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The circular-mode CORDIC (coordinate rotation digital computer) al-
gorithm is analyzed in the context of direct digital frequency synthesis (DDF'S).
It is shown how the CORDIC parameters should be selected to meet given
DDFS parameters, and, through simulations, it is demonstrated that jam-
ming outperforms truncation as a datapath quantization scheme, making it
an attractive alternative to rounding. It is also shown that the CORDIC
output can be made exact to the digits by an additional rounding process,
which is especially useful for DDFS applications where the CORDIC output

is truncated to the final digital-to-analog converter (DAC) width.

Variations of the basic circular-mode CORDIC algorithm are inves-
tigated, and previous works for fast DDFS implementation based on those
algorithms are discussed. A new DDF'S architecture based on the differential

CORDIC (DCORDIC) algorithm is proposed. The proposed architecture al-

lows a bit-level pipelining in the angle path by implementing a two-dimensional

vi



systolic array. Unlike other fast DDFS architectures, it incorporates the phase
accumulator in the bit-level pipelining framework so that a bottleneck-free
datapath throughout the whole system is achieved. The sequential implemen-
tation and the hybrid implementation of the architecture for area-sensitive and

low-latency designs, respectively, are proposed for further research.
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Chapter 1

Introduction

Direct digital frequency synthesis, or DDFS, is a digital technique for
generating sinusoids. Unlike conventional analog oscillator structures, DDFS
can be applied where fast frequency switching, fine tuning, and a coherent
phase relationship among sinusoids are required [1][2][3]. Most traditional
DDFS systems follow the general architecture shown in Figure 1.1 [4].

Phase increment

|

Phase + - sin/cos _ | Digital-to— Low-pass 2V
accumulator o generator " | analog converter| filter

Figure 1.1: General DDFS architecture.

The sine/cosine generator in the DDF'S architecture generally assumes
one of the two forms: a ROM table for table-lookup or an arithmetic unit to
actually evaluate the function. The former can be found in most of the early
implementation [3][5][6]. The major difficulty with this approach is that the
size of the ROM table increases exponentially with the width (i.e., the resolu-

tion) of the output. Even though there have been several techniques proposed



to mitigate this problem [3][7][8], which basically partition the ROM table
to reduce the size, the exponential relationship still persists and a resolution

higher than 14 bits is currently considered impractical [8].

Using an arithmetic unit is an alternative to the ROM table approach
that has been getting attention recently. Especially, the CORDIC algorithm [9]
has been dominant in this approach because it only requires shift-and-add op-
erations while other approaches based on functional approximations generally
involve more complicated arithmetic operations such as multiplication [10].
However, there are two major complications in using CORDIC for DDF'S ap-
plications. First, the impact of the algorithm on the precision may appear
implicit due to the iterative nature of the algorithm. This is in contrast to
the ROM table approach where pre-calculated sine/cosine values are stored
in a ROM, and therefore, the only error that is introduced by the sine/cosine
generator is the rounding error. In ROM-based configurations, it has been
shown that, as the word size of the phase quantization (i.e., the width of the
ROM table address input) and the word size of the amplitude quantization
(i.e., the width of the ROM table output) are increased by 1 bit each, there
is a 6-dB reduction in the spurs (i.e., undesired frequency components) of the
final output sinusoid [7][11]. Spurious-free dynamic range (SFDR) is defined
as the ratio of the amplitude of the desired frequency component to that of the
largest spur, and considered one of the most important performance measures
of any DDFS system. Figure 1.2 shows an example of the SFDR characteristic

of a commercial DDFS VLSI from Analog Devices [12]. Second, the sequential



nature of the CORDIC algorithm makes it hard to achieve high throughput.

In the following chapters, a brief introduction to the CORDIC algo-

rithm is presented and the finite-precision effects of the algorithm are ana-

lyzed in depth in the context of DDFS. A brief survey of the variations of

the CORDIC architecture for high-speed operation is also presented. Finally,

a novel DDFS architecture based on the differential CORDIC algorithm is

proposed and related experimental results are presented.

CH1|: ] Spectrum 12dB/REF 0dBm -85.401 dB
| I

AD9850 \ -23 kHz

AMkr

B

u.LTuJ

RBW # 3Hz VBW 3Hz
CENTER 4.513579MHz

ATN # 20dB SWP 399.5sec
SPAN  400kHz

Figure 1.2: Spurious-free dynamic range characteristic of Analog Devices
AD9850. Input clock at 20.5MHz and output sinusoid at 4.5MHz.



Chapter 2

Analysis of the CORDIC algorithm for DDFS*

2.1 Circular-mode CORDIC

The CORDIC algorithm was first introduced by Volder [9]. When
used as the sine/cosine generation engine in DDFS, CORDIC uses the circular
mode. In circular-mode CORDIC, a vector is rotated by a predetermined se-
quence of angles so that the overall summation of the rotated angles approaches
the given angle argument. More precisely, circular-mode CORDIC is specified

by the following set of equations that describes an iterative relationship.
Vian=RYV;

Ri41 = 2 — 00

where:

i=0,1,2,...,n—1,

R — 1 —0; 270\ k cosq; —o;sinq;
' ;27" 1 '\ o;sino; COS (4 ’

a; = arctan2”’, and k; = V1 + 22

*This chapter is based upon a paper previously published by the author [13].



In the forward circular mode, zy is set to the angle value for which the

sine/cosine is to be evaluated. o; = sign (z;).

Ay

(Xi+1 Yi+1)

v

X

Figure 2.1: A CORDIC rotation in the forward circular mode.

After n iterations, there have been n pseudo-rotations, and V,, is the

true rotation result multiplied by the factor K.

Therefore, to get the true rotation result, it is necessary either to multiply V,

by 1/K, (postscaling), or to use 1/K,, as the initial value of xy (prescaling).

The actual implementation of the CORDIC algorithm only requires
adders, shifters, and a ROM table to hold «; values. Figure 2.2 shows an

example of the sequential implementation of the circular-mode CORDIC al-



gorithm that only requires three adders, two shifters, and one ROM table. In

the figure, bold lines represent word-wide data paths.

Zi
Latch
Ui +
ROM
_| Negate MsB
Oi
Xi
Latch
+
Shifter
Negate
4»—‘ >0—
Negate
Shifter &
+
Yi
Latch

Figure 2.2: Sequential implementation of circular-mode CORDIC.

2.2 Angle precision, number of iterations, and datapath
width
In applying circular-mode CORDIC to DDFS, it is crucial to under-
stand how seemingly independent parameters can affect each other. First, it
is necessary to determine how many iterations are necessary to properly re-
solve a radian angle in b fractional bits. The unit in the least precision (ulp)

27% in the angle representation is meaningful only when it can be resolved by



the iteration. That is, at the final iteration where i = n — 1, a,,_1 should be
less than or equal to 27°. This ensures that the final error in angle is less than
27% The value o;; = arctan 2¢ can be approximated as 2~ for large values of
i. Therefore, 2= should be less than or equal to 27°. So, the minimum n
is b 4+ 1, which is the minimum number of iterations to correctly resolve the

given angle.

In most DDFS applications, however, the angle is given in a normalized
format such that [—%, g) is scaled to [—%, %), because angle accumulator
overflow is awkward to deal with in the radian format. When the normalized
format is used, the angle table should also contain normalized entries. Suppose

the angle is given by b fractional bits. Then, the normalized angle’s ulp is 27°

and it should be resolved by «;, ;.

Qp—1 S 271)

But,
arctan 2~ (1) 9—(n-1)
Op—1 = ~
T T

Therefore,

—(n—1)

2 <27,
T

which means that the minimum n is b.

Finally, if n iterations are to be made, the datapath width w should be
at least n — 1 (fractional). This is because, for n iterations, the largest shift
is n — 1, and only when w > n — 1, can the largest shift contribute to the

iteration.



2.3 Finite precision effects in CORDIC

In the framework shown in Figure 1.1, the CORDIC sine/cosine gen-
erator is another source of error because of its arithmetic nature, in addition
to the phase quantization error, which is due to the finite precision that rep-
resents the angle, and the amplitude quantization errors, which is due to the
finite precision that represents the sine/cosine value. This is in contrast to
the ROM lookup table sine/cosine generator where there is no computation
involved in sine/cosine generation since pre-computed values are utilized. It
is generally known that the CORDIC algorithm approximately adds one bit
of precision at each iteration, and it has been observed that the error that
occurs from CORDIC arithmetic can be further decomposed into two parts;
the quantization error in the datapath and the angle approximation error in
the representation of the given angle by the summation of the prescribed an-

gles [14]. The quantization error can be shown to have the bound [14]

n—1 n—1
E.| < leal + > (TT5)lel (2.1)
J=0 i=j

where: F,, is the total error vector due to the quantization at iteration n, and
e, is the error vector incurred from iteration n. The key observation here is
the total error passed to the next iteration stage is the sum of the quantization
error at the given stage and the error passed from the previous stage. Note
that the bound for |E,| is also a bound for the errors of both sine/cosine
components, but the inverse is not necessarily true because the magnitude

of a vector is always greater than or, at least, equal to its quadrature and



in-phase components.

In addition to the quantization error, there also is an angle approxima-
tion error because any given angle is being represented by a sum of angles that
has a resolution of a,,_1. The relative error A,, due to the angle approximation

has been shown to have the bound [14]

A, = Vn =Vl g @ty
v 2

Vil

where V,, is the exact CORDIC value without the error and V,, is the CORDIC

result that contains the angle approximation error. Because

n—1 n—1
|‘7n\—‘Kn- w(zai.ai)+cosa(zai.ai) I_K”’
1=0 i=0

the bound for the absolute angle approximation error becomes:

Qp—1

Absolute angle approximation = [V, — V,,| < 2sin( ) K, (2.2)

2.4 Error bounds for rounding, truncation, and jam-
ming
For the datapath quantization, three techniques (rounding, truncation,
and jamming) are considered. Of these strategies, rounding gives the small-
est error bound. In general, rounding involves adding LSB/2 and truncating
the resulting sum to LSB. Some more sophisticated rounding schemes, such
as convergent rounding (“round to nearest even”) and R* rounding (“round

to nearest odd”), may also be employed to reduce the bias of the resulting



errors [15][16]. In the convergent and R* rounding schemes, the treatment
for the case where the digits to be rounded away have bit values 1000 - - - is
different in that it is rounded to the nearest even and odd values, respectively.
In any case, when there are w fractional bits available in the datapath, the
largest error that is introduced by rounding is 2~(®+V . If truncation is em-
ployed instead, the bound becomes 2. The jamming strategy is to truncate

and then force the LSB to 1 [16]. The bound in this case is also 27%.

