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Blake Elliott Simon, M.S.
The University of Texas at Austin, 2020

Supervisor: Mark F. Hamilton

This thesis investigates the nature of “fractional waves”, i.e., physical
processes that are described by a fractional derivative. Fractional calculus
is an extension of traditional calculus to include integrals and derivatives of
non-integer order. In fractional wave models, the fractional derivative is used
to model attenuation and dispersion during waveform propagation. Fractional
wave equations interpolate between the diffusion (heat) equation and the con-
ventional wave equation. A specific physical example of a fractional wave is
the Lucassen wave. Lucassen waves are longitudinal disturbances that prop-
agate along an elastic layer coupled to a fluid half-space and are modeled by
a fractional wave equation with a fractional time derivative. The equation
describing the propagation of linear Lucassen waves is derived in this work.
Nonlinear Lucassen waves were first described by Kappler et al. [J. Kappler,
S. Shrivastava, M. F. Schneider, and R. R. Netz, “Nonlinear fractional waves
at elastic interfaces,” Phys. Rev. Fluids 2, 114804 (2017)] and have been con-

nected to the mechanical wave that accompanies the electric action potential

vi



during nerve pulse propagation. Two evolution equations for progressive non-
linear Lucassen waves are derived in the present work from the equation of
Kappler et al. These evolution equations are of reduced differential order and
are thus easier to solve numerically. The evolution equations are also used to
obtain additional physical insight. An alternate evolution equation for non-
linear Lucassen waves that accounts for viscosity in the interface is derived as
well. This evolution equation is more accurate for propagation along interfaces
with viscosity that is significant compared with that of the liquid half-space
to which it is coupled. The possibility of vertical tangent (shock) formation
is explored for general fractional wave evolution equations. The evolution
equations derived in this work are transformed into the intrinsic coordinates
originally introduced by Hammerton and Cirghton [P. W. Hammerton and
D. G. Crighton, “Overturning of nonlinear acoustic waves. Part 1: A gen-
eral method,” J. Fluid Mech. 252, 585-599 (1993)] in order to analyze the
propagation of nonlinear waveforms with large gradients approximating shock
fronts. It is shown that the evolution equation that accounts for viscosity in
the interface is the most stable for numerical calculations of the propagation

of these nonlinear waveforms with large gradients.
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Chapter 1

Introduction

1.1 How the brain led to fractional diffusive waves

In April of 2018 an article by Douglas Fox titled The Brain, Reimagined
was published by Scientific American.! Based primarily on the work of Ichiji
Tasaki, Thomas Heimburg, and Matthias Schneider, this article promulgates
the groundbreaking idea that nerve cells communicate with mechanical pulses,
not electric ones as conventionally thought. The subtitle of the article reads,
“The physicists who have revived experiments from 50 years ago say nerve

1 The prevail-

cells communicate with mechanical pules, not electric ones.”
ing theory of nerve pulse propagation since the 1950s is the Hodgkin-Huxley
model,? which is purely electrochemical in nature, and for which Hodgkin and
Huxley were awarded the Nobel Prize in Physiology or Medicine in 1963. To
suggest that nerve cell communication is primarily mechanical in nature, as
Fox does in the subtitle of his Scientific American article, is truly a disruptive
hypothesis for the neurophysiology community. Although this main point of
the Scientific American article was described as a slight misrepresentation by
a researcher that works closely with Schneider,® the controversy had already

begun. In Fox’s article, one neurobiologist says' “It strikes me as this business

that physicists do, saying, ‘We can approximate this cow as a single point’” to



describe their perceived superiority complex of the physicist that strides into

a different field telling other scientists how they ought to think.

As researchers in the field of acoustics, we were very intrigued by the
possibility that a nonlinear mechanical wave may play a significant role in nerve
cell communication. The seemingly most well-known thermodynamically-
based model for nerve impulse propagation has been proposed by Heimburg
and Jackson,* which explicitly accounts for the mechanical variations in the
neural axon membranes. However, the idea that the coupling of the mechan-
ical wave to the action potential is important for understanding nerve pulse
propagation goes back to at least Kaufman in 1989.5 While reaction to the Sci-
entific American article by some within the neuroscience community has been,
at best, skeptical, what is indisputable is that some kind of mechanical distur-
bance accompanies the electric action potential, which has been demonstrated
in experiments over the last few decades.® ! The question is what role, if any,
does this mechanical wave play in cell-to-cell communication. Acousticians
are not qualified to take a side in this debate, but perhaps our perspective can
provide better physical understanding of the mechanical wave in nerve axons.

