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GLOBAL STABILITY AND DECAY FOR THE CLASSICAL STEFAN
PROBLEM

MAHIR HADZIC AND STEVE SHKOLLER

ABSTRACT. The classical one-phase Stefan problem describes the temperature distribution in a
homogeneous medium undergoing a phase transition, such as ice melting to water. This is accom-
plished by solving the heat equation on a time-dependent domain whose boundary is transported by
the normal derivative of the temperature along the evolving and a priori unknown free-boundary.
We establish a global-in-time stability result for nearly spherical geometries and small tempera-
tures, using a novel hybrid methodology, which combines energy estimates, decay estimates, and
Hopf-type inequalities.
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1. INTRODUCTION

1.1. The problem formulation. We consider the problem of global existence and asymptotic
stability of classical solutions to the classical Stefan problem describing the evolving free-boundary
between the liquid and solid phases. The temperature of the liquid p(¢,z) and the a priori unknown
moving phase boundary I'(¢) must satisfy the following system of equations:

pr—Ap=0 in Q(t); (1.1a)
V(I'(t))=—0,p  on I'(t); (1.1b)
p=0 on I'(t); (1.1c)

p(0,-) =po, 2(0) =p. (1.1d)

For each instant of time t€[0,7], Q(t) is a time-dependent open subset of R? with d>2, and
I'(t) :=09(t) denotes the moving, time-dependent free-boundary.

The heat equation ([Ial) models thermal diffusion in the bulk Q(¢) with thermal diffusivity set
to 1. The boundary transport equation ((LID]) states that each point on the moving boundary is
transported with normal velocity equal to —9,p=—Vp-n, the normal derivative of p on I'(¢). Here
n denotes the outward pointing unit normal to I'(¢), and V(I'(t)) denotes the speed or the normal
velocity of the hypersurface I'(¢). The homogeneous Dirichlet boundary condition ([LId) is termed
the classical Stefan condition and problem ([ITJ) is called the classical Stefan problem. It implies that
the freezing of the liquid occurs at a constant temperature p=0. Finally, we must specify the initial
temperature distribution pgy: Q¢ — R, as well as the initial geometry €2y. Because the liquid phase
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Q(t) is characterized by the set {x € R? : p(z,t) >0}, we shall consider initial data po>0 in €.
Problem (L)) belongs to the category of free boundary problems which are of parabolic-hyperbolic
type. Thanks to (Ial), the parabolic Hopf lemma implies that 8np(%|<0 on I'(t) for t>0, so we
impose the non-degeneracy condition or so-called Taylor sign conditio

—Onpo>A>0 on I'(0) (1.2)

on our initial temperature distribution. Under the above assumptions, we proved in Hadzi¢ &
Shkoller [29] that (L) is indeed well-posed.

1.2. The reference domain 2 and the dimension. For our reference domain, we choose the
unit ball in R? given by

Q=B(0,1):={zcR?: |z| <1},
with boundary I'=S':={z € R?: |x| =1}. We shall consider initial domains Q2 whose boundary Ty
is a graph over the reference boundary I'. In order to simplify our presentation, we consider evolving
domains (t) in R?, but as we shall explain in Section [ our methodology works equally well in any
dimension d > 2.

Our choice of the reference domain 2 follows from two considerations. First, we need employ
only one global coordinate system near the boundary I, rather than a collection of local coordinate
charts that a more general domain would necessitate, and the use of one coordinate system greatly
simplifies the presentation of our energy identities, that provide very natural estimates for the second-
fundamental form of the evolving free-boundary T'(¢). Second, we shall need quantitative Hopf-type
inequalities in order to bound the term defined in (L2) from below, and such estimates are available
in a particularly satisfying form in the case of the nearly spherical domains, thanks to the explicit
construction of comparison functions in ODDSON [40)].

1.3. Notation. For any s >0 and given functions f: Q2 —R, ¢:I'—R we set

[ £1ls == | fll 2202y and |]s = [|o]] 5 (1)

H#5(Q)" shall denote the dual space of H*(2), while on the boundary, H*(T')) =H *(T"). If i=1,2
then f,;:=0,:f is the partial derivative of f with respect to z’. Similarly, f,;;:=0,:0, f, etc. For
time-differentiation, f;:=0;f. Furthermore, for a function f(¢,x), we shall often write f(t) for f(t,-),
and £(0) to mean f(0,2). We use 0:=7-V to denote the tangential derivative, so that

df:==df. 3"f=0kf,

where 6 € [0,27) denotes the angular component in polar coordinates. The Greek letter o will often
be reserved for multi-indices o = (a1, a2), with 0% := 031092 and || = a1 + 2. The identity map on
Q) is denoted by e(x) =z, while the identity matrix is denoted by Id. We use C' to denote a universal
(or generic) constant that may change from inequality to inequality. We write X <Y to denote
X <CY. We use the notation P(-) to denote generic real polynomial function of its argument(s)
with positive coefficients. The Einstein summation convention is employed, indicating summation
over repeated indices. The L2-inner product on  is denoted by (-,-) .

1.4. Fixing the domain. We transform the Stefan problem (IZ1I), set on the moving domain (¢), to
an equivalent problem on the fixed domain 2. For many problems in fluid dynamics, the Lagrangian
flow map of the fluid velocity provides a natural family of diffeomorphisms which can be used to fix
the domain, but for the classical Stefan problem, we use instead (in the parlance of fluid dynamics)
the so-called Arbitrary Lagrangian-Eulerian (ALE) family of diffeomorphisms; these ALE maps
interpolate between the Lagrangian and Eulerian representations of the equations. For this problem,
we choose a simple type of ALE map, consisting of harmonic coordinates, also known as the harmonic

gauge.

LThis type of stability condition dates back to the early work of Lord Rayleigh [44] and Taylor [46] in fluid
mechanics, and appears as a necessary well-posedness condition on the initial data in many free-boundary problems
wherein the effects of surface tension are ignored; examples include the Hele-Shaw cell, the water waves equations
[48], and the full Euler equations in both incompressible [I5] and compressible form [I8] 17].
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1.4.1. The diffeormorphism W(t). We represent our moving domain €2(t) as the image of a time-
dependent family of diffeomorphisms W(¢): Q2 — Q(t). In order to define these diffeomorphisms, we
let h(t,):T'— R denote the signed height function whose graph (over I') is the set I'(t). For ¢ eT'=S!,
we define the map

U(t,8) = (1+h(t,€))E = R(t,£)¢
which is a diffeomorphism of T' onto I'(t) as long as h(t) remains a graph. The outward-pointing
unit normal vector n(t,-) to the moving surface I'(¢) is defined by

(noW)(t,€) = (RE)y /|(RE)y |-
We shall henceforth drop the explicit composition with the diffeomorphism ¥, and simply write
n(t,€) = (RE)z /|(RE)g |

for the unit normal to the moving boundary at the point W(t,£) € T'(¢).
Introducing the unit normal and tangent vectors to the reference surface I" as

N:=¢, 7:=& orequivalently N(0)=/(cosf,sinf), 7(6)=(—sinb,cosh), (1.3)
we write the unit normal to I'(¢) as
RN — heT
n(t, &) = 10T 1.4
The evolution of h(t) is then given by

htzv-N(H)—%v-T(ﬁ). (1.5)

Assuming that the signed height function h(t,-) is sufficiently regular and remains a graph, we
can define a diffeomorphism W:Q— Q(t) as the elliptic extension of the boundary diffeomorphism
E— (14+h(&,t))E, by solving the following Dirichlet problem

AU =0 in ,
(t,&)=R(t,EE LT (1.6)

Since the identity map e:€2— €2 is harmonic in  and ¥ —e=h¢ on I', standard elliptic regularity
theory for solutions to (LG shows that

H\IJ_GHHS(Q)SC”h”Hs—O.S(F), s>0.5, (17)

so that for h(t) sufficiently small and s large enough, the Sobolev embedding theorem shows that
VU¥(t) is close to the identity matrix Id, and by the inverse function theorem, each ¥(t) is a diffeo-
morphism.

1.4.2. The temperature and velocity variables on the fixred domain €. First we introduce the velocity

variable u=—Vp in Q(t). Next, we introduce the following new variables set on the fixed domain
Q:

g=poV¥ (temperature),

v=uoW (velocity),

w=W, (extension of boundary velocity vector),

A=[DU]™!  (inverse of the deformation tensor),

J=det DV  (Jacobian determinant),

a=JA (cofactor matriz of the deformation tensor).

The relation u = —Vp is then written as v’ + A¥q,, =0 for i =1,2. By the chain rule,
g =proV+(Vpol) - Uy=po¥—v-w,

and .
Apo\I/:A\pqizAg (Ai‘c%k)vj :
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Letting n=J(R? —l—Rz)%n, we see that

and equation (LH) can be written as hy=v-i/R;, where Ry=RJ~!. Note that R;=RJ =
(1+h)J 1 is very close to 1.

1.4.3. The classical Stefan problem set on the fized domain §2. The classical Stefan problem on the
fixed domain € is written as

— Al (Akq ), =—v- T, in (0,7]x€Q, (1.9a)
v'+Af =0 in [0,7]xQ, (1.9b)
q=0 on [0,T]xT, (1.9¢)
hi=v-N—(1+h)"‘hev-T7 on (0,T]xT, (1.9d)

AT =0 on [0,T]x€, (1.9¢)
U=(1+h)N on [0,7]xT, (1.9f)

g=¢qo>0 on {t=0}xQ, (1.9¢)

h=hg on {t=0}xT, (1.9h)

where the initial boundary 0€)g is given as a graph over 2 with the initial height function hg, i.e.
O ={xeR? x=(1+ho(&))¢, £€S'}. Note that ®=U(0):Q—Qp is a near identity transforma-
tion, mapping the reference domain €2 onto the initial domain £y. The initial temperature function
qo equals pgo®. Problem (L) is a reformulation of the problem (ITJ).

Henceforth, without loss of generality, we shall assume that the initial domain €y s the unit ball
B1(0) or in other words ho=0. In this case, we set ® =¢, where e:— Q is the identity map, and
U (t)|;=0 =e. In Section [}l we will explain the minor modification required when hg#0, as well as
the case that the dimension d=3.

Observe that the boundary condition (L9d) implies that

U,-n(t)=v-n(t) on [0,7]xT so that ¥(t)(T')=T(t). (1.10)

1.4.4. The energy and dissipation functions. Near I'=0¢), it is convenient to use tangential deriva-
tives 0:= 0y with 6 denoting the polar angle, while near the origin, Cartesian partial derivatives 9,
are natural. For this reason, we introduce a non-negative C* cut-off function p:Q— R, with the
property

w(x)=0 if || <1/2; w(x)=1 if 3/4<|z|<1.

Definition 1.1 (Higher-order norms). The following high-order energy and dissipation functionals
are fundamental to our analysis:

E(t)=E&(q,h)(t)

2
1 Y 1 e 1 Y o
=5 D W P00ullTs +5 Y I(=0xa) PRI 5 D (It (090t + 00T ) [

a+2b<5 b=0 a+2b<6
1
+ > 0= Posdpolis+5 Y 10-w'(9a0)+ 0507 ) |11, (1.11)
|&|+2b<5 |&|+2b<6
and

D(t)=D(q,h)(t)

2
= > W Paopu)T. + Y (=0na) PRITIO PO T+ Y k(0900 a + 00y ) |7
a+2b<6 b=0 a+2b<5

+ Y A=) Pos0pvlia+ Y (=) (0500 g+ 0x0p Ty -v)[72 (1.12)
| & +2b<6 |@|+2b<5
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Note that the boundary norms of the height function are weighted by /—0dxq. We thus introduce
the time-dependent function

X(#):= inf (~Onq)(t,2) >0,

which will be used to track the weighted behavior of h. We will show that £ is indeed equivalent to

3 3
> 10kalzro-ai ) +X(8) D |0tk Froairy

1=0 1=0
and that D is equivalent to

2 2
a1 276.5 2y +ZH5£%H§{572L(Q)+X(f)Z|aé+1h|§zsf2l(r)'
=0 =0
The elliptic operator in the parabolic equation ([L9h) for ¢ has coefficients that depend on A=
[D¥]~!, which in turn depend on h; hence, the regularity of ¢ is limited (and, in fact, determined)
by the regularity of h on the boundary I'. Since the regularity of h is given by norms which are
weighted by the factor x(t), a naive application of elliptic estimates would thus lead to the crude
bound
10kl 50 S (113)
t4116.5—21 ~> X(t) ’
which could a priori grow in time. However, by using the fact that lower-order norms of ¢ have
exponential decay (in time), estimate (IL.I3]) can be improved to yield

lqllg.s+10lae]|2 oy Se M E+D, 1=0,...,2 (1.14)

for some positive constant v>0. This is one of the essential ingredients of our analysis, as ([L14)
will be used to control error terms arising from higher-order energy estimates in Section

In order to capture the exponential decay of the temperature ¢, we introduce the lower-order
decay norms:

2 1 2
Ey(t)i=e* (3 100a(t) 3-an oy + D N0fulEaniey )5 D)1= [0Fa(t) [ 3ean(gy,  (1.15)
b=0 b=0 b=0

with the constant # denoting a positive real number given by
Bi=2X1 —1, (1.16)

where )1 is the smallest eigenvalue of the Dirichlet-Laplacian on Q= B;(0) and 7 is a small positive
constant related to the size of the initial data, which will be made precise below. Note that the
smallness of E in particular implies an exponential decay (in time) estimate for the H 4_norm of
the temperature ¢(t).

1.4.5. Taylor sign condition or non-degeneracy condition on qy. With respect to gg=pgo P, condi-
tion (L2 becomes inf,er[—Ingo(z)] > A >0 on I'. For initial temperature distributions that are not
necessarily strictly positive in 2, this condition was shown to be necessary for local well-posedness
for (1) (see [29,139, [4T]). On the other hand, if we require strict positivity of our initial temperature
function,

go>0 in Q, (1.17)

then the parabolic Hopf lemma (see, for example, [21]) guarantees that —9nq(t,z) >0 for 0<t<T
on some a priori (possibly small) time interval, which, in turn, shows that £ and D are norms for
t >0, but uniformity may be lost as t —0. To ensure a uniform lower-bound for —dy¢(t) as t — 0,
we impose the Taylor sign condition with the following lower-boundd:

—3N(JOZC/ qoprde, (1.18)
Q

2Condition (CIT) is natural, since it determines the phase: (t)={q(t)>0}.
_ (14hg)E=dghoT

\/ (1+ho)24+09hE

3When hg #0, the unit normal to the initial surface I'g is given by N where &€ =(cos#,sinf) and

7=(—sinb,cosh).
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Here, 5 is the positive first eigenfunction of the Dirichlet-Laplacian, and C' >0 denotes a universal
constant. The uniform lower-bound in ([TI8]) thus ensures that our solutions are continuous in
time; moreover, (LI8]) allows us to establish a time-dependent optimal lower-bound for the quantity
X(t) =infrer(—0nq)(t,x) >0 for all time ¢ >0, which will be crucial for our analysis.

