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COHOMOGENEITY ONE ACTIONS ON SOME NONCOMPACT
SYMMETRIC SPACES OF RANK TWO

JURGEN BERNDT AND MIGUEL DOMINGUEZ-VAZQUEZ

ABSTRACT. We classify, up to orbit equivalence, the cohomogeneity one actions on the
noncompact Riemannian symmetric spaces G5 /G2, SL3(C)/SUs and SOY,, , 5/S0250, 42,
n > 1.

1. INTRODUCTION

A proper isometric action of a Lie group on a Riemannian manifold is of cohomogeneity
one if the minimal codimension of its orbits is one. Understanding and classifying these
actions on manifolds with a large group of isometries, such as symmetric spaces, is an
important problem in Differential Geometry. On the one hand, such study reveals new
connections between the geometric and algebraic properties of the symmetric space. On the
other hand, this knowledge can be utilized to construct geometric structures on manifolds.

The classification of cohomogeneity one actions on irreducible simply connected compact
Riemannian symmetric spaces was completed by Kollross in [10], where a list of references
on this problem is included. The classification on reducible symmetric spaces is still open.

In the noncompact setting, the application of the techniques that work for the compact
case and the use of the duality of symmetric spaces turn out to fail in general. The
classification for rank one symmetric spaces of noncompact type was obtained by Berndt
and Tamaru [4], with the exception of the quaternionic hyperbolic spaces, where new
examples have been found by Diaz-Ramos and Dominguez-Vazquez [6]. For symmetric
spaces of higher rank, Berndt and Tamaru studied the case when the orbits form a regular
foliation of the ambient space [2], and the case when there is a totally geodesic singular
orbit [3].

Recently, Berndt and Tamaru developed a conceptual approach to the classification of
cohomogeneity one actions on irreducible symmetric spaces of noncompact type and arbi-
trary rank [5]. By considering the Chevalley and Langlands decompositions of parabolic
subgroups of the isometry group of the symmetric space, they were able to show that all
cohomogeneity one actions must either appear in the partial classifications in [2] and [3],
or arise from two new methods proposed in [5]: the canonical extension and the nilpotent
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2 J. BERNDT AND M. DOMINGUEZ-VAZQUEZ

construction. The first method allows to construct cohomogeneity one actions on a sym-
metric space from cohomogeneity one actions on certain totally geodesic submanifolds, the
so-called boundary components. Since these boundary components are symmetric spaces
of lower rank, the canonical extension suggests a rank reduction approach for the classi-
fication. The second method is more intriguing, since only two new examples were found
by this technique and not by any other method. Both examples are mysteriously related
to the exceptional Lie group Gb.

Based on their structure result, Berndt and Tamaru were able to obtain the first complete
classifications in some noncompact symmetric spaces of higher rank, namely, in the rank
two spaces SL3(R)/SO3, SO93/S0,S05 and G35/SO,. However, their approach seemed
to get very complicated when applied to other symmetric spaces.

The purpose of this article is to deepen into the investigation of the techniques intro-
duced in [5], in particular, of the most involved of the two new methods: the nilpotent
construction. We will provide some new tools that allow us to obtain the classification of
cohomogeneity one actions on the rank two symmetric space G5 /G5, the noncompact dual
of the compact exceptional Lie group Gs. In view of [5], this space would be the natural
candidate to seek a new example produced by the nilpotent construction. However, we
prove that this method only leads to the cohomogeneity one action described in [5, p. 143].
Our result, which is stated in Theorem 4.1, completes the classification of cohomogeneity
one actions on symmetric spaces with root system of type (G2). As an application of these
methods we also obtain in Theorem 4.2 the classification of cohomogeneity one actions on
the symmetric space SL3(C)/SUs, the noncompact dual of the compact Lie group SUs.

Using a more elementary approach, we also derive the classification of cohomogeneity
one actions on the indefinite two-plane Grassmannian SO3, ,,/S0250, 12, n > 1; see
Theorem 5.1 for the classification. Note that the compact dual of this space is the standard
oriented real two-plane Grassmannian, which coincides with the nondegenerate complex
quadric Q™2 of the complex projective space CP"3.

Beyond these classifications, we expect that the ideas we introduce in this article will be
important in order to complete the study of cohomogeneity one actions on other symmetric
spaces, in particular, those with rank two. As pointed out in [5, p. 132], dealing with spaces
of rank higher than two will require some novel approach to understand the cohomogeneity
one actions on reducible symmetric spaces.

This paper is organized as follows. Section 2 reviews the terminology, notation and
previous results needed to understand the rest of the paper. In particular, we state Berndt
and Tamaru’s main result in Theorem 2.1. In Section 3 we develop some new tools to
simplify the application of the nilpotent construction method. Finally, in Sections 4 and 5
we derive the classification of cohomogeneity one actions on GS /Gy and SL3(C)/SUs, and
on the noncompact real two-plane Grassmannians, respectively.
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2. THE CONCEPTUAL RESULT OF BERNDT AND TAMARU

This section is intended to provide the notation and terminology necessary to understand
Berndt and Tamaru’s result, as well as the rest of the paper. We follow the notation in [5]
and we refer to the same article, [7] and [9] for more detailed expositions.

2.1. Parabolic subgroups. Let M = G/K be a connected Riemannian symmetric space
of noncompact type and rank r. Here G is the identity connected component of the
isometry group of M and K is the isotropy group of G at a point o € M. As usual, we
denote Lie algebras by gothic letters. Thus, let g = €®p be a Cartan decomposition of the
real semisimple Lie algebra g of G, where the subspace p can be identified with the tangent
space T,M. Let 6 be the corresponding Cartan involution, given by (X +Y) = X - Y
for X € tand Y € p, and B the Killing form of g. Then (X,Y) = —B(X,0Y) is a positive
definite inner product on g, which satisfies (ad(X)Y,Z) = —(Y,ad(6X)Z) for every X,
Y, Z € g. Henceforth, we will consider g endowed with this inner product, and denote
by W &V the orthogonal complement of V' in W with respect to that inner product, for
subspaces V and W of g with V. C W.