In rounding, despite many desirable characteristics, a complication
arises from the fact that the extra addition can require a significant amount of
time for carry propagation. Because of this reason, truncation has been more
widely used. In truncation, w bits are kept without any additional operation.
However, truncation not only doubles the error bound, but, in case of two’s
complement representation, also causes a DC bias in the output because it
always truncates toward negative infinity. In this regard, jamming, in general,
is a better strategy. It can be shown that jamming produces results which
are sufficiently unbiased, though the error bound remains the same as trunca-
tion [17]. Because the error at each iteration is unbiased, it is expected that
jamming produces a final CORDIC output with a smaller total error than that

produced by truncation.

Once a quantization scheme is selected, Equations (2.1) and (2.2) are
used to evaluate the error bound of the CORDIC sine/cosine generator. How-
ever, no matter which quantization scheme is used, rounding can be used for

xo in case of prescaling. In general, prescaling is preferred over postscaling due

10



to the simplicity of implementation, even though postscaling tends to produce

smaller errors [14][18]. Also note that, at the second iteration when quantiz-

ing xy and 7o, there can be no error introduced because xy and y, are valid

within the datapath and just added to yield x; and y;. Considering these

observations, bounds of |e;| can be obtained as follows. For rounding,

1
lep“™d| = absolute error in —

n

’egound‘ =0

|e;ound| — \/5 X 2_(1U-‘r1)7 ,] = 2,37 N

For truncation, the number of bits truncated depends on the index j.

.1
el ""‘| = absolute error in —

n

|etlrunc| — O

w+j—1

e =v2 Y 27k j=23...n

k=w+1

For jamming, the errors are given as below.

; 1
le}*™| = absolute error in —
n

1| =0

e =V2x 27" j=2.3,...,n

11

(2.3)

(2.4)

(2.5)

(2.9)

(2.10)

(2.11)



2.5 Choosing the number of iterations and the datapath

width

When the number of iterations n is given, the angle approximation
error bound can be obtained by Equation (2.2). The number of iterations n
also requires that the datapath width w be greater than or equal to n—1. The
total error bound is the summation of the angle approximation error bound,
which is a function of n, and the quantization error bound, which is a function
of w, and as w approaches infinity, the total error bound becomes the angle
approximation error bound. Based on this analysis, it is evident that there
should be two steps involved in determining n and w; first determine n so
that the angle approximation error bound is lower than the desired total error
bound, and then select w so that the summation of the angle approximation
and the quantization error bounds is also lower than the desired total error
bound. In general, above a certain minimum n, there is a trade-off between n

and w.

2.6 Number of effective bits versus number of exact bits

The overall error can be re-interpreted as the number of effective bits

in the output.
Number of effective bits in fraction = —log, (| E, + A.,|) (2.12)

This interpretation reveals how accurate the output is in terms of the number

of bits. However, it should be noted that the number of effective bits, in

12



general, is different from the number of accurate bits. The following examples
can help to convey an insight into this situation. Let X = —z¢+Y 0, 2;-27" be
a reference number that has an infinite precision, and Y = —y + 23:1 x;-277
be a quantized number that has only 5 fractional bits. First, suppose X =
0.10011111--- and Y = 0.10010. In this case, the error between the two
numbers is >, 27" = 271 and therefore the number of effective bits of YV’
is 4, which is the same as the number of exact bits. As a second example,
consider X = 0.10001000--- and Y = 0.01111. In this case, the error between
the two numbers is 0.0001 = 2%, and therefore the number of effective bits is

again 4, but this time the number of exact bits is 0.

Unfortunately, this is not a desirable feature in CORDIC-based DDFS
applications because the CORDIC engine requires a datapath width that is
wider than the required output precision (i.e., number of effective bits) and the
DAC generally only has a width that is the same as the designed precision.
In many cases, the output of the CORDIC engine is simply truncated to
the DAC width, but, as illustrated in the second example above, this will
spoil the originally intended precision. The only way to preserve the precision
even after truncation is to make the CORDIC output exact, bit by bit, up
to the desired precision, which calls for an additional rounding process on the
CORDIC output. Suppose the error in the CORDIC output is 2~ If the
number is rounded at the 2=+ digit, this rounding may cause another error
also bounded by 2~(+1). So, the overall error bound becomes 27 and the

number of bits required to represent this number is b. Note that to achieve an

13



error bound of 27° after rounding, it is necessary to start with an error bound
of 2=®+1) In other words, this additional step of rounding requires that the
error bound of the CORDIC output be smaller than the desired error limit by

a factor of 2.

2.7 Simulations

To verify the analyses made so far, a set of simulations is performed.
Specifically, for angle resolutions of 8, 12, and 16 bits (angles in the normalized
format), different numbers of iterations, datapath widths, and quantization
methods are tried to evaluate the effects of the angle approximation error and
the quantization error. For each simulation, the bound in terms of the number
of effective bits is calculated using Equations (2.1) through (2.12), and com-
pared with the minimum number of effective bits (of the vector, not of either
sine or cosine, to ensure a fair comparison). The minimum number of effective
bits is obtained by applying the — log, operation to the maximum error of all
the possible 2" samples, where n is the angle resolution. The simulation pro-
gram is written in the C++ language [19], and uses double-precision floating
point for the reference numbers in the error calculation. Tables 2.1 through
2.3 summarize the simulation results. The tables are formatted in such a way
that each row has a set of associated attributes that relates the row to a spe-
cific quantization method, number of iterations, and whether it has calculated

bounds or simulation results.

14



The following conclusions can be drawn from the simulation results.
First, the overall error is the summation of the angle approximation error and
the quantization error so that reducing the error by increasing the datapath
width eventually saturates, making the overall error approach the angle ap-
proximation error. Second, the number of iterations must be greater, at least
by one, than the desired output precision. For example, with 8 iterations, the
maximum number of effective bits achievable is 7. Third, the jamming strat-
egy for datapath quantization consistently performs better than truncation. In
fact, its performance is rather close to rounding, and sometimes it even out-
performs rounding. Note, however, that the calculated bounds are generally

pessimistic because error cancellation is not accounted for in the calculation.

Table 2.1: Number of effective bits in fraction for 8-bit angle resolution.

Quanti- | Itera- | Bound/ Datapath width

zation | tions | Result 8 ] 9 [ 1o [ 11 [ 12 [ 13 [ 14 [ 15 [ 30
8 Bound 4.824 | 5.450 | 5.795 | 6.005 | 6.136 | 6.207 | 6.243 | 6.262 || 6.280
Round- Result 5.987 | 6.418 | 6.933 | 6.939 | 6.982 | 7.034 | 7.040 | 7.049 || 7.049
ing 9 Bound || 4.983 | 5.809 | 6.349 | 6.719 | 6.975 | 7.117 | 7.199 | 7.237 || 7.280
Result 6.130 | 6.966 | 7.838 | 7.807 | 7.948 | 8.019 | 8.072 | 8.098 || 8.095
8 Bound 4.346 | 5.068 | 5.541 | 5.853 | 6.051 | 6.161 | 6.220 | 6.250 || 6.280
Trunc- Result 5.021 | 5.771 | 6.361 | 6.674 | 6.860 | 6.954 | 7.022 | 7.031 || 7.049
ation 9 Bound 4.374 | 5.258 | 5.928 | 6.434 | 6.798 | 7.017 | 7.145 | 7.209 7.280
Result 4.897 | 5943 | 6.781 | 7.314 | 7.553 | 7.859 | 7.975 | 8.021 || 8.095
8 Bound 4.190 | 4.938 | 5.450 | 5.795 | 6.018 | 6.143 | 6.210 | 6.245 || 6.280
Jamm- Result 5.689 | 6.337 | 6.579 | 6.841 | 6.992 | 7.037 | 7.067 | 7.044 | 7.049
ing 9 Bound 4.214 | 5.110 | 5.809 | 6.349 | 6.742 | 6.984 | 7.127 | 7.199 || 7.280
Result 5.689 | 6.616 | 7.234 | 7.628 | 7.808 | 7.985 | 8.103 | 8.079 | 8.095

15



Table 2.2: Number of effective bits in fraction for 12-bit angle resolution.

Quanti- | Itera- | Bound/ Datapath width
zation | tions | Result 12 [ 13 [ 14 [ 156 [ 16 [ 17 [ 18 [ 19 [ 30
12 Bound 8.462 | 9.090 9.582 9.874 | 10.078 | 10.174 | 10.225 | 10.251 || 10.280
Round- Result 9.689 | 10.152 | 10.620 | 10.868 | 10.929 | 10.985 | 10.984 | 10.994 || 11.000
ing 13 Bound 8.583 | 9.362 | 10.046 | 10.511 | 10.871 | 11.059 | 11.162 | 11.219 || 11.280

Result || 9.819 | 10.506 | 11.215 | 11.748 | 11.830 | 11.968 | 11.966 | 11.991 || 12.001

12 Bound || 7.831 | 8.580 | 9.206 | 9.632 | 9.934 | 10.095 | 10.183 | 10.230 || 10.280
Trunc- Result || 8.429 | 9.193 | 9.908 | 10.403 | 10.684 | 10.835 | 10.923 | 10.956 || 11.000
ation 13 Bound || 7.850 | 8.713 | 9.504 | 10.115 | 10.605 | 10.901 | 11.076 | 11.173 || 11.280
Result || 8.380 | 9.271 | 10.140 | 10.904 | 11.370 | 11.653 | 11.829 | 11.906 || 12.001

12 Bound || 7.719 | 8.486 | 9.133 | 9.582 | 9.903 | 10.078 | 10.174 | 10.225 || 10.280
Jamm- Result [ 9.015 | 9.920 | 10.406 | 10.798 | 10.892 | 10.964 | 10.975 | 10.989 || 11.000

ing 13 Bound || 7.737 | 8.609 | 9.414 | 10.046 | 10.557 | 10.871 | 11.059 | 11.164 || 11.280
Result || 9.015 | 10.125 | 11.017 | 11.483 | 11.800 | 11.912 | 11.937 | 11.963 || 12.001

Table 2.3: Number of effective bits in fraction for 16-bit angle resolution.