1.4.6. Compatibility conditions. The definition of our higher-order energy function &, restricted to
time ¢ =0, requires an explanation of the time-derivates of ¢ and h evaluated at t=0. Specifically,
the values gt|t=0, qet|t=0, ht|t—0 and hyt|t—o are defined via space-derivatives using equations (I9al)
and (C9d). To ensure that the solution is continuously differentiable in time at t =0 we must impose
compatibility conditions on the initial data (such conditions are, of course, only necessary for regular
initial data). By restricting the equation (I9al) to the boundary at time ¢=0 and using the fact
that ¢;(0)=0 on I' and that A¥|;,—o=6F, where 6F denotes the Kronecker delta which equals 1 if

k=1 and 0 otherwise, we obtain the first-order compatibility condition
Ago=(Ongo)* onT. (1.19)

Upon differentiating (I9al) with respect to time, and then restricting to I' at t=0 and using (.19,
we arrive at the second-order compatibility condition

A%qo = A|Ongo|* +20n (Ago — |Onqo|*) Ongo — 2|1OnNGo|* on T, (1.20)

where we have used that hy(t,0) =v-[N(0) —7(0)he(1+h)~1].
We note that our functional framework only requires specification of two higher-order compati-
bility conditions (the condition go=0 on T being the zeroth-order condition).

1.4.7. Main result. Our main result is a global-in-time stability theorem for solutions of the classical
Stefan problem for surfaces which are nearly spherical and for temperature fields close to zero. The
notion of “near” is measured by our energy norms as well as the dimensionless quantity

K.— llgoll4 (1.21)

~llaollo”

as expressed in the following

Theorem 1.2. Let (qo,ho) satisfy the Taylor sign condition (LI8), the strict positivity assump-

tion (1.17), and the compatibility conditions (LI3), (L20). Let K be defined as in (LZ21). Then
there exists an eg >0 and a monotonically increasing function F:(1,00) =R, such that if

E2

E(qo,ho) < Wﬁf) (1.22)

then there exist unique solutions (q,h) to problem (I9) satisfying

sup E(q(t),h(t)) < Ce,
0<t<o0

for some universal constant C'>0. Moreover, the temperature q(t) —0 as t — oo with bound
2 —pt
||q||H4(Q) <Ce ™,

where f=2X1 —O(eo) and A1 is the smallest eigenvalue of the Dirichlet-Laplacian on the unit disk.
The moving boundary T'(t) settles asymptotically to some nearby steady surface T' and we have the
uniform-in-time estimate
sup |h—holss Sv/eo
0<t<oo
Remark 1.3. The increasing function F(K) given in (L22) has an explicit form. For generic
constants C',C > 1 chosen in Sections[3 and [{] below,

F(K):=max{8K2CCK* C10(In k)10 200N}, (1.23)
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Remark 1.4. The use of the constant K in our smallness assumption [(I.22) allows us to determine a
time T'=Tx when the dynamics of the Stefan problem become strongly dominated by the projection of
q onto the first eigenfunction o1 of the Dirichlet-Laplacian. Explicit knowledge of the K -dependence
in the smallness assumption [I.2Z) permits the use of energy estimates to show that solutions exist
in our energy space on the time-interval [0,Tk]. For t>Tk, certain error terms (that cannot be
controlled by our energy and dissipation functions for large t) become sign-definite with a good sign.

1.5. A brief history of prior results on the Stefan problem. There is a large amount of
literature on the classical one-phase Stefan problem. For an overview we refer the reader to FRIED-
MAN [23], MEIRMANOV [39] and VISINTIN [47]. First, weak solutions were defined by KAMENOMOST-
SKAYA [31], FRIEDMAN [22], and LADYZHENSKAYA, SOLONNIKOV & URAL’CEVA [37]. For the one-
phase problem studied herein, a variational formulation was introduced by FRIEDMAN & KINDER-
LEHRER [24], wherein additional regularity results for the free surface were obtained. CAFARELLI [5]
showed that in some space-time neighborhood of points xy on the free-boundary that have Lebesgue
density, the boundary is C'' in both space and time, and second derivatives of temperature are
continuous up to the boundary. Under some regularity assumptions on the temperature, Lipschitz
regularity of the free boundary was shown by CAFARELLI [6]. In related work, KINDERLEHRER &
NIRENBERG [34] [35] showed that the free boundary is analytic in space and of second Gevrey class
in time, under the a priori assumption that the free boundary is C'' with certain assumptions on the
temperature function. In [7], CAFFARELLI & FRIEDMAN showed the continuity of the temperature
in d dimensions. As for the two-phase classical Stefan problem, the continuity of the temperature
in d dimensions for weak solutions was shown by CAFFARELLI & EVANS [g].

Since the Stefan problem satisfies a maximum principle, its analysis is ideally suited to another
type of weak solution called the wviscosity solution. Regularity of viscosity solutions for the two-
phase Stefan problem was established by ATHANASOPOULOS, CAFFARELLI & SALSA in a series of
seminal papers [3] [4]. Existence of viscosity solutions for the one-phase problem was established by
Kim [32], and for the two-phase problem by KiM & P0ZAR [33]. A local-in-time regularity result
was established by CHO1 & Kim [II], where it was shown that initially Lipschitz free-boundaries
become C' over a possibly smaller spatial region. For an exhaustive overview and introduction
to the regularity theory of viscosity solutions we refer the reader to CAFFARELLI & SALSA [9].
In [36], KocH showed by the use of von Mises variables and harmonic analysis, that an priori C*
free-boundary in the two-phase problem becomes smooth.

Local existence of classical solutions for the classical Stefan problem was established by MEIR-
MANOV (see [39] and references therein) and HANzZAWA [30]. Meirmanov regularized the problem
by adding artificial viscosity to (LID) and fixed the moving domain by switching to the so-called
von Mises variables, obtaining solutions with less Sobolev-regularity than the initial data. Similarly,
Hanzawa used Nash-Moser iteration to construct a local-in-time solution, but again, with derivative
loss. A local-in-time existence result for the one-phase multi-dimensional Stefan problem was proved
by FROLOVA & SOLONNIKOV [20], using LP-type Sobolev spaces. For the two-phase Stefan problem,
a local-in-time existence result for classical solutions was established by PRUSS, SAAL, & SIMONETT
[41] in the framework of LP-maximal regularity theory.

In a related work, local existence for the two-dimensional two-phase Muskat problem (with varying
viscosity and density) was proved by CORDOBA, CORDOBA & GANCEDO [13] and in three dimensions
in [I4]. Their methods rely on a boundary-integral formulation for the Muskat problem, together
with the Taylor sign condition. In a subsequent work [I2], various global existence results were
established. An overview can be found in [I0].

As to the Stefan problem with surface tension (also known as the Stefan problem with Gibbs-
Thomson correction), global weak solutions (without uniqueness) were given by ALMGREN & WANG,
LuckHAUS, and ROGER [2,[38] 45]. In FRIEDMAN & REITICH [25] the authors considered the Stefan
problem with small surface tension, i.e. with o < 1, whereby (LLId) is replaced by v =0k, k denoting
mean curvature of the boundary. Local existence of classical solutions was studied by RADKEVICH
[43]; EscHER, PRUSS, & SIMONETT [20] proved a local existence and uniqueness result for classical
solutions under a smallness assumption on the initial height function close to the reference flat
boundary. Global existence close to flat hyper-surfaces was proved by HADZIC & Guo in [28], and
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close to stationary spheres for the two-phase problem in HADZIC [27] and PRUSS, SIMONETT, &
ZACHER [42].

A global stability result for the two-phase classical Stefan problem in a smooth functional frame-
work was also established by MEIRMANOV [39] for a specific (and somewhat restrictive) perturbation
of a flat interface, wherein the initial geometry is a strip with imposed Dirichlet temperature con-
ditions on the fixed top and bottom boundaries, allowing for only one equilibrium solution. A
global existence result for smooth solutions was given by DASKALOPOULOS & LEE [19] under the
log-concavity assumption on the initial temperature function, which in light of the level-set reformu-
lation of the Stefan problem, requires convexity of the initial domain (a property that is preserved
by the dynamics).

In [29], we established the local-in-time existence, uniqueness, and regularity for the classical
Stefan problem in L? Sobolev spaces, without derivative loss, using the functional framework given
by (CII) and (CI2). This framework is natural, and relies on the geometric control of the free-
boundary, analogous to that used in the analysis of the free-boundary incompressible Euler equations
in COUTAND & SHKOLLER |15, [16]; the second-fundamental form is controlled by a a natural coercive
quadratic form, generated from the inner-product of the tangential derivative of the cofactor matrix
a, and the tangential derivative of the velocity of the moving boundary, and yields control of the
norm [..(—=dnq(t))|0% h|?da’ for any k> 3. The Hopf lemma ensures positivity of —dyg(t) and the
Taylor sign condition on gy ensures a uniform lower-bound as ¢t — 0; on the other hand, —On¢(t) —0
as t— 00, and so an optimal lower-bound for (—0n¢(t)) for large t is essential to establish a global
existence and stability theory.

1.6. Methodology and outline of the paper. Our present work builds on our new energy method
for the Stefan problem that we developed in [29]. We obtain global and uniform control of the
geometry of the free-boundary by controlling the weighted boundary-norm sup,¢(o 7 v/ x(t)h|l6 for
all t>0. We are thus able to track the location of the moving free-boundary and measure its
deviation from the initial state; this geometric control is strongly coupled to, and dependent upon,
the exponential-in-time decay of the temperature function to zero.

There exist infinitely many steady states for the classical Stefan problem: for any sufficiently
smooth hypersurface ' CR?, the pair (p,[')=(0,T') forms an equilibrium solution of the Stefan
problem (IIJ). This abundance of possible attractors for the long-time behavior of the solution T'(¥)
creates a conceptual difficulty in approaching the question of “asymptotic” convergence.

We address the temporal asymptotics by requiring our initial surface to be a small perturbation
of the reference sphere. We use the energy spaces introduced in [29]; moreover, we do not expect to
observe any decay for the height of the moving surface in this norm. Rather, given the expectation
that the solution does converge to some nearby shape (so that h remains small), we expect the
temperature ¢(t) to converge to zero exponentially fast, since it is a solution of the nonlinear heat
equation ([9al). Returning to the definition of the energy space & given in ([LT1l), we immediately
encounter a potential problem for global-in-time estimates; specifically, the coefficient —dngq(t) in
the energy expression [..(—0nq(t))[05h|?df is also expected to decay as t — oo and it is a priori
unclear how to wuniformly-in-time control the regularity of the boundary height function h. To
understand the relationship between the decay of ¢(¢) and the smallness of £, we will analyze the
dynamics in three different and coupled regimes.

High-order energy estimates. We do not expect the height function h(t) to decay to 0 as t— oo;
rather, we expect h(t) to remain close to the initial height function hg. Assuming, without loss of
generality, that hg =0, to guarantee the smallness of h —hyo=h we will prove that

sup 8(5)—|—/0 D(s)ds<E(0)+ sup P(Eg) 5(s)+5/0 D(s)ds

0<s<t 0<s<t
t
<&(0)+O0(e) sup 8(5)—|—5/ D(s)ds, (1.24)
0<s<t 0

where P is some polynomial function of the low-norm Ejg. The above estimate yields an a priori
bound on £ if €, 6 and £(0) are sufficiently small.
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However, to close the higher-order energy estimates and thus obtain ([L24]), we must contend with
a very problematic integral (or error term) given by

T
N::_/ /8th|56h|2d9dt.
0 I

Driven by intuition from the linear heat equation, we expect Oy¢q; to decay exactly as fast as —Ongq.
Comparing AV to the energy contribution fr(—aNq) |05h|? above, we note that A" cannot be controlled
by &£, as it is the same order as £. Hence, to bound A, we prove that after a sufficiently long time
has elapsed, the quantity dnq; turns strictly positive and hence N can be bounded from above by
zero. In LemmalL2 we will quantify the meaning of “sufficiently long” time ¢ =Tk from the previous
sentence, expressing it as a function of the ratio K = ||qo|l4/l/qollo-

More precisely, we break the total time interval into a (possibly long) transient interval [0,Tk]
and [Tk ,00). On the transient time-interval [0, 7] we do treat N as an error term, and by choosing
£(0) sufficiently small, a straightforward application of a Gronwall-type inequality verifies that the
interval of existence is greater than Tk, as explained in our proof of the main theorem (given
Section [£4). The bound for N grows exponentially with time, and as such, cannot be used to
establish global-in-time estimates. Instead, a significantly more refined analysis is employed on the
time-interval [T,00), wherein we prove in Lemma the negativity of A/ for t =T} and then use
a maximum principle-type argument to guarantee the negativity for all ¢t > Tk.

Ezponential decay-in-time of the temperature function g. The last inequality in (L24) holds only if
Ej itself remains small; in fact we will prove that as ¢t — o0, ||g(¢)|| has the nearly optimal decay
rate

67(2)\17050))5, (125)

where A\; denotes the smallest eigenvalue of the Dirichlet-Laplacian on the unit disk. Moreover, the
parabolic estimate we prove, will be roughly of the form
o—Bt/2
0rEp+D < C(eo+ ||QO||4W)D7 (1.26)
where the norms Eg and D have been defined in (II5)). A nice consequence of our analysis is that

the potentially growing term, %, in fact remains small and decays in time. Next, we explain

why this is true.

Lower bound for the velocity of the free boundary. We may think of the presence of the denominator
W in the estimate (L26) as a possible obstruction to controlling the regularity of A and thus
potentially preventing uniform ellipticity bounds for the parabolic operator (IL9al). To deal with this
issue, we need a quantitative lower bound on the decay rate of x(¢). Moreover, this lower bound
has to favorably compare to the size of e~ #*. With some extra work, such a Hopf-type inequality is

implied by a result of Oddson [40], which leads to the lower-bound
X(t) 2 crem Gaecolt, (1.27)

where ¢>0 denotes a generic constant, and as before c; = fQ qoy1 is the first coefficient in the
eigenfunction expansion of the initial datum ¢g with respect to the L2-orthonormal eigenbasis of
the Dirichlet-Laplacian on the unit disk. Finally, combining ([25) and (L27), we will show in
Lemma 23] that for small initial data,

—Bt/2

e o
||qo||4—x(t)1/2 Svee 7t (1.28)

for some positive constant v*.

Future work. In forthcoming work, we plan to address the Stefan problem on arbitrary domains
diffeomorphic to the unit ball, as well as the case of the two-phase Stefan problem. Furthermore, we
believe that the techniques developed in this paper should provide a general and robust framework
for addressing the global stability questions for related free boundary problems in absence of surface
tension.
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Plan of the paper. In Section 2] we introduce the bootstrap assumptions and obtain various a priori
estimates, that allow us to control low norms of the boundary function h as well as the decaying
low-norm Ejg, and also establish the equivalence between the energies and the norms as mentioned
earlier in the introduction (Section ). In Section Bl we state energy identities and then perform
the energy estimates. Finally in Section ] we prove the main theorem. In Section 5, we discuss the
modifications required for the analysis in three space dimensions, and for initial height functions
ho#0. Appendix [A]is devoted to the proof of the energy identities stated in Section Bl The very
short Appendix B provides a simple proof for the upper bound of Oy ¢;.