This leads us to the experimental work of Schneider, Griesbauer, and

1217 which investigates the propagation of mechani-

Shrivastava among others
cal waves on Dipalmitoylphosphatidylcholine (DPPC) lipid monolayers. These
lipid interfaces have physical properties similar to those of biological mem-

branes of the kind found in nerve axons.!* It was shown that the mechanical

waves in these layers share attributes with neural action potentials, such as the



14,18 and the collision and annihilation of pulses traveling

all-or-none principle
in opposite directions.’® Coupling between the action potential, the mechan-
ical surface wave on the cell membrane, and the pressure wave in the nerve

axoplasm has also been considered by Engelbrecht.’

A derivation from first principles of a mathematical model describing
a nonlinear mechanical wave that propagates along elastic interfaces, such as
the DPPC monolayer, was presented by Kappler, Shrivastava, Schneider and
Netz.2? This wave is identified as a Lucassen wave, because the linear behavior

21,22 who

of the wave was first described in the frequency domain by Lucassen,
was interested in the properties of a wide variety of surface waves. Nonlinear
Lucassen waves are thought to possibly be the mechanical waves in nerve axons
because they have propagation speeds that are comparable to those of nerve
pulse propagation in unmyelinated axons.!#!6:20 They also exhibit an am-
plitude threshold phenomenon, both analytically and experimentally, that is

analogous to the aforementioned all-or-none principle of action potentials.!®2%

The Lucassen wave is one example of a class of solutions for a linear,

2 more specifically, the Lucassen wave is a

semi-infinite, viscoelastic medium;
longitudinal disturbance that propagates along interfaces formed by an elastic
layer that is coupled to an incompressible viscous liquid. These surface waves
are said to be longitudinal because unlike waves on the free surface of a liquid
or Rayleigh waves in an elastic half-space, the particle motion adjacent to
the surface is approximately parallel to the surface rather than following an

elliptical orbit.?*



What is perhaps most interesting about the Lucassen wave is that its
linear propagation is not described by a traditional wave equation. While the
equation for Lucassen waves possesses a space derivative of second order as
in a traditional wave equation, its time derivative is of fractional order. The
fractional derivative is an extension of the ordinary derivative to non-integer
order. For Lucassen waves, the fractional derivative describes the attenuation
and dispersion associated with their propagation. Fractional waves of this
type, including the Lucassen wave, are strongly damped on the scale of a
wavelength, and as a result they are sometimes called “fractional diffusive

waves.” 2®

Therefore what started in the brain led to Lucassen waves, which ex-
posed us to the nontraditional world of fractional calculus. Fractional calculus
is not a new field, as it was first posited by Leibniz in the 17th century,?® but
it has remained in relative obscurity until a few decades ago, when it was used
with increasing frequency in a number of different applications (see Chap. 2).
Fractional calculus has been used in the field of acoustics to model loss of waves
exhibiting power-law attenuation.?” In fact, a book by Holm?® that is entirely
on the subject of power-law attenuated waves was published recently. How-
ever, much of the focus in this thesis is directed towards fractional waves.?>2?
Unlike models for acoustic waves with power-law attenuation, fractional wave
equations lack a d’Alembertian term and thus the fractional derivative is di-

rectly responsible for propagation (whereas for power-law attenuated waves,

the fractional derivative is only responsible for attenuation and dispersion.) A



significant purpose of this thesis is to expose the field of acoustics to fractional
wave theory and try to interpret the propagation of fractional waves from an
acoustician’s point of view. A variety of unique and unintuitive properties of
fractional wave propagation are explored in the present work. It would not be
surprising in the near future to witness a significant increase in the number
of modeling applications using fractional calculus for wave motion. Indeed, at
the December 2020 virtual meeting of the Acoustical Society of America there
will be a special session titled Fractional Calculus Models of Compressional

and Shear Waves for Medical Ultrasound.

Another goal of this thesis is to increase the understanding of nonlin-
ear Lucassen wave propagation as a contribution to the debate surrounding
mechanical waves and nerve pulse propagation. Perhaps Lucassen wave the-
ory will one day help explain the contribution of mechanical disturbances to

signaling in nerve axons.