Quanti- | Itera- | Bound/ Datapath width
zation | tions | Result 16 [ 17 [ 18 [ 19 [ 20 [ 21 [ 22 [ 23 [ 30
16 Bound || 12.187 | 12.873 | 13.398 | 13.764 | 14.009 | 14.136 | 14.205 | 14.243 || 14.280
Round- Result 13.360 | 14.158 | 14.465 | 14.735 | 14.832 | 14.957 | 14.966 | 14.978 || 15.000
ing 17 Bound || 12.287 | 13.104 | 13.797 | 14.343 | 14.754 | 14.988 | 15.124 | 15.203 || 15.280

Result || 13.550 | 14.412 | 14.847 | 15.373 | 15.687 | 15.889 | 15.914 | 15.956 || 16.000

16 Bound || 11.461 | 12.263 | 12.934 | 13.449 | 13.815 | 14.026 | 14.146 | 14.213 || 14.280
Trunc- Result || 12.003 | 12.933 | 13.606 | 14.135 | 14.481 | 14.736 | 14.876 | 14.929 || 15.000
ation 17 Bound || 11.475 | 12.368 | 13.176 | 13.865 | 14.420 | 14.782 | 15.008 | 15.140 || 15.279
Result || 11.947 | 13.005 | 13.861 | 14.544 | 15.089 | 15.483 | 15.742 | 15.854 || 16.000

16 Bound || 11.373 | 12.187 | 12.873 | 13.405 | 13.786 | 14.009 | 14.137 | 14.208 || 14.280
Jamm- Result || 12.677 | 13.530 | 14.045 | 14.484 | 14.772 | 14.889 | 14.955 | 14.969 || 15.000

ing 17 Bound || 11.387 | 12.287 | 13.104 | 13.807 | 14.377 | 14.754 | 14.991 | 15.131 || 15.279
Result || 12.677 | 13.745 | 14.254 | 15.022 | 15.548 | 15.794 | 15.878 | 15.936 || 16.000

While the tables summarize the worst case performance of the different
quantization schemes, it is also important to observe how the quantization
schemes behave in a statistical sense. The variance is an appropriate measure
for this purpose since it is a measure of the noise power in the signal. When the

number of observed samples is limited, as in the case under consideration, the
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sample variance ¥V can be used as an unbiased estimate of the true variance [20].

e DICEL

i=1

where x; is the observed set of sample values, and X is the sample mean of the

values given by:
_ 1
X = —": ZT;

Note, however, that CORDIC only evaluates over the [—%, %) range and uses
the symmetry of the trigonometric functions to deal with other angles that
fall outside the range. Therefore, the sample mean of the resulting errors,
when calculated over one cycle, is always zero because the errors also appear
in symmetry. Considering this, and the fact that the variance is for the in-
phase/quadrature (i.e., cosine/sine) error vectors, the sample variance can be

calculated by the following formula:

1
n—1

vV =

n
: Z {(cosine error in i-th sample)® + (sine error in i-th sample)? }
i=1

where n is to cover one cycle of the cosine/sine wave.

Figure 2.3 through Figure 2.5 compare the sample variances of the
different quantization schemes, which again demonstrates that jamming con-
sistently performs better than truncation in a statistical sense, too. It becomes
obvious especially when the quantization error is dominant over the angle ap-
proximation error, i.e., when the datapath width is small relative to the number
of iterations. Overall, jamming exhibits a comparable variance characteristic

to rounding.
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Figure 2.3: Error variance comparison for 8-bit angle resolution. With 8 iter-
ations (a), and with 9 iterations (b).
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Finally, it is important to recognize how the output of the CORDIC
engine can be properly truncated to the DAC width. As mentioned in the
earlier analysis, for example, when Table 2.1 shows that the number of effective
bits is 8.019, it does not necessarily mean that the output is exact in the first
8 fractional bits because the output has 13 fractional bits. To illustrate this
point, additional simulations are performed for this example, and Table 2.4
summarizes the result. The table shows how the original CORDIC output with
8 effective bits in 13 fractional bits can be quantized to have 7 effective bits in 7
fractional bits. As shown in the table, this is only possible when the CORDIC
output is rounded from the 8th digit, resulting in a number that has an error
bound twice as big as the error bound in the CORDIC output before rounding,
which again confirms the analysis presented. Note that, when rounded from
the 8th digit, the number of effective bits of the vector can become smaller
than 7, as in the example presented, because the magnitude of the error vector
introduced by the quantization is generally greater than its quadrature and

in-phase components.

Table 2.4: Number of bits versus number of effective bits.

CORDIC output | Truncated | Rounded from 9th digit | Rounded from 8th digit
No. of bits (fractional) 13 8 8 7
No. of Vector 8.019 6.959 7.441 6.789
effective Cosine 8.11 7.237 7.5 7
digits Sine 8.063 7.23 7.5 7.013
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Chapter 3

CORDIC-based DDFS architectures

3.1 High-speed CORDIC algorithms

A major drawback of the CORDIC algorithm is that it is a decision-
directed algorithm: to perform the next iteration, the sign of the angle at
the current iteration needs to be known. This makes it difficult to employ
a fast redundant number system in the angle representation, requiring in-
stead a full carry-propagation addition in the angle calculation at each itera-
tion. Considering that DDFS applications are generally more focused on high
throughput than low latency, one may argue that it is still possible to realize
high-throughput implementation by simply pipelining the angle and the data
calculation paths. However, pipelined adders inherently introduce a skew in
the output [21], and to compensate for the skew at each iteration stage, the
implementation would require a huge number of flip-flops, leading to an almost
impractical design. Also, low latency is desirable for such DDFS applications
as frequency-hopping where a real-time on-the-fly frequency switching capa-

bility is necessary.

Since the inherent serialism in the decision-making process imposes

such a severe penalty on performance, despite the elegance of the algorithm,
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CORDIC didn’t get much attention and was not considered mainstream. How-
ever, recent interests in developing application-specific signal processing sys-
tems have given CORDIC renewed attention since it is capable of evaluating
a wide variety of elementary functions in a unified framework [22], and a
number of papers have been published that deal with techniques to expedite
the decision-making process [23][24][25][26][27][28]. One such effort is to al-
low a redundant number representation in the angle calculation but avoid the
full carry-propagation in determining the sign of the number. Ercegovac and
Lang [23] proposed this approach where only several most-significant digits
(MSD) are inspected to determine the sign of the residual angle in a redun-
dant form. In this approach, however, there are cases where the sign can not
be determined, meaning that a rotation can not be made in the next iteration.
This inability to determine the sign means that the residual angle is small
enough at the iteration, and therefore the rotation may be skipped without
hampering convergence. A complication, however, arises from the fact that
the scale factor is no longer a constant because the number of rotations is not
fixed. To address this problem, the authors proposed a method to calculate the
scale factor in parallel with the CORDIC iterations. However, there are two
major drawbacks in this approach. First of all, it requires a significant hard-
ware overhead, which defeats the simplicity of the original CORDIC algorithm.
Secondly, it mandates use of postscaling. Even though postscaling generally
exhibits smaller computation errors than prescaling [14][18], prescaling is gen-

erally preferred where only the absolute angle calculation rather than a gen-
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eral rotation capability, as in DDFS, is required because the implementation
can be made without any multiplier by fixing the initial vector to the proper
value. To improve this situation, Takagi, et al. proposed the double-rotating
CORDIC method [24]. In this approach, each rotation is decomposed into two
sub-rotations so that no-rotation can be performed by the two sub-rotations
in opposite directions. With this modification, every iteration is guaranteed
to have two sub-rotations so that the scale factor is a constant. However, this
method essentially doubles the amount of hardware in the datapath, and the
cycle time is also significantly increased. In the same paper, the authors also
introduced an alternative method, called “correcting rotation method.” In the
correcting rotation method, only a certain number of digits are inspected to
determine the sign, and even when it is not possible to decide, it rotates to one
of the directions. To compensate for the potential error, a correcting rotation
is inserted once every m-th iteration, where m depends on how many digits are
inspected for sign determination. Later, this correcting rotation concept was
further extended to the vectoring mode [25]. Another approach that utilizes
correcting rotations in a different way was proposed by Timmerman, et al. [26]
In this approach, the angle is directly recoded to rotation directions, and some
of the rotation steps are repeated to compensate for the errors introduced in
the recoding process. The authors also noticed that the second half of the
iterations can be replaced by two parallel multiplications because the approx-
imation arctan @ = # holds for the given precision. A more general discussion

regarding this potential use of the parallelism appeared in [27] and was later
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extended by Wang, et al. to yield a hybrid architecture [28]. In the hybrid
architecture, the circular-mode CORDIC implementation is divided into two
parts: a front-end that computes the first n/3 iterations in the conventional
sequential manner and a back-end part that processes the remaining 2n/3 it-
erations in parallel. The authors noted the possibility of employing a ROM
table for the front-end processor when the number of iterations is reasonably
small and only a sine/cosine computation, as opposed to a general rotator,
is necessary. While most of the approaches are focused, as discussed so far,
on expediting the sign decision process of the residual angle in a redundant
format or exploiting the arc-tangent approximation for later iterations, one
unique approach, called differential CORDIC (DCORDIC), was proposed by
Dawid and Meyr [29][30]. The DCORDIC algorithm transforms the original
CORDIC angle calculation recursion in such a way that only absolute values
of the angle are involved, and this algorithm transformation eventually leads
to the implementation of the angle path using on-line arithmetic [31]: each
angle calculation emits the result in the MSD-first manner and the next iter-
ation stage processes data as the digits arrive. This implementation yields a
two-dimensional systolic architecture [32][33] that is suitable for a low-latency

and high-throughput design and highly regular for VLSI realization.

3.2 CORDIC-based DDFS architectures

One of the most noticeable features of DDFS is that it inevitably in-

volves a feedback loop in the system. In the architecture shown in Figure 1.1,
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the feedback loop is in the phase accumulator where the current angle output
is recursively added to the phase increment to produce the next angle output.
For ROM-based architectures, this is the most convenient way of introduc-
ing feedback. Unlike the ROM-based architectures, however, CORDIC-based
DDFS systems can assume an alternative architecture that does not have a
phase accumulator, as shown in Figure 3.1. In this architecture, the CORDIC
engine performs as a rotator and the output is fed back to the input to be
rotated by the given phase increment. However, this approach has several
drawbacks. First of all, it becomes very difficult to pipeline the CORDIC
datapath due to the feedback loop, so that a high-throughput design is not
readily achievable. Second, it suffers from error build-up that can cause a
decaying or growing waveform. Finally, implementing a rotator generally re-
quires more hardware. A variant of this approach was proposed by Grayver
and Daneshrad [34], where a CORDIC engine is used off line to compute
sine/cosine values of the phase increment and then four multipliers are used
to implement a rotator with feedback. However, this approach is not free from

any of the drawbacks mentioned.