Fix a maximal abelian subspace a of p and consider the corresponding restricted root
space decomposition g = gy & (G}aez ga), where ¥ is the set of restricted roots, i.e. those
nonzero covectors a on a such that g, = {X € g : [H,X] = a(H)X for all H € a} is
nonzero. It turns out that gy = €y @ a, where &, is the centralizer of a in €. An explicit
description of the subalgebra €, for each g can be found in [12]. For each root a € ¥ we
define the root vector H, € a by the relation o(H) = (H,, H) for all H € a, and, for each
simple root «a;, we also define its corresponding dual vector H' € a, determined by the fact
that ag(H*) is the Kronecker delta d;.

Let r be the rank of M, A = {a,...,a.} a set of simple roots of ¥, and denote by %
the corresponding set of positive roots. Define the nilpotent subalgebra n = @ .+ ga-
Then g = £ ® a @ n is an Iwasawa decomposition of g.

The conjugacy classes of parabolic subalgebras of g are parametrized by the subsets ®
of A. The maximal proper parabolic subalgebras correspond to subsets ® with cardinality
r—1. We will restrict ourselves to describing these maximal proper parabolic subalgebras.
Let ®; = A\ {a;}, denote by X, the root subsystem of ¥ generated by ®;, and put
E;r = ¥; N X", We define a reductive subalgebra [; and a nilpotent subalgebra n; of g by

;=00 ® (Dies, 92) and n; = Docnrnr Go- Let aj = yeq kera and o = a©q; =
@a@j RH,. The centralizer and normalizer of a; in g is [;. Moreover, [[;,n;] C n;. Then,
the Lie algebra q; = [; @ n; is the (maximal proper) parabolic subalgebra of g associated
with the subset ®; of A. The decomposition q; = [; & n; is known as the Chevalley
decomposition of q;.

Now we define the reductive subalgebra m; = [;©a; of g. It normalizes a;®n;. Moreover,
g; = [m;, m;] is a semisimple subalgebra of g, and the center 3; = m; © g, of m; is contained
in €. The decomposition q; = m; @ a; @ n; is called the Langlands decomposition of the
parabolic subalgebra q;. Every maximal proper parabolic subalgebra of g is conjugate to
some of the subalgebras q;, for some j € {1,...,7}, by means of an element in K.
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We will also consider the subalgebra €; of € given by €, = q; NE=LNE=m;N€ =
t D (@aezj t,), where &, = €N (g_o @ ga). Then [¢;,1n;] C n;. Moreover, by defining the
Lie triple system b; = m; Np = g; N p, it turns out that g; = (g; N ¢;) & b; is a Cartan
decomposition of the semisimple Lie algebra g;, and o’ is a maximal abelian subspace of b;.

Now we consider some groups associated with the Lie algebras described so far. We
let A, N, N; and G; be the connected subgroups of G' with Lie algebras a, n, n; and
g;, respectively. If we define the reductive group L; as the centralizer of a; in G, then
Q; = L;N; is the maximal proper parabolic subgroup of G' associated with the subset ®;
of A. We also define K; = L,NK and M; = K;G;. Then M; is a closed reductive subgroup
of L;, K; is a maximal compact subgroup of M;, and the center Z; of M; is a compact
subgroup of Kj.

The orbit B; = G, - 0 of the Gj-action on M = G/K through o is a connected totally
geodesic submanifold of M with T,B; = b;. B; is itself a symmetric space of noncompact
type and rank 7 — 1, and is called a boundary component of M. Moreover, B; = G; -0 =
M; 0= G;/(G; N K;) = M;/ K.

Finally, we have an analytic diffeomorphism M; x A; x N; — @Q; which induces an
analytic diffeomorphism B; x A; x N; — M, (m - o0,a,n) — (man) - o, known as a horo-
spherical decomposition of the symmetric space M. Note that the Lie triple system a; = R
determines a geodesic A; - 0 in M, and we have that L; -0 = B; x (4, - 0).

2.2. Classes of cohomogeneity one actions. Now we describe the different types of
cohomogeneity one actions that appear in the structure result of Berndt and Tamaru.

Let ¢ be a one-dimensional subspace of a. Then the connected subgroup H, of G with
Lie algebra b, = (a © ¢) @ n acts on M with cohomogeneity one, giving rise to a Riemann-
ian foliation whose orbits are congruent to each other. Two choices ¢ and ¢ yield orbit
equivalent actions if and only if there exists a symmetry of the Dynkin diagram of > whose
corresponding automorphism of a maps ¢ to . See [2] for more details.

Now let £ be a one-dimensional subspace of a simple root space g,;. Then, the connected
subgroup H; of G with Lie algebra h; = a @& (n © () acts on M with cohomogeneity one,
and the orbits form a Riemannian foliation with exactly one minimal leaf. Two choices
{ C go; and ¢’ C g,, yield orbit equivalent actions if and only if there is a Dynkin diagram
symmetry mapping a; to . Again, see [2] for details.

Let L be a maximal proper reductive subgroup of G. If H is a subgroup of L acting
on M with cohomogeneity one, then the actions of H and L are orbit equivalent and have
a totally geodesic orbit, which is singular if M is irreducible and different from a real
hyperbolic space. These actions on an irreducible noncompact symmetric space M have
been classified in [3].

Consider now the Langlands decomposition @); = M;A;N; of a maximal proper para-
bolic subgroup (); of G obtained by the choice of the subset ®; = A\ {a;} of A. The
corresponding boundary component B; is a noncompact symmetric space of rank r — 1
embedded in M as a totally geodesic submanifold. If Hg, is a connected subgroup of the
isometry group of B; acting on B; with cohomogeneity one, then H JA = Hg A;Nj is a
connected subgroup of (); acting on M with cohomogeneity one. We say that this action
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has been obtained by canonical extension of a cohomogeneity one action on the boundary
component Bj. If two connected closed subgroups Hg,, H, </I>]- of the isometry group I(B,) of
B; act on B; with cohomogeneity one and their actions are orbit equivalent by an isometry
in the identity component I°(B;), then their canonical extensions to M are orbit equivalent
as well. More details can be found in [5].