1.2 Order of chapters

Chapter 2 introduces a formalism for fractional calculus, and the nature
of fractional waves is explored in this chapter. Multiple different analytic
solutions and interpretations for the compound fractional wave equation are

presented as well.

Chapter 3 analyzes specifically Lucassen waves. A derivation of the
model equation for Lucassen waves, as well as for Lucassen waves with in-

terface viscosity included, is presented. The nonlinear model equation for



Lucassen waves developed recently by Kappler et al.? is recast as two dif-
ferent nonlinear evolution equations of reduced differential order. A separate
nonlinear evolution equation is derived that includes interface viscosity. The

benefits of each of these new evolution equations is discussed.

In Chap. 4, the evolution equations presented in Chap. 3 are analyzed
to understand the behavior of these equations subject to very nonlinear con-
ditions. It is known that the lossless nonlinear Burgers equation, ubiquitous
in the study of nonlinear acoustics, under certain conditions, namely low loss,
allows for vertical tangent formation in the waveform (shock formation), but
it is not clear if this can occur with fractional wave models. Therefore the
possibility of vertical tangent formation in fractional waves is discussed from

both numerical and analytical points of view in Chap. 4.

Chapter 5 presents a brief conclusion summarizing our results. Finally,
Appendix A describes various numerical algorithms used in the present work
and Appendix B offers an interpretation of the possibility of shock formation

based on fractional wave evolution equations by generalizing an analysis due

to Whitham.3°



Chapter 2

Fractional calculus and fractional wave
equations

2.1 Introduction to fractional derivatives

Derivatives are essential components of mathematical models for phys-
ical processes that depend on variations in any properties of the system under
consideration. Traditional derivatives are conventionally regarded as local,
discrete operations on continuous functions. Taking the first, second, third,
or higher derivative of a continuous function is well defined. However, what if
one were to take the 0.5th derivative of a function? One of the patriarchs of
the Western formalism of calculus, Gottfried Wilhelm Leibniz, pondered this
very question in a letter to Guillaume de I’'Hopital in 1695. Leibniz said that
the operation itself leads to a paradox, but also noted, “There will seem to
be some very useful consequences one day of these paradoxes, because there

is hardly a paradox without utility.” 2

There is more than one way to validly extend the meaning of discrete
derivatives to fractional order. This fact partly explains the paradoxical nature
of the fractional derivative operation alluded to by Leibniz. In the study of

wave physics, such as physical acoustics, fractional derivatives are often used to



capture dispersion relationships; for example, they are convenient for modeling
waves in media with power-law attenuation in the time domain.?® Waves of
this type exhibit attenuation and dispersion that conveniently satisfies the

Kramers-Kronig causality relations.3!

Dispersion relations are usually expressed in the frequency domain and,
because of this, the most fundamental definition for the fractional derivative of

order 7 in the study of wave physics is also expressed in the frequency domain:

7, {ZHO = i) (2.)

where &, is the Fourier transform operator. This definition is entirely consis-
tent with that of the traditional discrete derivative. Equation (2.1) is written
for a time fractional derivative, though a fractional derivative in space would
look the same albeit in wavenumber space as opposed to the frequency domain.
The Caputo fractional derivative definition®? is used exclusively throughout the

present work:

SDIf(t) =

L[ e

L(m—mn) J, (=)t
where I' is the Gamma function. Equation (2.2) is a convolution integral
that can be thought of as a generalization of the Cauchy integration formula
at negative fractional order.?> Equations (2.2) and (2.1) are consistent for
bounded, continuous functions only if the lower integration limit is given by
a = —oo0. However, for any transient waveform this lower bound can be chosen

as the beginning of the dynamical event, i.e., a =ty = 0. In the present work



the lower limit a = 0 is chosen, and the following convention is employed:

df(t)

P 2410 (23)

The arbitrary choice of the lower integration limit a in Eq. (2.2) is
another hint of the paradoxical nature of the fractional derivative operation
referred to by Leibniz. There is no rigorous requirement for the choice of a;
in this work a = 0 by choice, but it depends on the physical problem of inter-
est. This, combined with the various inconsistent, yet valid-in-their-own-right,

25,33 can lead to paradoxical

definitions of other types of fractional derivatives
results. But as Leibniz also noted, there are very useful consequences in phys-

ical modeling when fractional derivatives are employed correctly.