Phase

increment CORDIC angle pathZ—path )

Rotation
***** directions

_ Digital-to— Low-pass
"] analog converter| filter

\

> CORDIC datapathxy-path )

Figure 3.1: An alternative DDFS architecture with feedback in the datapath.
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For the reasons explained, more successful CORDIC DDFS realiza-
tions have generally employed phase accumulators. Gielis, et al. reported
a CORDIC DDFS that generates 10-bit samples at 540MHz rate [35]. This
sample rate is achieved by means of a rather advanced process technology, a
1-pm 13-GHz triple-level interconnect bipolar process, without employing any
special algorithm transformation. Madisetti, et al. reported a 16-bit 100MHz
CORDIC DDFS system [36] based on the partitioned-hybrid CORDIC archi-
tecture [28] that enables it to perform the last 2n/3 iterations in parallel. It
also employs a small ROM table to avoid the first n/3 of the iterations as
suggested in [28]. Note that, for some DDFS applications that need to rotate
arbitrary inputs, this ROM table approach becomes impractical and the first
n/3 sequential iterations are unavoidable [37][38]. One of the unique features
of Madisetti’s scheme is the angle recoding that is similar to the method of
Takagi, et al. [24], which converts the angle representation from the radix set
{0,1} to the radix set {—1,1}. With this scheme, when the initial vector is
properly pre-rotated by a fixed angle, each digit of the residual angle after the
first n/3 rotations directly reflects the direction of the rotation for the rest
of the iterations. The benefit of the recoding, however, is not immediately
apparent. Without the recoding, the residual angle is available for paral-
lel multiplication, so a lower-latency design would be achievable, or, if high
throughput is the main concern, the multipliers can be pipelined to the desired
level of granularity. Another hybrid approach proposed by Torosyan, et al. [39]

supports this argument. As in Madisetti’s scheme, the proposed architecture
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employs a ROM table that contains sine/cosine values for the first n/3 bits of
the angle. However, it does not use the CORDIC algorithm: instead it em-
ploys two stages of multipliers: the first of which performs a coarse rotation
by the ROM table output, and the second of which performs a fine rotation by
the remaining 2n/3 bits of the angle. Note that the second rotation essentially
performs the same task that is done by the CORDIC iterations in Madisetti’s
scheme. The first stage multiplier would not be necessary if only a DDFS were
to be implemented instead of a mixer: the ROM table could directly contain

pre-rotated values of an initial vector as in Madisetti’s scheme.

To apply the tangent (or sine/cosine) approximation as in the hybrid
approaches, the angle should be in radians. However, it is difficult to design a
phase accumulator in the radian format since the overflow becomes awkward
to deal with. This fact brings about a unique feature of the hybrid DDFS
architectures: a 7 multiplier to convert the phase accumulator output from
the range [—1, 1) to the range [—m, 7). Note that in pure CORDIC rotations
this is not necessary because the angle table entries can be normalized to the
[—1,1) range. It is also noteworthy that, as the throughput requirement in-
creases, the challenge is rather in the design of the phase accumulator. While
the actual sine/cosine calculation datapath can generally be pipelined to the
desired level of granularity, to increase the throughput of the phase accumula-
tor is more difficult due to its feedback. In [40], it was reported that the phase
accumulator limited the maximum system clock frequency. In [6] and [39], the

phase accumulator was implemented in a conditional-sum adder form, which is
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one of the most area-consuming adders [41], to achieve 200MHz and 300MHz
throughput, respectively [42]. The phase accumulator may be implemented
using a carry-save adder (CSA) with feedback, as suggested in [43]. This way,
the throughput of the phase accumulator can be made very high. However,
the vector-merging adder that follows the CSA should be pipelined to yield
the same level of throughput, and the pipelining necessitates a large number
of flip-flops to compensate for the time-skew inherent in pipelined adders [21].
Alternatively, the phase accumulator itself may directly be pipelined at the
bit-level [44] or at some group-carry level [45]. Unlike the CSA approach, the
pipelined phase accumulators require that the phase increment be supplied in
an LSB-first time-skewed manner, and generates the output also in an LSB-
first time-skewed manner, which generally mandates time-skewing latch blocks
at both input and output sides of the phase accumulator. In [44], however, an
approach that avoids the input-side latches by loading the phase increment in

a time-skewed manner was proposed.
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Chapter 4

DDFS based on the differential CORDIC
algorithm

The differential CORDIC (DCORDIC) algorithm was first introduced
by Dawid and Meyr [29][30]. While other CORDIC speed-up techniques are
based either on fast sign determination of the angle in a redundant form or
on the use of the small angle approximation to avoid sequential iterations, the
DCORDIC algorithm is unique in that it uses on-line arithmetic to perform
the computations for the angle path through an algorithm transformation.
On-line arithmetic was first proposed by Ercegovac and Lang [31] and can be
characterized by the following features. First, it utilizes a redundant number
system. Secondly, by utilizing a redundant number system, it can serially
process and output data in an MSD-first fashion. This means that, when
stages are cascaded, the processing time between two stages is overlapped in
a one-digit time-skewed manner, thereby achieving high throughput. In the
following sections, the DCORDIC algorithm is introduced in depth and the
application of the algorithm to DDFS is discussed. In the discussion, a new
phase accumulator architecture that is compatible with on-line arithmetic is

proposed and related algorithm modifications are introduced.
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4.1 Introduction to the differential CORDIC algorithm

The transformation of the circular-mode CORDIC algorithm into the
DCORDIC algorithm is accomplished by introducing an intermediate variable

in the z-path (angle path) as follows.

214.1 = 0; * Zi+1 (41)

Then, the following hold.
1Zisal = [2ia] (4.2)
Oi+1 = 05 (5’1'+1 (43)

Using this intermediate variable, the original angle recursion of the circular-
mode CORDIC algorithm can be transformed as follows. From the original

recursion 2,1 = 2; — 0; * Oy,
05 Zi+1 = 04+ 25 — @

Using Equation (4.1),

Zig1 = |z —

Using Equation (4.2),

Zigr = |3 — i
Taking absolute values,

el = |12 — o] = |13 + ) (4.4)

31



where ¢&; is a W-bit fractional two’s complement number:
W-1
ONZZ‘ = —; = _&iO + E dij . 2_], dij = O or 1l
Jj=1

Equations (4.4) and (4.3) define a new recursion relationship.

The beauty of this algorithm transformation is that it allows the use
of on-line arithmetic in the angle path. The on-line implementation of Equa-
tion (4.4) is accomplished through two stages. In the first stage, |;| + &; is
computed. With a proper redundant number representation, such as binary
signed-digit (BSD) numbers [16][46][47], this step can be implemented effort-
lessly. Here the role of the redundancy is that it confines the carry propagation
to within one digit so that the MSD-first addition can produce the output of
the digit with an on-line delay of one, without having to worry about the
future carries that might propagate from the later digits [48]. The second
stage of Equation (4.4) is to implement an on-line absolute value calculation
algorithm. In some redundant number representations, this also can be eas-
ily achieved. For example, in the BSD representations, the sign of a number
corresponds to the sign of the first non-zero MSD, and negation of the num-
ber can be performed by flipping signs of non-zero digits [16][46][47]. Figure
4.1 illustrates the on-line implementation of Equation (4.4) as explained. The

implementation also can be considered a two-dimensional systolic array.
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Figure 4.1: On-line implementation of the DCORDIC algorithm.
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4.2 Using carry-save number representation

The DCORDIC algorithm requires a redundant number representation
because it involves on-line arithmetic. In [30], the authors also indicated that
the carry-save representation could be used for the same purpose. However,
it is no longer on-line arithmetic in a strict sense when the carry-save number
system is used. The complication arises because the negation of a carry-save
number can require a full carry propagation that is caused by adding two ulp’s
to the bit-wise inverted output, as in the negation of a two’s complement num-
ber. Because of this reason, the authors indicated their preference for the BSD
representations because they are well suited to the on-line arithmetic process
in both sign determination and negation. However, for DDFS applications, the
carry-save number system is preferred by far because the phase accumulator
exploits the overflow behavior of the carry-save number representation, which
is the same as in the two’s complement number system. In [30], the authors
introduced an MSD-first absolute value calculation algorithm for carry-save
numbers, which has two fundamental limitations. First, it assumes that the
carry-save number has not overflowed. Second, when it needs to negate, it
defers the addition of ulp’s to the next stage. In general, the first limitation
is not a big concern for other applications with a proper design of the word-
length. However, it is incompatible with the output of the carry-save phase
accumulator that actively exploits the overflow behavior. To circumvent this
difficulty, first it is necessary to gain an insight into the overflow behavior of

the carry-save number representation.
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A fractional carry-save number X is represented by two vectors, a carry
vector C' = —cy + Z] | ¢j- 277 and a sum vector S = —sp + ZJ L8 27,
and the value of the number X is
w1
X =—(co+ s0) + Z cj + s5) (4.5)
j=1
From the expression, the range is clearly —2 < X < 2 — 2-W=2 However,
values outside of the range —1 < X < 1 —2-W=1 are considered to have
overflowed because they are beyond the range that a W-bit two’s complement
number can represent. To determine if a carry-save number has overflowed
or not may require a full-digit inspection. Specifically, the condition can be
detected by adding C' and S vectors and observing that the carry out of the
MSD is different from the carry into the MSD. This is only possible when
co = So. When ¢y = sg = 0, the number has overflowed if and only if the first
MSD where ¢y = sy, N > 0, has the value 2 (cy = sy = 1). In this case, the
value that X represents, which is negative, is

X=-1+ Y (c+s;)-27 (4.6)
j=N+1

On the other hand, when ¢y = sy = 1, the number has overflowed if and only
if the first MSD where ¢y = sy, N > 0, has the value 0 (¢cy = sy = 0). In
this case, the value that X represents, which is positive, is

X = Z2J+ Z (¢j+s;)-277 (4.7)

j=N+1

In all other cases where the number has not overflowed, the value that X

represents is expressed by Equation (4.5).
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Based on these observations, an MSD-first absolute value calculation
and sign determination algorithm for a possibly overflowed carry-save number
is derived as follows. When the MSD is 0 (¢ = so = 0), if the number has
not overflowed, it is positive and there is no need for negation. On the other
hand, if the number has overflowed, it is negative and should be negated. From

Equation (4.6),

IX| = —X (4.8)
w—-1
= 1- Z(cj—FSJ) 277 (4.9)
j=N+1
N-1 w-1 Ww-1
= 27 427N = Y g2 g2V = Y g2 (410)
Jj=1 j=N+1 j=N+1
N-1 W-—-1
= 277 4 (1—¢j) 277 427D
7=1 j=N+1
w-1
- (1—s;)-279 42" (4.11)
j=N+1
N-1 w-1 Ww—-1
= 277 + G277 + 5270 427 W2 (4.12)
j=1 j=N+1 j=N+1

It is interesting to note that, no matter whether the number has overflowed
or not, the MSD-first absolute value calculation can emit digits without any
modification until it encounters the first digit where cy = sy, and, from the
digit and on, it inverts bits if ¢y = sy = 1. Likewise, when the MSD is 2
(co = so = 1), if the number has not overflowed, it is negative and needs to be
negated. In this case, from Equation (4.5), | X| = —X = Q—Zﬁil(cj—ksj)ﬂ*j,

which is essentially equivalent to Equation (4.9) because 2 — Zj.vzl(cj +s;) =1
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On the other hand, if the number has overflowed, Equation (4.7) is valid. The
MSD-first absolute value calculation for this case is the same as the case where

the MSD is 0, except that the MSD output is the inversion of the input.