Finally, we describe the so-called nilpotent construction method, which was introduced
in [5] and will be of fundamental relevance for this work. Consider the Chevalley decom-
position (); = L;N; of a maximal proper parabolic subgroup ); of G, and recall that
L; = M;A;. The dual vector H’ € a of the simple root «; induces a gradation €, -, n
of nj, where n! is the sum of all root spaces corresponding to positive roots a € DIRER E;’
with a(H’) = v. Let v be a subspace of n} with dimension at least 2. Then nj, =n; © v
is a subalgebra of n. Let N;, be the corresponding connected subgroup of N;. Denote
by © the Cartan involution of G associated with 6, and by the superindex -° the identity
connected component of a group. Assume that:

(i) N7, (nj) = ONZ, (v) acts transitively on B; x (A; - 0), and
(ii) N, (nj») = Ng,(v) acts transitively on the unit sphere of v.

Then H;, = NE], (1) N;» is a connected subgroup of ); which acts on M with cohomo-
geneity one and singular orbit H;, - 0. Moreover, if b and v’ are two such subspaces which
are conjugate by an element in K, then the cohomogeneity one actions by H;, and Hj
on M are orbit equivalent.

We are now ready to state the main result of [5], which guarantees that all cohomogeneity
one actions on irreducible symmetric spaces of noncompact type can be obtained by one
of the five methods described above.

Theorem 2.1. [5] Let M = G/K be a connected irreducible Riemannian symmetric space
of noncompact type and rank r, and let H be a connected subgroup of G acting on M with
cohomogeneity one. Then one of the following statements holds:

(1) The orbits form a Riemannian foliation on M and one of the following two cases holds:
(i) The H-action is orbit equivalent to the action of H, for some one-dimensional
subspace ¢ of a.
(ii) The H-action is orbit equivalent to the action of H; for some j € {1,...,r}.
(2) There exists exactly one singular orbit and one of the following two cases holds:
(i) H is contained in a mazximal proper reductive subgroup L of G, the actions of H
and L are orbit equivalent, and the singular orbit is totally geodesic.
(i) H is contained in a mazimal proper parabolic subgroup Q); of G and one of the
following two subcases holds:
(a) The H-action is orbit equivalent to the canonical extension of a cohomogeneity
one action with a singular orbit on the boundary component B; of M.
(b) The H-action is orbit equivalent to the action of a group H;, obtained by
nilpotent construction, for some subspace v C njl- with dimv > 2.
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3. THE NILPOTENT CONSTRUCTION

As pointed out in [5], the application of the nilpotent construction method in symmetric
spaces of rank greater than one seems to be quite difficult to deal with. In fact, only two
examples of cohomogeneity one actions on symmetric spaces of rank at least two have been
obtained by this method and not by any other method (see [5, p. 143]). Hence, it seems
reasonable to deepen into the study of this method by trying to simplify its application
and by providing new tools to use it. This is the purpose of this section.

We will use the notation and terminology introduced in Section 2 and, in particular, the
notation involved in the description of the nilpotent construction method. As above, we
fix a subset ®; = A\ {«;} of A, for some j € {1,...,r}. We start with a general lemma.

Lemma 3.1. We have that ad(H)X = va;(H)X, for each H € a; and X € n}.

Proof. Let H € a; and X € n’. Then we can write X = > X,, where X, € g, and «
ranges over all roots in ¥+ \ ¥ such that a(H’) = v. Note that, for each one of such roots
«, there exist integers z, such that o = vo; + Z,ﬁéj To k0. Then

2x) = Y [HX)= Y (mj(H)+Z:ca,kak(H))Xa:yaj(H)X,

aext\xf aext\xf k#j
a(HY)=v a(HY)=v
where in the last equality we used that H € a; = ﬂk# ker . U

Now we can prove a result that simplifies the application of the nilpotent construction.

Proposition 3.2. Assume that dimnjl- > 2 and let v be a linear subspace of n]l with
dimv > 2 such that

(i) N](\)/Ij (njp) = @N,%(t)) acts transitively on B;, and

(ii) N?(j (njp) = N}}j(n) acts transitively on the unit sphere of v.
Then Hj, = Ngj (n;0)Njo acts on M with cohomogeneity one and H;, - 0 is a singular
orbit of this action. Moreover, if b1 and vy are two such subspaces which are conjugate by

an element of K;, then the cohomogeneity one actions of H;,, and H;,, on M are orbit
equivalent.

Proof. The result will follow from the hypotheses of the nilpotent construction method
(see §2.2 above, or [5, Proposition 4.3]) once we show that condition (i) in the statement is
equivalent to the fact that Ngj (n,,) acts transitively on F; = (M;-0) x (4;-0) = B; x R.

First, assume that Np, (n;,) acts transitively on B;. Lemma 3.1 implies that A; nor-
malizes n;,, and hence A; C N7 (n;,), which together with the hypothesis means that
Ngj (n;,) acts transitively on F}, as desired.

Conversely, assume now that Ngj (n;,) acts transitively on B; x (A4;-0). Let p € B;. By
hypothesis and since L, is the direct product M; x A;, there is an element am € NE]_ (Mj0),

with a € A; and m € M;, such that (am) - o = p. But because of the diffeomorphism
M = B; x Aj x N, given by the horospherical decomposition, the element a must be the
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identity, and hence p = m-o with m € Ngj (n;0)NM,;. Therefore N]?/Ij (n,,) acts transitively
on Bj. ]

We conclude this section with a result that will help us to determine all subspaces v of
njl- satisfying the conditions of Proposition 3.2. First, we need the following lemma.