2.2 Linear fractional differential equation models

The first example of a linear “fractional model” to be considered is the
fractional version of the simple harmonic oscillator (SHO). The conventional
SHO with natural frequency ws is described by the following second-order

linear differential equation:

o2
8_75920 + wir =0 (2.4)

Extended to fractional order, with a fractional natural frequency w,, the dif-

ferential equation for the fractional harmonic oscillator has the form

S T wir =0 (2.5)



Notice that w, must have dimensions of T~"/2 in terms of time T, which is why
the different subscript is used. The general solution of Eq. (2.5) is in terms of

Mittag-Leffler functions, which are generalizations of the ordinary exponential

function:®

x(t) = C’lEn(—wfit") + C’gtEn,g(—wflt”) (2.6)

where E,(z) and E, g(z) are the Mittag-LefHler functions of one and two pa-

34,35

rameters, respectively, and are defined by

o0 n

E,(z) = nz% T T 1) (2.7a)
Eyp(2) = 7; —Fw:; 3 (2.7b)

Returning to Eq. (2.5), let a particle be at x(0) = 1 initially at rest such that
#(0) = 0, where the dot indicates the first derivative with respect to time.
Because E,(0) = 1 it can be shown that C; = 1 and Cy = 0. The solution of

this initial-value problem is thus
z(t) = Ey(—wit") (2.8)

For n = 2 (i.e., the conventional SHO) in Eq. (2.5), Eq. (2.8) reduces to
z(t) = Ea(—wit?) = coswyt as expected. Plots of Eq. (2.8) for different values
of n are shown in Fig. 2.1. For n < 2 the oscillations of the particle x(t) de-
crease in amplitude as ¢ increases. For n = 1 the system returns to steady state
quickly; in fact, for n = 1 Eq. (2.8) is exactly the same as the solution for a

critically damped harmonic oscillator under the same initial conditions because

10



Figure 2.1: Plot of Eq. (2.8) for different values of n. For n = 2, the solution
is the same as that for a conventional SHO. The time axis is scaled by the
natural frequency for the conventional SHO ws.

Ei(—w?t) = e~“i'. Thus according to Eq. (2.8) the fractional harmonic oscil-
lator interpolates between critically damped and undamped harmonic motion
for 1 <n < 2. Or stated in another way, Eq. (2.5) is a composite dynamical

relation that interpolates between amplitude decay and oscillation.3

2.3 The fractional diffusion-wave equation

A natural extension of the fractional harmonic oscillator is the linear

fractional wave equation. Begin with the conventional wave equation in 1D

11



(this work will consider exclusively 1D motion) with constant wave speed c:

e 0%
For a solution of the form
£ = ge'o=) (2.10)

where k is the wavenumber, possibly complex, and w is the angular frequency,
the dispersion relation associated with Eq. (2.9) is

P =k = % (2.11)
where k is the real part of the complex wavenumber k (i.e., k = Re{k}). In
the case of Eq. (2.11) the complex wavenumber is purely real so k = k. Now
consider the fractional wave equation in 1D where the time derivative has a
fractional order 1 <7 < 2 and the coefficient ¢, is a physical parameter with
dimensions of L - T~"/2 in terms of length L and time T:

n 2
% = cg% (2.12)
In Eq. (2.12) for n = 2 the wave equation [Eq. (2.9)] is recovered. For n =1
Eq. (2.12) becomes the diffusion equation (also called the heat equation). In
general the x derivative can also have its own fractional order. However, only
space derivatives of integer order are encountered in the present work. For

a solution in the form of Eq. (2.10) the dispersion relation associated with

Eq. (2.12) is

(2.13)
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Many types of fractional wave equations arise from first deriving a
dispersion relation like Eq. (2.13) in the frequency domain and then finding
the equivalent time-domain fractional wave equation [like Eq. (2.12)].20 If
o = Im{k} is defined to be the attenuation coefficient, then k = k(w) + io(w)
where

wh/? wh/?

- a(w) = cos(nm/4) .