2. BOOTSTRAP ASSUMPTIONS AND a priori BOUNDS

Let us assume that the solution (¢,h) to the Stefan problem ([9]) exists on some time interval
[0,T], T >0, which is guaranteed by [29]. With the positive constant ey < e < 1 to be specified later,
we make the following bootstrap assumptions:

t t

(smallness) sup £(s) +/ D(s)ds<e*,  sup Ep(s) +/ D(s)ds<CEz(0), (2.29a)
0<s<T 0 0<s<T 0

(lower-bound) X(t) = cpe”Patn/2)t (2.29b)

where we the definitions of £, D, Eg, and D are provided in (LII), (II2), and (LI0), respectively.
With 3 given in (LI6), 8=2\; —1n, the bootstrap assumption (2290 can be written as x(t) =
cre=B/24mt  Moreover, >0 is a fixed small constant and it will be shown in the proof of the main
theorem, Section 4] that 7 must be chosen smaller than 1/+/ClnK for some universal constant
C. Note that since E5(0)<¢?, ([Z29a) implies the decay estimate ||q||2 <e?e~Pt. Recall that the
constant ¢; in the estimate (229D) is defined as [, qo(x)p1 (x)dz.

We now briefly explain the logic of the proof of global existence that will be carried out in
Section @ If 7 is defined to be the maximal time at which the solution (¢,h) exists and satisfies
the bootstrap assumptions, the first objective is to show that the bootstrap assumptions (2.29a))
and (2.29D)) yield an improved smallness and lower-bound estimates at time 7. If 7 were finite, by
the local-in-time well-posedness theory and continuity of our norms we can extend the solution to
an interval 7 +T*, while preserving the bootstrap assumptions (Z29a) and (229D)), thus arriving
at contradiction to the definition of 7. Hence 7 must be infinite.

It remains to show that for e chosen small enough, the smallness and the lower-bound estimates can
indeed be improved. In Corollary 2-T4] we will show that the assumption ([2.29D)) is in fact improved,

and in Lemma [Tl we show that the assumption on Eg+ fOTD in (2:29a)) is also improved. Finally,
in Section 4] we will prove that the smallness of £+ fot D assumed in ([2229a]) is also preserved.

Thus the smallness regime introduced through ([229a)—(2.290) will be shown to remain preserved
by the dynamics of (L3) for € >0 chosen sufficiently small.

2.1. Poincaré-type inequality. Because the first eigenfunction 7 of the Dirichlet-Laplacian is
positive in 2, while the remaining eigenfunctions oscillate about zero, it will be necessary to introduce
a constant into our estimates which gives a measure of the initial temperature distribution in the
first mode of the dynamics. To this end, we will make use of the following

Lemma 2.1. For k>3, let f€ H*(Q)NHL(Q), f:Q—=RT be a strictly positive function on the
interior of Q. Let @1 be the first eigenvector of the Dirichlet-Laplacian on the unit ball B1(0)=.
Then there exists a universal constant C* such that

IF12<C( /Q F (@) (@) dz) | £l

Proof. We have that

/Qf2da:§max /() /Qf(pldx.

€9 ¢1(x)
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Since —%(m) >c¢>0 for all x €T, the higher-order Hardy inequality (Lemma 1 in [I8]) together
with the Sobolev embedding theorem shows that

Xf

€N gﬁl

<c} <l

which proves the lemma. g

Corollary 2.2. Let o€ H*(Q)NH(Q) with go>0 in Q. We consider the eigenfunction ezpansion
o= Z;’;l cjpj of qo with respect to the L?-orthonormal basis {p1,¢s,...} consisting of the Dirichlet-

qu|\4

Laplacian eigenfunctions on the unit disk B1(0)=Q. Then, if flaclle

< K, it follows in particular that
Il g o1
C1
Lemma 2.3. If the bootstrap assumptions (2.29d), (2.298) hold, then
B (t)e=1/? § G2 E5(0) /26012

< —7t/2
OISOV A 230

where 7=§—n>0.
Proof. By (2.290)), we have that
Eﬁ(t)l/Qefﬁtﬂ efﬁt/2 E5(0)1/2
()72 = Y o= (A /24n/4) C}/z

< Ce /2 ||‘110/|L4 < CKHquLll/?e—vt/? <Cylee 12,
€
1/2

where we have used the fact that 01/22 =iz llwolly’” and [lgolla S K|lqollo. We have also used the

bound K|\q0||4/ < Cy/€ (since €y <€), as well as the smallness assumption (L22)) so that K||qo|\4/2 <
Key/F(K)Y? <Ce. Note that ~ is explicitly given by v= (g 1) >0, and that n< A1 /2. O

2.2. A priori bounds on h.

Lemma 2.4 (Suboptimal decay bound for hy). Under the bootstrap assumptions (2.29d) and (2.291),
the following decay bound holds:

|hela.s See™ 2, (2.31)
Proof. Differentiating equation ([H]), the Sobolev embedding theorem together with the fact that
h>0 (by the maximum principle) show that

|hely S [vlwree +|R[2[v]2 + |Al1 ]| |R]2
S vl2+|hl2|v]2 +|Al1|vl1(lholi +t sup [hel1),
0<s<t

where we have used the fundamental theorem of calculus for the last inequality. Using the bootstrap
assumption ([229a), we see that |v(t)| <e P!, while thanks to Lemma and the fact that v& <
€o <€,

|hl2[v]2 < v/X|R[2 |:;|—1 \/_\/_ A2 < eemt/2,

Hence,
sup |he|1 See*ﬁt/2+ee"’t/2(1+ sup |he1),
0<s<t 0<s<t
and with e > 0 sufficiently small, we see that
sup |hy|1 See” 2 <e. (2.32)
0<s<t

Taking more derivatives of (LH]), the Sobolev embedding theorem shows that for k=2,3,

h
halic < o o= Slolit ohfole+ | 55| ol (2:33)

i g e | 555,
o amm— v Emm— v
k 1+hliLee k 1+hlk
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where we have again used the fact that h>0. Since
hg
T
for some polynomial function P, and since |h|, < |ho|x +tsupg< <, |t |k, We see that
[ S s (1 POPC s [hele 1) (231
1+h'E™ 0<s<t
We now use (234) and [233) to infer that

|hele Sole (14 sup |hel2) + |hlesi|v] (L+PE)P( sup |hil2)), (2.35)
0<s<t 0<s<t

o SPle1 (14 P(lh]k-1)), k=2.3,

where we have used |hg|1 Stsupg<.<;|ht|2. Interpolating between k=2 and k=3 yields

|ht|2_5§|v|2,5(1—|— sup |ht|2)+|h|25|’U|1(1+P(t)P( sup |ht|2)) (236)
0<s<t 0<s<t

and as above, Lemma provides us with the inequality |h|s.5|v|; <ee™7"/2) which together with
the bootstrap assumption (2.29a) shows that

sup |ht|2,5§eefﬁt/2(1+ sup |ht|2_5)—I—ee”’t/Q(l—l—P(t)P( sup |ht|2))
0<s<t 0<s<t 0<s<t

and therefore with € > 0 sufficiently small,

sup |helas See P24 e M2 (14 P( sup |hel2)), (2.37)

0<s<t 0<s<t
where the polynomial P(t) has been absorbed in some universal constant due to the exponentially
decaying factor e~7*/2. On the other hand, the inequality ([Z35) with k=2 together with the estimate
[232) shows that |h¢|2 <€ so that with (Z31), we conclude the proof. O

Remark 2.5. Note that the estimate (Z.31]) can be stated more precisely, by keeping track of constant
c1 on the right-hand side, in which case,

|hilos S €2 fere M2, (2.38)

The proof follows from the last line of the proof of Lemma since Eg(0)'/2 < K?cy, due to the
bound ||q||a < K||qo|| < K?c1. Note that \/€ on the right-hand side of (230) can be replaced by \/c1
for the same reason.

Lemma 2.6 (Smallness of the height function). Let ¢; = fQ qop1dz and suppose that the bootstrap
assumptions (2.29d), (2.290) hold. For e >0 taken sufficiently small,

sup |h(s)|a5 S Ve, (2.39)
0<s<t
while for lower-order norms,
sup |h(s)|2.5 <1 and sup |h(s)|4§el/2ci/4. (2.40)
0<s<t 0<s<t

Proof. Observe that
t t t
M2 s <2 / hlaslhal2sds < sup [h(s)las [ [hal2sds S sup [h(s)]2s / V2 e 2,
0 0<s<t 0 0<s<t 0

where we have used (Z38)) in the last bound. Taking the supremum over the time interval [0,t] we
deduce

sup |h(s)|as Se/2 /e

0<s<t

Using the well-known interpolation estimate (see, for example, [I])

_ m—k
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with k=3, [=2.5, m=4, and the fact that |\/x0*h:|3 is bounded by €, we have that
131,123 < g 1/3
[hels S 1hely PIhy 2/5 ~ X(f—)l/Gel/gcl/ e M3
< 62/301/66—7*16

1 B

where v* = —27+ 5(5 +4 ﬁ—l— ‘1’72’ >0 (by definition, y=—2 —7). As a consequence,

|h[3 / |h|3|ht|3N Sup |h |3/ |hi(s)|sds Se sup |h(s)]s.
0<s<t
Upon taking the supremum over the inetrval [0,¢], we finally have that

sup |h(s)|s Se. (2.42)

0<s<t

We can now improve the decay result of Lemmal[2Z4] first for the quantity |h¢|2. Simply using the
bound ([ZX42]), exactly as in the proof of Lemma [Z7] , we infer the improved estimate

|helo S [l0ll2.5(1+[Als) S cre™ P72, (2.43)

As an immediate consequence, we obtain the smallness bound for supg< <, |h(s)|a:

t t
/|54h|2d9 :/ /54h54htd0ds:/ /56h52htd9ds
r 0 JI 0 JI
! 26 a2 ‘ 51/2 Bs/2
< - —ps
S/o |0°hlo|O ht|0dsN/0 (X(S)1/2cle )ds

t
< / ev/ere 7 ds <eer. (2.44)
0

Note that (Z44), in particular, implies the second bound in (ZZ40). Next, we establish the a priori
smallness of supg<g<;|h(s)as. Thanks to [244), we improve the decay bound for |ht|25 in an
analogous fashion to the improved decay estimate (ZZ3)) for |h¢|2. We obtain |h¢|a.5 < cie P42, The
first bound in (Z40) now follows from the fundamental theorem of calculus and the previous bound.
A straightforward interpolation argument for fractional Sobolev spaces on the unit circle I', shows

¢
W5 [ elhelsds. (2.15)
0
Using the interpolation estimate (241]), with [=2.5, k=3, and m =5, we see that
el < Clhelys 1hels’”. (2.46)
Using (Z40]) with (245), and using the above bound on |h¢|2.5, yields

|h|2 < t|h| h 4/5|h 1/5d < re /5 7265/5|h |1/5dS
R o ' o x(s )1/2

t
3/10 _5 1/5
5601/ /e 'ys|ht|5/ ds,

0

where we also used the bootstrap assumption 29B). One checks that =22+ (2 +2)=23-1>
0. We thus have

2. < 603/10/ —3s5/2 o (6_ﬁ8/2|ht|é/5> ds.
0

Holder’s inequality with p= % and ¢=10 then shows that

t t
2, < e03/10(/ (e,ﬁsﬂ)m/gds)wlo(/ (6*5;’S|ht|§ds)1/10
0 0

3/10 i —5s17 |2 1/10 6/5 1/5
< ey ( e 7|ht|5ds> Sel?e’”,
0
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where the last inequality follows from the definition of 4 above, the bootstrap assumptions (229D
and (Z29al), and the estimate

t t
_ 1 _
/ e hyBds < / — eI B/ /25 ing(— g (s)) | b2 ds

0 0o C1 r

t
1
</ _e—(6/2+3n)si¥f(_aNq(s))|ht|§d8

0o C1

1/t B 2
<L / / (—Owa()|Fhi|?dods < <.
C1 Jo Jr C1

2.3. Differentiation rules for A. Since A=[DW]™!, it follows that
(%Af:—Afwr,sAf; 5Af:_Af5\I/r,SAZs

In particular, a simple application of the above identities and the product rule imply that for any
given a,beN,

DL A = —ARGUOPUT A3+ {900, AFY, (2.47a)
{omop, A= > apd'0] (kA op T, (2.47b)
I+0'>1

where the term {-, -} is the commutator error. Here the constants a;; are some universal constants,
depending only on m, n, [ and I’ (where 0<I<m, 0<I'<n).

2.4. Estimates for VU —Id and A—Id. Under assumption (229al), the elliptic estimate (L)
shows that on the time-interval [0,77],
IV~ 1| () < C[ V¥ ~1d]| 1.5 < Clal; (2.48)
and for 0 <s<3,
[D*¥||s < Clh|ss1.5-
Estimate (2.48) implies that
[A=T1d| Lo (py) = [(Id=V®) Al L (5,) < Cl|All Lo (By) | 1|25
thus under assumption (2.29al),
[A=Id|[Lo(5,) < C|hl2 (2.49)
Note that ([2.48) and ([249) together imply that for 0<s<3,
[ DA[ls <C|h|s+1.5-
Thus, with Lemma [Z.6] we have proven the following
Lemma 2.7. With the bootstrap assumptions (2.29d), (2.298) and for e >0 taken sufficiently small,
IV —Td s+ | A—1d]Js S Ve.

2.5. High-order derivatives of q. Because our energy function £(t) is formed using only tangential
derivatives in space, the purpose of this section is show that radial derivatives of the temperature ¢
are also bounded, and thus the full Sobolev norms of the temperature ¢ are controlled by our energy
function, as was explained in the introduction.

We will make use of the heat equation and its time-differentiated variants:

@ —Awg= fo, (2.50a)
q—Dwqr=f1 (2.50b)
Qe —Awqu = f2, (2.50c)
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where Ay = Al De; (AiC 82 ) and where the forcing functions fo, f1, fo are given by

Jo=—";-v,
fr=—(We-0)i + AL (D AF g ), +0: AL (Af g1 5
fo=—=(0-0)10+ 247 (DAL quot ) +200 A (AF qrok )5 +200 AL (D AF Gk )5
+OFAL(AF qri ) +AL(OF A g ). -
We will repeatedly make use of the following elliptic estimate:

Lemma 2.8 (Elliptic regularity with Sobolev-class coefficients). Let g denote the unique Hg(€2)
solution to

—Agyg=F in Q,
q=0 on 09.
Suppose that k>1, F € H*=1(Q), and Ac H*(Q) satisfying Angfjfk > \&|? for all € €R? for some
A>0. Then
lallzrso) < C[IFllms-s o) + A1 oy 1l 20
for some power p>1.