Lemma 3.3. Every mazimal proper subalgebra T of m; can be written as a direct sum
T=m(7) ®m(T) C 9; D 35,
where w: m; — g;, T M — 3, are the canonical orthogonal projection maps.

Proof. Since the decomposition m; = g; @ 3; is a direct sum of Lie algebras, the two pro-
jections 7 and 7y are Lie algebra homomorphisms. Let 7 be a maximal proper subalgebra
of m;. Then m(7) is a subalgebra of g; and my(7) is a subalgebra of 3;, and therefore
m(7) @ mo(7) is a subalgebra of g; & 3; = m;. We obviously have

T C mi (1) @ ma (1),
and since 7 is maximal and proper in m; we must have either
T =m1(7) ® 7o (T) or m; = (1) @ ma(T).

In the first case we get a direct sum decomposition of 7 into subalgebras of g; and 3;. In
the second case we get m1(7) = g;. Since the derived subalgebra [7, 7| of 7 is contained in
g; we have

7, 7] = m[r,7] = [m(7), m(7)] = [g;, 9,] = 85
using the fact that g; is semisimple. This implies m(7) = g; C 7 and therefore also
mo(T) C 7. Altogether this gives m; = m(7) @ m2(7) C 7, which contradicts the assumption
that 7 is a proper subalgebra of m;. U

Recall that, if » > 2, then the symmetric space B; = G;/(G; N K;) has rank r — 1. We
assume now that g; does not have any nonzero compact ideal. Then the set A; = A\ {«;}
can be regarded as a set of simple roots for the semisimple Lie algebra g; = (g; N ¢;) & b;
with respect to the maximal abelian subspace a/ C b;. Every maximal proper parabolic
subalgebra of g; is conjugate via an element of G; N K to some of the r — 1 parabolic
subalgebras of g; determined by some subset of A; of the form A; \ {o;} for some [ €
{1,...,r}, I # j. We will denote by q;; the corresponding parabolic subalgebra of g;.
Note that q;; is the intersection of g; and the parabolic subalgebra of g corresponding to
AN {ay, oq}.

Moreover, let us define V as the set of linear subspaces v of njl- satisfying the conditions
of Proposition 3.2. For each [ € {1,...,r}, | # j, we also define V; as the subset of V given
by all subspaces v such that Ny, (0) = 0N, (n;,) is contained in q;; @ 3;.

j
Proposition 3.4. Assume that the adjoint representation of g; N¢€; on n; 15 1rreducible,
and g; has no nonzero compact ideals. Then, with the notation above:

VA {nj} = U Ad(K;)V,.

=1
I#j
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Proof. Let v € V. Then, thanks to Lemma 3.3, either Ny, (n;,) D g; or Np,(nj,) is
contained in 7 = 7 @ 3;, for some maximal proper subalgebra 7 of g;. In the first case
we have that N, (nj,) = Nu,(nj) N € D g; N E;, so condition (ii) in Proposition 3.2 can
only be satisfied if v = n}, since the action of g; N €; on n]l is irreducible by assumption.
Hence, let us assume that Ny, (n;,) is contained in 7 = 7 @ 3;, for some maximal proper
subalgebra 7 of g;. It is known that every maximal proper subalgebra of a semisimple real
Lie algebra is either reductive or parabolic (see for example [8, pp. 192-193]).

Let 7 be a reductive subalgebra of g;. Since Ny, (n;,) C 7@3; and Z; acts trivially on B;,
it turns out that Ny, (n;,) cannot act transitively on B; according to the assumption that
g; has no nonzero compact ideals and [5, Proposition 3.1]. But this contradicts condition (i)
in Proposition 3.2.

Therefore, Ny, (0) = 0Ny, (n;,) is contained in Ad(k)q;; @ 3;, for some k € G; N K, and
where q;, is a fixed maximal proper parabolic subalgebra of g;.

Define v = Ad(k™")v. Then Ny, (0) = Ad(k™") Ny, (v) C q;, ® 3;. Moreover, @N]?/[j(ﬁ) =
k~'ON}, (v)k acts transitively on Bj, and Nk, (v) = k™' Nk, (v)k acts transitively on the
unit sphere of v. Hence we get that v € V,, and thus v € Ad(k)V;. One of the inclusions
of the assertion in the lemma is then proved.

Now, let b € V; and k € K. Since K; normalizes M;, we have that © Ny, (Ad(k)v) =
kKON, (0)k~", and Nk, (Ad(k)v) = kN, (0)k~", so Ad(k)v satisfies conditions (i) and
(ii). Moreover, b (or, equivalently, Ad(k)vb) cannot be nj, because this would imply that
N, (b) = m;, contradicting the fact that Ny, (b) C q;; @ 3;(# m;) by definition of V).
Hence Ad(k)o € V' \ {nj}. O

Proposition 3.4 provides us with a more manageable method to determine all the sub-
spaces v of n} which give rise to cohomogeneity one actions via the nilpotent construc-
tion technique. Moreover, according to the last claim in Proposition 3.2, all subspaces
v € Ad(K;)V, give rise to orbit equivalent actions. This means that the moduli space of
cohomogeneity one actions up to orbit equivalence obtained by nilpotent construction from
the choice ® = ®; can be identified with some subset of {n;} U U%l V.

j

4. THE CLASSIFICATIONS IN G5 /Gy AND SL3(C)/SUs

In this section we classify, up to orbit equivalence, the cohomogeneity one actions on the
noncompact duals of the compact Lie groups G5 and SUs.

The symmetric space M = GS /G5 has rank 2 and dimension 14. Its root system X is
of type (G2) and can be identified with the root system of the complex simple exceptional
Lie algebra g5, so all root spaces have complex dimension 1. Let A = {a,as} be a set
of simple roots, where o is the shortest simple root. Then ¥t = {ay, ag, a1 + ag, 201 +
ag, 301 + s, 3a1 +2a5}. The maximal abelian subalgebra a has dimension 2 and is spanned
by the root vectors H,, and H,,. Moreover, &, = RiH,, ®RiH? = RiH'®RiH,, = u; Guy,
where i is the complex structure of g5.