(2.14)

Fractional waves are attenuated with distance over a length scale on the or-
der the wavelength: a\ = 27a/k = 2mcot(nm/4), which corresponds to
2% cot(nm/4) dB per wavelength. The inherent attenuation and dispersion
over a specific propagation distance is a defining feature of a fractional wave.
Because of their intrinsically dissipative nature, fractional waves for which
1 < n < 2 with a traditional space derivative of second order are referred to as

“fractional diffusive waves”?’

and “superdiffusion processes.”®” For 0 <n < 1
the physical systems are referred to as “subdiffusion processes.”3” For particles
randomly dispersed in some medium, superdiffusion corresponds to particle
displacement that increases in variance over time, while subdiffusion corre-
sponds to particle displacement that decreases in variance over time. In the
present work, subdiffusion processes (n < 1) are not considered. The phase

speed of the wave ¢,y is determined by the relation c,, = w/k. By using

Eq. (2.14) the phase speed of fractional waves can be written as
con(w) = ¢, csc(nm/4)w' /2 (2.15)

The dispersion relations, Eqs (2.14) and (2.15), satisfy the Kramers-Kronig

13



relations when 0 < n < 2 [this is seen by substitution of Eqs (2.14) and (2.15)

into the equations of Table IT in Waters®' while letting wy — 00.]

Fractional calculus is also used for modeling wave propagation in lossy
media. It can be used to model viscoelastic materials or other materials that
exhibit properties between those of an ideal solid or liquid.?® For example, the
fractional generalization of the Kelvin-Voigt constitutive stress-strain relation

with a time constant 7, leads to the following dispersion relation:

2
2 W . 72
k* — g + (—ZTJCL))nk‘ =0 (216)
with the equivalent time domain representation

825 1 82£+ ﬂﬁa_%

02 2oe  omor " (2.17)
It is important to note that Eq. (2.17) is not a “fractional wave equation” of the
canonical form of Eq. (2.12). Equation (2.17) implies a fractional time deriva-
tive to model the energy loss and dispersion exhibited by an acoustic wave with
power-law attenuation.?® The distinguishing feature is that Eq. (2.17) pos-
sesses a d’Alembertian wave operator (the first two terms) whereas (2.12) does
not. Therefore, propagation of a fractional wave is associated with the frac-
tional operator itself, whereas propagation for an acoustic wave with power-
law attenuation is associated with the d’Alembertian operator. The fractional
derivative in Eq. (2.17) is a correction term that accounts for attenuation and
dispersion of the otherwise traditional wave. Behavior of this sort can be ob-
served for acoustic waves propagating in a medium with multiple relaxation

processes. 2840
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2.3.1 Solution using normal mode analysis

The general solution of the conventional wave equation, Eq. (2.9), is
E(z,t) = f(x —ct) + g(x + ct) (2.18)

where f(z) and g(z) are arbitrary functions that represent a rightward and
leftward traveling wave, respectively. The functions f(z) and g(z) are chosen
to satisfy the initial and boundary conditions of the problem. An analytic
solution as simple as Eq. (2.18) is not available for the fractional wave equation,

Eq. (2.12), when 7 is not an integer.

To consider possible solutions of Eq. (2.12) one must specify initial and

boundary conditions:

£(0,t) =&(L,t) =0, t>0 (2.19a)
&(x,0) = &o(x), O<z<L (2.19Db)
%(z, 0) = &o(2), O<z<lL (2.19¢)

Equations (2.19a)—(2.19¢) may describe a string of length L that is fixed at
both ends, with an initial shape &y(z) and initial velocity distribution & o(z).
The initial and boundary conditions, Eqs. (2.19a)—(2.19¢), for the fractional
wave equation, Eq. (2.12), nearly describes a Cauchy problem,? except that
in a Cauchy problem the domain for x is infinite (—oo < 2 < 00) rather than

finite.

The problem can be solved using the method of normal modes.*! To

begin, separation of variables is employed with the separation constant k2. Let

15



&(z,t) = X(x)T(t), in which case Eq. (2.12) becomes

1 d'T 142X )
aTdn  Xdr " (2.20)

Equation (2.20) separates into the following two ordinary differential equa-

tions:
X
W + kzX = (2.21&)
anr
ZE;—%k%%T::o (2.21b)

Equation (2.21a) is of the same form as Eq. (2.4). It is a linear homogenous

second-order differential equation with the following general solution:
X(z) = Ajcoskx + Agsinkx (2.22)

with arbitrary constants A;s. Equation (2.21b) is equivalent to the frac-
tional harmonic oscillator problem solved previously, the solution of which
is Eq. (2.6). Based on that result, the general solution of Eq. (2.21b) with
1<n<2is

T(t) = B1E,(—wit") 4+ Bot By s(—wit") (2.23)
where B, 5 are arbitrary constants, and w? = k*c} is referred to as the fractional

natural frequency (squared) that was first introduced in Eq. (2.5). Using
(2.19a) it can be shown that A; = 0 and

sinkL =0 (2.24)
which is an eigenvalue problem that is satisfied for

T 2w nmw
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Therefore the general solution of Eq. (2.12) is
Enlz,t) = X (2)T(t) = sin —— [an Ey(—w; ,t") 4 bpt By o(—wi t")]  (2.26)
such that