The algorithm for the cases where the MSD is 1 (¢y # so) is derived
n [30]. Basically, in this case, the number has not overflowed, and X =

-1+ ij;l(cj + ;) -279. The number is positive if ¢y = sy = 1. In this case,

1X| = X (4.13)
— _1+221+2 27N Z (c; +s;)-277 (4.14)
j=N+1
w-1
= > (¢j+s;)-27 (4.15)
j=N+1

If ey = sy = 0, the number is negative, and the following hold.

1X| = —-X (4.16)
wW-1
= 1—223 > (ej+s)-27 (4.17)
j=N+1
W-—-1
= 20— N (g +s5) 27 (4.18)
j=N+1
w—-1
= > (I—¢)-27 427"
j=N+1
Ww-1
+ ) (1—sy) 274270V (4.19)
j=N+1
w—-1 w—-1
= > G- Y+ > 5242 (4.20)
j=N+1 j=N+1
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Therefore, the MSD-first absolute value calculation outputs 0 until it encoun-
ters a digit where ¢y = sy, and from the next digit on, it inverts bits if

CN = SN = 0.

One special case of all the fractional digits being 1 should still be ad-
dressed to consider the algorithm complete. In this case, the sign of the number
being processed will not be decided all the way down to the least-significant
digit (LSD). This special case can further be divided into two different cases.
First, if the MSD is 0 or 2, the number is positive and the algorithm may be
terminated as usual because all the output digits are valid without any correc-
tive actions. In the second case, where the MSD is 1, the sign of the number
is negative. However, the output in this case is not correct until a ulp 2=W=1
is added to the output. This is in contrast to the other negation cases, which

require the addition of two wulp’s, or equivalently, 2=(W=2)

To summarize, the MSD-first absolute value and sign determination
algorithm for the carry-save numbers that are possibly overflowed can be ex-

pressed by the following behavioral Verilog [49] code segment.

Algorithm [Absolute value calculation for carry-save numbers|

input [W-1:0] C,S;
output [W-1:0] A,B;
output sign; // O for plus, 1 for minus

reg [W-1:0] A,B;
reg [1:0] sign_temp;

integer sign,index;

always Q(C or S)
begin
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sign = 0;
Alw-1] = 0;
B[W-1] = 0;

if (CLw-1]1==S[W-11)
begin

sign_temp = 2’b00;

for (index=W-2; index>=0; index=index-1)

begin

if (sign_temp[1]==0)
if (C[index]==0 && S[index]==0) sign_temp = 2’b10;
else if (C[index]==1 && S[index]==1) sign_temp = 2’bil;

if (sign_temp[1]==0)
begin
A[index] 1;
Blindex] = 0;
end
else if (sign_temp[0]==0)
begin
A[index] Clindex];
B[index] = S[index];
end
else if (sign_temp[0]==1)
begin
Alindex] = ~Clindex];
B[index] = ~S[index];
end

end
end

else
begin

sign_temp = 2’b01;

for (index=W-2; index>=0; index=index-1)
begin

if (sign_temp[1]==0)
begin
Alindex]
B[index]
end
else if (sign_temp[0]==0)
begin
Alindex]
B[index]
end
else if (sign_temp[0]==1)
begin

0;
0;

Clindex];
S[index];
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Alindex] = ~C[index];
Blindex] = ~S[index];
end

if (sign_temp[1]==0)
if (Cl[index]==0 && S[index]==0) sign_temp = 2’bill;
else if (C[index]==1 && S[index]==1) sign_temp = 2’b10;
end
end
if (sign_temp==2’b01)
begin
sign = 1;
A=A+1;
end
else if (sign_temp==2’b11)
begin
sign = 1;
A=A+ 1;
B=B+1;
end
else sign = 0;

end

The on-line, or more precisely, digit-pipelined realization of the algo-
rithm involves designing of one absolute value calculation digit cell, to be called
“ABS cell” hereafter, and cascading it multiple times to form a column, as il-
lustrated in Figure 4.1. Although the algorithm may appear quite involved at
first, the ABS cell can be implemented with a relatively simple logic circuitry

as shown in Figure 4.2 and Figure 4.3.

The addition of 2=W=1 in the case of all the input digits being 1 can
easily be incorporated into the LSD ABS cell. That is, the LSD ABS cell
can directly output 1 for this particular case, thereby avoiding the correcting
addition. This requires that the LSD cell be slightly different from the other

cells. Also, the LSD cell need not output the 2-bit encoded sign; instead, a
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sign_in

|

carry_in ABS [ ™ carry_out

sum_in —* (one digit) — sum_out

sign_inf | carry_in | sum_in carry_out | sum_out| sign_out*

PLUS
MBDO02
M5D02
M NUS
M NUS
V5D1
MBD1
PLUS
PLUS
PLUS
PLUS
PLUS
M NUS
M NUS
M NUS
M NUS

MSD02

MBD1

PLUS

M NUS

SO P PP O P OO O OO0 O+, O

B kB O Ok P O O|Fr B O O|F kB O O
P O Fr O|lFP O P Ol O R Ol O L O
O r O R|P PR OO|lOO O O|O Fr OO

o

* Sign is two—bit encoded. MsSD02 : MSD=0 or 2, and sign undecided.
MBD1: MSD=1, and sign undecided. PLUS: sign is plus.
M NUS : sign is minus.

(b)

Figure 4.2: Symbol (a) and truth table (b) of the ABS cell.
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sign_inl sign_inl
carry_in carry_in
sum_in sum_in
sign_in0 D carry_out sign_in0 D sum_out
sign_inl sign_inl
sgn_in0 sign_in0
sign_in0 sign_inl
carry_in carry_in
sum_in sum_in
sign_inl . sign_in0 .
smn sign_outl sum_in sign_out0
carry_in } carry_in }

Figure 4.3: Possible circuit realization of the ABS cell.
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separate sign decoder is required to output the final rotation direction.

While the addition of 2~(W =1 for the special case can easily be handled
as explained, the addition of 2=W=2) calls for a different treatment because,
whereas the addition of 2~("W~2) is equivalent to adding two ulp’s, there is only
one carry input available at the LSD ABS cell. Therefore, normally, it will
require another CSA column before the next ABS column. The addition of
the new CSA column will not only increase the hardware overhead, but also
increase the latency by one clock cycle per iteration. The extra CSA columns,
however, can be avoided by adding an extra row instead at the LSD position,
as explained in the following. Assume that the required angle resolution is
2-W=1) "meaning that the angle can be represented by a W-digit fractional
carry-save number. However, if W + 1 bits are allowed in the representation,

the angle recursion becomes:

w
= Co+80 +ZC]+S]
7j=1

w-1
—Gig+ Y Gy 277 46,027V (4.22)
j=1

W—
= —(Co+80+0[lo Z C]+8j+0~éij)-27j
]:

+lew +sw+64) -2V 6,27V (4.23)
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where:

w

12| = —(co+ s0) +Z ¢;+s;) 270 46,27 WD
7j=1
W—1

C~(i = — i:_ai0+zai]" j,and

L 0, otherwise

Note that, in Equation (4.23), all the terms are grouped by three and can be
input to one CSA vector, except for the last term, which can be connected
to the carry input of the (i + 1)-th digit ABS cell. Therefore, the addition of
2-W=2) can be accomplished with a minimal overhead, by using an extra row

with one-clock extra latency, as shown in Figure 4.4.

a (i-1)(wW-1) a(i)O’V-l)

N

mEi
[o]8]

2 &
4] [¢]

ABS

ABS | Rie ~-TC

Hi i
LSD + o LSD

i ek

L w|SIGN L »|SIGN 5 » SIGN

,_
1)
o

[¢79]

Added row for negatior

1
[%j o0

e | Oi+1
L Ils o
] T T
To data path To data path To data path

Figure 4.4: Adding an additional row for negating carry-save angle values.
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Note that the sign decoder should also output the signal &;, which
signifies the addition of 2=W=2). This signal is equivalent to &; except that it
is zero for the special case of all digits being 1. Figures 4.5 through 4.7 show
the symbol, the truth table, and a possible circuit realization of the LSD cell
and the sign decoder. Even though the sign decoder seems to have a critical
path longer than the others, it does not affect the system clock period because
the LSD ABS cell and the sign decoder can exclusively use the whole clock

period unlike the other digit cells.

sign_in
carry_in [, caryout
y LSD Y
sum_in ABS [ sum_out

sign_out (= sign_in)

\

SIGN
DECODE

" sigma_tld_out

sigma_in T sigma_out

Figure 4.5: Symbol of the LSD ABS cell and the sign decoder.
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sign_irt | carry_in | sum_in || carry_out| sum_out| sign_out*| sigma_hat S|gml?t_tld

MSD02
MSD02
MBD02
MBD02

MBD02

MsD1
VSD1
MBD1
MBD1

MBD1

PLUS
PLUS
PLUS
PLUS

PLUS

M NUS
M NUS
M NUS
M NUS

M NUS

P P O O|F P O O|F P O OfF » O O
r O P Ok O Fr O|Fkr O Fr O|Fr O Fr O
O r O FRP|(FP P O OO P O OO +» O O

O P PP O P OO O Fr OO O F, O
P P P PO O O O|O + P FP|FP OO O
P P P PO O O O|O O O |k OO O

o

* Sign is two—bit encoded. MSD02 : MSD=0 or 2, and sign undecided.
MSD1: MSD=1, and sign undecided. PLUS: sign is plus. M NUS : sign is minus.