We can now state and prove the classification result for GS/Go.
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Theorem 4.1. Each cohomogeneity one action on M = GS /G5 is orbit equivalent to one
of the following cohomogeneity one actions on M :

(1) The action of the subgroup H, of GS with Lie algebra
hf = (u S f) Dn,

where £ is a one-dimensional linear subspace of a. The orbits are isometrically congru-
ent to each other and form a Riemannian foliation on M.
(2) The action of the subgroup H;, j € {1,2}, of G5 with Lie algebra

hj=a® (no ),

where (; is a one-dimensional linear subspace of go;. The orbits form a Riemannian
foliation on M and there is exactly one minimal orbit.

(3) The action of SL3(C) C GS, which has a totally geodesic singular orbit isometric to
the symmetric space SL3(C)/SUs.

(4) The action of the subgroup HY,, j € {1,2}, of GS with Lie algebra

A =t ®Ril,  ®@ORH,,,)® 0O ga,,,),

where indices are taken modulo 2 and €, ®RiH,; , = g;Nt; = so3 is the Lie algebra
of the isotropy group of the isometry group of the boundary component B; = RH®. For
each j € {1,2}, the action has an 11-dimensional minimal singular orbit and can be
constructed by canonical extension of the cohomogeneity one action on the boundary
component B; = RH? which has a single point as singular orbit.

(5) The action of the subgroup HY, j € {1,2}, of G5 with Lie algebra

b =RiH,,, ®a® (MO ga,,,),

where indices are taken modulo 2 and RiH,;,, = $0 is contained in the Lie algebra of
the isotropy group of the isometry group of the boundary component B; = RH?. For
each j € {1,2}, the action has a 12-dimensional minimal singular orbit and can be
constructed by canonical extension of the cohomogeneity one action on the boundary
component B; = RH?* which has a geodesic as singular orbit.

(6) The action of the subgroup Hiy, of GS with Lie algebra
bl,n = 0-ay S 9o @ Jao D F201 4o D J301 4+ D J301 4202

where v = g, DB Gay+ay- Lhis action has a 10-dimensional minimal singular orbit.

Proof. We will consider the different cases in Theorem 2.1. If the orbits form a Riemannian
foliation, we get the actions in (1) and (2). According to [3] the action in (3) is the only
one with a totally geodesic singular orbit.

Now let us determine the actions induced by canonical extension. The symmetric space
M has two maximal boundary components B; and By, both isometric to RH? with certain
constant curvature metrics, but not isometric to each other because of the different lengths
of the simple roots. There are, up to orbit equivalence, exactly two cohomogeneity one
actions on RH? with a singular orbit, namely the action of the isotropy group SOj3 (pro-
ducing a point as singular orbit, and geodesic spheres around it as principal orbits), and
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the action of the Lie group with Lie algebra RH,,,, @ s0, on B; = RH?, i € {1,2} (pro-
ducing a geodesic as singular orbit, and tubes around it as principal orbits). The canonical
extensions of these actions lead to the actions in (4) and (5). Note that the two actions in
(4) (similarly with (5)) are not orbit equivalent to each other. Indeed, the normal spaces to
their singular orbits are Lie triple systems which give rise to totally geodesic submanifolds
having different curvatures depending on whether j =1 or j = 2.

The most difficult part of the proof will consist in analysing the case of actions induced
by nilpotent construction. We have to consider the two possible choices of maximal proper
subsystems of A = {1, as}, namely ®; = {as} and ®5 = {a}.

Nilpotent construction with ®; = {as}. In this case we have

Il% = OB ¥ HJa1+as = (CQa
(1 =0, ® 00D Ga, = 91 D31 D a1 Z5L(C) Duy R = gly(C),
b=t Bt =(g1NE) D3 = suyduy = uy.

The adjoint action of the subalgebra g; = sly(C) of [; on n{ = C? is a nontrivial complex
representation. Hence, it is equivalent to the irreducible representation of sl,(C) on C2.
The adjoint action of the subalgebra 3; 2 u; = RiH' on n] = go, @ gay10, = C B C is the
standard one. Moreover, the action of & on n} is equivalent to the standard representation
of u, on C2.

We show now that, given a linear subspace v of nl, the nilpotent construction in this
setting produces a cohomogeneity one action (i.e. v € V in the notation of Section 3) if
and only if b is a complex subspace of n} = C2.

We show first that v € V implies that v is complex. Because of condition (ii), the
subspace v must have constant Kéahler angle ¢ € [0,7/2] (see [1]), which implies that its
dimension is even, so we can assume that dimv = 2. Up to the action of an element of
K = Uy, we can assume that

v = span{(1,0), (i cos(yp), isin(¢))},

where 7 is the imaginary unit and coordinates are with respect to some C-orthonormal basis
{e1,eo} with €; € gq, and €3 € ga,4a,- Then ni © v = spanf(0,1), (—isin(p),7cos(p))}.
Assuming that ¢ # 0, some elementary calculations show that

1 ~ a — ibcos(p) —ibsin(p) ‘
Ny (11 S 0) = {(—2@ cot(p) +ic —a+ibcos(p)) a.bceR (.

Taking into account that the Cartan involution # of g restricts to the standard involution
of g1 & sl5(C) given by minus conjugate transpose of a matrix, one can calculate that the
projection of Ny, (ni © v) onto p is

ot = { (00 TN T e r).

