ by 24a+b
Gg(ﬁ(s +athtl)y 2ra ')Gﬂ(ﬂ(s +oth)y 2t ’)
Gg(ﬁ(s +ay) + 1 ;ﬂl )Gﬁ(ﬁ(s + by) + %)

a+by+1 3+a+b a+ by 3+a+b
G[’(ﬁ(s+ 2 )+ 28 )Gﬂ(ﬂ<s+ 2 >+ 23 )

E(Zn(3)' %) ~ [ZR(B)]! 5227+ B3

x (1 4 s — 1))

X . (2.29)
Gg(ﬁ(s +1+a+ by + W)Gﬁ(ﬁs + %)

A direct inspection makes it clear that the self-duality is only possible if either a; = ay, by = b,
or a; = by,by = a,. For the GUE characteristic polynomials, we have a; = b; = 1/2,
ap = by = q/2 so that duality occurs only if ¢ = 1. We therefore have to choose g = 1 to be
able to rely upon the freezing scenario allowing to interpret the function psz_,(y) calculated
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from its Laplace transform via (2.27) as the probability density for the (shifted) global mini-
mum. Using (2.29) with @) = ay = by = by =  we get

E(Z) *(8) ~ [Z§(3)] 20 +76=D
Gﬂ(ﬂ(s + 1)+ %) Ga(ﬂ(s + 1)+ %)Gg(,@(s 4 %)+ %)
Gﬁ(ﬂ(s +1/2) + %) Gﬂ(ﬂ(s +2)+ %)Gﬂ( s+ %)

x D1 + B%s — 1) cs

(2.30)

where ¢ is a constant determined by the condition IE;(Z;\;(,B)I’S)|s:1 = 1. Inserting (2.30) into
the right-hand side of (2.27) (which is now manifestly self-dual) leads to the following expres-
sionat 3= 1:

j: Pi—1(y) e dy = KT(1 4 $)Ms—y(1 + s)
G(s + 7/12°G(s + 3)G(s + 4)

1
= —KT%1 +s
c I+

G*(s +3)G(s + 6)G(s + 2)
2
_ 1, U+ 9)G G+ 72706 +3) 031
C G(s+ DG(s + 6)

where C = ¢s—; and K = 4 is a constant which determines the shift in the maximum as dis-
cussed below (2.27). The latter formula (2.31) constitutes our main analytical result and finally
leads to our conjecture 1.1.

3. Numerical study of the distribution of the maximum modulus of GUE
characteristic polynomials

The purpose of this section is to provide a numerical test of conjecture 1.1, but for the reasons
described below (2.27) there is some freedom in our choice of the shift K, for which numer-
ically K = 27 seems to give the best fit, and is what we test against below. We emphasize that
the value of K only shifts the mean value of the distribution, all other aspects of the distribution
being fixed uniquely by the freezing scenario.

3.1. Results

In figure 3 we present a histogram of the recentered and rescaled maximum of the GUE char-
acteristic polynomial, defined by

Yy 1= (21og(N) — (3/2) log(log(N)) — My + cjy)(1 + si) (3.1)

with M, defined in (1.2). Here we used the matrix size N = 3000 and 250 000 realizations
of the GUE ensemble. The dashed red line is the exact probability density of the random
variable y defined via its Laplace transform in (1.4). In (3.1) we have recentered and scaled
by ¢y = 0.216 and sy = 0.188, presumably a consequence of finite-N effects due to the o(1)
terms in (1.3). Note that the influence of shift/recentering is already quite small compared
with the predicted considerably larger (3/2) log(log(N)) ~ 3.12 shift. The parameters cy and
sy were calculated empirically from the mean and variance of y in (1.4) according to the
formula
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Figure 3. The centered and scaled maximum as defined by (3.1). The dashed line is the
probability density of the random variable y given in Laplace space by (1.4).

Table 1. Finite-N corrections for increasing values of N all with 250 000 realizations.