Proof. We provide the details in the course of the proof of Lemma O

Lemma 2.9 (Bounding 9lq, 1=0,1,2,3, by &(t)). With the bootstrap assumptions (229d)
and (2.298) holding, and with € >0 sufficiently small, there exists a constant C* such that

el + llgeell5 + llgel13+ llgllg < C*E.
Proof. Stepl. Estimating |hit|o5. We denote by X(t) the quantity |\que||3+ [|qeell3 + |lge |3 + |lg]|2-
Twice time-differentiating (L9d), we find that

hg h 6
—Hh}ttu-T 2[1+h]t CTe T T (2.51)

By the normal trace theorem (see, for example, equation (6.1) in [18]),

httt:Utt'N_[

[0t - Nlo.s S [|0vee|§ + [[divoge[5-
Note that
divog = (divg v) g + ((div —divg)v) g = (g +v- W) + [(AiC - 5f)vi,k]tt =qut+ V- v+R, (2.52)
where the remainder R reads
R=2Uy v+ Uy vy + (AF = 6F) 0" +2(AF - 5k)tvt g+ (AF 5k)vtt k-

From Lemma 2.6 and B33 we obtain the estimate ||R||Z <e€+eX. Thus, returning to ([252) and
using that ||qttt+\11ttt v[|3 <€ by (LI, we get |divo||d < < E+€X and consequently

|vie - Nos SE+eX. (2.53)

As for the last term on the right-hand side of ([Z51), we use the tangential trace theorem (see, for
example, equation (6.2) in [I8]) to infer that
[vee - 7| S1|10vee[|§ + |curlvee 3.

Since curlyv=0 (recall v=—-Vpo W), we have curly, = [(curl — curly )v];;. By a similar inequality
as above, using Lemmas 2.6] and 23] we obtain the bound ||[(curl — curly )v]y||3 < €€ +eX. Together
with Z53) and ||Ovy]|3 <&, this leads to

|'Utt T|05<(€+6X

Together with the smallness of hy and hg; from Lemmal[2.6] the bound |\/Y5htt|% <& and Lemmal[2.3],
we finally infer from 2.51]) that
|httt|05<g+€X (254)
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Step 2: L? estimates for Olq. By the triangle inequality and the definition (III)) of £(t), we have
that for [=1,2,3,

19,5 < 110;q+ 0,9 ][5 + 1109 - v][§
<E@®)+]|0,w -l
SED +0IEN10YIE S E®) +e henl§ 5
SE(t) +eX,
where we used the Sobolev embedding theorem and (Z354]).

Step 3: H? estimate for qre-  We consider the elliptic equation —Agg= fo—¢q;. We note that
Lemma 27 ensures that AFA7&,.¢; > 1[¢[? for all £ €R?. Given that || fo— ¢||3 S &, elliptic estimates
show that ||¢||3<E. This, in turn, implies that ||f1 —qu||3 <&, and elliptic estimates then show
that ||q;||3<E. Hence, we have that || f2— g2 SE+eX, and once again use elliptic estimates to
conclude that [|qu 3 <E+eX.

Step 4: H* estimate for q;. Since || fo—q:||3 <&, Lemma 28 shows that ||¢||3 < E; thus, ||f1 —qull3 <
&+eX. Another application of Lemma 28 together with Lemma 7] then shows that || |7 <€ +eX.

Step 5: HS estimate for q. The elliptic estimates in Steps 3 and 4 made use of Lemma [l To
obtain the H® estimate for ¢ requires us to improve the elliptic estimate in Lemma 2.8 to be linear
in [|\/x¥|l¢. To this end, we write A% = A7 A¥ and rewrite (ZETh) as
Letting 0% act on (Z55), we find that 9%q satisfies

—[A49070) 5 | = =07 (Wi vt a) + DD Cap[(07AT)@ )5

0<B<a
_ E: Chﬁgﬁ(AijAf)gaiﬁ%j,
0<p<a

where Cyp are constants from the product rule. Multiplying this equation with 0%q and integrating-
by-parts, using the fact that 9%*¢=0 on 9Q and that A>1/2, we find that

1, - o . -
1303 <17 @ v kg o0 glo+ 3 Ca %0l

0<p<a
Y Cas||07 (41 A5) 0 qy | 10l +]
0<B<a

[CRERIGEEN

|

0271 (A1 AF) 9, || [19%alr.  (256)

Let us examine the second term on the right-hand side of [256]). By Young’s inequality, for § > 0,
" Cas (@490 q); | 10°illo <610°IE+C5 Y- Cas
0<f<a 0<p<a

where C5 =C/§. Since 0° A~ 3°DW P(A)+0*DV P(ODW, A)+0>DW P(9°DV¥,0DW, A), it thus fol-
lows that for =4 or 5,

3.4 5&*/3qu2
0

_ ~ h|? &
j° Al < 12w - < e < (2:57)
The linear inequality (2.57) shows that our bootstrap assumptions ([2.29a) and (2.29b]) imply that
the map h+ A is linear with respect to these high norms.
We first consider the case that a =4. From ([2357) when a=/3=4

_ Ege Bt
9> A Dq||gg%sgee-vts. (2.58)

The Cauchy-Schwarz inequality, together with the Sobolev embedding theorem, shows that
|03A 0Dg||2 has the same bound. Next, ||0%2A4 0%Dq||2+ ||0A 0> Dq|2 < ||9)13]|q]|2 S eePtE SeeEE.
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The first, third, and fourth terms on the right-hand side of (250]) are estimated in a similar
fashion, so we do not provide the details. Hence, by choosing § > 0 sufficiently small and employing
Young’s inequality, we find that

lgl3+>_110%ql} SE+ex.
a<4

To estimate radial derivatives, we use polar coordinates for the disc (with the usual basis e, and
ep). Expressing the components of the matrix A as

el
we may write
div(A V) =7~ (r A g )r + 17 (A g0) 77 (A0 g )o +r7 (17T A gg).
It follows that
AT e = (AT, gy (A, (A ) 1 A 00)o
F(Wrvta)t Y Cop|(0PAN)@Pa) |

0<p<ax
- g0’ (AL A¥)0"Pq,;, .
Y ¢ aB(A Ak)a s (2.59)
0<p<a

Let w={zeQ: i<|z|<1}. For a<3, every term on the right-hand side has L?(w)-norm
bounded by a constant multiple of £. Hence, it follows that

> 10%qll3,, SE+eX.
a<3

Allowmg ~ to act on (2.5J)), as many as three times, we conclude that

HQHs,wN(‘:"‘fX- (2.60)

We return to the inequality (256) and consider the case that a«=5. Once again, we focus on
the second term on the right-hand side, the first and third terms being similar (and easier). From
E353) |0°A Dq||3 See 7tE. The Cauchy-Schwarz inequality, together with the Sobolev embedding
theorem, shows that [|0*A dDq||2+ ||0°A 0?Dq||3+0*A 0°Dq||3 See €. Finally, using (Z60),
we conclude [|0A 9*Dq||2 <e||v||? See™7E. We conclude that

lalli+D 107l SE+ex.
a<b

Then setting a=0 and letting g—i act on (Z09) shows that indeed
lglf?. S € +eX.

By using a smooth cut-off function whose support contains Q\w, we easily obtain the interior
estimates, and find that |q||2 <& =eX. Recalling the definition of X and the estimates from Steps
2, 3, and 4, we finally infer X <&, which concludes the proof of the lemma. O

Lemma 2.10 (Bounding dlq, 1=0,1,2,3 by D(t)). With the bootstrap assumptions (Z29d)
and (2.298),and for € >0 sufficiently small, there exists a v >0 such that

Z||aiqt||5 ot llal2s See E+D. (2.61)
=0

Corollary 2.11. With the bootstrap assumptions (2.29d), (2.290) and a sufficiently small € >0,
0|55+ |he|2 S ee™E+D
with y=£/2—mn as defined in Lemma[Z.3.
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Proof of Corollary 211 We write (L9L) as
v=Dq-(Id—A)— Dg.
Using the basic estimate from Lemma 7] we see that
lells S L+ V) lalls+ Ef e /29 —ells,
lolle S 1+ v lalle+ B e /2w — ez,

so that an application of linear interpolation (see, for example, Theorem 7.17 in Adams [I]) provides
the inequality

[0]13.5 S (L+ve)|lallg.5 + Esl| ¥ —el|g.5-
Using Lemmas 23] and 2210 it follows that

Eg(t)e P!/?

o155 1 VAl s + 222 e el
%
S(1+¢E)IIQI|§,5+% (t

<ee T MELD.

Next, using the formula (L), we see that

|U|§5 2
hel2 SX(8)|h]E =22 +¢€lv|
¥ i Y0) °

which once again, thanks to Lemmas and [ZI0, is bounded by a constant multiple of e2e~ & +
D. O

Proof of Lemma 210 Step 1: H' estimates for 0lq. We make use of the identity Vg=v-VWV. It
follows that

Vg=v- V¥ +0v- VI,
VC]tt =Vt A% + 2Ut : V\I/t +uv- V\I]tt
Vi =0 - VY + 30 - VU + 30, - VU +0- V¥

Employing Hélder’s inequality and the Sobolev embedding theorem,

U 2 v 2
Va2 < oell2 1113+ o] |ht|§+% |ﬂhtt|3+% WRhuZ <D

where we have used Lemma for the last inequality. We have similar estimates for ¢, q;, and ¢
so that

3
> llotalli <. (2.62)
1=0

Step 2. H3 estimate for qi;. Just as in the proof of Corollary 211} we see that as a consequence of

Lemma 2.9]
2
> llofvlls-2u SE. (2.63)
1=0
Returning to the equation ([Z50h), we estimate —W;-v—¢q; in H'(Q2). By the Sobolev embedding
theorem together with Lemmas 2.4 and [2.3]
[Wellwroe S Wells S vee 72, (2.64)
so that together with Z63), ||¥;-v||? See?*€. Then, with with ([262),
lqll3 See " E+D. (2.65)
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Next, we return to ([Z50b) and estimate f; —qy in H'(Q). By Lemma 24l ||W, v See E,
while ||[W;-v||? < ge;m Eg<See E. The estimates (Z62) and ([Z6H) then show that || fi —qu||3 <
ee”1'E+D so that

lael3 See " E+D.

A similar estimate then shows that || f2 — qu||? See 7 E+D so that from [250k),

lgrell3 See E+D.

Step 8. H® estimate for q;. From (Z63) and (2.64), we see that ||, v||3 <ee "€+ D, so that with
Lemmas 2.7 and 2.8] we have that

gl See™*E+D.

This, in turn, ensures that || f1 —qu |3 See "+ D so that

laell5 See™ ' E+D.

Step 4. HS5 estimate for q. We first look at the estimate ([256) with a=25. We find that

L

o (a0,

10%all1 S 1% vlla+llala+ Y [|(@7A7) @ Fq),;
0<B<5
+ 3 ||o7 (4l at)oetg,

0<p<5

(2.66)

L

For the first term on the right-hand side, we note that with the Sobolev embedding theorem and
Lemma 23]

[[lls
10 -vllk S IVXPellk—= +[1Cella][ o]l
VX X

SVee (X WlkHllollk) k=45

Using the estimate (Z51), we see that

> @@ g,

0<B<5

 SVee (VX =e)ls + llalls)

The last two term on the right-hand side of (2.60) are estimated in the same way so that

18%qll1 S Vee 2 (/X Wella+ V(¥ = e)lle + | 0lla+ [lgell4)-
Using the formula ([2Z59]), we find that
lalls < vee " 2(VXella+ v (T =) lls + l1vlla+llgella) + llaela- (2.67)
The identical procedure with a =6 then yields
lallz £ Vee (VX Pells + 1vX (T =)l + l1vlls +llgells) + lae 5. (2.68)

Linear interpolation between (ZG7) and (ZG8]), we have that

lalle.s S vVee ™2y XPellas+ VXY —€)llo.5+ [v]|a5 + gt lla5) + el a5
See2EV2 D2,
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2.6. Lower bound on x(t). The heat equation (I.9a)) for ¢ can be rewritten as

Gt — a9,k —brg,r =0 in Q, (2.69a)
g=0on T, (2.69b)
q(0,-)= qo>0 in Q (2.69c¢)

where the coefficient matrix a = (ax;)x, j=1,2, and the vector b= (b1,b2) are explicitly given by:
apji=AF AL, b= AR A+ AV (2.70)

We first quote a theorem from [40], that will play an important role in producing quantitative bounds
from below for x(t).

Lemma 2.12 (Oddson’s Theorem 2 in [40]). Let g€ C*%(Q) be a supersolution to (Z69) in the unit
disc Q= B1(0), and let 0 <« §% be the normalized ellipticity constant satisfying

a;k&;&r > alarn +as)|¢]?

for any real vector £ = (£1,€2). Moreover, let us introduce the quantities

1
ko(T):= inf ———, T):= sup b-x.
o(T) qu[lo,T] a1+ a2 4T QXL[IOI,)T] ’

Let J,, denote the Bessel function of the first kind of order p and &y its first positive zero. If we
define

R L
2 ’ ko ’
then there exists a positive constant m satisfying
q(t,x) >mpe™,

in B1(0) X [o,00[, where p stands for the distance from x to the boundary T' and o is an arbitrary
small time.

Remark 2.13 (Optimal decay rate for solutions of the heat equation). If we set A=1Id, then
problem (Z09) turns into the initial-boundary value problem for the linear heat equation. In this
case ko= %, a=1/2, =0, u= Olll —1=0, and A=¢&2, where & stands for the first positive zero of
Jo(&). In particular, if ¢"¢* denotes the associated solution, then the above lemma implies that

Xheat(t) = in%(—Bthe“t(t,x)) 2 e—fgt’
xTe

which is the optimal decay rate in the case of the linear heat equation, as the lowest positive eigenvalue
of the Dirichlet-Laplacian on the two-dimensional disk corresponds exactly to

M =&
Corollary 2.14 (Lower-bound for x(t)). Under the bootstrap assumptions (2.29d) and (2.298) with

€ small enough, there exists a universal constant C >0 such that
Mt Z ere PO,

where ¢; = fQ qop1dx is the first coefficient in the eigenfunction expansion of the initial datum qo with
respect to the L? ortho-normal basis {p1,p2,...} of the eigenvectors of the Dirichlet-Laplacian on
B1(0), i.e qo=cip1+copa+.... Moreover, A(t)>0 satisfying A(t) < Ce for some positive constant
C. In particular, with ¢ >0 sufficiently small so that Ce<n/4, we obtain the improvement of the
bootstrap bound (2.290) given by x(t) = cie~Ptn/Dt,

Proof. The proof of Oddson’s Theorem 2 in [40] (Lemma [2Z12) relies on the construction of a
comparison function of the form v(t,r)=r""J, (€or)e™ ™, where \,p1,& are given in the statement
of Lemma 212 J, is a Bessel function of the first kind and r=|z| is the radial coordinate. The
first property of v which is important for the proof is that v vanishes at the spatial boundary I" and
approaches it like ¢(1 —7)e~* as r— 1. This is a consequence of the fact that lim, ;L"((ff?) =c for
some constant ¢ >0, a well known property of Bessel functions. The second important property is
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that v is a subsolution for (Z69) (and it is constructed with the help of maximal Pucci operators as
explained in detail in [40]).

The goal is to prove that for any arbitrarily small time o >0 there exists a strictly positive
constant d(o) >0 such that ¢—dv is a positive supersolution to the parabolic problem (2.69) on the
time interval [o,00[. The desired lower bound for ¢ then follows from the weak maximum principle.

Since v is a subsolution, it follows that for any d >0, ¢—dv is a supersolution. The positivity
of ¢g—dv at t=o0 follows from the parabolic Hopf lemma, from which we infer the existence of a
constant 0(c) such that <> §(o) uniformly over €. Note that we have used the fact that v(o,r)
behaves like C'(1—7) near the boundary I" for some positive constant C'. Therefore it follows that
the constant m in the statement of Lemma 2.12 a priori depends on the time o >0, and moreover,
m is proportional to the lower bound for —9q/ON|;—, on T.