—acot(p) + ie —a

But this means that the orbit of the action of Ny, (n} ©v) through the origin has dimension
2, so condition (i) fails to be true, which gives the desired contradiction.
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Finally, let v be a complex subspace of C%. If dimc v = 2, then (i) and (ii) in Proposi-
tion 3.2 are satisfied trivially, and we obtain the cohomogeneity one action of the group
Hy, given in (6). Assume then that dimcv = 1. In this case there is a Uy C Uy & KY
acting transitively on the unit sphere of v. Moreover, Ny, (nj © v) is isomorphic to the Lie
subalgebra of upper triangular matrices in sl (C), or equivalently, to some proper parabolic
subalgebra of g; = sl;(C). Hence N, (n} © v) acts transitively on B; = RH?. Therefore,
b satisfies conditions (i) and (ii) in Proposition 3.2. In this case, there exists an element
in KY 2 U, that maps v onto g,,, and hence the corresponding action of cohomogeneity
one is orbit equivalent to the action of the group H3, described in (5).

Nilpotent construction with ®3 = {a1}. In this case we have

n% = Bay ¥ Ja1+az ¥ d201+as S, 9301 +as = (C4,
b=0 0, D0 D ga, = G2 D 32D as X s5L(C) Bu; &R = gl,(C),
by =, D= (g2NE) D32 = sus duy = uy.

Here and in the rest of the proof, gs refers to [ly, [r] and not to the exceptional Lie algebra
of GG3. Then, analogously as in the previous case, the subalgebra g of [, is isomorphic to
sl3(C) and is given by the complex span of {X,0X, H], }, where X is some nonzero vector
in go, and H,, = ﬁHm- Since we have a root system of type (Gz), it is easy to check
that the eigenvalues of ad(Hy, )|, are —3, —1,1 and 3. This means that the adjoint action
of go on n} is equivalent to the irreducible complex representation of sl,(C) on C*. Since
it is of quaternionic type (it follows for example from [11, p. 244]), then it is irreducible
as real representation as well. On the other hand, the action of 30 = RiH? = u; on each
root space in n} is the standard one; recall that H? € a is determined by a;(H?) = 0 and
az(H?) = 1. Hence, we get that the adjoint action of €5 on n is equivalent to the irreducible
representation p3 ® o of uy = suy, & uy, where ps denotes the irreducible representation of
suy on C* and o is the standard action of u; on C.

Now we have to determine the subspaces v of ni that produce cohomogeneity one actions
by means of the nilpotent construction; in terms of the notation in Section 3, we have to
determine V. Since U, does not act transitively on the unit sphere of n}, we have that
n} ¢ V. Proposition 3.4 then guarantees that V = Ad(K3)V;. Recall that V; is the subset
of subspaces v in V such that Ny, (v) is contained in qo1 @ 32, where we will take g2 as
the parabolic subalgebra CH;, © CX of gy = sl(C). Our aim now is to determine V;.

Let v € V. Then N, (v) C (q21 N¥2) B 32 = 9 = u; G uy. This implies that dimv = 2,
since U; x U; cannot act transitively on any sphere of dimension greater than one. Now
take ¢H}, and iH 2 as generators of £y O 35 and 39, respectively. Then, a generic element
i(rH,, + sH?) € ¥, r,s € R, acts via the adjoint representation on nj = C* by means of
the 4 x 4 diagonal complex matrix whose nonzero entries are i(s — 3r), i(s — r), i(s + r)
and i(s + 3r).

Fix any nonzero vector v € v. Then v = Rv @ R(rgad(iH),) + so ad(iH?))v, for some
o, so € R. Let {ep, €1, €2, e3} be a C-orthonormal basis of n} = C*, where ¢y € g,, and

ej = ad(X)/e1 € gagtjas for j =1,2,3. Set v = E?:o zjej, for z; = x; +iy; € C. We will
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show that zy = 23 = 29 = 0. For this purpose, let us assume that at least two coordinates
of v are nonzero, and we will get a contradiction.

If at least two coordinates of v are nonzero, one can easily show that the normalizer
N, (v) must be one dimensional and, indeed, it is generated by i(roH/,, + soH?). Moreover,
for some multiple H of roH, ', + soH?, it must happen that ad(iH) acts diagonally on n}
(with respect to the aforementioned basis) with coefficients +i. Let us set ad(iH )e; = ice;,
where ¢; € {1}, j € {0,1,2,3}. In particular, b = Rv @ Rv/, where v = Zj’:o £jiz;e;.

On the other hand, up to a rescaling of X, the adjoint action of a generic element

(a+ib)H), + (c+id)X — (e +if)0X +isH> € my = go P 3o

on n} = C* adopts the matrix form

—3(a+1ib) +is  3(e+if) 0 0
c+id —(a+1ib) +1is 4(e+if) 0
0 c+id a+ib+is  3le+if)
0 0 c+id  3(a+1ib) +is

We have to determine the real parameters a, b, ¢, d, s such that
w = ad((a + ib)H), + (c+id)X +isH*)v

belongs to v, i.e. w = Av + pv’ for real numbers A and u. Let k be the first integer
for which z; # 0. Then the condition w = Av 4+ pv’ implies that A = (2k — 3)a and
w = er((2k — 3)b + s). Let [ be the smallest integer [ € {0,...,3}, I > k, such that
2z # 0. If I > k+ 1, then we similarly obtain that A = (2] — 3)a and p = £,((2] — 3)b+ s),
which implies a = 0. If [ = k + 1, then one can express ¢ and d in terms of a and
b((2k — 3)e; — (21 — 3)ex) + s(e; — €x). In any case, we deduce that the projection of
Ny (0) = Ngy,e5,(0) onto p cannot have dimension 3, which means that condition (i)
of the nilpotent construction cannot be satisfied (since dim By = dimRH? = 3), thus
contradicting the hypothesis b € V;. Hence, we must have v = Ce;, for some j € {0,...,3}.
However, if j # 3, the requirement ad((a + ib)H}, + (c +id)X +isH?)e; C Ce; implies
that ¢ = d = 0, which again leads to a contradiction with condition (i).