Figure 4.6: Truth table of the LSD ABS cell and the sign decoder.
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caryin cary_n 4

sum_in sum_in
sign_inl ﬁ sign_inl ﬁ
sign_in0 J carry_out sign_in0 J sum_out
sign_inl sign_inl
sign_in0 sign_in0
sign_in0
carry_in
sum_in sign_in0
carry_in
sign_inl sum_in
sigma_hat sign_inl
) - sigma_tld_out
sigma_out
carry_in
carry_in
sum_jn ———
s ]
sigma_in

Figure 4.7: Possible circuit realization of the LSD ABS cell and the sign de-

coder.



4.3 Carry-save on-line phase accumulator

One major disadvantage of the DCORDIC architecture is that it re-
quires a large number of latches. In fact, all the latches that are internal to
the angle path are essential to the bit-level pipelining and can only be re-
duced by changing the pipeline granularity. The pipeline granularity can be
systematically adjusted by grouping cells in a square form at the expense of
throughput. Another source of latch-consumption, which appears more waste-
ful, is the input skewing block. The task of the input skewing block is simply
to generate a time-skew so that the input to the angle path is compatible
with the MSD-first format of the on-line absolute value calculation. When the
phase accumulator is implemented with parallel feedback, as shown in Figure

4.8, this time-skewing block is unavoidable, so that an alternative scheme that

skews the phase increment P = —py + Zj\gl p; - 277 at the loading time is
devised: loading the phase increment argument in the MSB-first time-skewed
manner essentially creates the same effect as if the initial angle in the accu-

mulator were skewed to begin with (Figure 4.9).

The alternative method proposed in Figure 4.9 is somewhat similar
to the scheme introduced in [44] but different in that it skews the argument
in the MSD-first manner, which complicates the feedback process because
it introduces a one-stage pipeline within the loop. Note that this pipeline is
inherent to carry-save arithmetic because the output of the current digit is not
complete until the next digit outputs its carry. To show how to circumvent this

complication, one-digit slice of the accumulator with feedback is illustrated in
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Latch Latch
I ) e

Pu-1 w Latch H Latch }—»

Triangular block of time—skewing latches

Figure 4.8: Phase accumulator with parallel feedback.
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Load phase-increment latches serially
in the MSB-first manner (assume initially all zero)

0 + Latch
/K/ %
0
0 \\b Latch
/ — L.
0
0 + Latch
/K/ &
0

I
3 -
a2

0 )j“/ Latch
a1

Carry—in ——>

Figure 4.9: Generating time-skew by serially loading phase increment.



Figure 4.10. Note that the phase increment argument is 2P instead of P.
With this small change, as long as the difference between the initial values
across the feedback latches is the intended phase increment P, the accumulator
behaves as desired, outputting angles in the increment of P. The validity of
the scheme can be proven by induction. At time index ¢, if the output of the
phase accumulator a[i] is  + P, then the feedback latch value f[i] , by the

hypothesis, is . At time index ¢ + 1,

ali +1] = f[i]+2P
= (z+P)+P
= ali]+ P
fli+1] = ali
= z+P

Therefore, it is shown that, at each iteration, the initial difference of P across

the feedback latches is maintained and the output is incremented by P.

The initial difference of P can easily be introduced by the scheme shown
in Figure 4.11, which first loads the phase increment latch with P and then
2P.
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Carry to the next stage

Initially x+p'

Carry from the previous stage

Figure 4.10: One-digit slice of the on-line phase accumulator.
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Figure 4.11: Phase increment loading for the on-line phase accumulator.
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The on-line phase accumulator scheme shown in Figure 4.10 and Figure
4.11 is valid only when the phase increment latches are initially all zero. In this
regard, it can be considered an off-line frequency switching scheme. However,
it is often necessary to change frequencies on the fly without going off-line.
On-the-fly frequency switching can be achieved by loading the latches with
P+ P! and then with 2P!, where PP is the current phase increment value in
the latches and P! is the new phase increment to be loaded. Comparing to the
off-line scheme, where it loads 2P' and then P!, this on-line loading scheme
requires an extra adder to compute P°+ P!, This addition consequently results
in a delay that increases the system latency. Note that 2P! can be obtained by
merely shifting the argument. An alternative on-the-fly frequency switching
scheme that does not cost an additional adder is shown in Figure 4.12. This
scheme basically follows the framework of the off-line scheme: loading 2P!
and then P'. The difference is that, when it loads 2P!, it jams the feedback
latches so that they are not updated. One drawback of this scheme is that
there is one invalid sample at the switching boundary. Specifically, the output

sequence when switching from P° to P! is as follows.
o+ P x4+ 2P° 2+ 3P 2+ 2P+ Pl o+ 2P° + 2P v +2P° + 3P - ..

Here the sample z +3PY does not fall within the continuous sequence. In most

applications, this should be negligible and represent a reasonable trade-off.

54



From phase increment latch Carry to the next stage

-

Disable when the phase increment Enable
latch isloaded with 2 p

Enable a

DFF

Carry from the previous stage

Figure 4.12: One-digit slice of the on-line phase accumulator for on-the-fly

frequency switching.

4.4 Interfacing the phase accumulator to the DCORDIC
engine

As is, the proposed phase accumulator cycles through the range [—1, 1).
Even though this is the intended behavior for a general phase accumulator,
it is not compatible with the CORDIC algorithm which has a domain of con-
vergence of, approximately, [—99.7 ©,99.7 °] [16]. Therefore, it is necessary to
limit the angle argument into the CORDIC engine to be in the range [—%, %]
and, instead, use the symmetry of the sine/cosine function to properly negate
the final output. Note that the negative region (—1,0) is mapped to the posi-

tive region (0, 1) immediately after the first ABS column. Therefore, to ensure

convergence, it is sufficient, except for the case where the angle is —1 which
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maps back to itself, to map the upper-half positive region, (%, 1), into the
lower-half positive region, (O, %), after the first ABS column.

The proposed mapping can be achieved by performing another absolute
value calculation on the fractional digits of the first absolute value calculation
output. This can easily be accomplished by inserting an extra ABS column
after the first one as shown in Figure 4.13. Because the operation is on the
fractional digits, the sign digit is simply dropped and not input to the extra
vector. More precisely, it is equivalent to multiplying and dividing the carry-
save number by 2 before and after, respectively, the extra ABS column. This
is possible since the sign digit is always zero after the first absolute value
calculation. An extra CSA column is necessary, as shown in the figure, for the
addition of two ulp’s in case of negation, as explained previously. With this
extra iteration, when the datapath uses the rotation direction starting from
o1, the correct overall mapping, [—1,—%] to [O, %} and [%,1) to [—%,O), is
achieved. Note that the proposed scheme properly maps —1 to 0.

The information regarding whether the original angle argument was

L l) needs to be carried over through the datapath so

within the range (—5, 5

that the final CORDIC output can be properly negated. Figure 4.14 shows
the mapped cosine and sine waveforms in the normalized range [—1,1) and
identifies the regions that require output negation. Essentially, this one-bit
information that indicates the need for output negation is the same as 71, the
sign result of the extra ABS column. However, there are two singular cases

to this generalization due to the asymmetry of the two’s complement num-
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Figure 4.13: Extra iteration for angle mapping.

ber representation. The first case occurs when the phase accumulator output
is —1, which can cause a problem in cosine evaluation. Because there is no
positive counterpart for —1 in the fractional two’s complement number rep-
resentation, the absolute value calculation on this input results in —1 again,
and multiplying the number by 2 results in 0 due to overflow. This is cor-
rect, at least in the sense that the sine/cosine evaluation is valid in terms of

magnitude. The complication, however, arises from the fact that the absolute
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Negate output | Do not negate output | Negate output

MSB = 10 ! MSB = 11 3 MSB = 00 ! MSB =01

Normalized
angle

Normalized
angle

Figure 4.14: Mapped cosine and sine waveforms and regions that require out-

put negation.

value calculation algorithm outputs a positive sign to this input so that the
sine/cosine output will not be properly negated. The second case, which can
cause a problem in sine evaluation, is similar to the first one, and occurs when
the phase accumulator output is —0.5. In this case, the output of the first
ABS column is 0.5, so that multiplication by 2 results in —1, again, due to
overflow. Consequently, the extra absolute value calculation algorithm will

decide on a negative sign, while its output, when divided by 2, finally becomes
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0.5. Therefore, it is necessary to decode the sign information slightly differ-
ently to accommodate these singular cases. Fortunately, these two conditions
can easily be identified by looking only at the inputs of the sign decoder block
of the extra ABS column, because, in those cases, the sign input to the sign
decoder block must be “undecided” and the digit input must be 2. This can
be understood by first observing that the LSD input is non-zero for those cases
because the proposed architecture always puts 1 or 2 in the LSD in case of
negation. If the LSD is non-zero, then it must be 2 because the number is 0 or
—1. With the LSD being 2, the only possibility that the number can be 0 or
—1 is that all the fractional digits are 1 so that the carry from the LSD prop-
agates all the way up to the sign digit, making all the fractional digits zero,
which in turn implies that the on-line absolute value calculation algorithm can

not determine the sign of the number until the LSD.

The extra iteration for angle mapping costs not only extra hardware but
also increases the latency by two extra clocks. One way to avoid this extra
overhead is to treat the phase accumulator output as being in the [—%, %)
range, and have a overflow detection circuit to alternatively mark negation
every time an overflow occurs. This is certainly more efficient in terms of
hardware and latency, but requires that the normalized phase increment be
smaller than 1/2 to ensure that the overflow is detected. Even though the
sampling theory dictates that the normalized phase increment may be as large

as 1, allowing the output frequency of the sinusoids to be up to the half of

the system clock frequency [50], it is a general practice to keep the increment
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smaller than 2/3 because of the the complexity involved in the analog filter
design [36]. In applications that can sacrifice some of the output frequency
dynamic range, further restricting the increment under 1/2 can be a good

trade-off since it also relaxes the analog filter specification.
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Chapter 5

Implementation of the DCORDIC-based
DDFS architecture

The DDFS architecture based on the DCORDIC algorithm, as pre-
sented in Chapter 4, is implemented in Verilog [49]. More precisely, a generic
environment is created that generates fully synthesizable Verilog codes which
implement the proposed DDFS architecture, given a set of the required param-
eters such as the number of iterations, the datapath width, and so on. In the
following sections, implementation details of the environment are discussed.
Also, some simulation results on the resulting DDFS systems are presented.
The chapter concludes with a section that compares the physical attributes of

the implementation with other published works.

5.1 Implementation

The overall work flow of the generalized environment that generates
the proposed DCORDIC-based DDFS system is illustrated in Figure 5.1.

Basically, there are pre-defined Verilog templates for the DDFS components,
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and, using those templates, a Perl script [51] generates a complete DDF'S sys-
tem in Verilog for the given parameters. Figure 5.2 shows the symbol of the

DDFS system generated by the environment.