From the proof of the parabolic Hopf lemma (see for instance Theorem 3.14 in [21]), the value
—0q/ON 1=y is proportional to the minimal value of the temperature ¢ on a space-time region of the
form K, :=B1_ce X [0/2,30/2], divided by o (which is roughly the distance of K, from the parabolic
boundary of Q x [0,20]). Note that, unlike the elliptic case, we are forced to take into account the
time-dependence of the solution and in particular the region K, cannot be chosen uniformly for all
times, but only for times greater or equal some arbitrarily small o >0. However, our solution is
continuous all the way to t =0 and we do nevertheless obtain a lower bound for all times due to the
Taylor sign condition; namely, due to (I8,

—ONqo
C1

—0NGo= c12cr.

Note however that if we define the dimensionless quantity L = (—0nqo)/c1 >0 and assume no uni-
versal bound on L from below, the only modification in the statement of the main theorem will be
that the smallness condition on initial data ([22]) will additionally depend on L.

As to the bound on A, note that the exponent A= )\((au),(bi)) depends on the coefficients
(aij)ij=1, and (b;)i—1 2 through the relationship A=a&?/ko. Since ko and & vary continuously
as the coefficients are varied, it proves that A depends continuously on the coefficients a;;,b; of
the parabolic operator. On the other hand, by Remark it follows A4, =s,;5,=0=A1. As a
consequence

A=A =AM S C(|A=1d] L=, [[b] ) = O(| DX (¥ =) | o, | We ).

3. ENERGY IDENTITY AND THE HIGHER-ORDER ENERGY ESTIMATE

3.1. The energy identity. Much of our analysis is founded on basic higher-order energy identities
for the classical Stefan problem. These identities provide the geometrical control of the evolving
phase boundary, which in turn controls the decay of the temperature function; moreover, these
identities explain our definition of the higher-order energy function £ and the dissipation function
D.

Proposition 3.1 (Energy identity). With R=1+h and R;= RJ~!, sufficiently smooth solutions
to the classical Stefan problem satisfy

3
d t)+D(t :Z(/ —Ong) R3Ol h)? + /(Rj+7ij)+/gj)
Q r

+Z(/ (S;+S;) /FHJ) (3.71)

where the error terms R;, 7@-, S;, Sj, Gj, and HM; are gwen by (A1), (AIH),
(A23), (A.27), (A14), and [A-2])), respectively.

The proof is provided in Appendix [Al
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Remark 3.2. On the right-hand side of (3.71]), we have isolated the error term
Gutont = [ (~Owar)B31°10]h ' (3.72)
r

from the other boundary-integral error terms G; and H;; indeed, Guopt can only be thought of as an
“error term” on a transient time-interval, for after a sufficiently large time, we will no longer be
able to control Guopr via energy methods, and instead, we have to rely upon a Hopf-type argument
to prove that Gueps < 0.

3.2. Energy estimates. To control some of the highest-order error terms in our energy estimates,
we shall make use of the following technical lemma, whose proof is given in [I5] and [16].

Lemma 3.3. Let Hz(Q) denote the dual space of H2 (). There exists a positive constant C such
that

1oF |y, ., <CIFIl » for FEH?(Q).

2(Q) — H?(Q)

As a consequence of the energy identity ([B.71]), we can establish our fundamental energy inequality.

Proposition 3.4 (The energy estimate). Suppose that the bootstrap assumptions (2.29d) and (2:290))

hold with € >0 and n >0 sufficiently small. Letting K = ”Zﬁ”g s

sup &(s /’D )ds<&(0 )—l—CKz/O eE(s)ds+O(ve) sup E(s) for t€[0,T]. (3.73)

0<s<t 0<s<t

Proof. Throughout the proof, we will rely on the a priori bounds of Section 2} in particular, we will
often make use of Lemmas 23] 2.6, 2.9 and

Step 1. The estimate for Guope in (3.74) We claim that

t
|Gropt| <CK? / e E(s)ds. (3.74)
0

Note that

]// (—Ongi)R%|8°h| }<c}// _%]JVV? N }<c/ ]?gﬁtq

In order to bound the term ‘%NT? ‘, we need a decay estimate for the numerator |0xg:|. The Sobolev
embedding theory would yield the bound |Onqi| e < ||qt]l2+s for 6 >0, but by definition of our decay
norm Eg, it is only the H?(Q)-norm of ¢; for which we have the desired decay. Thus, we arrive at
the decay estimate for ¢; by using a comparison principle together with Theorem 1 in Oddson [40];
indeed, in Appendix [Bl we prove that

|8NQt|Loo SKQCle_ﬂt/2. (375)
It then follows from the bootstrap assumption ([2.29h) that

ING(s)
—0nq(s) L
which, in turn, establishes (B4)).

(s)ds.

CK cie ()‘1 77/2)
<
cre” (A1+n/2)s

<CK?em,

Step 2. Estimates for R;, R;, and G; in (3.71). Our objective will be to show that

]//RJFR //g]

We establish (B70) for the most difficult case, j=0. The case when j=1, 2, or 3 can then be
proven in a similar fashion. The proof for j =0 is divided into three parts, and we shall begin with
the term Ry.

<O(Ve) sup E(s)+6 D ), for j=0,...3. (3.76)

0<s<t
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Estimates for the integral [, Ro. As derived in (A9), the term Ro can be written as

5
RO = NzclélAféﬁ_lq,kgGUi + (/J'QJCAfAf)uS 56\11256,01' +/1’{567 Af}QJCgGUi +/J’A556\IITA§Q7/€ {56768}’Ui
=1

=il =:I3 =:4

::Il

6
—(uAf),k(E)Gq(’j)ﬁvi—uAf{éﬁ,ak}qéﬁ i—uz cl(’T)lAng_lvfk (56(1—}—56\11-1))

=1
=:I5 =:I¢ =:17

+d 0w -9' (8% +0°T v) — W v, (0°q+0°T-v) |. (A9)

:518 ::Ig

Estimate of [,1,. For the extremal case [ =5,

| [ 850080 | < 1A a0 14157
Q

SN —1d|l6.5 106k [lo.5]10%v" |0
Shlsllgllal|@®v*(lo

lalls o
< gy/2pl/2
~x()z

< %e_vteg +0D,

where we have used Holder’s inequality and the Sobolev embedding theorem, as well as Young’s
inequality together with Lemma [2.3] for the last inequality.
If [=4, then Lemmas and 210l and Corollary 21T show that

’ I*AFD?q,, 0% | < (| 0* AF(|0]|0%qk || Lo |0%V" |0 S o5l gl 4.5 D2
Q

Se(lqllis+D) Se(ee E+D) Sefe E+eD.
The case when [ =1,2 or 3 are estimated in the same way and yield the same bound.

Estimates of [, I for k=2,3,4,5. The following estimate holds:
C
’/12+13+14+15 S e E+ID.
Q

For the integral of Iy, an application of an L>°-L?-L? Holder’s inequality together with Lemmas
and leads to

|| 1| 0.7 48 109 0P

k EV2 1 C
<AL A | lglls S DY? S S e teE + 6.
XY 5

The estimates_for terms I3, Iy, I5, and Ig are established in the same manner. Note that the
commutator {9%, A¥}q,, in I3 is defined in ([2.47b) and has at most five derivatives acting on g,x;
moreover, the expression {9%,0y}f=0%0 f —0,0°f is of the form Zl<|a‘<6aa8af, where the aq,

are smooth uniformly bounded functions on the set w={z€ Q|1 <|z|<1}.

Estimate fﬂ I7. We first consider the case that [ =6, and write

/ 9% Abv ) (859 + 350 -v) = / 55 Akp i 3+ / 55 Ak i 50 .
Q Q Q

J1 J2
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Thanks to Lemma B3] we see that Jl <|10°Allo.5]| Dvd8q]|o.5. By linear interpolation and the
Sobolev embedding theorem, || Dvd%qllo.5 < ||v|3]lqll6 -+ I|v]|2. 5HqH6 5 S vllsllglle.s- It thus follows that
Cé'EBe

ox(t)
for some positive constant v > 0, where we have employed Lemmas 2.3l and 210 with Corollary 2111

As for the integral of J,, we again use Lemma to deduce that

J1Shlellssllvlsllglle.s S g|h|§|\v||§+5||Q||§.5§ §5D+€€_7t5+5(66_”t5+9)7

&
|| Ak 30 o] <[5 Ak o000 o S Nl sl TR S ™' By s See™ e,
Q X
where 7> 0 is given by Lemma [2.3] Now for the case that /=5 in the integral of the term I7, it
follows that

5 AL Gv.J, (0 + 5O -v)| < 0P A | |G, 1|14 |10 + 3P -

‘ Q
g1/2 E1/2e—5t/2
55 4k 56 36 12 < —t
N Ha A ”0 5||8’U,k||0 5”6 +0°V- UHON ( )1/2HUH2 55 X( )1/2 85\/26 7 57

where we used Lemma 23] again and the fact that (by definition of ), ||0%¢+ %W -v||2 < &. Hereby
we used the estimate (Z30). The remaining cases [=1,2,3,4 follow analogously and the estimates
rely on a systematic use of Lemmas 23] 2.6] 2.T0] and Corollary 2111

Estimate of fQ Is. For the case that [=1 or 2, we have that

DL/2
‘/66 L -8l (66q+36 ‘<H66 leOHalU”LmHaGQ‘FaG‘I’ vllo < ()1/2E1/2 e Bt/12g1/2

~

while for the case that [=3,4,5 or 6,
| |80 80(8+ 3% 0) | £ w860 g + 80 v SeD,
Q
where we used the Sobolev embedding H'*® < L> and Lemma 2.6

Estimate of [,Ig. We see that

T v, (3 g+ 370 -0)| S 15 ol = | (g + 7T -v) o Bl PI2g1/2 S \feei2g,

| =
0 <@z s

with the decay rate 7> 0 given in Lemma

Estimate of [, R1. In the same manner, we find that ‘fszﬁl‘ <ee VE+6D.

Estimate of the boundary integral [.Go. We begin with the formula (ATQ) (whereby we recall (L8]

= \/mn)

a1 ~ ~ d Y - Ja1, H6—a
goz—aNq(?G\I%n(?G\I%nt—aNqa[R@Gh(—RJ—l-ch@ h® g(hg_hgT))}

Ky a=0
Ko
d . 2 o o~ -
+8qut[ —Ry+Y clo"hd® = ¢ (h& —hoT)) }+Zal(—aNq)86\IJ~ﬁ86*l(v_w).alﬁ,
a=0 =1
K3 K4
(A.10)
Estimate of [, K1. Note that
& —Bt
‘/8Nq#96\1/ P00 iy | S |ON | Lo 72t | £oo |0° WG S [Onge |1 |he2 ()<E¢;iﬁ5§ee—w5,
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where we used the trace theorem and Lemma [2.3]

Estimates of fQ Ko and fQ K3. These two integrals are lower-order and thanks to Lemmas
and 23] are bounded by ee~ 7€ +6D. Note that |J|=1+O(e) remains close to 1 due to the a priori
smallness bounds from Lemma 2.6l

Estimate of fQ K. The estimate of fQ K, requires some explanation, as it has the largest derivative
count in Gg. In Appendix [Al we derive the identity

5
0 -i=R;0°h—Ry+> c]0"hd* ¢ (h& — her), (3.77)
a=0

where we recall that 7 is the unit tangent defined by (L3) and R;=RJ~'. Substitution of (3.77)
in the integral [.(—Onq)0%V-7d%~!(v—w)-d'n then yields
’/(—8Nq)56\11-ﬁ56_l(v—w)~(§lﬁ’5’/(—3Nq)56_l(v—w)-5lﬁ’
r r
+‘/(—8Nq)0(55h)-ﬁ56_l(v—w)-5lﬁ‘+’/(—aNq)R56h56_l(v—w)-5lﬁ. (3.78)
r r

The first and the second integrals on the right-hand side of (B78)) are easily estimated using Holder’s
inequality and the Sobolev embedding theorem, while the third integral on the right-hand side
of [B18) requires some care due to the presence of 9%h. If =1 or [ =2, then

‘/(—8Nq)R56h56_l(v—w)-5%’g|\/—8Nq56h|0|\/—8NqR|Lm(|54v|1+|54ht|1)|5lﬁ|Lm
r
SEV?|qlly* (e 2EM2 £ DV2)e S EP(E, Eg)e T E + 6D,

where we have used Corollary 2.11] Lemma 2.6l and then Young’s inequality for the last estimate.
The case that [ =3, 4, or 5 follows similarly from Lemmas 2.3} 2.6 and The case [ =6 appears
problematic because of the term 9%7 -7 which, modulo coefficients, is essentially 7k, one derivative
more than appears in £. The integral is, however, easily estimated thanks to the presence of an
exact derivative, formed from the integrand 97h 9h.

We set J;, =+/R2+h? and write the unit tangent to I'(t) as t=.J, '(RT+hgN). A simple com-
putation shows that

ng=J;, >(R*+2hj + Rhog)t.
Since v —w=t-(v—w)t on ', we see that °n-(v—w)=t-(v—w) °n-t. We then write
7 - (v—w) =g, 0" h+ga,

where g1 =t- (v— w)J,:QR, and where g¢» is a lower-order term in v —w and has at most six tangential
derivatives on h. We then write

/(—BNq)R(§6h(v—w)-56ﬁ=/(—BNq)Rgl56h57h+/(—8Nq)R56hgg
r r r
1/ - _ _
:—5/3[(—51\/(1)1?91]|56h|2+/(—3NQ)R36h92
r r

Arguing in a similar fashion as for the case that [=1 or 2, we see that

’/(—8Nq)R(§6h(v—w)-56ﬁ‘ <Vee ME.
r

Step 3. Estimates for S;, Sj, H; in (F71). We next prove that

]/Ot/ﬂ(sj+3j)+/ot/rﬂj}g0(\/€) sup 8(5)+5/()t7.7(s), j=1,2,3. (3.79)

0<s<t
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We will analyze the case that j =1, as the estimates for the case that j =2 or 3 follow in the same
manner. We begin with the definition of S; given in (A.23) as

Sy = Z Cappt0?OP AFDP=29} b .00 + S

0<a+b<6
a<5,b<1
5 ) - ) 5 o o )
— Zdlu8571‘lft . 8lv(85qt +0°U,. v) — ch,ualAf[f*lvfk (0°q+0°V, - v), (A23)
1=1 I=1

where 57 is a lower-order term given by
St = (nqp A AF) W80 4+ {8°0;, AF} g 1,0%0" + {07 AF 1 q 0% + A DU Ak, {0°,0, )0
—(HAT) £ 0°q: 00" + pAFO° 0] g{0°, 0 o' + pAT{D®, 0k} 0,900

Most of the estimates are completely standard and we focus on the more problematic terms, char-
acterized by the highest number of derivatives applied to two out of the three terms in our cubic
integrands. For illustration, in the first term on the right-hand side of (A23]) we analyze the cases
(b=0,a=1) and (b=0,a=5). If (b=0,a=1) then we first integrate-by-parts and an L>°-L?-L?
Holder’s inequality to find that

\ BAEGD,q 180
Q

:‘ 52Af538tq)k55vi+ éAfégﬁtquﬁvi
Q Q

< [ 0AF |wr 10°0eq re o (10°0" ||+ [10%0 o)
< |hls.sllgella(10°0"[| + [10°v]l0) S €D,
where Lemmas 23] and have been used. If (b=0,a=05) then

5 Ak 55, 55 gz 1/2 212 €€
’/3 AFiq 100" < [Bl6llll2l|0°vllo < —<75 Es(t)' /e~ 7/* D2 S ——£ 46D,
) ’ X(t)'/? 5
where we used Lemmas 23] 26 and The remaining estimates in the expressions (A23)
and (A20) for S; and &; follow in the identical manner. As to the boundary integral of Hj,
we state the formula for the integrand derived in (A.24]) as

4 4
My :=205q0° Wi Ry Y _0"hd &+ Y _ai(—Onq)0° T -7d°v-7d° (v —w)-0'i. A29)
a=0 =1
We consider the boundary integral of the first term on the right-hand side. We begin with the
interpolation bound

D1/4
1/2 1/2
hele < haly* els” S Ve i7a (3.80)

where we have used ([Z46) to bound |9%h;| and the definition of D given in (LIZ). If a=4 in the
first term of the right-hand side of (A.24)), then

_ 1 o _
‘/8Nq85htRJ84ht8§-n‘ - 5‘/8Nq8(|84ht|2)RJ8§~n‘
r I

D1/2
x(t)'/?