= an(fﬁ,t)

= sin ? [anEn(—wint") + b, tE,, 2(—w2 t”)]

n=1

(2.27)

where a,, = Ay By and b, = Ay By. Now the initial conditions, Eq. (2.19b) and

(2.19¢), are applied, beginning with the displacement:

Zan sinm (2.28)

Orthogonality of the eigenfunctions yields

/fg sm—dw (2.29)

nmx
b, = in — d 2.30
Lw%n / & o(z) sin x (2.30)
where Eq. (2.30) is obtained using the following identity:
d 2 4n 2 n 2
E [tEW,Q(_wn,nt )]t:O = _wn,nEﬂ( wn nt ) e = ~Wyn (231)

As an example consider a waveform initially at rest [;o(z) = 0] in the
shape of a Gaussian function centered at x = L/2 with unit amplitude and a
radius x,:

z— L/2)

éoz) = e 305 (2.32)
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This is the traditional “plucked-string” scenario. By inspection b, = 0 because
the string begins at rest. With Eq. (2.32) substituted into Eq. (2.29), a,, can
be determined and substituted into Eq. (2.27). Since the coefficients a,, cannot
be expressed in terms of elementary functions for this choice of &y(z) they are
calculated numerically. The fractional coefficient in Eq. (2.12) ¢, is chosen to
be unity. Figure 2.2 displays plots of Eq. (2.27) with x, = L/20 for n = 1

(left column, blue), n = 3/2 (middle column, green), and 1 = 2 (right column,

red).
1 n=1.0 n=15 n=2.0
te,/L =10 te,/L =10 te,/L =0
w1/2
0
1
te,/L =2 te,/L =2 te,/L =2
- AN JAUN
0 /\/\
1
te,/L =4 te,/L =4 te,/L =4
w1/2
0
1/2 1/2 1 1/2
x/L x/L x/L

Figure 2.2: Plots of Eq. (2.27) at different times for different values of n with
initial displacement given by Eq. (2.32) (2, = L/20) and zero initial velocity.
The time coordinate is scaled by the quantity L/c,.
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As mentioned previously, for n = 1 Eq. (2.12) becomes the diffusion
equation. In the left column of Fig. 2.2, as time increases the initial Gaussian
profile is reduced in amplitude and increased in length. For n = 2 Eq. (2.12)
becomes the conventional wave equation, Eq. (2.9). In the right column of
Fig. 2.2 the initial Gaussian waveform separates into two identical Gaussian
waveforms, having exactly half the amplitude of the initial waveform, that
propagate in opposite directions, which is consistent with the general solution
of the wave equation, Eq. (2.38). Finally, for n = 3/2 Eq. (2.12) is in between
the diffusion equation and the wave equation. In the middle column of Fig. 2.2
the initial waveform separates into two waveforms that both propagate and
diffuse as a function of time. The diffusive waves neither separates completely
into two independent waveforms as in the right column, nor do their peak
amplitudes remain centered at * = 0 as in the left column. This suggests
that the pulses remain coupled for t > 0. Any other value of n would lead to
behavior that is closer to wave propagation or diffusion depending on whether
n is closer to 2 or 1, respectively. This dualistic feature is why Eq. (2.12) is

sometimes referred to as a fractional “diffusion-wave” equation.

2.3.2 Solutions using Green’s functions

The fractional wave equation, Eq. (2.12), can also be solved using
Green’s functions. Green’s functions have also been used to solve the conven-
tional linear wave equation with additional fractional derivative terms model-

ing power law attenuation.*? Rather than being restricted to initial conditions
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for a system released from rest, the problem can be formulated such that the
waveform originates from a boundary with the disturbance moving away from
the boundary in the +x direction. In this case the boundary condition serves

as a source function for Eq. (2.12):

£(0,t) = S(t), t>0 (2.33a)
(oo, t) =0, t>0 (2.33h)
&(x,0) = %(w,()) =0, x>0 (2.33¢)

where S(t) is the source function. The formulation of Eqs. (2.33a)—(2.33¢) is
called a signaling problem for a fractional partial differential equation.?> A
solution is found by convolving the source condition S(¢) on the boundary at
x = 0 with the appropriate Green’s function G, (x,t), where the subscript n

indicates the order of the fractional time derivative:

£(z,t) = /Ot Gy(x,t —t)S(t') dt’ (2.34)

For analytical simplicity, the source function incorporated in the boundary
condition is chosen to be a Gaussian function centered at a time ty > 0 with

unit amplitude and a radius ¢,:

S(t) = e 3(52) (2.35)

The value ¢, is chosen such that S(¢) is negligibly small at the boundary t = 0

to avoid any significant jumps after the initial condition (2.33c) is enforced.
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For n = 1, Eq. (2.12) once again is the diffusion equation, and the

Green’s function for this case is

X 2 2
Gi(z,t) = ————e @ /cit 2.36
= s (2.36)

A solution of the diffusion equation is obtained by substituting the Green’s
function in Eq. (2.34). With the initial condition given by Eq. (2.35), Eq. (2.34)
cannot be evaluated analytically in terms of elementary functions.

For n = 2, Eq. (2.12) is the conventional wave equation. The appro-
priate Green’s function is a delta function, and therefore evaluation of the
convolution integral in Eq. (2.34) is trivial. The Green’s function and corre-

sponding solution, respectively, for the conventional wave equation are
Go(z,t) = 0(t — x/c2) (2.37)
E(x,t) = e~ tmo/e2t0)’ (2.38)

When 7 is not an integer, the associated Green’s function G, (z,t) is not as

simple as Eq. (2.36) or (2.37). The general Green’s function for 0 < n < 2

1 o= (=1)"|z cnt”/2 n
Gn@,t)_;;( n? IL(£<77n/2))| (2.39)

Equation (2.39) can be calculated numerically, although the infinite series
converges very slowly, often requiring asymptotic expressions to evaluate the
series.?> No analytic solution for the convolution integral in Eq. (2.34) with
G, (z,t) defined by Eq. (2.39) has been reported; therefore, Eq. (2.34) must

also be evaluated numerically when 7 is a noninteger .
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Figure 2.3 shows solutions of Eq. (2.12) subject to conditions (2.33a)—
(2.33c) with S(t) given by Eq. (2.35) for n = 1 (left column, blue), n = 3/2
(middle column, green), and n = 2 (right column, red), and with ¢, = 1

m/sec in all cases as before. For the diffusion process in Fig. 2.3, n = 1

1 n=1.0 n=15 n=20
z/cpt, =0 z/cpt, =0 z/cpt, =0
w1/2
0
1
z/cpt, = 3 z/cpt, = 3 x/cpt, = 3
w1/2

/

z/cpty =5 z/cpty =5 s/t = 5
w1/2
. /\
0 5 10 15 0 5 10 15 0 5 10 15
t/t t/tr t/t

Figure 2.3: Plots of Eq. (2.34) at different distances for different values of 7
with the source function described by Eq. (2.35) with ¢y = 5 secs and ¢, = 1
sec. The Green’s functions used in Eq. (2.34) are determined in general by
Eq. (2.39), although Eqs. (2.36) and (2.37) were used for n = 1 and n = 2,
respectively. The distance is scaled by the quantity c,t,.

(left column), the initial Gaussian pulse is attenuated rapidly as it spreads

out in space. For wave propagation, n = 2 (right column), the Gaussian
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pulse propagates unattenuated with speed co = 1 m/sec. For n = 3/2 (middle
column), the waveform exhibits features of both propagation and diffusion. As
the waveform propagates, it both attenuates and increases in duration. This

result is consistent with the the previous analysis summarized in Fig. 2.2.

2.4 Conclusion

Solutions of the fractional wave equation provide insights similar to
those revealed by solutions of the fractional harmonic oscillator equation. In
the fractional wave equation, the fractional time derivative interpolates be-
tween diffusion and wave propagation while for the fractional harmonic os-
cillator, the fractional time derivative interpolates between undamped and
critically damped motion. In addition to the applications already discussed
(modeling lossy harmonic motion and modeling attenuation and dispersion in
viscoelastic material), fractional calculus is also used to model diffusion in com-
plex systems,** attenuation and dispersion in media with multiple relaxation
processes,*? electrodiffusion in nerve cells,*® dynamics in financial markets,*®
and propagation of nonlinear shallow water waves.*” With fractional calculus
still considered a relatively new modeling tool for complex physical systems,
it is not unreasonable to ex