There are several system-level choices made in the implementation: for
the phase accumulator, the on-the-fly frequency switching scheme as in Figure
4.12 is employed, and, for mapping the phase accumulator output into the
domain of convergence, the extra ABS column insertion as in Figure 4.13 is
performed. Also, the carry-save representation is used for the sine/cosine data-
path. In using the carry-save representation in the datapath, it is necessary
to make each stage’s output a non-overflowed carry-save number so that the
shift-right operation on the carry-save number may be performed with sign-
extension, as explained in [43]. This requires a modified adder structure in the
MSD as shown in Figure 5.3. The modified structure ensures that each vector
of the carry-save output is a valid two’s complement number so that scaling

may be performed properly with MSD-extension. Also, a guard-digit is added

negate
phase_inc > P datapath_carry_x
load_phase_inc P datapath_sum_x
. P> datapath_carr
dcordi c_ddfs pan ey
- P datapath_sum_y
clk -
reset » angle residue_carry
P angle residue_sum

Figure 5.2: Symbolic representation of the DCORDIC-based DDFS system.
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to deal with the true overflow that can temporarily occur during calculation.
(That is, the case where datapath value becomes equal to or larger than 1, or

smaller than —1.)

The datapath uses jamming as suggested in Chapter 2. The error
bound, however, is doubled because there are effectively two two’s complement
numbers being quantized by jamming one carry-save number. The actual er-
rors, however, should not be as severe as the bound because of the cancellation

of errors due to the unbiasedness of jamming, as explained in Chapter 2.

Overflow-correcting full adder at MSD

} MSD output

N
Second MSD input +
_ Second MSD output
N
Third MSD input % -
N 4

Figure 5.3: Overflow-correcting full adder at the MSD position of the datapath

carry-save adders.
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The datapath is two-stage pipelined per iteration stage. The input-
delaying latches shown in Figure 4.1 are not necessary because the datapath

inputs are constants.

One architectural consequence of the DCORDIC-based DDFS system,
or, more generally, fully parallel CORDIC implementation, is that it does not
require an explicit ROM table for storing the alpha values. That is, each full
adder in Figure 4.1, one input of which is tied to a constant alpha bit, can
actually be implemented with a half adder or a modified half adder that has
two inputs and adds one internally, depending on whether the alpha bit is 0 or
1, respectively. This not only eliminates the ROM table, but also significantly
reduces the hardware necessary to implement the CSA’s and makes the critical

path shorter.

5.2 Alpha table quantization

In a fixed-point realization of the proposed architecture, the alpha table
must be quantized to a finite precision. This quantization can be another
source of error in CORDIC arithmetic, and, therefore, calls for some analysis.
To begin with, it can easily be inferred that the alpha table precision should
be at least be 2-("*Y where n is the number of iteration, because the last

entry in the table is

arctan 2-(»=1)  9-(n-1)
A1 = T i
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However, this is only a necessary condition because the quantization errors

may break the convergence condition [52]

Even when it converges after quantization, the angle approximation error will
have a different characteristic because the last entry in the table, the quantized
version of «,_1, will be bigger or smaller than the original «,_; due to the

quantization error.

5.3 Simulations

A set of register-transfer-level (RTL) simulations has been performed
on the generated Verilog codes, using the Icarus Verilog simulator [53] under
a Linux environment running on an Intel Pentium IIT 700MHz platform. The
purpose of the simulations is three-fold. First of all, the correctness of the
implementation is verified by the simulations. Second, the effect of the alpha
table quantization can be observed through the simulations. Third, the effect
of jamming on the carry-save datapath is observed and compared with the

previous results of jamming the two’s complement datapath.

The simulations are performed in two groups. In the first group, the
effect of the alpha table quantization is observed by varying the alpha table
precision with a fixed datapath width. The datapath width used is 30, which

is a value large enough to emphasize only the angle approximation error, and
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rounding is used as the alpha table quantization scheme. The simulations
are performed for different numbers of iterations (8, 9, 12, 13, 16, and 17)
and the alpha table precision is increased until the number of effective bits
becomes the same as the value obtained by the previous simulation (Section
2.7) with the same number of iterations and datapath width. The alpha ta-
ble precision obtained by this procedure can be considered equivalent to the
precision achieved by the floating-point representation. Tables 5.1 through 5.3

summarize the results.

Table 5.1: Number of effective bits in fraction for 8-bit angle resolution with
varying « table resolution. The « table is rounded. The datapath uses 30-digit

(fractional) fixed-point carry-save format and is jammed at each iteration.

No. of fractional bits in « representation

With 8 iterations || 6.196 | 6.417 | 6.705 | 6.735 | 6.953 | 7.049

With 9 iterations 7.002 | 7.460 | 7.511 | 7.907 | 8.095

Table 5.2: Number of effective bits in fraction for 12-bit angle resolution with
varying « table resolution. The « table is rounded. The datapath uses 30-digit

(fractional) fixed-point carry-save format and is jammed at each iteration.

No. of fractional bits in « representation

With 12 iterations || 9.605 | 9.954 | 10.560 | 10.847 | 10.905 | 10.964 | 11.000 | 10.988 | 11.000

With 13 iterations 10.353 | 11.223 | 11.709 | 11.816 | 11.928 | 11.999 | 11.976 | 12.001

67



Table 5.3: Number of effective bits in fraction for 16-bit angle resolution with
varying « table resolution. The « table is rounded. The datapath uses 30-digit

(fractional) fixed-point carry-save format and is jammed at each iteration.

No. of fractional bits in « representation

With 16 iterations || 13.362 | 13.775 | 14.376 | 14.841 | 14.964 | 14.995 | 14.998 | 14.999 | 15.000

With 17 iterations 14.122 | 14.726 | 15.628 | 15.929 | 15.978 | 15.996 | 15.998 | 16.000

In the second group of simulations, the effect of jamming the carry-
save datapath is observed by varying the datapath width while the alpha
table precision is fixed to the values obtained in the first group of simulations.

Tables 5.4 through 5.6 summarize the results.

Table 5.4: Number of effective bits in fraction for 8-bit angle resolution with
varying datapath width. The a table resolution is 14 bits. The datapath uses

carry-save format and is jammed at each iteration.

Datapath width

With 8 iterations || 5.318 | 6.077 | 6.661 | 6.625 | 6.905 | 6.992 | 7.034 | 7.044 || 7.049

With 9 iterations 5.300 | 6.114 | 6.934 | 7.325 | 7.749 | 7.977 | 8.026 | 8.079 8.095
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Table 5.5: Number of effective bits in fraction for 12-bit angle resolution with
varying datapath width. The « table resolution is 21 bits. The datapath uses

carry-save format and is jammed at each iteration.

Datapath width

With 12 iterations || 8.775 | 9.650 | 10.105 | 10.582 | 10.774 | 10.895 | 10.972 | 10.991 11.000

With 13 iterations 8.717 | 9.791 | 10.386 | 11.172 | 11.478 | 11.782 | 11.924 | 11.979 12.001

Table 5.6: Number of effective bits in fraction for 16-bit angle resolution with
varying datapath width. The « table resolution is 30 bits. The datapath uses

carry-save format and is jammed at each iteration.

Datapath width

With 16 iterations || 12.365 | 13.256 | 13.840 | 14.381 | 14.739 | 14.829 | 14.931 | 14.966 || 15.000

With 17 iterations || 12.318 | 13.304 | 14.164 | 14.875 | 15.468 | 15.618 | 15.809 | 15.921 16.000

The effect of jamming in the carry-save datapath is also compared
with the previous simulation results that used the two’s complement datapath.
Figures 5.4 through 5.6 compare the number of effective bits, and Figures 5.7
through 5.9 compare the error variance. In the figures, it is generally seen
that jamming the carry-save datapath still performs better than truncating
the two’s complement datapath, though it is worse than jamming the two’s
complement datapath, for both the worst case error (the number of effective
bits) and the noise power (the variance). Again, the unbiasedness of jamming

errors plays an important role limiting the errors far under the bound.
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5.4 Comparison of physical attributes

To evaluate the physical attributes of the implementation, two specific
instances of the resulting system are chosen and synthesized under a standard-
cell design flow. In a standard-cell design flow, a few pre-laid-out cells, such
as NAND and NOR gates, are used as basic building blocks to implement
the entire system [54]. Normally, the mapping of the overall design into the
pre-defined building blocks, a process more generally known as synthesis, can
be performed automatically by a computer-aided design (CAD) tool. Though
the resulting hardware is usually not optimal in terms of area and speed,
the standard-cell design flow is widely adopted because it enables the rapid

development of a complex system with relative ease.

The system parameters of the instances chosen for the experiment are as
shown in Table 5.7. The parameters are chosen in such a way that the proposed
instances are comparable to the specified comparison targets in terms of the

SEFDR so that the comparison of area and speed can be meaningful.

Table 5.7: System parameters of the instances chosen for synthesis.

Phase accumulator No. of a table width | Datapath width Comparison
width iterations (fractional) (fractional) target
Instance 1 15 15 16 17 Torosyan [39]
Instance 2 12 10 11 10 Gielis [35]

The synthesis tool used is Design Compiler [55] from Synopsis, Inc.

under the Solaris operating system running on a Ultra 10 workstation from
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Sun Microsystems, Inc. The standard cells used are the SAGE library from
Artisan Components, Inc., a 2.5-volt standard-cell library for the UMC 0.25-
pm CMOS process [56]. The result of the synthesis run and the static timing
analysis that is based on a conservative wire load model, together with the

summary of the target systems for comparison, is presented in Table 5.8.

Table 5.8: Physical attributes of the synthesized instances and the comparison

targets.
H Technology Max. sample rate Area Worst-case SFDR
Instance 1 0.25um CMOS, standard cell 625MHz 1.246mm? ~90dB
Torosyan [39] || 0.25um CMOS, standard cell 300MHz 0.36mm? 90.36dB
Instance 2 0.25um CMOS, standard cell 621MHz 0.57mm? ~60dB
Gielis [35] 1pm 13GHz bipolar, custom 540MHz 24.96mm? ~60dB

The work of Torosyan, et al. is one of the most recent published de-
signs. Comparison of this work with Instance 1 is meaningful in many aspects
because it is based on a similar 0.25um CMOS standard-cell design method-
ology. A rough look at the table indicates that Instance 1 achieves an output
sample rate that is more than double that of Torosyan, et al. at the expense
of extra hardware that is about 3.5 times more. Torosyan, et al. indicate
that their approach can achieve 600MHz output sample rate by duplicating
the hardware because, in its original implementation, the hardware actually
uses a 600MHz master clock to time-multiplex the multipliers for the sine and
cosine computations. In this case, the overall sample rate becomes compara-

ble, but Instance 1 would occupy about 73% more hardware. Before taking
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these numbers as they are, note that the work of Torosyan, et al. implements
a general rotator, instead of a plain DDFS system, which makes Instance 1 a
functional subset of the implementation. Despite this discrepancy, however,
the comparison should still be indicative of the physical attributes of the pro-

posed system in relation to the published work.