A

| [ B0 ade w10 0| S lalle~ s S e DM
r
)

where we have once again used Lemma in second inequality, the estimate (3:80), and Young’s
inequality. If a €{0,1,2,3} then

‘/ang5htRJgahtg5_af'ﬁ S 10NG Lo |0Philo| Ryl Lo |0%he|o|0P € - 7| oo
r

1/2
N ||€l||3XZ)1/2e§€3/2€7'ytD1/2§€3/2€72»yt_|_63/2D7
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where we used Lemmas and 2.3 and the same idea as above. The estimates for the second term
on the right-hand side of (A:24]) follow in an analogous vein, relying crucially on Lemmas [2.6]and 231
This finishes the proof of (B79).

Step 4. The proof of the lemma is a direct consequence of the bounds B.74), B10), and B79). O

4. EXISTENCE FOR ALL TIME t>0 AND NONLINEAR STABILITY

4.1. Structure of the proof. The basic goal in our strategy for global-in-time existence and decay
of the temperature function is to prove that on any time-interval on which the bootstrap assumptions

(229a)) and (2.29D) are valid, we have that
t

sup 8(5)—!—/ D(s)ds<Ck&(0),
0

0<s<t
where Ck >0 is some explicit constant depending on K. Upon choosing the initial data (qo,ho) suf-
ficiently small, we can obtain an improvement of the first bootstrap bound in ([2:29al). In Section[12]
we show the improvement of the bootstrap assumption on Ejs in (Z29a)) and in Corollary 214 we
have already shown the improvement of the bootstrap assumption ([2:29D)). By a continuity argument
this leads to a global existence result.

In order to implement the above strategy, we start with the basic energy inequality given by [B.73).
Note however the presence of an exponentially growing term CK? fot €€ (s)ds on the right-hand side
of B73). That term appears by treating the terms fr(—ath)R3|56_2j8gh|2d6‘, j=0,1,2,3 as error
terms. By applying a straightforward Gronwall-type argument, this will be enough to guarantee
that solutions to the classical Stefan problem (L) exist on a sufficiently long time-interval [0,Tk],
where the time T may be larger than the time of existence guaranteed by our local well-posedness
theorem in [29]. As we explained in the introduction, by a sufficiently long time-interval, we mean
a time Tk after which the dynamics of the Stefan problem ([[9al) are, in fact, dominated by the
projection of the solution onto the first eigenfunction ¢y of the Dirichlet-Laplacian.

To prove global existence we need, however, more refined estimates that will show that the
fr (—ONq: R%|86 2J(’9Jh|2d€ are in fact sign-definite for t>TK, leading to the elimination of the
exponentially-in-time growing bounds. First, in Section [4.3] we prove strict positivity of the term
Onq: at time Tk . Finally in Section [£4] we use a comparison principle to show that dyq; remains
positive after time Tx. This allows us, in turn, to prove the uniform-in-time energy bound and
extend the solution for all time ¢ > 0.

4.2. Boundedness of Eg. The following lemma shows that under the bootstrap assumptions, the
bound on Es+ fo s)ds from (2:290) is improved.

Lemma 4.1. There exists a constant C' and ¢ >0 sufficiently small, such that if the bootstrap
assumptions (2.29d) and (2.298) hold with such € and C, then

t C
—|—/ D(s)ds< EEﬁ(())'
0
Proof. We set

o(t)=la®)lF+ g3+ lau(®)]§  and recall that D(t)=Ilg(t)[3+ llae ()15 + llgre ()7

Step 1. Energy inequality for qi. From equation (Z50k), we see that

ZdtHQttHo—f—HV\IJQttHo—/f2(Jtt7

where the forcing term fo is defined just below equation (Z50). We next show that the right-hand
side can be bounded by eD. We first focus on the term (U;-v)y in the forcing function fy. Using



28 MAHIR HADZIC AND STEVE SHKOLLER

the product rule we obtain

/(‘I’t'v)ttQttZ/‘I’ttt'UQtt+/2\Iftt'UtQtt+/ Uy vt Qe -
Q Q Q Q

Aq As Az

For the integral A;, we see that

’ / Wyt -vqu
Q

where we used the bound ([Z54) to estimate |k lo.s by £/2. The estimate |Az| <eD follows analo-
gously to the estimate for term A; and the bound on Aj follows from

[As| S 102l e el laeello S 1 Wellz S €D,

<Wsellof[v]| Lo lgeello S Peeelo.slvl 2]l geello S €D,

where we have used Lemma to infer that || U2 Se. All of the remaining terms in the forcing
function fo can be estimated by a straightforward application of the Sobolev embedding theorem
together with Lemma (to guarantee the smallness of various Sobolev norms applied to the
coefficient matrix (A¥); ;=1 2). Thus, in summary,
1d
5%”%15”(2)4—||V\IJC]ttH3§CGD. (4.81)

Step 2. FElliptic estimates. We next prove that the quantities x and y are respectively controlled
by |lg:]|3 and |[Vwgu||3. Using the elliptic regularity estimate of Lemma 28 the elliptic equa-
tions (Z50), and Lemma [Z0] it follows that

lgell2 < llgeello+ 1 f1llo (4.82)
and
llalla < llgell2+ 1l foll2 < llgeello + [1.f1llo+ Il foll2- (4.83)
A straightforward application of the Sobolev embedding theorem together with Lemma implies
that

£+ 1L foll3 < ex(?). (4.84)
Hence, with (£.82)—(£.34),
2(t) < llguello+ex(t),
so that for € >0 taken sufficiently small,
2(t) S llge (0115
Since || f1|13+|foll3 SeD(t), the same argument provides
DS lgull SNVl SIVwaslls, (4.85)

the last inequality following from the uniform lower-bound of the matrix A A”.

Step 8. Poincaré inequality. The following bound holds:

M= OB IV sl (4.86)
where Vg =ATV and fe H}(Q). To see ([EI0), note that the inequalities (Z49) and [242) show
that

[A=Id]||L= Se,
from which it follows that A¥A7¢.€; > (1—0(e))|¢]? for all € € R?. The Poincaré inequality A, || f]|2 <
|V f|2 for all g€ H}(£2) then concludes the proof.
Step 4. The differential inequality and decay. From (L&) and (LJE) we obtain that

1d
5@”%”(2)4'(1 —0(6)|[Vwar||§ <0.

Using the Poincaré inequality (£38), it follows that

d
a”f]ttHg*' (2X1 —O(€))llgue |15 < 0.
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From this differential inequality, we immediately infer the bound
g0 (1§ < l1ee (0) [J e~ BAr=O,
From the elliptic estimate in Step 2, it finally follows that
2(t) < Cllgw(0)[lge™ M~ < O By (0)e™ A=),

Since Es(t) =z(t)e’ and B=2X\1 —n < 2\ — O(e) for e sufficiently small, it is now clear that we can
choose C' so that on the time interval of validity of bootstrap assumptions ([2.29a) and (2.290) we
actually have the improved bound Eg(t) < Se 7. O

4.3. Pointwise positivity of Oy¢; at time Tk =CInK.

Lemma 4.2. Assume that the solution (q,h) to the Stefan problem (I9) exists on a given time
interval [0,T]. Let the bootstrap assumptions (Z29d) and (2.298) hold on that time interval with
€ >0 sufficiently small, and assume the smallness assumption (I.223) for the initial data. There exists
a universal constant C such that if T>Tk:= C’an, then

—qi(Tg,x) > Cere T8y (x), € By(0),

where @1 is the first eigenfunction of the Dirichlet-Laplacian on € and ¢y :fQ qop1dx. As a conse-
quence,

irel%(’“)th(TK,:v) > 0.

Proof. Step 1. Hardy-type estimate. As a consequence of the higher-order Hardy inequality (see
Lemma 1 in [I8]) and the Sobolev embedding theorem, for any f € H?25(B1(0))NHE(B1(0)),

f(z)
e1(z)

where ;1 be the first eigenfunction of the Dirichlet-Laplacian on the unit ball.

sup <C|fl2.25, (4.87)

z€B1(0)

Step 2. The Duhamel formula. Let
qo= Z CjPj
j=1

be the eigenvector decomposition of the initial datum gy with respect to the L? orthonormal ba-
sis {¢1,92,... } associated with the Dirichlet-Laplacian on the unit disk Bp(0). Writing the time-
differentiated Stefan problem as a perturbation of the linear heat equation, we see that in €, ¢
satisfies

qit — Agqe = N(q,h), (4.88)

where
N(q,h):=(aij —0ij)qe,ij +biqe,i + aij 1 qrij i tqi —i—Aﬁ-tq,k w'+ Afq i, (4.89)
and the coeflicients a;j, b; are defined in ([2Z70). Note that at time ¢t=0, ¢(0)=Ago+ Vqo-wo;
moreover, since Agp; =—\;p; and e’ is a linear semi-group , the Duhamel principle implies that

the solution ¢; to (8Y) can be written as

o'} t

—g=crhe Mo+ ) Cj)\je_kjt%—em(V(JO'MO)—/ "IRN(g,h).
° ——— JO
Jj=2

=Y

=Z
=:X

We first prove that X (t) >0 for times ¢t = ClnK, where C' denotes a universal constant. We shall
then show that at time t=CInK, |Y(¢)|+]Z(t)| is bounded by a small fraction of X (t).
Step 3. Estimate of X. We begin by writing X as

_ B e\ a2 (2)
X (t.) = it it CiN (=2t '
(t,z)=c1Are” pr(z) +erhe 901(1?)(;—01)\16 —901(96)) (4.90)
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Our goal is to prove that the term

i(x
B Z 01)\1 e zi Ex; (4.91)
is small. By Corollary 2.2}
|Z—j| < K for all integers j > 2. (4.92)
Furthermore, using the normalizatiorll [lojllo=1, and the eigenvalue problem, Ay, =—X\;¢p;, elliptic

regularity shows that ||p]l2 <A; and that [|¢]|4 < < A3; hence, linear interpolation provides us with the
inequality
loill2.25 SA;?. (4.93)
Using ([@92)) and (93] together with the bound (ST, we see that

o] SCK Y A3t
§=2
Since Ay < A2 <A3<..., there exists a constant ¢*, uniform in j > 2, such that A\; /\; < (1—2¢*). This
implies that
(A1 —Aj) < —2c*\; for integers j>2.
In particular, for t > CIn K
2.25
Af 1

2.25 —c* At 2.25 7-—Cc*Nj _ +
CKN\?e <CKNPK =CrzinT <3

for C' chosen sufficiently large, but independent of K. (Recall that K > 1 since K > ”gg”; >1+X;>6.)

Hence, from (£91)) and the previous inequality it follows

oo

1 —c* it 1 . —Cc*\; 1
|U|§§Z€ J §§Z2K ]<§.
j=

j=2
Plugging this into ([L90), we obtain for any x € B;(0)
1 _
X(t,x)z501)\16_>\1t(p1($)>0, t>ChK. (4.94)
Step 4. Estimates of Y and Z. The term Y satisfies the estimate
1Y (t,2) | o Slle'(Vao-wo)ll2 S e[ Vao - woll2e™**[|qols]|woll2 S ccre ™,

where we used the Sobolev embedding theorem together with the bound | o3 < K¢1, which follows
from |qoll4/llqollo < K. Thus |Y(t,2)| < $|X(t,2)| with e sufficiently small. Next, to estimate Z
which vanishes at the boundary, we have that

|Z| / | A(t S)N q7

t
S —8
)‘dsﬁ/ 2= N (q,h)(s)||2.25ds

1/2
/ | N(q,h)(s)]2. 25ds<\f / [N (q,h)(s)13.25ds) 2,

In the above chain of inequalities, we have used the bound (X7 for the second inequality, and the
fact that ||e?® || g ps < 1.
We shall conclude our estimate by showing that

/ IN (@, 1) (8)|[2 95 ds S /305, (4.95)

We recall that
N(Qah) = (aij - 6ij)Qt ij +szt it aijtq,ij +bz tqi +A itdokW +Ak 45k wta (m

=:Z1 =:Z>
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and note that Z; is the highest-order term with respect to the number of derivatives applied to q.
Writing Z1 = (a —Id) D?q;, where Id denotes the identity matrix, we see that

t t
/ 12112 25 ds < la —1d 2 5| D0 305 < sup la—Td |05 / lat]12 05
0 0<s<t 0

From the sharp estimate ([Z40), we infer that supg<,<, [[a—1Id||3 55 S cf; furthermore, for the term

1/5 9/5 1/5 _ 9/5
157 g 172 S e/ PeB110) g |35

llgt|l4.25 we apply the interpolation estimate ||q:||3 o5 < || s S

Using Lemma [ZT0) we then infer that

/ 121113, 25ds<cll/5/ 6B/ [19/5 < A1/59/5
0

the last inequality following from Holder’s inequality and the fact that fo llgell3 5 < € by Lemma 210
and the bootstrap assumption (2.29al).

Analogous estimates are applied to the term Z5 to finally deduce ([@95]). By ([@395]) and the above
chain of estimates, it follows that

Z| S\/Ecil/loeg/lo'

) e1(z)
Hence, at time T=CInK
1/10
_ € _
Z(Ta) SO ere 0 001 (2) S e i O K 2 0 (@)
1 _ 1
< 61W01/21DK1/2¢1( ) < 101/\16 )qul (I) < EX(t,fE).