Therefore, we have v = Ces, in which case Ny, a4, (0) = q21 @ 32. Altogether, we deduce
that the nilpotent construction method only produces a cohomogeneity one action for the
choice v = Cez = ¢34, +a, € V1. But since there is an element in Ky = U mapping gsa, +as
onto ga,, it turns out that the cohomogeneity one action of the group Hsyg,, . obtained by
nilpotent construction is orbit equivalent to the action of the group H{f1 described in (5).
This concludes the proof. Il

The same arguments employed above (in particular, the ones corresponding to the case
®; = {as}) can be used to obtain the classification of cohomogeneity one actions on the
symmetric space M = SL3(C)/SUs, which has rank 2 and dimension 8. Its root system
Y. is of type (Az) and can be identified with the root system of the complex simple Lie
algebra s(3(C). All root spaces have complex dimension 1. Let A = {ay, a2} be a set
of simple roots, so that ¥ = {ay, a9, 7 + a}. The maximal abelian subalgebra a has
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dimension 2 and is spanned by the root vectors H,, and H,,. Moreover, £, = u; & u;.
Taking into account the Dynkin diagram symmetry for the root system (As), this leads to
the following classification:

Theorem 4.2. Each cohomogeneity one action on M = SL3(C)/SUs is orbit equivalent
to one of the following cohomogeneity one actions on M :

(1) The action of the subgroup H, of SLs(C) with Lie algebra
hf = (a S/ 6) Dn,

where € is a one-dimensional linear subspace of a. The orbits are isometrically congru-
ent to each other and form a Riemannian foliation on M.
(2) The action of the subgroup Hy of SL3(C) with Lie algebra

hlzaEB(UGE),

where € is a one-dimensional linear subspace of §.,. The orbits form a Riemannian
foliation on M and there is exactly one minimal orbit.

(3) The action of SLy(C) x R C SL3(C), which has a totally geodesic singular orbit iso-
metric to the symmetric space SLy(C)/SUsy x R = RH? x R.

(4) The action of SL3(R) C SL3(C), which has a totally geodesic singular orbit isometric
to the symmetric space SL3(R)/SOs.

(5) The action of the subgroup HY, of SL3(C) with Lie algebra

blo = ta, @ RiH,, ® (a © RH,,) @ ga, @ Gaytass

where ¢, BRiH,, = g1Nt = so3 is the Lie algebra of the isotropy group of the isometry
group of the boundary component By = RH?3. The action has a 5-dimensional minimal
singular orbit and can be constructed by canonical extension of the cohomogeneity one
action on the boundary component By = RH? which has a single point as singular
orbit.

(6) The action of the subgroup H{, of SL3(C) with Lie algebra

{X,l = RiHaz Dad Yoy ® Yoitazs

where RiH,, = 505 is contained in the Lie algebra of the isotropy group of the isometry
group of the boundary component By = RH?3. The action has a 6-dimensional minimal
singular orbit and can be constructed by canonical extension of the cohomogeneity one
action on the boundary component By = RH? which has a geodesic as singular orbit.

5. THE CLASSIFICATION IN THE NONCOMPACT REAL TWO-PLANE (GRASSMANNIANS

In this section we classify, up to orbit equivalence, the cohomogeneity one actions on the
noncompact real two-plane Grassmann manifolds SOS | ,/S0250, 15, n > 1

The symmetric space M = SO3, ,,/S0250, 5 has rank 2 and dimension 2n + 4. Its
root system 3 is of type (Bs). Let A = {1, s}, where «ay is the longest simple root.
Then X1 = {ay, a9, 1 + ag, a1 + 20}, where the multiplicities of the two long roots ay
and a1 + 2a» are 1, and those of the two short roots as and a; 4+ as are n. The maximal
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abelian subalgebra a has dimension 2 and is spanned by the root vectors H,, and H,,.
Moreover, ¢, = so0,, acts by the standard representation on the root spaces of dimension n,
and trivially on those of dimension one.

Theorem 5.1. Every cohomogeneity one action on M = SO3, . 5/S50350,5, n > 1, is
orbit equivalent to one of the following cohomogeneity one actions on M :

(1)

The action of the subgroup H, of S’Og’m_2 with Lie algebra
he=(a () Dn,

where £ is a one-dimensional linear subspace of a. The orbits are isometrically congru-
ent to each other and form a Riemannian foliation on M.
The action of the subgroup Hj, j € {1,2}, of SO3,,,, with Lie algebra

hy=a® (nol)),

where {; is a one-dimensional linear subspace of ;. The orbits form a Riemannian
foliation on M and there is exactly one minimal orbit.

The action of SOY,, o, C SOY, .o, which has a totally geodesic singular orbit isometric
to a real hyperbolic space RH" 2.

The action of SO3,, ., C SOY, 5, which has a totally geodesic singular orbit isometric
to the real Grassmannian SOY,, ,,/SO2SO0n 1.

If n = 2k is even, the action of SUip1 C SOY4.,,, which has a totally geodesic
singular orbit isometric to a complex hyperbolic space CH* 1.

The action of the subgroup H}, k € {0,...,n — 1}, of SO, ., with Lie algebra

hjl\,k = Nel(m> D (a@RHCm) D (ﬂ S gaQ) D o,

where w is a k-dimensional subspace of RH,, ® g, containing H,, if k > 1, and
Ne, (0) = 50,11 D 50y is the normalizer of v in the Lie algebra €, = €, ® €., = 50,11
of the isotropy group of the isometry group of the boundary component By = RH™ 1,
The action has a minimal singular orbit of codimension n—k+1 and can be constructed
by canonical extension of the cohomogeneity one action on the boundary component
By = RH™ which has a totally geodesic RH* as a singular orbit.

The action of the subgroup H3 of SO%Wr2 with Lie algebra

[39 = qu D (a@RHm) D (n@goﬂ)’

where £,, = s0q is the Lie algebra of the isotropy group of the isometry group of
the boundary component By = RH?. The action has a minimal singular orbit of
codimension two and can be constructed by canonical extension of the cohomogeneity
one action on the boundary component By = RH? which has a single point as orbit.