Table 5.8 also shows that the proposed architecture, as realized in In-
stance 2, outperforms Gielis’ design, one of the fastest DDF'S systems reported.
However, a direct comparison of the numbers between these two, especially for
the area, is not very useful because the technology and the design methodology
used are very different. However, it is chosen for comparison mainly because
it is one of the fastest DDF'S systems reported. The fact that it also featured

a direct CORDIC realization makes it a good candidate for comparison, too.

According to these comparisons, the major performance advantage
of the proposed DDFS system is its high speed of operation. Even in the
standard-cell design flow used, the analysis shows that it will result in through-
put that is higher than 600MHz, which is still a conservative estimation since
the wire load model used for the static timing analysis is a conservative one
whereas the highly-regular architecture ensures that the majority of the signal

paths will be short local interconnections.

While Torosyan, et al., as mentioned previously, claim that their ap-
proach can achieve comparable throughput by duplicating the hardware, which
would be with significantly less hardware, the proposed DCORDIC-based

DDFS architecture has the advantage of being scalable across a wide range
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of design parameters. More specifically, here the scalability means that the
system can scale up to a desired precision by repeating only the basic building
blocks in a highly regular manner, while maintaining largely the same through-
put across different design parameters. The scalability is a direct consequence
of the highly regular architecture, and demonstrated by showing that Instance
1 has approximately the same throughput as Instance 2 and does not incur

any additional design effort.

The scalability also suggests that the proposed architecture will lend
itself to very efficient custom circuit implementation. While design and char-
acterization complexities are among the major hurdles that limit the general
use of custom circuit design methodologies, the proposed architecture only
requires that a few basic cells be created and thoroughly verified, after which
the rest of the design process should resemble the standard-cell based design
flow. The use of a custom circuit design methodology has two positive impacts
on the resulting system. First of all, the size of the overall hardware will be
significantly reduced. While this is generally a valid statement for custom-
designed circuits, the proposed architecture will benefit even more due to its
heavy use of flip-flop components. In standard-cell based designs, flip-flops are
one of the most area-consuming components because there is no provision for

forming an efficient vector of flip-flops.

The operation speed will also benefit from the custom circuit imple-
mentation. The static timing analysis for both Instance 1 and Instance 2

shows that the critical path of the design is through the MSD of the overflow-
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correcting CSA in the sine/cosine datapath. The implementation of the overflow-
correcting CSA shown in Figure 5.3 clearly confirms the timing analysis; unlike
other digits, the MSD of the overflow-correcting CSA has two extra XOR gates
in its longest path, which is approximately equivalent to one full-adder delay.
While it is not generally possible to avoid this penalty in the standard-cell
based implementation of the circuit, it is shown that the function can be re-
alized by a custom-designed special adder block that costs neither the area
nor the speed [43]. This means that, in addition to the proportional speed
improvement that is generally expected, the custom circuit implementation
can specifically improve the critical path of the proposed system, making the

overall gain even more significant.
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Chapter 6

Discussions and plans for further research

In this research, CORDIC-based DDFS architectures are studied. The
finite-precision effects of the CORDIC algorithm are analyzed in the context
of DDFS, and accompanying simulations show that the use of jamming in the
CORDIC datapath results in errors that are comparable to those obtained
with rounding. Also, it is shown that the CORDIC output can be made exact

to the digits by an additional rounding process.

After the basic algorithm analysis, fast CORDIC algorithms are inves-
tigated and compared. The variations of DDF'S architecture that utilize those
algorithms are also investigated. The investigation reveals that most previous
approaches focused only on the datapath, which is the CORDIC engine, and
the integration of other system components did not get proper attention. For
example, when the arc-tangent approximation is used to process later itera-
tions in parallel, the angle argument should be in radians while most phase
accumulators are in a normalized format, so that there should be a 7 mul-
tiplier in between. This multiplier can be a significant source of additional

area and latency. Also, designing a high-speed phase accumulator in a con-
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ventional manner can drastically increase the area and latency, too. In this
regard, the DCORDIC algorithm is studied as an alternative. Specifically,
the DCORDIC implementation using the carry-save number representation is
introduced. Also, a new absolute value calculation algorithm is derived that
can deal with possibly overflowed carry-save numbers. The new algorithm
is required to interface the angle path with a carry-save phase accumulator.
An architectural modification of the DCORDIC implementation is also in-
troduced that enables the addition of two wulp’s, which is necessary for the
negation of carry-save numbers, to be performed in the on-line arithmetic
framework. On-line carry-save phase accumulator architectures that eliminate
the time-skewing latch block inherent to the DCORDIC algorithm are another
contribution of the research. The proposed on-line carry-save phase accumu-
lators smoothly fit into the DCORDIC’s systolic architecture through a novel
angle mapping interface, which resembles the other iteration stages, so that a

seamless, bottleneck-free datapath is realized throughout the system.

A generic environment is created that generates fully synthesizable Ver-
ilog codes that implement the proposed DDFS architecture when given a set of
design parameters. Through a set of register-transfer-level simulations on the
implemented Verilog codes, the effect of quantizing the alpha table is identified.
The effectiveness of jamming in the carry-save datapath is also demonstrated
through the simulations. Some physical attributes, such as area and speed, of
the implemented system are investigated by synthesizing two specific instances

of the implementation in a standard-cell design flow and comparing them with
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two published designs. The comparison reveals that the implemented system
can achieve high throughput in a scalable manner across a wide range of the
design parameters, although it requires more area. It is noted that the highly-
regular construction of the implementation is well suited to custom-design

methodologies that can lead to further improvements in both area and speed.

There still exist possibilities of improvement to the current implemen-
tation of the architecture. It may be possible to further optimize the current
sine/cosine datapath implementation. The DCORDIC algorithm requires that
each iteration stage of the datapath be two-stage pipelined, the first of which is
internal to the iteration and the second is at the output of the iteration stage,
because the rotation directions become available in a two-clock time-skewed
manner. Currently, each iteration stage, which is essentially two CSA’s cas-
caded, is evenly divided so that each pipeline stage contains one CSA that in-
curs one full-adder delay. Though it may seem plausible at a glance, this provi-
sion for pipelining would not be able to achieve the optimal performance. This
is because routing between iteration stages involves a cross-addition between
the sine and cosine paths which also involves a hard-wired shifting operation,
whereas the coupling of the two CSA’s within each iteration stage is very tight.
As a consequence, with the current pipelining scheme, pipelining between it-
eration stages will suffer a longer delay when it is physically implemented.
Therefore, it would be wise to put more circuit elements in the pipeline stage
that is internal to the iteration. Also note that the sine/cosine datapath is not

perfectly scalable because the length of the wire that is required for the cross-
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addition and the shifting operation depends on the datapath precision and
the number of iterations, while the angle datapath is perfectly scalable, within
physical limitations such as the clock skew, due to its systolic architecture. In
this regard, it will be optimal to make the first pipeline stage delay the same
as the critical path delay in the angle path, which is approximately a delay
for two full-adders, leaving as much headroom as possible for routing between
iteration stages. This way, the overall system can be made fully scalable until
the routing delay between the iteration stages uses up the allowed headroom.
A datapath layout scheme proposed in Figure 6.1 will also help maximize the
routing headroom, which shows that alternating sine/cosine stages along the
datapath leads to an improved critical path when compared to implementing

a straight datapath.

The sine/cosine datapath may further require some additional post-
processing such as negating, converting to the conventional two’s complement
format, and dithering. Negating may be necessary because the output has
a “negate” flag that signifies that the output should be negated to correctly
represent the current value. For the carry-save representation currently imple-
mented for the datapath, an additional CSA stage is required to accomplish
this task. Therefore, for applications that require properly negated outputs, it
will be more beneficial to use the BSD representation instead, because negating
BSD numbers only requires that the sign of each digit be flipped [46]. There
also exist efficient limited-carry adder architectures for the BSD representa-

tion [47][57]. The output may also have to be converted to the conventional
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Figure 6.1: Worst-case routing between iteration stages in sine/cosine data-

path. With a straight datapath (a), and with an alternating datapath (b).

two’s complement number, for example, if it is to be interfaced to a commer-
cially available DAC. The conversion will involve a parallel addition, which
is significantly slower than the main DCORDIC DDFS engine. Therefore, it
will require some form of pipelined adder, most likely at some group-carry
level, with deskewing latches. The conversion process may also perform the
truncation of the output to the precision of the DAC preserving the intended

number of effective bits, if necessary, as mentioned in Chapter 2.

Dithering is a signal processing technique that deliberately introduces
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a small level of noise to the signal to spread out the noise power in the signal
over a wide range of frequencies. For DDFS, it has the effect of improving
the SFDR of the output by spreading out the energy at the largest spur.
Dithering generally involves generating a pseudo random number sequence and
adding it to the output, and sometimes requires filtering to further “shape”
the noise spectra so the unwanted energy is pushed out of the frequency band
of interest [58]. Dithering can also be applied to phase truncation as it is
customary to allow more bits for the phase accumulator than the sine/cosine

engine can resolve [11].

The throughput of the DCORDIC architecture can readily be adjusted
in a systematic way by grouping cells in a square form. This way, a trade-off
can be made between throughput and area. While this approach saves area
mainly by removing pipeline latches, however, the sequential implementation
of the algorithm can save significantly more hardware by removing the actual
datapath components, provided that a finer clock than the required throughput

is available.

Another natural extension of the research is the hybrid implementation
of the algorithm. Basically, this approach exploits arc-tangent approximation
for small angles to perform the last 2n/3 iterations by parallel multiplications,
as suggested in [28]. While using the DCORDIC architecture together with the
on-line phase accumulator for the first n/3 iterations will retain all the benefits
of the systolic implementation as discussed, it is also expected that other back-

end parts will benefit from this framework as well: especially the m multiplier
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is likely to be realized in the on-line arithmetic framework, thereby imposing
no additional burden on the latency. Overall, the hybrid implementation is
expected to improve the latency of the system by performing the last 2n/3

iterations in parallel by fast multipliers, at the expense of scalability.
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