Note that we have used the estimate C1/10 S (1)/10/F(K)1/20 (which follows from | qol| <£(0)'/2? and
the smallness assumption ([L22])) as well as €y < € which is going to hold by our choice of ¢y. Observe
that the very last inequality follows from ([L94]). The next-to-last bound is equivalent to

€ )\1
F(E)/® ~ 3G 2InK 2K
which then follows from the choice (L23]) of the function F(K) in Remark[[33 The second inequality
above follows from the estimate ¢; < ||qol| SE£(0)Y/2 <e/F(K)Y/2,

Step 5. Finishing the proof. From the above estimates on X, Y, and Z it finally follows that for any
r€B1(0), T=ChK,

~(T) > [X(T,0)| = [¥ (T,2)| = |2 ()| > X (Ty) ~ 3 X(T,2) ~ 1 X (T,) = { X (1,)

> e M o ().
Finally, since On@i>c for some ¢>0 uniformly over I' and since ¢1>0 in 2, it follows
inferOng: (T,2) > 0. O
4.4. Proof of Theorem Step 1. By Proposition[3.4] with € sufficiently small, we conclude that
T T
sup 5(t)+/ D(t)dt§25(0)+CK2/ e"E(t)dt, te€[0,T], (4.96)
0<t<T 0 0

where 7 is the maximal interval of existence on which the bootstrap assumptions (2:29al) and (2.29D)
hold (with e sufficiently small). Our goal is to prove that on [0,7], the quantity £(¢) is bounded
from above by 2£(0)e2C5"t. We shall accomplish that by bounding £(t) from above by the function
g(t):RT =R, which is defined as the solution of the differential equation

¢ (1) =CK2emg(t), g(0)=2€(0).
Solving this differential equation, we obtain
g(t) = 28(0)6077}(2 (ent—1) :25(0)6(1+Z:‘;2nkflt’“/k!)CKzt
_ 28(0)6(1+O(n))CK2t < 25(0)6201(%7
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where the convergence of the sum » .-, n*=1tk /k! is guaranteed for times t < % Applying the
integral Gronwall inequality to the difference E(t)—g(t), it follows from (@96]) and the previous
inequality that

E(t) < g(t) <2E(0)e2OK
for any t<7. Our goal is to prove that 7>CInK. Using (E906) once again, we obtain the same
smallness bound on fot D(s)ds to finally conclude that

¢
sup 5(s)+/ D(s)ds < 26(0)e2CK", (4.97)
0<s<t 0
For t<CInK, ([J7) and smallness assumption (L2Z2) on £(0) implies that
t
sup 5(3)+/ D(s)ds<e/2.
0<s<t 0
Moreover, by Lemma [£.] and since the bootstrap assumptions (2.29a) and (2.29) are valid on [0,7]
it follows that _
i C
E,@(t)-i-/ D(s)ds< EEB(O).
0

Thus, by the continuity of £+ Eg and the maximality of 7, we conclude min{7,ClnK}=CInK =
Tk since the bootstrap assumptions are still satisfied at time t = CIn K (the argument is true as long
as 1 above is chosen in such a way that % >(C1InK). By the local well-posedness theorem from [29]

and the continuity of £ and Ejg in time, we actually have the strict inequality 7 > T as we can
extend the solution locally in time. We will argue by contradiction that 7 =o00. Assume T < co.

Step 2. Preserving the positivity of Ongq:. We next show that dng: >0 on the time interval [Tk, T|.
This will be done with help of Lemma 2] and the maximum principle. We start by constructing a
suitable comparison function,

P(t,r)zfile_%’\lt(cpl(r)—ng(l—rz)), (4.98)

with positive constants k1,k2 to be specified later. A straightforward calculation shows that

1
(8t — aijaij — bﬁz)P = Hle_%klt [— §A1 Y1 — 2IQQTI‘(CL)

3
+ 5)\1%2(1 —7‘2) — (aij — 51‘3‘)901 —b- (v(Pl + 2H2$)] . (499)

Observe that both ¢; and (1 —7?) vanish for r =1, the trace of the matrix a is very close to 2, i.e.,
a11 +a220=2+0(e) and the coefficients b; are very small, i.e. |[b|=0O(e). Note that the first and the
second term in the parenthesis on the right-hand side of (£09) are negative, while the fourth and
the fifth term are small of order e. If r=|z| is close to 1, then the second term dominates the third
term and if r is away from the boundary =1, then one can choose k2 >0 so that the first term
dominates the third term. It follows easily that there exists a ko >0 and some constant C; such that

(0y — a;;0;j — b;0;)P < —Cyrye” 21, (4.100)
It then follows from ([@I00) and 2.70) that
(O — aij 05— 0:0;) (—qr — P) > — (B4 qi +0ubs qi + 0 A% qpw’ + AFqpwl) + Crrpe™ 381 (4.101)
Note, however, that the term in parenthesis on the right-hand side above is a quadratic non-linearity
and as such decays at least as fast as e20%:
(|0vaij q,i5 +0ub; qi + 0 AY g w’ + Af g wi || Lo
<10vaij @i 16+ 10:i gill1s + 1. A% g w145+ | AF g w145
< CoEp(0)/2ee™2Pt < Cyepee™ 21, (4.102)
Now, using ([LI0I) and the above bound, we note that by choosing the constant x;:= %cle, we

have that ,
(8,5 — aij&j — bl-(?i)(—qt — P) > 02016675)‘” — 02016672515 >0,
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since 28 =2\ —n> %)\1. The previous bound implies that —g; — P is a supersolution for the op-
erator Oy — a;;0;; — b;0;. Moreover, by the construction of P, we have —¢z— P=0 on I'=0B;(0).
Furthermore, at time Tx =CIn K, we have by Lemma 2] and (98], that

(=t = P)|p—cinr > Cere Ty () — Ceyee” 3 Loy (@) +Ccyerze” 2’\1T(1 —r%)>0
for € sufficiently small. Thus, by Lemma 2.12] there exists a constant m > 0 such that
—q¢—P>m(1 —T)ef()‘lfo(e))t, t>Tk,

or in other words

—q > m(l—r)e*@l*o(é))wccleu—r)e*%M(s‘;l—(” —ka(147))

(1 —r)e- a0 (m—|—Cclee(7%>‘1t70(E))t(ﬁ1—(7ﬁ) —ra(141),
-7
which readily gives the positivity of Oyg: on the time-interval [T, 7| since the negatively-signed
term in the parenthesis above has an exponential decaying weight in front of it. We conclude that the
positivity of —g; at time T =C1In K is a property preserved by our bootstrap regime and moreover
we get a quantitative lower bound on dx¢; on the time interval [Ty, T].

Step 3. Conclusion. Thus for any t € [Tk, T|, the energy identity takes the form

t
t +/ D(t / /8thR2 |82 97 h)? da:
T

zg(TK)JrZ;/TK/Q{Rﬁsi}jtg/ﬂ/9{7%1»+Si}+§;/;/r{gi+%i},

where we formally define S;=8;=G,=0. In particular, by the energy estimates stated in (B70)
and ([B79) the right-hand side of the above identity is bounded by

t

E(Tk)+0(Ve) sup E(s)+(0(e)+d) | D(s)ds.

Tk<s<t Tk

Note here the absence of the exponentially growing term in the above bound as opposed to their
presence in Proposition 3.4l This is due to the fact that terms thK [rOng R%|0°721 0] h|? dz, j=
0,1,2,3 are positive and no longer treated as error terms. By absorbing the small multiples of

supz, <5< £(s) and fT s)ds into the left-hand side and using the positivity of dng; from Step 2,
we obtain .
sup E(s)+ | D(s)ds<2E(Tk) §85(0)620K2Tk (4.103)
Tk <s<t Tk

by [@37). Finally, we choose ¢q in the statement of Theorem [[2] so that €3 <¢?/2. Bound (EI03)
and the condition £(0) <e3/F(K) (with F(K) given as in (L23)) imply
t 2
sup E(s)+ [ D(s)ds< <<
Ty <s<t Tx 2
Together with Lemma B and Corollary 214 we infer that the bootstrap assumptions (2.29al)
and (229h) are improved. Since £ is continuous in time, we can extend the solution by the local
well-posedness theory to an interval [0,7 +7*] for some small positive time 7*. This however
contradicts the maximality of 7 and hence 7 =oco. This concludes the proof of the main theorem.

5. THE d-DIMENSIONAL CASE ON GENERAL NEAR-SPHERICAL DOMAINS

In this section we briefly sketch the set-up of the problem in general dimensions and explain
how to adapt the arguments from the 2-D case to the 3-D case. Let () C R? be an open simply
connected subset of R?, d >2. The moving boundary I'(t) =dQ(t) is parametrized as a graph over
the unit sphere S%1

D(t)={z|z=R(t,§)E=(1+h(t,€))¢, £€ST71}.
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Initially Ro(&) is assumed to be close to 1, i.e. Ro(§)—1=ho(§)=0(e). We shall assume that
Qg is diffeomorphic to Bi(0), where ®:Q—Q is the diffeomorphism mapping of the unit ball
onto the initial domain. Moreover, let U denote the family of diffeomorphisms from the initial
domain Qg to the moving domain (t), satisfying the harmonic equation AU =0 and the boundary
condition W(T'y) =T(¢). We shall pull back the Stefan problem onto the unit ball B;(0) via the map
W : B;(0) — Q(t) given as a composition of ¥ and ®:

U =Uod,

Upon defining ¢, v, w, and A just as in Section (L9)), the Stefan problem (L)) takes exactly the
same form as ([LJ)). Abusing the notation, the normal velocity V(I'(t)) is now given by

RR

\/R2+|VR[Z,

Here [VR|Z,_, stands for the squared norm of the Riemannian gradient of R(¢,-) on the unit sphere
S%1. which is a coordinate invariant expression. The gauge equation for ¥ transforms into

Ap 1 U =0, (SN =T(t)

V()=

due to the assumption AW =0 and the definition of ¥. This easily implies the optimal trace
bound [|¥| gs(q) S |¥|gs-05(2) due to the the smoothness of ® and the closeness assumption
|D® —1d| s Se, with s sufficiently large. When d=3, the Sobolev embedding theorem requires
us to raise the degree of spatial regularity in the definition our energy spaces by one derivative.

The second key observation is that the lower bound for the quantity x(¢) is obtained in the same
way as in the case that d=2, from Lemma 2121 We v; denote the first eigenvalue of the operator
—Ag-1, which is the pull-back of the negative Laplacian from the initial domain Qg to B;(0). By
Lemma we obtain that

x(t) Zere™,

where |A—v1| <O(|h— ho|wz2.e + |hi|L=) =0O(€). Since | D®—1d||g- Se for s sufficiently large, we
have |v1 — 1| <€, where we recall that A\; stands for the first eigenvalue of the Dirichlet-Laplacian.
Together, the two previous estimates imply the analogous conclusion of Corollary 214 namely

X Zere™ MO X =0e).

Let 0" denote the tangential component of o restricted to S2. To each multi-index &= (a1, 9,a3)
we associate the tangential operator 0% =0 9*0%. With d =3, we define

Esp(t)=Esp(g,h)(t):=

1 1 1

) Z |\M1/25&55U||%§+5 Z |(—3NQ)1/2RJ5625%|%§+5 Z |\M1/2(5a3§)q4‘5a55‘1"U)”%g
la|+2b<6 |&|+26<7 |&|+2b<7
1
Yo 10=wPosdpolis +5 Y 10-w)' 2 (0a00g+0x07 Y -v) 12
|&|+26<6 |&|+2b<7
and

D3p(t)=Dsp(g,h)(t):=
S IRo Y (v PR+ S 00+ 000w )

|@|+2b<7 |@|+2b<6 |&|+2b<6
+ Y A= Pos0p0l7: + D (1= )2 (0500q + 0507, -v)||72 -
|&@|+2b<7 |a@|+2b<6

The lemmas of Section 2] carry through analogously, as do the energy estimates of Section[3l By the
continuity argument of Section ] we arrive at the 3-D version of our main theorem:

Theorem 5.1 (The 3-D case). Let (qo,ho) satisfy the Taylor sign condition (I.18), the strict positiv-
ity assumption (1.17), and the corresponding compatibility conditions. Let ||qoll4/||qollo < K. Then
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there exists an eg=¢o(K)>0 and 5o >0 such that if £(qo,ho) < €3, then there exists a unique global
solution to problem (I4), satisfying

sup E3p(gq(t),h(t)) < 05(2),

0<t<o0

for some universal constant C >0, and ||q||§{5(31(0))§06*ﬁt, where =2\ —Cey and \; is the

smallest eigenvalue of the Dirichlet-Laplacian on the unit ball B(0,1) CR3. The moving boundary
T'(t) settles asymptotically to some nearby steady surface T' and we have uniform-in-time estimate

sup |h—holss </

0<t<oco

APPENDIX A. PROOF OF PROPOSITION B.1]

To prove the energy identity of Proposition B we start by applying the differential operator
of the form 99*9] to the equation (LIH). For j=0,1,2,3 we multiply it then by 9°~*9] and
integrate-by-parts. Additionally, if j =1,2,3 we apply the operator 9"~29/ to (L9H), multiply by
72977 'yt and again integrate-by-parts.

Based on these two cases we distinguish between the two different types of identities.

A.1. Identities of the first type. Recall that p:Q— R is a C* cut-off function with the property
w(x)=0 if |z| <1/2; uwlx)=1 if 3/4<|z|<1.

Applying the tangential differential operator ud® to the equation (L9H), multiplying it by 9%v* and

integrating over 2, we obtain

5
(ug%i +u56qu,k + uA§56q,k, 56vi) 2= ch (uglAf(’;ﬁ_lq,k, 5ﬁvi) 29
=1
where ¢; = (?) Recalling (ZA41), we write
gﬁAf = _Af([;G\IITSAI: + {56714?}7
where {0%, AF} denotes the lower-order commutator defined in [Z47b). With this identity, we obtain

(“gﬁquvkvg%i) L2(Q) (“Afgﬁ\lltsAl:qvkvgﬁvi)m(n) + (“{gﬁ’Af}qvk’gﬁvi) L2(Q)

:_/q,kAféﬁqﬂA’:é%in/uAféﬁxl/’“A’:q,kéﬁvfs+ Ti
r Q Q

:_/FqﬁkAféﬁqﬂA’jéﬁviNs_/QﬂAféﬁq/rvréﬁvfs+ QTl’ (A.1)

where we have integrated-by-parts with respect to z® for the second equality, and have used the
identity v" = —A¥q . for the last equality; the error term 7; is given by

Ti = (s AT A7), OO0, 0% + 8%, Al Y 1, 0%0" + p AT 000" A7, {°,0, Yo"
Furthermore, integration-by-parts with respect to " yields
(uAi—“g%)k,g%i)N:/uAf8k56q56vi+/uAf{éﬁ,ak}qéﬁvi
I e _ o (A.2)
:—/uAfaﬁqaﬁvfk—/(uAf),kaﬁqaﬁvz—F/,uAf{(?G,ak}qaﬁvl,
Q Q Q

where we have used 9%g=0 on I, and where {0%,0;} denotes the lower-order commutator. Sum-

ming (AJ) and (A2), we find that

(nO° Ak g+ pAFdq,05")

_ s a6y Ak Q6. .7 nTS
L2(Q)__/qukAia U"AZO V' N

o o _ i (A.3)
—/,uAfaﬁvfk(aﬁq—FaG\I%v)—F/('Tl—(,uAf),k36q3601—|—,uAf{86,8k}q86vl).
Q Q

The first two terms on the right-hand side of (A3]) will be the source of positive definite quadratic
contributions to the energy. To extract the quadratic coercive contribution from the first integral
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on the right-hand side of (A.3]), note that ¢,x = N*0xq on T, and also recall from (L) the normal

vector n=ATN. Thus
—/F(—aNq)éﬁfo-ﬁé%-ﬁ. (A.4)

—/q)kAf(’;ﬁ\IfrAfgﬁviNS:/(—BNq)(f;G\Ifrﬁréﬁviﬁi—
r r

Using the boundary condition (ICI0), we reexpress 9% -7 as
- = %w-n+0%(v—w) -7

awn—l—a Zalaﬁlv w) 871

=0

6
= 56\1115-%—2@15671(@—10)-5%.