N cy Sy

150 0.329 0.331
600 0.267 0.248
1050 0.244 0.224
1500 0.234 0.212
1950 0.228 0.202
2400 0.221 0.195
3000 0.216 0.188

sy = «f Var(y)/Var(M}) — 1

(3.2)
cy = E(W)/(sy + 1) — 21og(N) — (3/2) log(log(N)) — My),

as derived by requiring B( y\) = E(y)and Var(y),) = Var(y). In table 1 and figure 4 we display
values of the parameters ¢y and sy, for the studied range of sizes N, as determined empirically
from the mean and variance of the random variable u. The observed decay with N is cer-
tainly consistent with asymptotic validity of our conjecture 1.1, though the convergence to the
asymptotic results is too slow to make more definite claims. To resolve further decrease of the
coefficients c}, and sy would require much larger matrices and is computationally demanding.
Finally, we provide a numerical validation of the decomposition (1.6). In figure 5 we plot
the inverse Laplace transform of (1.7) obtained by a direct numerical evaluation of the integral
in the Bromwich inversion formula for the Laplace transform. The positive and normalized
curve clearly corresponds to a bona fide probability density of some real random variable y’'.

3.2. Numerical method

The numerical evaluation of the maximum value (1.2) may be considered quite a non-trivial
problem in its own right, for at least two reasons. Firstly, the characteristic polynomial py(x)
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Figure 4. Each triangle represents a value of cj obtained from (3.2) with 250000
realizations.
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Figure 5. The inverse Laplace transform of formula (1.7).

having zeros as the eigenvalues of H, displays O(N) oscillations in the spectral interval [—1, 1]
with hugely varying peaks heights. This produces considerable clusterings of ‘near-maxima’
which may confuse any naive attempt to find the true maximum value. Secondly, the slow
changing nature of the correction terms in conjecture 1.1, of order log(N) and log log(N))
respectively, require one to go to somewhat large matrices to resolve reasonable asymptotic
behaviour. The problem is further compounded by the numerical instability of calculating
determinants of such matrices.
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Our solution to these problems heavily relies on a sparse realization of GUE matrices H
originally due to Trotter [45] (see also Dumitriu and Edelman [16]). He discovered that the
eigenvalues of GUE matrices H have the same joint probability density as those of the follow-
ing real symmetric tri-diagonal matrix:

MO,2) X,

| X2 MO, 2) X4

22N (3-3)

X2(N-2) MO, 2) Xo(N—1)
XoN—1) MO,2)

where N(0,2) is a normal random variable with mean 0 and variance 2. The sub-diago-

nal is composed of random variables Yx,, having the same density as 1/)(%" where X%n is a
x-square random variable with 2n degrees of freedom. To compute the maximum value of
py (x) = det(x] — H) = det(x] — 'H), we begin by exploiting the known asymptotic behaviour

2E log| py (x)|= N(2x* — 1 — 210g(2)) + o(1) 3.4)

so that

fy () 1 =2log| py ()| —2Elog| py (x)| ~ 2 log|det(e™ @~ 12102 (x] — )| (3.5)

Further progress is now possible thanks to the fact that determinants of tri-diagonal matrices
satisfy a linear recurrence relation. Furthermore, by an appropriate rescaling, the recursion
computes determinants of all leading principal minors simultaneously, thus computing f; (x)
forall j=1,...,N in linear time.