Proof. We consider the different cases in Theorem 2.1. If the orbits form a Riemannian
foliation, we get the actions in (1) and (2). According to [3], the actions in (3), (4) and (5)
are precisely those with a totally geodesic singular orbit.

Now we determine the actions induced by canonical extension. The symmetric space
M has two maximal boundary components B; = RH"! and B, = RH?. They have
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different curvatures because of the different lengths of the simple roots. The well-known
classification of cohomogeneity one actions on real hyperbolic spaces gives then rise to the
actions described in (6) and (7) via canonical extension. None of the actions in (6) is orbit
equivalent to (7) due to the different constant curvature of By and B,. Moreover, none of
the actions in (6) or (7) is orbit equivalent to any action in (1)-(5), because the singular
orbits in (6) and (7) are minimal but not totally geodesic.

We proceed now with the investigation of the nilpotent construction method.

Nilpotent construction with ®; = {as}. In this case we have
n = ni - gal EB ga1+a2 @ 9a1+2a2 = Rn+27
[ =00, D00 Do, =01 DO = 501,411 DR,

£ = EOQ D EO — 50y41.-

The action of m; = g; on ny is equivalent to the standard representation of s0;,41 on
R"*2. In particular, the action of & on n; splits into a trivial one-dimensional module R&
and a standard so,,,;-module &+,

Let v be a subspace of ny in the conditions of Proposition 3.2, i.e. v € V. Then v must
be contained in £+, because otherwise there could not exist a subgroup of K? = SO,
acting transitively on the unit sphere of v. If dimv = k, then N, (v) would be isomorphic
to §01 5,41 @ s0;. But then the corresponding connected subgroup of M, could not act
transitively on B; & RH™!, which contradicts v € V. Hence, the nilpotent construction
for the choice ®; = {ay} does not lead to any example.

Nilpotent construction with ®3 = {a1}. Now we have

‘(1% = fas D Jai+as = RZn’
b =0_0, D G0 D G, = g2 D a2 = 5(R) & s0, B R,
EQ = Eal @D E(] = 509 D 50,,.

The representation of g on nd is equivalent to the exterior tensor product representation
of sIh(R) & s0,, on R? ® R® = R?". Similarly, the representation of KJ = SO, x SO,, on
ni is equivalent to the exterior tensor product representation of SO, x SO,, on R? @ R" &
R?", which is also equivalent to the isotropy representation of SO%n /S0550,,. Choose
orthonormal bases ej,e; of R? and fi,..., f, of R*. We identify the tangent space of
503,,/50250,, at a point o with R** = R* @ R". Then ¢; ® f;, i € {1,2}, j € {1,...,n},
is a basis of the tangent space and a maximal flat is given by R(e; ® f1) @ R(ex ® fo).
We can identify g,, with the span of ey ® f;, 7 € {1,...,n}, and g4, 14, With the span of
ea® fj, j €{1,...,n}. Let T be a generator of £,, = sos.

Let b € Vand v = vy +v9 € v, v # 0, where v; € g4, and vy € gq,+a,. First we will
prove that if [T, v;] L vg, then v; = 0 or v, = 0. Under the assumption [T',v;] L vy, we
can take the orthonormal bases e, ey and fi, ..., f, above such that v; is proportional to
e1 ® f1 and v, is proportional to e; ® fo. We can then write v = re; ® fi + ses ® fo, for
some 7, s € R. Let A+ S be an element of Ny, (v) C sly(R) @ so,,, where A € sl5(R) and
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S € so,,. If we put A = a b , then it acts on nl by
c —a 2

(A e1 ® fi] = aer ® fj + cex @ fj, [A e ® fi] = ber ® fj — aex ® fj, J=1...,n
Then, on the one hand:

[A+S,7”61 ® f1 + ses ®f2] =are; ® f1 —ases ® fo+ crea @ f1 + bse; @ fo
+7[S,e1 @ fi] + 5[S, e2 @ fo] € v.

On the other hand, since N, (v) acts transitively on the unit sphere of v, we have the
orthogonal decomposition

b =R(re; ® f1 + sea ® fo) @ [Ny, (0), 1761 @ f1 + sea ® fo],

where the second addend is always orthogonal to the vectors e; ® f; and e ® fo. But
altogether we deduce that either a = 0, or r or s must vanish. If both r and s are nonzero,
then the projection of Ny, (v) onto p has at most dimension 1, which implies that Ny, (ns,,)
cannot act transitively on B, = RH?, thus contradicting the assumption v € V. Hence,
either r = 0 or s = 0, and the claim follows.

Now, by conjugating by an element of K, we can assume that there is a unit element
in v of the form re; ® f1 + sex ® fo, for some r, s € R. Because of the claim proved above,
we have that either r = 0 or s = 0. Again, via conjugation by an element of K9, it is not
restrictive to assume that s = 0, so that e; ® f; € v.

If T L N, (v), then v can be any subspace of g,,, thus producing one of the actions
described in [5, p. 145], which are orbit equivalent to the actions described in (6), for & > 1.

We finally consider the case where tT°+ S € N, (v), for some nonzero ¢t € R and some
S € £y = s0,,. In this situation we have that

t€2®f1+[5,61®f1] = [tT+S,€1®f1] €.

Since [S,e1 @ f1] € Gags €2 @ f1 € Gaytan, [15[5,61® fi]] L ea ® f1 and ¢ # 0, the claim
above implies that [S,e; ® fi] = 0. Let now 5" € Ny, (v) N€y. Then tT+ S + 5" € N, ()
and hence
teo® fi+ [ e @] =T +5+ 5 e1® fil €v

But again by the claim we have that [S’,e; ® fi] = 0. Therefore we have shown that
[Ne, (0),61® f1] = R(ea ® f1), and hence, v = R(e; ® f1) ®R(ex ® f1). This means that the
nilpotent construction in this case produces a cohomogeneity one action with a singular
orbit of codimension 2. However, this action is orbit equivalent to the one described

in (4). O
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