=1

Due to the above identity and (A4]), we obtain that

6
/(—8Nq)56\11-ﬁ56v-ﬁ=/(—8]vq)56\1/-ﬁ 56\I!t-ﬁ—2al/(—8]vq)56\1/-ﬁ56 lo—w)-0'n
r r

/( 8Nq)——|86\11 a2 da’ —|—/8Nq86\11 7 OO -7y — Zal/ (—Onq)0°T - 72D~ (v —w)-0'n.
r
(A.5)

Recall that n=J (RN — Rg7) = J (N +hN — hg7). Thus, using ¥(t,£) = N+ h(t,£)N, we obtain
via the Leibniz rule
W -n=[0°N+9°(hN)]-[(1+h)N —hor] J "
5
=(=R+R°h+ ca0*hd° *N-(hN —her)).J "

a=0
5
=(=R;+R;0°h+> c]0°hd" *N-(hN —her)),
a=0

where we have used the relations 92N = —N and N-7=0 and also denoted ¢ =c,J ! (recall Ry =

RJ™1). From here we obtain
1d, 5 N 1 d 5
+di[( RJ+2RJaGh+Zcfaahaﬁ “N-(hN =he7)) (= Ry+>_c]0°hd* *N-(hN —hy7))]
a=0 a=0
(A.6)

Thus, going back to (A]), we obtain
= = 1d
[covadtwiawen =55 [ Coxars ot [ovarsitne [ 7
r

where the error term 73 is given by
d B 5 5
To=(— aNq)d—[( Ry+2R;0°h+Y c]0°hd" *N-(hN —her)) (= Ry+ Y _c]0"hd®~“N - (hN —hy7))]
a=0 a=0

As to the second term on the right-hand side of (A3]), note that

6 6
Af(’;ﬁvfk =9° (Afvzk) - chélAféﬁ_lvfk =-0%(q:+v-w)— chglAf56_lvfk,
=1

=1
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where Afvfk = —divgv=—(g:+v-w) by the parabolic equation ([9al). Thus

6
- / pAB v (3 + 85T ) = / §8 g+ Uy 0) (3q+ 80 )+ ey / 8 ARGO i, (35 + 55 )
Q Q = e

1d

6
— — 2 =Aa_ — — — —
=5 Qu(86q+86\11~v) +/u(§ A%, -0l — 09T ) (% + 90U )

Q0

6
Yy /Q $ ARGO i (35 + 550 ) (A7)
=1

Combining (A3)) - (A7) we obtain

5 1d = 1d ~ _
/u|8ﬁv|2dw+—— (—BNq)R3|66h|2d:c’+——/u(86q+86\11-v)2dx

1d

. (A.R)
=—=— (—8Nq)|an8aR86*aN-ﬁ|2dar’+/R0+/go
a=0 2 r

2dt Jp

with the error terms Rg and Gy given by

5
Ro :chlglAf56_lq7kéﬁvi + (g p AS AR) 00U 0%+ {0°, A¥ }q 050
=1
+MA556\IJTA7]?q7k {56785}Ui - (MA,ILC),IQ gGQgG’Ui

6
—,uAf{éﬁ,ak}qgﬁ i uz (clglAfgﬁflvfk +d; 0% w0 — 3% ~vt) (56q+56\11 . v); (A.9)

=1

5
Go=—0nq0° W -70°W -7y + (—3Nq)% [R,]éﬁh(—RJJchgéahéG—“N- (hN—heT))}
a=0 (A.10)
d 5 6
—ONa [(— R+ c]0*hd* N -(hN — hmﬂ +) " a(-0ng)0° ¥ 735 (v —w)- 'R
a=0 =1

Let now a = (a1,a) be an arbitrary multi-index of order 6. Applying the operator (1— u)0* to (L)
and multiplying by 0“v’, we obtain

(1= p)0*v' + (1 — )0 Abq e +(1— ) AF0*q 1, 0*0)

L2(Q)
== > ca(1-wo’Ato Py, 00")
0<p<x
In the same way as above we arrive at the following energy identity
o, |2 Ld o o 2 »)
(1= |0v)*de+-— [ (1—=p)(0%q+ 0%V -v)*dx= | Rodux, (A.11)

where

Ro=(1=p) Y. cp0? A0 qu00" +(1— ) (g A AE) s 070" 00" +{0°, A} g0
0<fB<a
—(1—p) Z (0535/1?30‘7#3056+dg8a7ﬁw~8ﬁv—8a\1/-vt)(8O‘q—|—8°‘\11~v),
0<B<a
(A.12)
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Summing the identities (A.8) and (ATT), with j =0 we arrive at

1d
6—2 24 o 2 6—2
/M|3 J6]U| E / 1—w)|o 6]’U| —|—2 n ( ong) R ‘6 Jajh’

|a|=6—25
+11 (56—2jajq+56—2jaj\11-v) +11 Z 1 ) (0%0 q+0%0] W - v)?
2 dt t t 2 dt
|a|=6—2j
:_/F(—ath)Riwﬁ—%aghF+/Q(Rj+7éj)+/rgj, (A.13)

By imitating the same calculation as above we obtain the remaining error terms. With j=1,2,3 the
formulas for R;, R;, and G; in (AI3]) read

Ri= > pdad" 0 AFO 2 700] " q 0" 00" + (g kAL AF), 02 0] U952 9!
0<a+b<6—j
+ A LU A g {0°H 0 }0v" 4+ p{0° M 0] A} k0P O
— (pAY).1 0% 28] 0° "2 0] v’ — pAT{0° 0, }0] 40°~ ¥ 0]’
Y (dapd® PO AR O, + a0 O - OO D] 0= 00T O] W vy
0<a+b<6—j
X (0520 q+ 02 0] W -v); (A.14)
G = 0N 2 U702 I -7y + Dy, [é“ﬂ' OJhRy(~Ry;+ Y 50 hé‘“‘*?j*aN-ﬁ)]

a=0
52

i J Aanip, A6—2i—anr =) 2

+dt[(;d“a Ojhd° 2N )|

+ ) da(—0ng) O] W7 (v —w) 5. (A.15)
0<a+b<6—j

Ri=(1—p) Y cs0?AFO0q,0° +(1- )Ty
0<B<a

—(1=p) Y (cpd® AFO°Puly + (1— p)ds0® P w-0Pv—0°W-0;) (0%q+ 0T -v).  (A.16)
0<B<ax

A.2. Identities of the second type. Applying 9°9; to (LID) and computing the L?()-product
with p0°v? we obtain
(ug%i +u55Aﬁtq7k —i—uAféf’q)kt, 55vi)L2 = Z Cab (ugaafAf55_“8tl_bq7k, 55’Ui)

0<a+b<6
a<5,6<1

L27

where ¢, are constants appearing due to the usage of Leibniz product rule above. Recalling (Z.47]),
we write

PA; =—A;0°V", AL +{0°0,, AL},
where {0°0;, AF} stands for the lower order commutator defined in ([ZZT7). With this identity, we
obtain

(u55Aﬁtq7k,55vi)L2(Q) =— (uAf(’§5\IITStAI,fq7k,55vi)L2(Q) + (u{553t,Af}q,k,55vi)L

- / qrAPUTAFIPVING + / pA; 0Py Al g 0°07 + / Uy
Q Q

- /E qrRAPUT ARG I NG — / pA;P Vv 0%’ + / Uy,
r Q Q

2(2)
(A.17)

where we have integrated-by-parts with respect to x° in the second equality and we have also used
the identity v" = —A’ﬁch to write the last line more concisely. The error term U/ is given by

U = (uqykAfA’,f),s 55\I/Z55vi —|—,u{558t,Af}q1k,55vi + uAf55\I/fqu,k {0°,0,}v".
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Furthermore, integrating by parts with respect to x*

(WAEG By, BP0 |, = / 1AL DD + / HAS {501} 0%
Q

S A
- / HAD 3 — [ (pAY) 880 + / HASE {55, D Yv' + / A5 01} i
Q ) Q Q

€

where we have used 0°¢; =0 on I'. Summing (A7) and (AIS), we obtain

(nd° Af q +uAfé5q,kt,55vi)L2(Q)=— / qRASPUT ARG NG — / pAFO V(0P g+ 0P W -v)
r Q

—|—/ (Z/ﬁ—(uAf),k55qt55vi+uAf55qt{55,8k}vi—|—,uAf{55,8k}qt55vi).
Q

(A.19)
The first two terms on the right-hand side of (A19) will be the source of positive definite quadratic
contributions to the energy. To extract the quadratic coercive contribution from the first integral
on the right-hand side of (A19)), note that g,,=N*dyq on I'. Thus

—/q,kAféf"\I/:A’:é%iNS:/(—aNq)55\1:;ﬁ’“55viﬁi:/(—8Nq)55\1:t-ﬁ5%-ﬁ.
r r r

Just like in Section [A]- as in the identities leading up to (A6 - we obtain
(—OnQ)D° V- 71007 =|0°he|*RT +|> ) 0*he0® “N i +20°h Ry Y ¢ hd° “N -
a=0 a=0

4
+Y ai(-0ng)0° ¥ -7d°v- 720" (v —w)-0'R, (A.20)
=1

where ¢, =cqJ ~! and ¢, are some universal constants. As to the second term on the right-hand side

of (A19), note that

5 5
Afg%fk = 55(Afvfk) - chglAféf’_lvfk =0 (g +v-w)— Z clglAf55_lvfk,
=1 =1

where Afvfk = —divgv=—(g+v-w) by the parabolic equation ([9al). Thus
- / ALY (g + B0, v)
Q

5
:/Quéf)(%—l—\l/t-v)(éf’qt—l—éf’\llt-v)+ch/s2u5lAf[§5_lvfk(55qt—|—55\11t-v)
=1

5 (A.21)
:/N(éSQt+55\IJt'v)2+Zdl/M55_l‘11t'5lv(55%+55\11t'v)
Q - Je
5
+ch/uglAf55_lvfk(55qt+55\Ift'U)
=1 78
Combining (A19) - (A21)) we obtain
Ld a5, 12 350 . (2 g 55 A5 2
27 p|loPv)Pde+ | (—0nq)|0°Wy-n|7da’ + | p(0°q+ 0’V -v) dx
Q r Q (A.22)

4
:/8N(J|chgaht557a§'ﬁ|2+/81+/H1
r = Q r
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with the error terms §; and H; given by:
S;= Z dabugaafAf5772j7a8g7bq7k5772j8;5’-711)1' + (uqykAfAff),s57*23'8;5’-\117057723‘8?1111'

A

+ {07 20] AT}, 07 M 0] 0+ p AT 0N AL g {07 0,300 0!

— (nAF) (072 0]q0" 0] o'+ pAL O 0] {07 0k }0] 10
+pAF{O0T,0,}0]q0" P 0] T ' — (0T H 0] q+ 0TV 0] W -v)

X ey (pO" O 0T Py 0T 0] T AR O obY ). (A.23)

0<a+b<6—j

MH;=205q0" YOlhR; Y cl,0"OPhdT ¥ 0" N i
0<atb<7—j
+H(=ONQOTHAV - Y dap0T V0T (0 —w)- 0" 0. (A.24)
0<atb<6—j

Note that the first line of (A.24) appears as an expanded difference between two positive definite
expressions (—Onq)|[07"%9]V-7|? and (—dnq)|07"270]h|?>. We do this just like after (AZ) using
the formula i=J"'(N+hN —hg7) and the parametrization W(¢,£) = (1+h(t,£))N. Let now a=
(a1,a3) be an arbitrary multi-index of order 5. Applying the operator (1—pu)0*9; to (L9h) and

multiplying by 9%, we obtain
(1= )00} + (1= 1) 0™ A 1q i+ (1 — 1) AFO* ¢t , O™

- Z can((1—p)0° 0P AF 0% PO} q p, 0%0")

0<[Bl+b<5
B<a;b<1

L2(Q)

In the same way as above we arrive at the following energy identity

1 i
2;@ (1—p)|0%v|? dx—|—/(l—u)(ao‘qt+8o‘\llt~v)2dx:/Sldaj, (A.25)
Q
where
S= % cﬁb(1—M)aﬁafAfaa*ﬁa;—bq,ka%i+(1—u)((q,kAfA’:),saa\y:a%i+{aaat,A§}q,ka%i)
LS’
—(1—p) Z 03;180‘7[3\1!,5-5lv(5o‘qt+(§°‘\11t-v)—(1—u)ZcmaﬁAfgo‘*ﬁvfk(go‘qt—i—éa\Ift-U),
0<B<a BLla
(A.26)
For a general j € {1,2,3} we have
Si= Y dp(1-p)dPofAF0* O] q 0™ + (1— p)lh
AN
—(A=p) D dgeud® o, 0°P0] T (0°0] g+ 001 W) (A.27)
0<[B|+b<lal ‘ -
—(A=p) Y dgepd* PP ALOP O (0°0] g+ 070 W ).
0<|Bl+b<] ]

Summing the identities (A.22) and (A25]) we arrive at
572 2 a 2 |57—2
M{/ 072 0fvf* + |Z7:2/ (1— )00 v)? }+/ (—Onq)R3|7 207 h)?
@ j

/ (07 %0/q+0" 2o w-v)"+ Y / (1=p)(0°8]q+0°0] W -v)? (A.28)
Q Q

la|=7-2j

:/(Sj—I—SJ‘)—F/Hj, 7j=1,2,3.
Q r
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Summing the identities (AI3) for j=0,1,2,3 and (A2]) for j=1,2,3, we conclude the proof of
Proposition B.11

APPENDIX B. PROOF OF THE INEQUALITY (B.75])

We use the comparison function P defined in ([{L98]) with the same k9 and k1. Note that k3 =Ciecy
is defined as a multiple of ¢; for some constant C, > 0. Using (£I00) and upon possibly enlarging
C., we infer (0; —a;; —b;)(—q; + P) <0. Theorem 1 from [40] guarantees

—qt+P§0001 6(7>\1+Cé)t, B.1
p

where p(r)=1—1r stands for the distance function to the boundary T'. Note that the constant x;
in the definition (@J8) is chosen right after {@I0J). It is in particular proportional to Ez(0)'/2 <
llgo]|a. By definition of K we have that |goll4 < K|gollo. Since however ||qollo < Kc1, we obtain
P/p<CK?cie3%/2, Similarly, the constant Cj is proportional to the L>-norm of the initial datum
for —q; + P, wherefrom we again obtain Cy < K2¢; by the same argument as above. Dividing by p
in (B)), from the above inequality, we infer that

|ONGt|oo < CK2cle(—>\1+Ce)t-

This proves the inequality (B.73)).
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