Now to find the maximum, we define a mesh M = {—1+n/A:n=0,...,2A} with
A ~ 2N and evaluate fy(x) at each of the points in M. At those points where fy(x) is maximal
the Matlab function ‘fminbnd’ is invoked to converge onto the global maximum. Figure 2
illustrates the complexity of the problem. Our algorithm is sufficiently precise to distinguish
the true maximum (located at x ~ —0.3 in red) from other possible candidates, e.g. x ~ —0.7
as well as the thousands of other local maxima.
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Appendix. Equivalence between analytic continuations of the moments and
connection to the Alexeiewsky—-Barnes G function

In a more recent arXiv submission [24], a different analytic continuation to M %G)(s) in (2.20) is
given for the moments of the partition function. Indeed, denoting M EBG)(S) = E(z},ﬂ) as before
in (2.9), it is shown in the appendix of [24] that
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B Gofs +a+b+2)
M$(s) = Cap.5— I = T~ 1A =, 2
Gs(Bs + 5= B3)Gs(Bs + a + E)Gg(ﬁs +b+ )Gs(Bs+a+b+ 5t B)
‘ (A.1)
where @ = %al + Baz, b = %bl + Bba,

s el 1
Ga(Bx) 1= Gy(x) 31200022y a5~ 2) (A.2)

and C, 5 5 is a normalizing constant ensuring M ([,G )(1) = 1. The purpose of this appendix is to
show that the resulting formulae are equivalent: that M’ %G)(s) =M %G)(s). Our method is based
on the ideas of [38], in particular the properties of a function there denoted G(x|7) and known
as the Alexeiewsky—Barnes G function, see [38] equations (8)—(11). First we need a lemma,
which is stated without proof in the bibliography of [24].

Lemma A.1. For any Re(x) > 0 and Re(3) > 0, we have

G(fx)
= =G(x|B72). (A3)
Gs(8)
Proof. We start with the integral representation, formula (84) in [38], that for Re(x), Re(7) > 0,
we have
Io G(x|7')—foog L =x +(1—x)e”7+(x2—x)eiﬁ +1_6—M (A4)
g o tlem—1 21 @ —-DA—-e)| '

Now setting 7 = 1/3? and changing variables ¢ — ¢3 in (A.4), we insert the integral represen-
tation (2.17) into Ez(x) := log Gs(fx) — log G(x|32) — log Gg(ﬂ). The latter is a quadratic
polynomial in x: Es(x) = agx* + bsx + ¢5. The reason is that after the change of variables, the
terms of the form e *%/((1 — e~)(1 — e~ "/P)) completely cancel. Some algebra shows that the
first two coefficients of the resulting polynomial are

2 o dt

as = L1022 [T L e - e (A5)
2 0 t
1 odr| B 1 e 18

by = — log(2 arey o

9= loa( 7r)+j(; r[ PR B (A.6)
1 odif 1 1 e’

= Zlogem + [ L=+ ——+ | .

7 loCm + | t[ r -1 2] (A7

The fact that ag =0 is a famous integral known as Frullani’s integral. That the expression
(A.7) vanishes can be deduced from the limit 7 — O of identity (A.37) in [38]. Finally, to see
that ¢3 =0, it is enough to notice that Ez(1) = 0, which follows from the fact that G(1|7) = 1,
equation (9) in [38]. O
Corollary A.1.  We have

M (s) =M s). (A.8)
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Proof. The proof follows immediately from a doubling formula for G(x|32) studied in
[38]. From lemma 1 and equation (77) in [38] it follows that

G~ﬂ(22) — Cﬁ(zﬂ.)fz/@zl+2zzfz([3+1/ﬁ) (A.9)

x G3(2)Gs(z + B12)G(z + 1/(23)Gs(z + BI2 + 1/(23)) (A.10)

where Cg is a constant depending only on (3. Using this with z = (s + % + E;E in (A.1)

exactly reproduces all of the correct Gg factors in (2.20). The pre-factors W’SZB“V2+BZS,6’[32S fol-
low from transforming Gy to G as in (A.2) and

(zw)fz/ﬂzszz(ﬂjtl/ﬂ) _ C(ﬁz)(7 ’Eﬂ_fs22ﬂ2s2+s(2ﬂﬁ+2ﬂﬁ —532+2) (A.11)
with constant C?)‘ﬂ; whose final contribution is fixed by the normalizations M%G)(l) =
M) =1. O
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